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SINGULAR CAUCHY PROBLEM FOR AN ORDINARY DIFFERENTIAL EQUATION
UNSOLVEDWITH RESPECT TO THE DERIVATIVE OF THE UNKNOWN FUNCTION

A. E. Zernov and Yu. V. Kuzina UDC 517.911

For a singular Cauchy problem

NX

iD0

NX

jD0

NX

kD0

aijk t
i .x.t//j .x0.t//k C '.t; x.t/; x0.t// D 0; x.0/ D 0;

where N � 2 and aijk are constants, a00k D 0; k 2 f0; 1; : : : ; N g ; a100 ¤ 0; a010 ¤ 0; aijk D 0; 1 
iCj < m; k 2 f1; : : : ; N g ; 2  m  N; and ' is a function small in a certain sense, we find a nonempty
set of continuously differentiable solutions xW .0; ⇢ç ! R; where ⇢ is sufficiently small, such that

x.t/ D
mX

kD1

ck t
k C o.tm/; t ! C0;

where c1; : : : ; cm are known constants.

At present, a singular Cauchy problem of the form

x0.t/ D f .t; x.t//; x.0/ D 0;

is fairly well studied. Important results are obtained on the solvability of the problem [7, 15, 17, 18], the number
of solutions, and the asymptotic behavior of these solutions [3, 7] . Moreover, for a Cauchy problem of the form

F.t; x.t/; x0.t// D 0; x.0/ D 0;

the problems of existence and uniqueness of solutions [1, 2, 5, 17, 20] and the problems of convergence of different
sequences of approximations to the solution [4, 16, 19, 21] are thoroughly investigated. However, the asymptotic
properties of the solutions of this problem are poorly investigated even in the regular case. In the present paper,
we consider a class of singular problems of this type and establish sufficient conditions for the existence of contin-
uously differentiable solutions defined in a certain (sufficiently small) right half neighborhood of the initial point
and possessing the required properties in this half neighborhood. In the analysis of the posed problem, we use
methods of the qualitative theory of differential equations [6, 7]; see also [8]. The present paper is a continuation
of a series of our works [9–13]. For a more detailed survey of the available literature, the subsequent investigations
of the analyzed problem, and numerous examples, see [14].

Consider a Cauchy problem

P.t; x.t/; x0.t//C '.t; x.t/; x0.t// D 0; (1)
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x.0/ D 0; (2)

where t is a real variable, t 2 .0; ⌧/; xW .0; ⌧/! R is an unknown function, and P WR⇥R⇥R ! R is a polynomial
given by the equality

P.t; y1; y2/ D
NX

iD0

NX

jD0

NX

kD0

aijkt
iy

j
1y

k
2 : (3)

Here, N is a natural number, N � 2; all i; j; and k are nonnegative integer numbers, all aijk are constants and, in
addition, a00k D 0; k 2 f0; 1; : : : ; N g : Assume that 'WD' ! R is a continuous function, D' ⇢ .0; ⌧/ ⇥R ⇥R;
with some properties indicated in what follows. Here, we only note that the analyzed values of ' are, in a certain
sense, small as compared with the values of P:

Definition. We define the solution of problem (1), (2) as a continuously differentiable function xW .0; ⇢ç ! R
(⇢ is a constant, ⇢ 2 .0; ⌧/) with the following properties:

(i) .t; x.t/; x0.t// 2 D' ; t 2 .0; ⇢çI

(ii) x identically satisfies Eq. (1) for all t 2 .0; ⇢çI

(iii) limt!C0 x.t/ D 0:

We study the problem of existence of the solutions xW .0; ⇢ç ! R of problem (1), (2) such that

x.t/ D Sm.t/C o.tm/; t ! C0:

Here, ⇢ 2 .0; ⌧/ is sufficiently small, m is a natural number, 2  m  N; and SmWR ! R is a polynomial given
by the equality

Sm.t/ D
mX

kD1

ckt
k; (4)

where all ck are constants uniquely expressed via the coefficients aijk :
Assume that the polynomial P in Eq. (1) has a special form, namely, for (3), the following conditions are

satisfied:

a100 ¤ 0; a010 ¤ 0; (5)

aijk D 0; 1  i C j < m; k 2 f1; : : : ; N g ; (6)

for some natural m; 2  m  N: Thus, we can rewrite Eq. (1) in the form
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C
NX

iD0

NX

jD0

NX

kD1

iCj�mC1

aijkt
i .x.t//j .x0.t//k C '.t; x.t/; x0.t//:

In what follows, we consider this special class of Eqs. (1) with the initial condition (2).
Assume that the following condition is satisfied:

P
�
t; Sm.t/; S

0
m.t/

�
D O.tmC1/; t ! C0; (7)

where P and Sm are given by equalities (3) and (4), respectively. Thus, all coefficients c1; : : : ; cm in (4) can be
uniquely determined; in particular, we get

c1 D �a100
a010

:

Indeed, for any n 2 f1; : : : ; mg; by bn we denote the coefficient of tn in the sum P
�
t; Sm.t/; S

0
m.t/

�
: This

yields

b1 D a100 C a010c1;

bk D a010ck C gk.c1; : : : ; ck�1/; k 2 f2; : : : ; mg;

where g2; : : : ; gm are known polynomials. If we set

bn D 0; n 2 f1; : : : ; mg; (8)

then condition (7) is satisfied. According to (5),we conclude that a010 ¤ 0: Hence, we can uniquely determine all
coefficients c1; : : : ; cm from the system of equations (8).

