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SINGULAR CAUCHY PROBLEM FOR AN ORDINARY DIFFERENTIAL EQUATION
UNSOLVED WITH RESPECT TO THE DERIVATIVE OF THE UNKNOWN FUNCTION

A. E. Zernov and Yu. V. Kuzina UDC 517.911

For a singular Cauchy problem
N N N ] )
S S a0 () + 9l x(1). X' (1) =0, x(0) =0,
i=0,=0k=0

where N > 2 and a;; are constants, agor = 0,k € {0,1,..., N}, a100 # 0, @010 # 0, a;5, = 0,1 <
i+j<mke{l,...,N},2<m < N, and g is a function small in a certain sense, we find a nonempty
set of continuously differentiable solutions x: (0, p] — R, where p is sufficiently small, such that

m
x() = Z et +o0™), 1 — 40,
k=1

where cq, ..., ¢y are known constants.

At present, a singular Cauchy problem of the form

x'(t) = f(t.x(¥)), x(0)=0,

is fairly well studied. Important results are obtained on the solvability of the problem [7, 15, 17, 18], the number
of solutions, and the asymptotic behavior of these solutions [3, 7] . Moreover, for a Cauchy problem of the form

F(t,x(1),x'(t)) =0, x(0) =0,

the problems of existence and uniqueness of solutions [1, 2, 5, 17, 20] and the problems of convergence of different
sequences of approximations to the solution [4, 16, 19, 21] are thoroughly investigated. However, the asymptotic
properties of the solutions of this problem are poorly investigated even in the regular case. In the present paper,
we consider a class of singular problems of this type and establish sufficient conditions for the existence of contin-
uously differentiable solutions defined in a certain (sufficiently small) right half neighborhood of the initial point
and possessing the required properties in this half neighborhood. In the analysis of the posed problem, we use
methods of the qualitative theory of differential equations [6, 7]; see also [8]. The present paper is a continuation
of a series of our works [9—-13]. For a more detailed survey of the available literature, the subsequent investigations
of the analyzed problem, and numerous examples, see [14].
Consider a Cauchy problem

P(t,x(t).x'(1) + @t x(1),x'()) = 0, (1)
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x(0) =0, (2)

where ¢ is areal variable, ¢ € (0, 7), x: (0, ) — R is an unknown function, and P: R xR xR — R is a polynomial
given by the equality

N N N

Pt.yry) =) > Y aijrt’ y{v&. 3)

i=0;7=0k=0

Here, N is a natural number, N > 2, all , j, and k are nonnegative integer numbers, all @;; are constants and, in
addition, agor = 0, k € {0,1,..., N}. Assume that ¢: D, — R is a continuous function, D, C (0,7) x R x R,
with some properties indicated in what follows. Here, we only note that the analyzed values of ¢ are, in a certain
sense, small as compared with the values of P.

Definition. We define the solution of problem (1), (2) as a continuously differentiable function x: (0, p] — R
(p is a constant, p € (0, t)) with the following properties:

(l) (t,x(t),x/(l)) € D(P’ re (0’ p]’

(ii) x identically satisfies Eq. (1) for all t € (0, p];

(iii) lim;— 4o x(¢) = 0.

We study the problem of existence of the solutions x: (0, p] — R of problem (1), (2) such that

x(t) = Spu(t) +o(™), t— +0.
Here, p € (0, 7) is sufficiently small, m is a natural number, 2 < m < N, and S;;: R — R is a polynomial given
by the equality
m
Sm(®) =Y at®, )
k=1

where all ¢ are constants uniquely expressed via the coefficients a;j .

Assume that the polynomial P in Eq. (1) has a special form, namely, for (3), the following conditions are
satisfied:

aioo #0, ao10 #0, 5)
ajjk =0, 1<i+j<m, ke{l,....N}, 6)

for some natural m,2 < m < N. Thus, we can rewrite Eq. (1) in the form

m m N

YD aiut @) @) = DD aijor’ (x (1))
i=0j=0k=1 i=0,;=0
i+j=m I<i+j<m
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N N N

+ Y Y Y gt (x(0) (@) + ot x(0), X ().
i=0;=0k=1
i+j>m+1

In what follows, we consider this special class of Egs. (1) with the initial condition (2).
Assume that the following condition is satisfied:

P (t,Sm(1),S,,()) = 0™, t - +0, (7)
where P and S,, are given by equalities (3) and (4), respectively. Thus, all coefficients cy, ..., ¢y in (4) can be

uniquely determined; in particular, we get

a100
g =——

aoto
Indeed, for any n € {1,...,m}, by b, we denote the coefficient of " in the sum P (t, Sm(1), S, (t)) . This
yields
b1 = aioo + ao1oc1,
bi = aorock + gk(c1.....cx—1), ke€{2,....mj},
where g2, ..., gm are known polynomials. If we set

by =0, nefl,... m, (8)

then condition (7) is satisfied. According to (5),we conclude that ag19 # 0. Hence, we can uniquely determine all
coefficients ¢y, ..., ¢;; from the system of equations (8).
It follows from (7) that

|P(t, Sm(t). Sy, (1) < Ke™ T 1 €(0,7), ©)

where K is a positive constant.
Let

D ={(t.y1.y2):1 € (0,7), [y1 = Sm(D)| < t™y(t).|y2 = S, ()| < y(1)},

where y: (0, ) — (0, +00) is a continuous function, lim;—4+¢ y(¢) = 0, and Sy, : R — R is the polynomial given
by equality (4) and satisfying condition (7). Assume that D C D,,.
The name Conditions (A) is used for the following set of conditions:

(1) « # 0, where

m m N

f+k—1 a1o0
a==) ) Y kaye] T e = (10)
i=0j=0k=1 010
i+j=m
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() |e(t, Sm(t), S;, ()] < t™&(t), t € (0,7), where £:(0,7) — (0, +00) is a continuously differentiable
function and, in addition,
li NyE) =0, lim (@) =Ly,
t_l)r_rgOE( )y (1)) Jim (&) 1

(1)
tggoté’(t)(é(t))‘l =Lz, 0=<L;<+oo, i€{l.2}

[the second and third conditions in (11) imply that 0 < L, < 1; moreover, if L, < 1, then definitely
L1 = 0 and, hence, the second condition in (11) is essential only in the case where L, = 1];

(i) (1, x,y) — @2, x, )| < i(w)|n — 12|, (ti,x,y) € D, 0 < p < 1;, i € {1,2}, where [;:(0,7) —
(0, 4-00) is a continuous nonincreasing function;

Av) o, x1, y2)—@(t, x2, y2)| < L2()|x1—x2|+13t"|y1—y2l, (¢, xi, yi) € D,i € {1,2}, where [5: (0, 7) —
(0, +00) is a continuous function, lim;— ¢ [>(¢) = 0, I3 is a constant, and 0 < I3 < |a|/2.

By U(p, M) we denote the set of all continuously differentiable functions u: (0, p] — R each of which satisfies
the conditions

u(t) = Sm(0)| < MI™E(@D),  u'(1) = S, ()] < laorollz ME(®), 1 € (0,p]. (12)
Here, p and M are constants, p € (0, 7),and M > 0.

Theorem 1. Suppose that conditions (A) are satisfied. The following assertions are true:

(a) ifaagro > 0, then there exist p and M such that problem (1), (2) has an infinite set of solutions from the
set U(p, M); moreover, if B is a constant satisfying the condition

1B = Sm(p)| < Mp™§(p), 13)

then there exists a solution xg € U(p, M) of problem (1), (2) such that xg(p) = B

(b) if aaogio < O, then there exist p and M such that problem (1), (2) has at least one solution from the set
U(p, M).

Proof. We first choose the constants p, M, and g. Let
2laonolle| ™" < g <laonollz " (14)
M > (KLi + D(laoto| = q13) ™", (15)
where K is the constant from condition (9). Here, we do not present conditions specifying the choice of p and only
note that p is sufficiently small and the choice of p guarantees the validity of all subsequent reasoning in which it
is assumed that the value of p is small. In what follows, in each case where the smallness of p is required, this is

explicitly indicated.
Let B be a space of continuously differentiable functions x: [0, p] — R with the norm

Ixllp = max (|x(6)| + |x"(£)]). (16)
t€[0,p]
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By U we denote a subset of B each element of which u: [0, p] — R satisfies the conditions
u(t) = Sm(D)] < Mt™E@), () = S, ()] < gME(), t € (0, p].
Moreover,
u(0) =0, u'0)=c.

In addition, the following condition is satisfied:

VueU Ve>0 Ve €[0,p], i€{l,2}:|t1 —12] <8(e) = |[u'(t1) —u'(r2)| < &,

where
5(e) = &/(8B(t;)) and  B(te) = 17 ™11 (1) + 1.

Furthermore, the constant ¢, € (0, p) is chosen so that, for ¢ € (0, #], the conditions

gME(t) <e/37 and (Q2ler| + 1)t <¢/37

are simultaneously satisfied. The set U is closed, bounded, convex, and (by the Arzela theorem) compact.