It follows from (7) that

ˇ̌
P.t; Sm.t/; S

0
m.t//

ˇ̌
 KtmC1; t 2 .0; ⌧/; (9)

where K is a positive constant.
Let

D D
¶
.t; y1; y2/W t 2 .0; ⌧/; jy1 � Sm.t/j < tm�.t/; jy2 � S 0

m.t/j < �.t/
·
;

where � W .0; ⌧/! .0;C1/ is a continuous function, limt!C0 �.t/ D 0; and Sm W R ! R is the polynomial given
by equality (4) and satisfying condition (7). Assume thatD ⇢ D' :

The name Conditions (A) is used for the following set of conditions:

(i) ˛ ¤ 0; where

˛ D �
mX

iD0

mX

jD0

NX

kD1

iCjDm

kaijkc
jCk�1
1 ; c1 D �a100

a010
I (10)
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(ii) j'.t; Sm.t/; S 0
m.t//j  tm⇠.t/; t 2 .0; ⌧/; where ⇠W .0; ⌧/ ! .0;C1/ is a continuously differentiable

function and, in addition,

lim
t!C0

⇠.t/.�.t//�1 D 0; lim
t!C0

t .⇠.t//�1 D L1;

lim
t!C0

t⇠ 0.t/.⇠.t//�1 D L2; 0  Li < C1; i 2 f1; 2g
(11)

[the second and third conditions in (11) imply that 0  L2  1I moreover, if L2 < 1; then definitely
L1 D 0 and, hence, the second condition in (11) is essential only in the case where L2 D 1];

(iii) j'.t1; x; y/ � '.t2; x; y/j  l1.�/jt1 � t2j; .ti ; x; y/ 2 D; 0 < �  ti ; i 2 f1; 2g; where l1W .0; ⌧/ !
.0;C1/ is a continuous nonincreasing function;

(iv) j'.t; x1; y2/�'.t; x2; y2/j  l2.t/jx1�x2jCl3tmjy1�y2j; .t; xi ; yi / 2 D; i 2 f1; 2g;where l2W .0; ⌧/!
.0;C1/ is a continuous function, limt!C0 l2.t/ D 0; l3 is a constant, and 0 < l3 < j˛j=2:

ByU.⇢;M/we denote the set of all continuously differentiable functions uW .0; ⇢ç ! R each of which satisfies
the conditions

ju.t/ � Sm.t/j Mtm⇠.t/; ju0.t/ � S 0
m.t/j  ja010jl�1

3 M ⇠.t/; t 2 .0; ⇢ç: (12)

Here, ⇢ andM are constants, ⇢ 2 .0; ⌧/; andM > 0:

Theorem 1. Suppose that conditions (A) are satisfied. The following assertions are true:

(a) if ˛a010 > 0; then there exist ⇢ andM such that problem (1), (2) has an infinite set of solutions from the
set U.⇢;M/I moreover, if ˇ is a constant satisfying the condition

jˇ � Sm.⇢/j < M⇢m⇠.⇢/; (13)

then there exists a solution xˇ 2 U.⇢;M/ of problem (1), (2) such that xˇ .⇢/ D ˇI

(b) if ˛a010 < 0; then there exist ⇢ and M such that problem (1), (2) has at least one solution from the set
U.⇢;M/:

Proof. We first choose the constants ⇢; M; and q: Let

2ja010jj˛j�1 < q < ja010jl�1
3 ; (14)

M > .KL1 C 1/.ja010j � ql3/�1; (15)

whereK is the constant from condition (9). Here, we do not present conditions specifying the choice of ⇢ and only
note that ⇢ is sufficiently small and the choice of ⇢ guarantees the validity of all subsequent reasoning in which it
is assumed that the value of ⇢ is small. In what follows, in each case where the smallness of ⇢ is required, this is
explicitly indicated.

Let B be a space of continuously differentiable functions xW Œ0; ⇢ç ! R with the norm

kxkB D max
t2Œ0;⇢ç

.jx.t/j C jx0.t/j/: (16)
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By U we denote a subset of B each element of which uW Œ0; ⇢ç ! R satisfies the conditions

ju.t/ � Sm.t/j Mtm⇠.t/; ju0.t/ � S 0
m.t/j  qM ⇠.t/; t 2 .0; ⇢ç: (17)

Moreover,

u.0/ D 0; u0.0/ D c1: (18)

In addition, the following condition is satisfied:

8u 2 U 8" > 0 8ti 2 Œ0; ⇢ç; i 2 f1; 2gW jt1 � t2j  ı."/)
ˇ̌
u0.t1/ � u0.t2/

ˇ̌
 "; (19)

where

ı."/ D "=.8B.t"// and B.t"/ D t�.mC1/
" .l1.t"/C 1/:

Furthermore, the constant t" 2 .0; ⇢/ is chosen so that, for t 2 .0; t"ç; the conditions

qM ⇠.t/  "=37 and .2jc1j C 1/t  "=37 (20)

are simultaneously satisfied. The set U is closed, bounded, convex, and (by the Arzela theorem) compact.
We transform Eq. (1) as follows:

�
mX

iD0

mX

jD0

NX

kD1

iCjDm

kaijkt
i .Sm.t//

j .S 0
m.t//

k�1.x0.t/ � S 0
m.t//

D
mX

iD0

mX

jD0

liCjm

aij0t
i .x.t//j C

NX

iD0

NX

jD0

NX

kD1

iCj�mC1

aijkt
i .x.t//j .x0.t//k

C '.t; x.t/; x0.t//C
mX

iD0

mX

jD0

NX

kD1

iCjDm

aijkt
i .Sm.t//

j .S 0
m.t//

k

C
mX

iD0

mX

jD0

NX

kD1

iCjDm

aijkt
i .Sm.t//

j
kX

rD2

C r
k .S

0
m.t//

k�r.x0.t/ � S 0
m.t//

r

C
mX

iD0

mX

jD0

NX

kD1

iCjDm

aijkt
i
⇣
.x.t//j � .Sm.t//j

⌘
.x0.t//k (21)
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[it is clear that the right-hand side of (21) contains the penultimate sum only for k � 2I in what follows, this fact is
not specially indicated]. Further, we consider a differential equation

x0.t/ D S 0
m.t/C .�.t//�1

 
mX

iD0

mX

jD0

aij0t
i .x.t//j

C
NX

iD0

NX

jD0

NX

kD1

iCj>mC1

aijkt
i .u.t//j .u0.t//k C '.t; u.t/; u0.t//

C
mX

iD0

mX

jD0

NX

kD1

iCjDm

aijkt
i .Sm.t//

j .S 0
m.t//

k

C
mX

iD0

mX

jD0

NX

kD1

iCjDm

aijkt
i .Sm.t//

j
kX

rD2

C r
k

�
S 0
m.t/

�k�r �
u0.t/ � S 0

m.t/
�r

C
mX

iD0

mX

jD0

NX

kD1

iCjDm

aijkt
i
⇣
.x.t//j � .Sm.t//j

⌘ �
u0.t/

�k
!
; (22)

where the function �WR ! R is given by the equality

�.t/ D �
mX

iD0

mX

jD0

NX

kD1

iCjDm

kaijkt
i .Sm.t//

j .S 0
m.t//

k�1 (23)

and u 2 U is an arbitrary fixed function. Since ⇢ is sufficiently small, .t; u.t/; u0.t// 2 D; t 2 .0; ⇢ç; for all u 2 U:
Note that

�.t/ D .˛ C o.1//tm; t ! C0: (24)

Let

D0 D f.t; x/W t 2 .0; ⇢ç; x 2 Rg : (25)

If .t; x/ 2 D0; then the conditions of the theorem on existence and uniqueness of the solution and continuous
dependence of the solutions on the initial data are satisfied for Eq. (22) because, for any given r 2 .0; ⇢/; in a
closed subdomain

D0.r/ D f.t; x/W t 2 Œr; ⇢ç; x 22 Rg
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of the domain D0; the right-hand side of Eq. (22) is continuous and satisfies the Lipschitz condition with respect
to the variable x:We set

ˆ1 D f.t; x/W t 2 .0; ⇢ç; jx � Sm.t/j DMtm⇠.t/g ;

D1 D f.t; x/W t 2 .0; ⇢ç; jx � Sm.t/j < Mtm⇠.t/g ;

H D f.t; x/W t D ⇢; jx � Sm.⇢/j < M⇢m⇠.⇢/g :

Assume that the auxiliary function A1WD0 ! Œ0;C1/ is given by the equality

A1.t; x/ D .x � Sm.t//2.tm⇠.t//�2:

By a1WD0 ! R we denote the derivative of this function in a sense of Eq. (22). If .t; x/ 2 ˆ1; then we conclude
that

a1.t; x/ D 2.tm⇠.t//�2.�.t//�1
�
.a010 C o.1//.x � Sm.t//2 C .x � Sm.t//ƒ1.t/

�
; t ! C0;

where

jƒ1.t/j Mtm⇠.t/.ql3 CM�1 CKL1M
�1 C o.1//; t ! C0:

Since ⇢ is sufficiently small and conditions (14) and (15) are satisfied, then, in view of (24) and the equality

Mtm⇠.t/ D jx � Sm.t/j

valid for .t; x/ 2 ˆ1; we get

sign a1.t; x/ D sign˛a010 for .t; x/ 2 ˆ1:

Further, we successively consider two cases.

I. Let ˛a010 > 0: Then a1.t; x/ > 0 for .t; x/ 2 ˆ1: Taking an arbitrary point .t0; x0/ 2 ˆ1 and denoting
the integral curve of Eq. (22) passing through this point by J0W .t; x0.t//; for a sufficiently small ı > 0; we obtain
.t; x0.t// 62 D1 for t 2 .t0; t0 C ı/ (here, t  ⇢) and .t; x0.t// 2 D1 for t 2 .t0 � ı; t0/:

Indeed, since

A1.t0; x0.t0// D A1.t0; x0/ DM 2; a1.t0; x0.t0// D a1.t0; x0/ > 0;

for t0 2 .0; ⇢/; there exists ı > 0 such that

sign .A1.t; x0.t// � A1.t0; x0.t0/// D sign .t � t0/; jt � t0j < ı;

or

sign
⇣
jx0.t/ � Sm.t/j

�
tm⇠.t/

��1 �M
⌘
D sign .t � t0/; jt � t0j < ı;
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or

sign
�
jx0.t/ � Sm.t/j �Mtm⇠.t/

�
D sign .t � t0/; jt � t0j < ı:

If t0 D ⇢; then there exists ı > 0 such that

A1.t; x0.t// < A1.t0; x0.t0//; t 2 .⇢ � ı; ⇢/;

or

jx0.t/ � Sm.t/j
�
tm⇠.t/

��1
< M; t 2 .⇢ � ı; ⇢/;

or

jx0.t/ � Sm.t/j < Mtm⇠.t/; t 2 .⇢ � ı; ⇢/:

The assertion is proved.

This implies that every integral curve of Eq. (22) crossing the setH is defined for t 2 .0; ⇢ç and lies inD1 for
all t 2 .0; ⇢ç: Indeed, any integral curve of this type cannot have common points with ˆ1 as t decreases because,
otherwise, we arrive at a contradiction with the already proved assertion.

Let G.⇢; xG/ 2 H be an arbitrary fixed point. By JuW .t; xu.t// we denote the integral curve of Eq. (22)
passing through the point G: As indicated above, the integral curve JuW .t; xu.t// lies inD1 for t 2 .0; ⇢ç: Hence,

jxu.t/ � Sm.t/j Mtm⇠.t/; t 2 .0; ⇢ç: (26)

It is easy to see that

ˇ̌
x0u.t/ � S 0

m.t/
ˇ̌
 qM ⇠.t/; t 2 .0; ⇢ç: (27)

In the proof of (27), we use the estimates obtained in the proof of (26), condition (14), and the fact that ⇢ is
sufficiently small. By definition, we set

xu.0/ D 0; x0u.0/ D c1: (28)

We now show that, for any " > 0; any u 2 U; and any ti 2 Œ0; ⇢ç; i 2 f1; 2g; such that jt1 � t2j  ı."/; the
inequality

ˇ̌
x0u.t1/ � x0u.t2/

ˇ̌
 " (29)

is true, i.e., we prove that the function xuW Œ0; ⇢ç ! R satisfies condition (19). To this end, we successively consider
three possible cases.