We transform Eq. (1) as follows:

m m N

SO S kagkt (Sm(0)Y (S5, ()TN (1) — Sy (1))

i=0j=0k=1
i+j=m
m m ‘ . N N N . .
=> Z aijot’ (X)) + YY" agt' (x(0))! (¥ (1)*
i=0,=0 i=0;=0k=1
I<i+j<m i+j>m+1
m m N ) '
+ . x(0).X'O)+ YYD ayrt (Sm(1)! (Sp (1))
i=0j=0k=1
i+j=m

m m N

3D gt (Sm(1)) Z CL(Sp ()7 (xX (1) = S5, (1))

i=0j=0k=1 r=2
i+j=m

m m N

+ 32 Paet (0) = (Sm) ) (0D
i=0j=0k=1
i+j=m

a7

(18)

19)

(20)

2D
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[it is clear that the right-hand side of (21) contains the penultimate sum only for k > 2; in what follows, this fact is
not specially indicated]. Further, we consider a differential equation

X' (1) = Sp(0) + (A(0) ™! (Z > aijot' (x (1))’

i=0;=0

N N N

D agut @) @' @) + ot u@). ' (1))
i=0j=0k=1
i+j=zm+1

m m N

200 Y ait Sm®) (S0
i=0j=0k=1
i+j=m

m m N

3D it (Sm(1) Z L (Sp @) (') = S5 0)"
i=0j=0k=1
i+j=m

m m N
+Y Y at’ ((x(r))f — (Sm(1))’ ) ()" ) (22)
i=0j=0k=1
i+j=m

where the function A: R — R is given by the equality

m m N

MO ==Y kajit' (Sm() (Sp (1)< (23)
i=0j=0k=1
i+j=m

and u € U is an arbitrary fixed function. Since p is sufficiently small, (¢, u(z), u’(¢)) € D,t € (0, p], forallu € U.
Note that

At) = (@ +o(1)t™, t— +0. (24)
Let
Do ={(t,x):t € (0,p], xeR}. (25)

If (¢, x) € Dy, then the conditions of the theorem on existence and uniqueness of the solution and continuous
dependence of the solutions on the initial data are satisfied for Eq. (22) because, for any given r € (0, p), in a
closed subdomain

Do(r) = {(t,x):t € [r,p],x €e R}
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of the domain Dy, the right-hand side of Eq. (22) is continuous and satisfies the Lipschitz condition with respect
to the variable x. We set

@1 ={(t.x):t € (0,p), |x = S ()| = Mt™E(1)},
Dy ={(t,x):t € (0,p],|x — Sm(@)| < Mt™E()},
H = {(t,x):t = p,|x — Sm(p)| < Mp"&(p)}.

Assume that the auxiliary function A;: Do — [0, +00) is given by the equality

A1t x) = (x = Sm()?("E@) 2.

By ai: Dg — R we denote the derivative of this function in a sense of Eq. (22). If (¢, x) € ®;, then we conclude
that

ai(t.x) =2("E0) 2 (A0)) ™ ((@o10 + 0(D)(x = Sm (1)) 4 (x = Sm(D)A1(1)) .t — +0,
where
A1) < Mt™E(t)(gls + M~ + KLiM ™' +0(1)), ¢ — +0.

Since p is sufficiently small and conditions (14) and (15) are satisfied, then, in view of (24) and the equality
M1"E(t) = |x — Sp(1)]
valid for (¢, x) € ®1, we get

signaj (¢, x) = signaagyo for (¢,x) e Py.

Further, we successively consider two cases.

I. Let wagio > 0. Then a; (¢, x) > O for (¢, x) € ®;. Taking an arbitrary point (¢g, xo) € ®; and denoting
the integral curve of Eq. (22) passing through this point by Jy: (¢, xo(?)), for a sufficiently small § > 0, we obtain
(t,x0(t)) & Dy fort € (tg,to + §) (here, t < p)and (¢, x9(¢)) € Dy fort € (tg — 8, 1).

Indeed, since

A1 (to, xo(to)) = A1(to, x0) = M?, ay(to, xo(to)) = a1(to, x0) > 0,
for tp € (0, p), there exists § > 0 such that
sign (Al(t,xo(t)) — Al(lo,xO(Io))) = sign (l — l()), |Z — l0| < 8,

or

sign (1x0(1) = Sm()] ("E) ™ = M) =sign(t —10). |t —to] <8,
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or
sign (|xo(t) — Sm(t)| — Mt™&(r)) = sign (t —to), |t —1to| < 6.

If t9 = p, then there exists § > 0 such that
A1t xo(t)) < A1(to. x0(t0)). t € (p—36.p).

or
1x0(t) = Sm()| ("E@) " < M, 1€ (p—8.p),
or
x0(t) = Sm(1)] < M™E(1), 1 € (p—S6,p).

The assertion is proved.

This implies that every integral curve of Eq. (22) crossing the set H is defined for ¢ € (0, p] and lies in D; for
all ¢z € (0, p]. Indeed, any integral curve of this type cannot have common points with ®; as ¢ decreases because,
otherwise, we arrive at a contradiction with the already proved assertion.