1. If ti 2 Œ0; t"ç; i 2 f1; 2g; then, by virtue of (20) and (26), we find
ˇ̌
x0u.t1/ � x0u.t2/

ˇ̌

ˇ̌
x0u.t1/ � S 0

m.t1/
ˇ̌
C
ˇ̌
S 0
m.t1/ � c1

ˇ̌

C
ˇ̌
x0u.t2/ � S 0

m.t2/
ˇ̌
C
ˇ̌
S 0
m.t2/ � c1

ˇ̌
 qM ⇠.t1/C .2jc2j C 1/t1
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C qM ⇠.t2/C .2jc2j C 1/t2  4"

37
<
"

9
< ": (30)

2. If ti 2 Œt"; ⇢ç; i 2 f1; 2g; and jt1 � t2j  ı."/; then, in view of the sufficient smallness of ⇢; we obtain

ˇ̌
x0u.t1/ � x0u.t2/

ˇ̌


✓
l3j˛j�1 C 1

4

◆ ˇ̌
u0.t1/ � u0.t2/

ˇ̌
C .l1.t"/C 1/t�.mC1/

" jt1 � t2j:

Since, by the assumption,

l3j˛j�1 <
1

2
;

we get

ˇ̌
x0u.t1/ � x0u.t2/

ˇ̌
 3

4

ˇ̌
u0.t1/ � u0.t2/

ˇ̌
C B.t"/jt1 � t2j:

According to the definition of the set U; it follows from the condition jt1 � t2j  ı."/ that ju0.t1/ � u0.t2/j  ":

This yields

ˇ̌
x0u.t1/ � x0u.t2/

ˇ̌
6 3

4
"C B.t"/ı."/ D

7

8
" < ": (31)

3. If t1 2 Œ0; t"ç; t2 2 Œt"; ⇢ç; and in addition, jt1 � t2j  ı."/ (the case where t2 2 Œ0; t"ç and t1 2 Œt"; ⇢ç but
jt1 � t2j  ı."/ is considered in a similar way), then it is clear that t1 and t" belong to the segment Œ0; t"ç; while t"
and t2 belong to the segment Œt"; ⇢ç and, moreover, jt" � t2j  jt1 � t2j  ı."/: Hence, we can use the estimates
obtained in the previous two cases. According to (30) and (31), we get

ˇ̌
x0u.t1/ � x0u.t2/

ˇ̌

ˇ̌
x0u.t1/ � x0u.t"/

ˇ̌
C
ˇ̌
x0u.t"/ � x0u.t2/

ˇ̌
 "

9
C 7"

8
< ":

Inequality (29) is proved. This means that xu 2 U:
We define the operator T WU ! U by setting T u D xu:

It is worth noting that the point G.⇢; xG/ of the set H fixed earlier does not change for any choice of the
function u 2 U on the right-hand side of Eq. (22). Therefore, the condition xu.⇢/ D xG is always satisfied.

II. Let ˛a010 < 0: Then a1.t; x/ < 0 for .t; x/ 2 ˆ1: Taking an arbitrary point .t0; x0/ 2 ˆ1 and denoting
the integral curve of Eq. (22) passing through this point by J0W .t; x0.t//; for sufficiently small ı > 0; we get
.t; x0.t// 2 D1 for t 2 .t0; t0Cı/ (here, t  ⇢) and .t; x0.t// 62 D1 for t 2 .t0�ı; t0/: The proof of this statement
is similar to the proof in the case ˛a010 > 0:

We now prove that at least one integral curve (among the integral curves of Eq. (22) crossing H/ is defined
for t 2 .0; ⇢ç and lies in D1 for all t 2 .0; ⇢ç: Indeed, assume that an integral curve of Eq. (22) crosses ˆ1: Thus,
if t increases further, then this curve cannot have common points with ˆ1 [otherwise, we arrive at a contradiction
with the above-mentioned assertion about the properties of the integral curves of Eq. (22) crossing ˆ1]. Hence,
this integral curve crosses H: We define a mapping  Wˆ1 ! H as follows: We associate each point P 2 ˆ1

with a point  .P / 2 H lying on the same integral curve of Eq. (22) as the point P: By  .ˆ1/ we denote the set
of images of all points of the set ˆ1 under the mapping  : Since the set ˆ1 in not closed [it does not contain its
limit point .0; 0/], its image  .ˆ1/ is also a nonclosed set. At the same time, the set H is closed. Therefore, the
set � D H n  .ˆ1/ is nonempty. Let JuW .t; xu.t// be an integral curve of Eq. (22) such that .⇢; xu.⇢// 2 �: It
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is clear that, in the case where t decreases from t D ⇢; this integral curve cannot have common points with ˆ1:

Therefore, the indicated integral curve is defined for all t 2 .0; ⇢ç and lies in D1 for t 2 .0; ⇢ç: As in the case
˛a010 > 0; we can easily show that estimates (26) and (27) are true. Assume that, by definition, equalities (28)
are true. As in the case ˛a010 > 0; for any " > 0; u 2 U; ti 2 Œ0; ⇢ç; i 2 f1; 2g; we establish condition (29) for
jt1 � t2j  ı."/: Therefore, we have proved that xu 2 U:

We now show that Eq. (22) has a unique integral curve with the indicated properties, namely, the integral curve
JuW .t; xu.t//: Indeed, consider one-parameter families of sets

ˆ2.⌫/ D f.t; x/W t 2 .0; ⇢ç; jx � xu.t/j D ⌫ tm⇠.t/.� ln t /g ;

D2.⌫/ D f.t; x/W t 2 .0; ⇢ç; jx � xu.t/j < ⌫ tm⇠.t/.� ln t /g ;

where ⌫; ⌫ 2 .0; 1ç; is a parameter. Assume that the auxiliary function A2WD0 ! Œ0;C1/ is defined by the
equality

A2.t; x/ D .x � xu.t//2
�
tm⇠.t/.� ln t /

��2
:

By a2WD0 ! R we denote the derivative of this function in a sense of Eq. (22). It is easy to see that if .t; x/ 2 D0;

x ¤ xu.t/; then

a2.t; x/ D 2
�
tm⇠.t/.� ln t /

��2
.�.t//�1.a010 C o.1//.x � xu.t//2; t ! C0:

Since ⇢ is sufficiently small, according to (24), we get

sign a2.t; x/ D sign˛a010

for .t; x/ 2 D0; x ¤ xu.t/; i.e., a2.t; x/ < 0 for .t; x/ 2 D0; x ¤ xu.t/: In particular, a2.t; x/ < 0 at any
point of each curve ˆ2.⌫/ of the constructed family. Thus, if we take an arbitrary point .t0; x0/ of any curve
ˆ2.⌫/; ⌫ 2 .0; 1ç; and consider the integral curve J0.t; x0.t// of Eq. (22) passing through this point, then, for
sufficiently small ı > 0; we obtain .t; x0.t// 2 D2.⌫/ for t 2 .t0; t0 C ı/ (here, t  ⇢) and .t; x0.t// 62 D2.⌫/ for
t 2 .t0 � ı; t0/: This statement is proved by analogy with the similar statement for ˆ1 for ˛a010 < 0: Further, let
P⇤.t⇤; x⇤/ 2 D1 n f.0; 0/g be any point satisfying the condition x⇤ ¤ xu.t⇤/: There exists ⌫⇤ 2 .0; 1ç such that
P⇤ 2 ˆ2.⌫⇤/: By x⇤W .t⇤ � "; t⇤/ ! R we denote a (unique) solution of the differential equation (22) satisfying
the initial condition x.t⇤/ D x⇤: Here, " > 0 is sufficiently small. Let .t�; t⇤/ be the left maximum interval
of existence of this solution (here, t� � 0). As indicated above, the integral curve J⇤W .t; x⇤.t// of Eq. (22)
passing through the point P⇤ lies outside D2.⌫⇤/ for all t 2 .t�; t⇤/: At the same time, if t⇤⇤ is sufficiently small,
t⇤⇤ 2 .0; ⇢/ and .t; x/ is any point of the setD1 n f.0; 0/g satisfying the condition t 2 .0; t⇤⇤ç; then

jx � xu.t/j  jx � Sm.t/j C jxu.t/ � Sm.t/j  2Mtm⇠.t/ < ⌫⇤tm⇠.t/.� ln t /:

This means that all points .t; x/ of the setD1nf.0; 0/g satisfying the condition t 2 .0; t⇤⇤ç belong to the setD2.⌫⇤/:
Let t⇤ D minft⇤; t⇤⇤g: According to the result presented above, the integral curve J⇤W .t; x⇤.t// of Eq. (22) lies
outsideD1 for t 2 .t�; t⇤/:

The statement is proved.

We define the operator T WU ! U by setting T u D xu:
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It is necessary to prove that T WU ! U is a continuous operator. Let ui 2 U; i 2 f1; 2g; be arbitrary fixed
functions and let T ui D xi ; i 2 f1; 2g: If u1 D u2; then we also have x1 D x2. Further, let

ku1 � u2kB D h; h > 0:

We investigate the behavior of the integral curves of the differential equation (22) with u D u1: Further, by (22⇤),
we denote the differential equation thus obtained. It is clear that x1W .0; ⇢ç ! R is a solution of Eq. (22⇤). We set

ˆ3 D
¶
.t; x/W t 2 .0; ⇢ç; jx � x2.t/j D h⌫.tm⇠.t//1�⌫

·
;

D3 D
¶
.t; x/W t 2 .0; ⇢ç; jx � x2.t/j < h⌫.tm⇠.t//1�⌫

·
;

where ⌫ is a constant satisfying the condition

0 < ⌫ < 1 � 1

m
: (32)

Assume that the auxiliary function A3WD0 ! Œ0;C1/ is given by the equality

A3.t; x/ D .x � x2.t//2.tm⇠.t//�2.1�⌫/:

By a3WD0 ! R we denote the derivative of this function in a sense of Eq. (22⇤). Since ⇢ is sufficiently small and
⌫ satisfies inequalities (32), we conclude that, for .t; x/ 2 ˆ3;

a3.t; x/ D 2
�
tm⇠.t/

��2.1�⌫/
.�.t//�1

⇥
⇣
.a010 C o.1//.x � x2.t//2 C .x � x2.t//o.1/h⌫

�
tm⇠.t/

�1�⌫
⌘
; t ! C0:

Here, we have used the estimates

ju1.t/ � u2.t/j D ju1.t/ � u2.t/j⌫ ju1.t/ � u2.t/j1�⌫

 ku1 � u2k⌫B .ju1.t/ � Sm.t/j C ju2.t/ � Sm.t/j/1�⌫

 h⌫
�
2Mtm⇠.t/

�1�⌫
; t 2 .0; ⇢ç;

and

ˇ̌
u01.t/ � u02.t/

ˇ̌
D
ˇ̌
u01.t/ � u02.t/

ˇ̌⌫ ˇ̌
u01.t/ � u02.t/

ˇ̌1�⌫

 ku1 � u2k⌫B
�ˇ̌
u01.t/ � S 0

m.t/
ˇ̌
C
ˇ̌
u02.t/ � S 0

m.t/
ˇ̌�1�⌫

 h⌫.2qM ⇠.t//1�⌫ ; t 2 .0; ⇢ç:
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Since ⇢ is sufficiently small and

h⌫.tm⇠.t//1�⌫ D jx � x2.t/j

for .t; x/ 2 ˆ3; by virtue of (24), we obtain

sign a3.t; x/ D sign˛a010 for .t; x/ 2 ˆ3:

Further, we successively consider two cases.