Let G(p,xg) € H be an arbitrary fixed point. By Jy,: (¢, x,,(¢)) we denote the integral curve of Eq. (22)
passing through the point G. As indicated above, the integral curve Jy,: (¢, x,,(¢)) lies in D; for ¢t € (0, p]. Hence,

|Xu () = Sm(D)| = Mt™E@). 1 €(0,p]. (26)
It is easy to see that
() = Sy ()] < gME@). 1 € (0, pl. @7

In the proof of (27), we use the estimates obtained in the proof of (26), condition (14), and the fact that p is
sufficiently small. By definition, we set

xu(0) =0, x,(0)=c;. (28)

We now show that, for any ¢ > 0, any u € U, and any ¢; € [0, p], i € {1,2}, such that |t; — t2| < &(e), the
inequality

X, (t1) — x,,(12)| < & (29)

is true, i.e., we prove that the function x,,: [0, p] — R satisfies condition (19). To this end, we successively consider
three possible cases.

1. Ift; € [0,¢.],1 € {1, 2}, then, by virtue of (20) and (26), we find
|3, (1) — x3,(12)| < |y, (11) = Sy, (11)| + | Sy (1) — €1

+ | X[ (t2) = Sp(t2)| + | Sy, (t2) — 1| < gME(t)) + Qlea] + Dty
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4e e
+ gME(tr) + Qlca| + Dta < e < 9 <e. 30)

2.Ift; € [te, p], i € {1,2}, and |t; — t2] < &(e), then, in view of the sufficient smallness of p, we obtain

}%Uﬂ=%@ﬂ§(Mmﬂ+%)WWO—MmH+UNQ+DQW“Wr4ﬂ

Since, by the assumption,

_ 1
3] ' < 5

we get

[0~ e2)] = 3 )~ @) + Bl 1.

According to the definition of the set U, it follows from the condition |t — 2] < 8(¢) that |u/(¢1) — u/(t2)| < &.
This yields

|x;,(t1) — xp,(12)| < %e + B(t:)8(e) = %8 <e. (1)

3. If 11 € [0,%¢], 2 € [te, p], and in addition, |t; — | < &(¢) (the case where 1, € [0, 1] and #1 € [¢., p] but
|t1 — t2| < 8(¢) is considered in a similar way), then it is clear that #; and ¢, belong to the segment [0, z.], while ¢,
and 7, belong to the segment [t¢, p] and, moreover, |t — 2| < |t; — 2| < 8(e). Hence, we can use the estimates
obtained in the previous two cases. According to (30) and (31), we get

e e
|x;(t1) _x;;(tZ)‘ = }X;(tl) - x;(ts)‘ + ‘x;(ts) - x;(lz) = 9 + 3 <eé&.
Inequality (29) is proved. This means that x,, € U.
We define the operator 7: U — U by setting Tu = xy,.
It is worth noting that the point G(p, xg) of the set H fixed earlier does not change for any choice of the
function u € U on the right-hand side of Eq. (22). Therefore, the condition x, (p) = x¢ is always satisfied.

IL. Let wap1o < 0. Then ay (¢, x) < O for (¢, x) € ®;. Taking an arbitrary point (¢9, xg) € ®; and denoting
the integral curve of Eq. (22) passing through this point by Jy: (¢, xo(¢)), for sufficiently small § > 0, we get
(t,x0(t)) € Dy fort € (tg, to +8) (here, t < p)and (¢, xo(t)) & D1 fort € (tg—6, ty). The proof of this statement
is similar to the proof in the case «agio > 0.

We now prove that at least one integral curve (among the integral curves of Eq. (22) crossing H) is defined
for ¢t € (0, p] and lies in Dy for all ¢ € (0, p]. Indeed, assume that an integral curve of Eq. (22) crosses ®;. Thus,
if ¢ increases further, then this curve cannot have common points with ®; [otherwise, we arrive at a contradiction
with the above-mentioned assertion about the properties of the integral curves of Eq. (22) crossing ®;]. Hence,
this integral curve crosses H. We define a mapping y: ®; — H as follows: We associate each point P € @
with a point ¥ (P) € H lying on the same integral curve of Eq. (22) as the point P. By ¥/ (®1) we denote the set
of images of all points of the set ®; under the mapping . Since the set ®; in not closed [it does not contain its
limit point (0, 0)], its image ¥ (®;) is also a nonclosed set. At the same time, the set H is closed. Therefore, the
set @ = H \ ¥ (®;) is nonempty. Let Jy,: (t, x,(¢)) be an integral curve of Eq. (22) such that (p, x,(p)) € Q. It
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is clear that, in the case where ¢ decreases from ¢t = p, this integral curve cannot have common points with ®;.
Therefore, the indicated integral curve is defined for all ¢+ € (0, p] and lies in D for ¢ € (0, p]. As in the case
aapro > 0, we can easily show that estimates (26) and (27) are true. Assume that, by definition, equalities (28)
are true. As in the case aagio > 0, forany e > 0, u € U, t; € [0,p], i € {1,2}, we establish condition (29) for
|t1 — t2| < 8(e). Therefore, we have proved that x,, € U.