1. Let ˛a010 > 0: Then a3.t; x/ > 0 for .t; x/ 2 ˆ3: This implies that if we take an arbitrary point
.t0; x0/ 2 ˆ3 and denote the integral curve of Eq. (22⇤) passing through this point by J0W .t; x0.t//; then, for
sufficiently small ı > 0; we conclude that .t; x0.t// 62 D3 for t 2 .t0; t0 C ı/ (here, t  ⇢) and .t; x0.t// 2 D3 for
t 2 .t0 � ı; t0/: This statement is proved by analogy with a similar statement for ˆ1 in the case where ˛a010 > 0:
Moreover,

x1.⇢/ D x2.⇢/ D xG :

This enables us to conclude that if t decreases from t D ⇢ to t D 0; then the integral curve J1W .t; x1.t// of
Eq. (22⇤) cannot have common points with ˆ3: Hence, this integral curve lies inD3 for all t 2 .0; ⇢ç: Therefore,

jx1.t/ � x2.t/j  h⌫.tm⇠.t//1�⌫ ; t 2 .0; ⇢ç: (33)

Further, we conclude that

ˇ̌
x01.t/ � x02.t/

ˇ̌
 .ja010j C o.1//j�.t/j�1h⌫.tm⇠.t//1�⌫ ; t ! C0:

By virtue of (24), this yields

ˇ̌
x01.t/ � x02.t/

ˇ̌
 ja010 C o.1/j

j˛j C o.1/
h⌫.tm⇠.t//1�⌫t�m D o.1/h⌫t�m; t ! C0: (34)

Since ⇢ is sufficiently small, then it follows from (33) and (34) that

jx1.t/ � x2.t/j C
ˇ̌
x01.t/ � x02.t/

ˇ̌
 h⌫t�m; t 2 .0; ⇢ç: (35)

2. Let ˛a010 < 0: Then a3.t; x/ < 0 for .t; x/ 2 ˆ3: Hence, if we take an arbitrary point .t0; x0/ 2 ˆ3

and denote the integral curve of Eq. (22⇤) passing through this point by J0W .t; x0.t//; then, for sufficiently small
ı > 0; we obtain .t; x0.t// 2 D3 for t 2 .t0; t0 C ı/ (here, t  ⇢) and .t; x0.t// 62 D3 for t 2 .t0 � ı; t0/: This
statement is proved by analogy with the corresponding assertion for ˆ1 in the case where ˛a010 < 0:Moreover,

jx1.t/ � x2.t/j  jx1.t/ � Sm.t/j C jx2.t/ � Sm.t/j  2Mtm⇠.t/ < h⌫.tm⇠.t//1�⌫

for t 2 .0; t.h/ç; where the constant t .h/ 2 .0; ⇢/ is sufficiently small. Hence, the integral curve J1W .t; x1.t// of
Eq. (22⇤) lies inD3 for t 2 .0; t.h/ç: This means that if t increases from t D t .h/ to t D ⇢; then the integral curve
J1W .t; x1.t// of Eq. (22⇤) cannot have common points with ˆ3: Therefore, this integral curve lies in D3 for all
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t 2 .0; ⇢ç: Hence, inequality (33) is true. Further, by analogy with the case ˛a010 > 0; we arrive at estimates (34)
and (35).

We now directly proceed to the proof of the continuity of the operator T W U ! U: Let " > 0 be given. It is
clear that there exists a sufficiently small t" 2 .0; ⇢/ such that

2Mtm⇠.t/C 2qM ⇠.t/  "

2
for t 2 .0; t"ç:

Therefore, if t 2 .0; t"ç; then

jx1.t/C x2.t/j C
ˇ̌
x01.t/ � x02.t/

ˇ̌
 jx1.t/ � Sm.t/j C jx2.t/ � Sm.t/j

C
ˇ̌
x01.t/ � S 0

m.t/
ˇ̌
C
ˇ̌
x02.t/ � S 0

m.t/
ˇ̌

 2Mtm⇠.t/C 2qM ⇠.t/

 "

2
:

If t 2 Œt"; ⇢ç; then, in view of (35), we get

jx1.t/ � x2.t/j C
ˇ̌
x01.t/ � x02.t/

ˇ̌
 h⌫t�m

" : (36)

We set

ı."/ D
⇣"
2
tm"

⌘ 1
⌫
:

If h < ı."/; then it follows from (36) that

jx1.t/ � x2.t/j C
ˇ̌
x01.t/ � x02.t/

ˇ̌
 "

2
(37)

for t 2 Œt"; ⇢ç: At the same time, inequality (37) holds for t 2 .0; t"ç and, in addition,

xi .0/ D 0; x0i .0/ D c1; i 2 f1; 2g: (38)

Hence,

max
t2Œ0;⇢ç

�
jx1.t/ � x2.t/j C

ˇ̌
x01.t/ � x02.t/

ˇ̌�
 "

2
or kx1 � x2kB  "

2
:

Thus, for any " > 0; there exists ı."/ > 0 such that the relation

ku1 � u2kB D h < ı."/

implies that

kT u1 � T u2kB D kx1 � x2kB  "

2
< ":
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This reasoning depends neither on the choice of " > 0; nor on the choice of ui 2 U; i 2 f1; 2g: The continuity of
the operator T WU ! U is proved.

Therefore, the continuous operator T WU ! U maps the closed bounded convex compact set U into itself. By
virtue of the Schauder theorem, this operator has at least one fixed point in U; i.e., there exists at least one element
x0 2 U such that

T x0 D x0: (39)

The function x0W .0; ⇢ç ! R is a solution of problem (1), (2) that belongs to the set U.⇢;M/: In addition,
recall that, in the procedure of construction of the operator T WU ! U for the case where ˛a010 > 0; the point
G.⇢; xG/ 2 H is chosen arbitrarily. Thus, in particular, it is possible to take the point G.⇢; ˇ/ if the constant ˇ
satisfies inequality (13). In this case, the obtained solution x0W .0; ⇢ç ! R satisfies the condition x0.⇢/ D ˇ:

Theorem 2 is proved.