We now show that Eq. (22) has a unique integral curve with the indicated properties, namely, the integral curve
Ju: (¢, x4 (1)). Indeed, consider one-parameter families of sets

2(v) = {(t,x):1 € (0, p], |x —xu ()| = vI"E() (= In1)},
Da(v) = {(z,x):1 € (0, p]. [x = xu (1) < vi™E@)(=In1)},

where v, v € (0, 1], is a parameter. Assume that the auxiliary function A,: Dy — [0, +00) is defined by the
equality

Ax(t,x) = (x = xu(1))? ((™E@)(—n 1)) 2.

By az: Do — R we denote the derivative of this function in a sense of Eq. (22). It is easy to see that if (¢, x) € Dy,
X % xyu(t), then

-2 _
az(t,x) = 2(1"E@)(=In0)) " (A1) (@010 + 0o(1) (x — x4 (1))*, 1 — +0.
Since p is sufficiently small, according to (24), we get
signas(t, x) = signaagio

for (t,x) € Do, x # x,(t), i.e., ax(t,x) < 0 for (¢,x) € Do, x # xyu(¢). In particular, a,(¢,x) < 0 at any
point of each curve ®,(v) of the constructed family. Thus, if we take an arbitrary point (¢g, xo) of any curve
®;,(v), v € (0,1], and consider the integral curve Jo(z, xo(t)) of Eq. (22) passing through this point, then, for
sufficiently small § > 0, we obtain (¢, xo(¢)) € D»(v) for t € (to,to + 8) (here, t < p) and (¢, xo(¢)) & D»(v) for
t € (to — 8, 1p). This statement is proved by analogy with the similar statement for ®; for ¢ag19 < 0. Further, let
Pi(tx, x%) € D1 \ {(0,0)} be any point satisfying the condition xx # Xy (¢+). There exists v« € (0, 1] such that
Py € ®3(vs). By x*: (tx — &,14) — R we denote a (unique) solution of the differential equation (22) satisfying
the initial condition x(f«) = xx. Here, ¢ > 0 is sufficiently small. Let (z_, ¢x) be the left maximum interval
of existence of this solution (here, -~ > 0). As indicated above, the integral curve Ji: (¢, x*(¢)) of Eq. (22)
passing through the point Py lies outside D, (v4) forall ¢ € (71—, t«). At the same time, if 7. is sufficiently small,
txx € (0, p) and (¢, x) is any point of the set D1 \ {(0,0)} satisfying the condition ¢ € (0, t4], then

X —xu(@)] =[x = Sm@)] + [xu (@) = Sm(0)| < 2M17E () < vat™E(1)(—1In1).

This means that all points (¢, x) of the set D1 \{(0, 0)} satisfying the condition # € (0, #+«] belong to the set D5 (V).
Let t* = min{ts, 14+ }. According to the result presented above, the integral curve Jy: (¢, x*(¢)) of Eq. (22) lies
outside D fort € (t_,t*).

The statement is proved.

We define the operator 7: U — U by setting Tu = xy,.
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It is necessary to prove that T: U — U is a continuous operator. Let u; € U, i € {1,2}, be arbitrary fixed
functions and let Tu; = x;,i € {1,2}. If u; = uy, then we also have x; = x,. Further, let

|lur —uz2llp =h, h>0.

We investigate the behavior of the integral curves of the differential equation (22) with u = uy. Further, by (22%),
we denote the differential equation thus obtained. It is clear that x;: (0, p] — R is a solution of Eq. (22*). We set

3 = {(t.x):1 € (0. pl. |x — x2(0)] = K* (A" E@) ).
D3y = {(t.x):1 € (0, pl. |x — x2(1)| < h* (A" E(1)' ).

where v is a constant satisfying the condition

1
O<v<l——. 32)
m

Assume that the auxiliary function A3: Dy — [0, 4+-00) is given by the equality
A3(1,%) = (x = x2(0))> ("5 (1) 7207,

By a3: Dy — R we denote the derivative of this function in a sense of Eq. (22*). Since p is sufficiently small and
v satisfies inequalities (32), we conclude that, for (¢, x) € @3,

as(t.x) =2 (") U )
x ((aom + o(1))(x —x2(1))? + (x — x2(2))o(1)h” (rms(z))l“’) . t— +0.
Here, we have used the estimates
Jur (1) = uz ()] = lur (£) = uz ()" Jur () — uz ()]~
< flur = uzlp (1 (1) = Sm(@)] + |u2(t) = Sm()))' "
< @M"E@)' ", 1 e,
and
[y (1) —uh ()| = | () —up ()] ul (0) = up ()|
< Jlur — w2l ([ () = Sy, ()] + [ub (@) = Sy (@)]) "

<h'2qME@)' ™, 1€ (0. p].
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Since p is sufficiently small and
R ™E0)' T = |x = x2(1)]

for (¢, x) € &3, by virtue of (24), we obtain
signas(t, x) = signaagro for (¢,x) € 3.
Further, we successively consider two cases.