The name Conditions (A) is used for the following set of conditions:

(i) the following inequality is true: ˛ ¤ 0; where ˛ is the constant given by relation (10);

(ii) j'.t; Sm.t/; S 0
m.t//j  tm⇠.t/; t 2 .0; ⌧/; where ⇠W .0; ⌧/ ! .0;C1/ is a continuously differentiable

function satisfying conditions (11) [the second and third conditions in (11) imply that 0  L2  1;
moreover, if L2 < 1; then definitelyL1 D 0 and, hence, the second condition in (11) is essential only in
the case where L2 D 1];

(iii) j'.t; x1; y1/�'.t; x2; y2/j  l2t
m�1jx1� x2jC l3tmjy1�y2j; .t; xi ; yi / 2 D; i 2 f1; 2g; where l2 and

l3 are constants and

l2 C l3 <
j˛j
2
:

Theorem 2. Suppose that the Conditions (B) are satisfied. Then the following assertions are true:

(a) if ˛a010 > 0; then there exist ⇢ andM such that problem (1), (2) possesses an infinite set of solutions from
the set U.⇢;M/I moreover, if the constant ˇ satisfies condition (13), then there exists a unique solution
xˇ 2 U.⇢;M/ of problem (1), (2) such that xˇ .⇢/ D ˇI

(b) if ˛a010 < 0; then there exist ⇢ andM such that problem (1), (2) possesses a unique solution from the set
U.⇢;M/:

Proof. We first choose constants ⇢; M; and q: Assume that the constants q andM satisfy conditions (14) and
(15), respectively. Here, we do not present the conditions specifying the choice of ⇢: As in the proof of Theorem 1,
we only note that ⇢ is sufficiently small. The validity of the subsequent reasoning based on the smallness of ⇢ is
guaranteed by the choice of ⇢; every time when the smallness of ⇢ is required, this is specially indicated in the
proof.

Let B be a space of continuously differentiable functions xW Œ0; ⇢ç ! R with norm (16). By U we denote a
subset of B each element uW Œ0; ⇢ç ! R of which satisfies inequalities (17) and, in addition, conditions (18) are
satisfied. The set U is closed and bounded. We transform Eq. (1) to the form (21) and consider the differential
equation (22) in which u 2 U is an arbitrary fixed function and �WR ! R is a function given by equality (23).
Note that condition (24) is satisfied. Since ⇢ is sufficiently small, we have

.t; u.t/; u0.t// 2 D; t 2 .0; ⇢ç;
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for all u 2 U:We now consider the same sets D0; ˆ1; D1; and H and the auxiliary function A1WD0 ! Œ0;C1/

as in the proof of Theorem 1. By a1WD0 ! R we denote the derivative of the function A1WD0 ! Œ0;C1/ in a
sense of Eq. (22). It is easy to see that

sign a1.t; x/ D sign˛a010 for .t; x/ 2 ˆ1

because ⇢ is sufficiently small. We now successively consider two possible cases.

1. Let ˛a010 > 0: As in the proof of Theorem 1, we show that each integral curve of Eq. (22) crossing H
is defined for t 2 .0; ⇢ç and lies in D1 for all t 2 .0; ⇢ç: Let G.⇢; xG/ 2 H be an arbitrary fixed point. By
JuW .t; xu.t// we denote the integral curve of Eq. (22) passing through the point G: If conditions (28) are satisfied,
then the function xuW Œ0; ⇢ç ! R belongs to the set U: (To prove this statement, we use the same reasoning as in
the proof of Theorem 1.) We now define an operator T WU ! U by setting T u D xu: Here, it is worth noting that
the point G.⇢; xG/ remains fixed for any choice of the function u 2 U on the right-hand side of Eq. (22). Hence,
xu.⇢/ D xG for any choice of u 2 U:

2. Let ˛a010 < 0: Then, as in the proof of Theorem 1, we can show that, among the integral curves of Eq. (22)
crossing H; there exists one and only one integral curve (we denote it by JuW .t; xu.t//) defined for t 2 .0; ⇢ç and
lying in D1 for all t 2 .0; ⇢ç: In this case, we consider the same one-parameter families of sets ˆ2.⌫/ and D2.⌫/

(where ⌫ is a parameter, ⌫ 2 .0; 1ç), and A2WD0 ! Œ0;C1/ is an auxiliary function) as in the proof of Theorem 1.
Assume that equalities (28) are true. Thus, as in the proof of Theorem 1, we conclude that xu 2 U:We define the
operator T WU ! U by the equality T u D xu:

We now prove that T WU ! U is a contraction operator. Let ui 2 U; i 2 f1; 2g; be arbitrary fixed functions
and let T ui D xi ; i 2 f1; 2g: If u1 D u2; then x1 D x2: Further, let

ku1 � u2kB D h; h > 0:

We study the behavior of the integral curves of the differential equation (22) with u D u1: The differential equation
thus obtained is denoted by (22⇤). It is clear that x1.0; ⇢ç ! R is a solution of Eq. (22⇤). We set

ˆ3 D f.t; x/W t 2 .0; ⇢ç; jx � x2.t/j D ⌘tmhg ;

D3 D f.t; x/W t 2 .0; ⇢ç; jx � x2.t/j < ⌘tmhg ;

where ⌘ is a constant satisfying the condition

.l2 C l3/ja010j�1 < ⌘ < .j˛j � .l2 C l3//ja010j�1:

We define the auxiliary function A3WD0 ! Œ0;C1/ by the equality

A3.t; x/ D .x � x2.t//2t�2m:

Moreover, by a3WD0 ! R we denote the derivative of this function in a sense of Eq. (22⇤). Since

ju1.t/ � u2.t/j D

ˇ̌
ˇ̌
ˇ̌

tZ

0

u01.s/ ds �
tZ

0

u02.s/ ds

ˇ̌
ˇ̌
ˇ̌ 

ˇ̌
ˇ̌
ˇ̌

tZ

0

ˇ̌
u01.s/ � u02.s/

ˇ̌
ds

ˇ̌
ˇ̌
ˇ̌
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ˇ̌
ˇ̌
ˇ̌

tZ

0

max
s2Œ0;⇢ç

�
ju1.s/ � u2.s/j C

ˇ̌
u01.s/ � u02.s/

ˇ̌�
ds

ˇ̌
ˇ̌
ˇ̌

D

ˇ̌
ˇ̌
ˇ̌

tZ

0

h ds

ˇ̌
ˇ̌
ˇ̌ D ht; t 2 .0; ⇢ç;

and, in addition,

ˇ̌
u01.t/ � u02.t/

ˇ̌
 max

t2Œ0;⇢ç
�
ju1.t/ � u2.t/j C

ˇ̌
u01.t/ � u02.t/

ˇ̌�
D h; t 2 .0; ⇢ç;

we conclude that

a3.t; x/ D 2t�2m.�.t//�1
�
.a010 C o.1//.x � x2.t//2

C.x � x2.t//.l2 C l3 C o.1//tmh
�
; t ! C0:

Since

tmh D 1

⌘
jx � x2.t/j

for .t; x/ 2 ˆ3; ⇢ is sufficiently small, and

1

⌘
.l2 C l3/ < ja010j;

by virtue of (24), we get

sign a3.t; x/ D sign˛a010 for .t; x/ 2 ˆ3:

Further, we successively consider the following two cases:

1. Let ˛a010 > 0: Then a3.t; x/ > 0 for .t; x/ 2 ˆ3: If we take an arbitrary point .t0; x0/ 2 ˆ3 and denote
the integral curve of Eq. (22⇤) passing trough this point by J0W .t; x0.t//; then, for sufficiently small ı > 0; we get
.t; x0.t// 62 D3 for t 2 .t0; t0 C ı/ (here, t  ⇢) and .t; x0.t// 2 D3 for t 2 .t0 � ı; t0/: This statement is proved
by analogy with a similar statement for ˆ1 in the proof of Theorem 1 (in the case where ˛a010 > 0). Moreover,

x1.⇢/ D x2.⇢/ D xG :

Hence, if t decreases from t D ⇢ to t D 0; then the integral curve J1W .t; x1.t// of Eq. (22⇤) cannot have common
points with ˆ3: Therefore, this integral curve lies inD3 for all t 2 .0; ⇢ç: This means that,

jx1.t/ � x2.t/j  ⌘tmh; t 2 .0; ⇢ç: (40)
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Thus,
ˇ̌
x01.t/ � x02.t/

ˇ̌
 .ja010j⌘C l2 C l3 C o.1//j�.t/j�1tmh; t ! C0:

By virtue of (24), we obtain

ˇ̌
x01.t/ � x02.t/

ˇ̌


�
.ja010j⌘C l2 C l3/j˛j�1 C o.1/

�
h; t ! C0: (41)

Denote

! D 1

2

�
1C .ja010j⌘C l2 C l3/j˛j�1

�
: (42)

Since, according to the assumption,

.ja010j⌘C l2 C l3/j˛j�1 < 1;

we conclude that 0 < ! < 1: In view of the sufficient smallness of ⇢; we derive the following inequality from
(40)–(42):

jx1.t/ � x2.t/j C
ˇ̌
x01.t/ � x02.t/

ˇ̌
 !h (43)

for t 2 .0; ⇢ç: It follows from (38) and (43) that

kx1 � x2kB  !h:

This yields

kT u1 � T u2kB  !ku1 � u2kB ; where 0 < ! < 1: (44)

2. Let ˛a010 < 0: Then a3.t; x/ < 0 for .t; x/ 2 ˆ3: Thus, if we choose any point .t0; x0/ 2 ˆ3 and denote
the integral curve of Eq. (22⇤) passing through this point by J0W .t; x0.t//; then, for sufficiently small ı > 0; we
obtain .t; x0.t// 2 D3 for .t; t0 C ı/ (here, t  ⇢) and .t; x0.t// 62 D3 for t 2 .t0 � ı; t0/: This assertion is proved
by analogy with a similar statement for ˆ1 in the proof of Theorem 1 (in the case where ˛a010 < 0). By virtue of
(17), we get

jx1.t/ � x2.t/j  jx1.t/ � Sm.t/j C jx2.t/ � Sm.t/j  2Mtm⇠.t/ < ⌘tmh (45)

provided that t 2 .0; t.h/ç; where the constant t .h/ 2 .0; ⇢/ is sufficiently small. According to (45), the integral
curve J1W .t; x1.t// of Eq. (22⇤) lies in D3 for t 2 .0; t.h/ç: If t increases from t D t .h/ to t D ⇢; then, as shown
above, the integral curve J1W .t; x1.t// cannot have common points with ˆ3: Therefore, this integral curve lies in
D3 for all t 2 .0; ⇢ç: Further, as in the case where ˛a010 > 0; we successively obtain estimates (40)–(44).

The reasoning presented above is independent of the choice of the functions ui 2 U; i 2 f1; 2g: Hence,
T WU ! U is a contraction operator.

Thus, the contraction operator T WU ! U maps a closed and bounded set U into itself. By virtue of the
Banach principle of contraction mappings, this operator has a unique fixed point in U; i.e., there exists a unique
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element x0 2 U for which equality (39) is true. It is obvious that the function x0W .0; ⇢ç ! R is a unique solution
of problem (1), (2) from the set U.⇢;M/: Furthermore, if we analyze the procedure of construction of the operator
T WU ! U in the case ˛a010 > 0; then we conclude the point G.⇢; xG/ of the setH is chosen arbitrarily. Hence,
if ˇ is any constant satisfying condition (13), then we can take the point G.⇢; ˇ/ as the fixed point G.⇢; xG/: Then
the obtained (unique) solution xW .0; ⇢ç ! R of problem (1), (2) satisfies the condition x0.⇢/ D ˇ:

Theorem 2 is proved.
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