1. Let aagio > 0. Then as(t,x) > O for (¢,x) € ®3. This implies that if we take an arbitrary point
(to, x0) € ®3 and denote the integral curve of Eq. (22*) passing through this point by Jo: (¢, xo(¢)), then, for
sufficiently small § > 0, we conclude that (¢, xo(t)) € D3 fort € (g, to + 8) (here, t < p) and (¢, xo(¢)) € D3 for
t € (tg — 0, t9). This statement is proved by analogy with a similar statement for ®; in the case where aagio > 0.
Moreover,

x1(p) = x2(p) = xG-

This enables us to conclude that if ¢ decreases from ¢t = p to ¢t = 0, then the integral curve Jy: (¢, x1(¢)) of
Eq. (22*) cannot have common points with ®3. Hence, this integral curve lies in D3 for all ¢ € (0, p]. Therefore,

1 (0) = x2(0)] < BV (E@)' T, 1 € (0, p]. (33)
Further, we conclude that
X1 (1) = x5(0)| < (laorol + o (NIADI TR (@™E@)' ™, 1 — +0.
By virtue of (24), this yields

lao1o + o(1)]

Vem 1-v,—m __ v,—m
o o ! TEO)TITT = oA, 1o 40, (34)

X1 (0) = x5(0)] <
Since p is sufficiently small, then it follows from (33) and (34) that
Ix1(t) — x2(0)| + |1 (1) = x50)| < Bt™™, € (0, p). (35)
2. Let aagio < 0. Then as(¢,x) < O for (¢, x) € 3. Hence, if we take an arbitrary point (o, xg) € D3
and denote the integral curve of Eq. (22*) passing through this point by Jo: (¢, xo(?)), then, for sufficiently small

§ > 0, we obtain (¢, x9(¢)) € D3 fort € (tg,to + 8) (here, t < p) and (¢, xo(t)) & D3 fort € (to — 8, 1o). This
statement is proved by analogy with the corresponding assertion for ®; in the case where aagio < 0. Moreover,

[x1(1) = x2(0)] < [x1(0) = Sm(D)] + |x2(1) = Sm(0)| < 2M1™E(1) < B ("6 (1))' ™"
for t € (0,¢(h)], where the constant ¢ (%) € (0, p) is sufficiently small. Hence, the integral curve Ji: (¢, x1(¢)) of

Eq. (22*) lies in D3 for ¢t € (0,1 (h)]. This means that if ¢ increases from ¢t = ¢(h) tot = p, then the integral curve
J1:(t,x1(t)) of Eq. (22*) cannot have common points with ®3. Therefore, this integral curve lies in D3 for all
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t € (0, p]. Hence, inequality (33) is true. Further, by analogy with the case @ag1o > 0, we arrive at estimates (34)
and (35).

We now directly proceed to the proof of the continuity of the operator 7: U — U. Let ¢ > 0 be given. It is
clear that there exists a sufficiently small 7, € (0, p) such that

&

M ™E(E) + 2gME(t) < for 1 € (0,1].

[\

Therefore, if 7 € (0, 7], then
[x1(0) + x2(0)] + [x7 (1) = x5(0)| < [X1(2) = S ()] + [x2(2) — S (1)
+ [x1(0) = S (D] + [x5(1) = S, (1)]
<2M1™E@t) +2gME()

=

| ™

If ¢t € [tg, p], then, in view of (35), we get
Ix1(£) — x2(0)| + |} (1) = x5(0)| < V1™, (36)

We set

1

5() = (%zm) .

If i < é(¢), then it follows from (36) that

€
x1(2) = x2(0)] + |x7 () — x5(1)| < > (37
for t € [t¢, p]. At the same time, inequality (37) holds for ¢ € (0, ;] and, in addition,
xi(0) =0, x/(0)=c1, i€{l,2}. (38)

Hence,

or |x;1—x2|B <=

max_(|x1(t) — x2()] + |x1 (1) = x5(1)]) <
tel0,p]

| ™

€
2
Thus, for any ¢ > 0, there exists §(¢) > 0 such that the relation

ur —uzllp =h < 3(e)
implies that

£
[Tui — Tusz|p = |lx1 — x2llB < ;<€
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This reasoning depends neither on the choice of ¢ > 0, nor on the choice of u; € U, i € {1,2}. The continuity of
the operator 7: U — U is proved.

Therefore, the continuous operator 7: U — U maps the closed bounded convex compact set U into itself. By
virtue of the Schauder theorem, this operator has at least one fixed point in U, i.e., there exists at least one element
xo € U such that

TX() = X9. (39)

The function x¢: (0, p] — R is a solution of problem (1), (2) that belongs to the set U(p, M). In addition,
recall that, in the procedure of construction of the operator 7: U — U for the case where aagip > 0, the point
G(p,xg) € H is chosen arbitrarily. Thus, in particular, it is possible to take the point G(p, ) if the constant
satisfies inequality (13). In this case, the obtained solution x¢: (0, p] — R satisfies the condition xo(p) = B.

Theorem 2 is proved.

The name Conditions (A) is used for the following set of conditions:
(i) the following inequality is true: & % 0, where « is the constant given by relation (10);

(1) |e(t, Sm(t),S,, ()| < t™E(), t € (0,7), where &:(0,7) — (0, 400) is a continuously differentiable
function satisfying conditions (11) [the second and third conditions in (11) imply that 0 < L, < 1;
moreover, if L, < 1, then definitelyL; = 0 and, hence, the second condition in (11) is essential only in
the case where L, = 1];

(iii) |@(t.x1.y1) —@(t.x2, y2)| < lot™ Vx1 — xo| + [3t™|y1 — yal. (. x;. yi) € D.i € {1,2}, where I and
[3 are constants and

o
12+l3<|—2|.

Theorem 2. Suppose that the Conditions (B) are satisfied. Then the following assertions are true:

(a) ifaapio > 0, then there exist p and M such that problem (1), (2) possesses an infinite set of solutions from
the set U(p, M); moreover, if the constant 8 satisfies condition (13), then there exists a unique solution
xg € U(p, M) of problem (1), (2) such that xg(p) = B;

(b) ifaagio < 0, then there exist p and M such that problem (1), (2) possesses a unique solution from the set
Up, M).

Proof. We first choose constants p, M, and g. Assume that the constants ¢ and M satisfy conditions (14) and
(15), respectively. Here, we do not present the conditions specifying the choice of p. As in the proof of Theorem 1,
we only note that p is sufficiently small. The validity of the subsequent reasoning based on the smallness of p is
guaranteed by the choice of p; every time when the smallness of p is required, this is specially indicated in the
proof.

Let B be a space of continuously differentiable functions x: [0, p] — R with norm (16). By U we denote a
subset of B each element u: [0, p] — R of which satisfies inequalities (17) and, in addition, conditions (18) are
satisfied. The set U is closed and bounded. We transform Eq. (1) to the form (21) and consider the differential
equation (22) in which u € U is an arbitrary fixed function and A: R — R is a function given by equality (23).
Note that condition (24) is satisfied. Since p is sufficiently small, we have

(t.u(@®).u'(t)) € D, t€(0,p],
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for all u € U. We now consider the same sets Do, ®;, D1, and H and the auxiliary function A1: Do — [0, +00)
as in the proof of Theorem 1. By a1: Do — R we denote the derivative of the function Ay: D9 — [0, +00) in a
sense of Eq. (22). It is easy to see that

signaj (¢, x) = signaagyg for (¢, x) € P
because p is sufficiently small. We now successively consider two possible cases.

1. Let ¢ap1o > 0. As in the proof of Theorem 1, we show that each integral curve of Eq. (22) crossing H
is defined for ¢t € (0, p] and lies in D; for all ¢ € (0, p]. Let G(p,xg) € H be an arbitrary fixed point. By
Ju: (t, x4 (1)) we denote the integral curve of Eq. (22) passing through the point G. If conditions (28) are satisfied,
then the function xy: [0, p] — R belongs to the set U. (To prove this statement, we use the same reasoning as in
the proof of Theorem 1.) We now define an operator 7: U — U by setting Tu = x,,. Here, it is worth noting that
the point G(p, xg) remains fixed for any choice of the function u € U on the right-hand side of Eq. (22). Hence,
xu(p) = x¢g for any choice of u € U.

2. Letaagpio < 0. Then, as in the proof of Theorem 1, we can show that, among the integral curves of Eq. (22)
crossing H, there exists one and only one integral curve (we denote it by Jy,: (¢, x,(¢))) defined for ¢ € (0, p] and
lying in D1 for all ¢ € (0, p]. In this case, we consider the same one-parameter families of sets ®,(v) and D5 (v)
(where v is a parameter, v € (0, 1]), and A»: Dy — [0, +00) is an auxiliary function) as in the proof of Theorem 1.
Assume that equalities (28) are true. Thus, as in the proof of Theorem 1, we conclude that x,, € U. We define the
operator 7: U — U by the equality Tu = x,,.

We now prove that T: U — U is a contraction operator. Let u; € U, i € {1,2}, be arbitrary fixed functions
and let Tu; = x;,i € {1,2}. If u; = up, then x; = x,. Further, let

||u1—u2||B=h, h > 0.

We study the behavior of the integral curves of the differential equation (22) with ¥ = u;. The differential equation
thus obtained is denoted by (22*). It is clear that x1 (0, p] — R is a solution of Eq. (22*). We set

®3 = {(1,x):1 € (0, p]. |x = x2(t)| = nt™h},
D3 = {(t,x):1 € (0, pl. |x —x2(1)| < nt™h},
where 7 is a constant satisfying the condition
(L2 + I3)]aoro ™" < 1 < (|| = (I2 + 13))]ao10]| ™.
We define the auxiliary function A3: Doy — [0, +00) by the equality
As(t,x) = (x — x2(1))% 1",

Moreover, by a3: Dy — R we denote the derivative of this function in a sense of Eq. (22*). Since

t t t

1 (6) — ua ()] = /uamds—[ua(s)ds < /\ua<s>—u;<s)\ds
0

0 0
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t

/ max ([u1(s) — ua(s)] + |y () — uy(s)|) dis
J s€[0,p]

A

t
= /hds:ht, t €(0,p],
0

and, in addition,
[ul (1) —uh(1)] < max (lur(t) = uz(0)] + | (1) —u5@)]) = h, 1€ (0.pl,
we conclude that
as(t,x) =2t (A1)~ ((ao010 + 0(1))(x — x2(1))*
+(x —x2())(l2 + I3 + 0(1))tmh) , t— +0.
Since
1
t"h = —|x — x2(1)|
n

for (¢, x) € @3, p is sufficiently small, and

1
5(12 + 13) < |ao1ol,

by virtue of (24), we get
signas(t, x) = signaagip for (¢,x) € Os3.

Further, we successively consider the following two cases:

1. Let €agio > 0. Then as(¢, x) > 0 for (¢, x) € ®3. If we take an arbitrary point (g, xo) € ®3 and denote
the integral curve of Eq. (22*) passing trough this point by Jo: (¢, xo(t)), then, for sufficiently small § > 0, we get
(t,x0(t)) & D3 for t € (to,to + 8) (here, t < p)and (¢, xo(t)) € D3 fort € (tg — 8, t9). This statement is proved
by analogy with a similar statement for ®; in the proof of Theorem 1 (in the case where aagio > 0). Moreover,

x1(p) = x2(p) = xG-.

Hence, if ¢ decreases from ¢ = p to ¢ = 0, then the integral curve J: (¢, x1(¢)) of Eq. (22*) cannot have common
points with ®3. Therefore, this integral curve lies in D3 for all # € (0, p]. This means that,

lx1(t) — x2(t)] < nt™h, t € (0,p] (40)
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Thus,
X (1) = x5(0)| < (laotoln + L2 + I3 + o()[A(D)| "' t™h, 1 — +0.
By virtue of (24), we obtain
X7 (1) = x5(@)| < ((ao10ln + 2 + I3)|e| " + 0(1)) h,  t — +0. (41)

Denote

(1 + (laotoln + 2 + I3)|| 1) (42)

w =

| =

Since, according to the assumption,
(lao10ln + 12 + I3)le| ™" < 1,

we conclude that 0 < w < 1. In view of the sufficient smallness of p, we derive the following inequality from
(40)—(42):

|x1(2) — x2(2)| + !x’l(t) — xé(t)‘ < wh (43)
fort € (0, p]. It follows from (38) and (43) that
[x1 — x2llp < wh.
This yields
|Tuy — Tuz|p < w|u; —uz|lp, where 0<w < 1. (44)

2. Let wagio < 0. Then as(¢, x) < 0 for (¢, x) € ®3. Thus, if we choose any point (¢g, xg) € ®3 and denote
the integral curve of Eq. (22*) passing through this point by Jo: (¢, xo(2)), then, for sufficiently small § > 0, we
obtain (¢, xo(1)) € D3 for (¢, g + §) (here, t < p) and (¢, xo(t)) & D53 fort € (to — 8, tp). This assertion is proved
by analogy with a similar statement for @ in the proof of Theorem 1 (in the case where aagio < 0). By virtue of
(17), we get

[x1(1) = x2(D)] < [x1(6) = Sm(@)] + [x2(t) = Sm ()| = 2M17E(t) < nt™h (45)

provided that ¢ € (0, £(h)], where the constant ¢ (k) € (0, p) is sufficiently small. According to (45), the integral
curve Ji: (¢, x1(¢)) of Eq. (22%) lies in D3 for ¢t € (0, (h)]. If ¢ increases from t = t(h) to t = p, then, as shown
above, the integral curve Ji: (¢, x1(¢)) cannot have common points with ®3. Therefore, this integral curve lies in
D3 for all ¢ € (0, p]. Further, as in the case where aag1o > 0, we successively obtain estimates (40)—(44).

The reasoning presented above is independent of the choice of the functions u; € U, i € {1,2}. Hence,
T:U — U is a contraction operator.

Thus, the contraction operator 7: U — U maps a closed and bounded set U into itself. By virtue of the
Banach principle of contraction mappings, this operator has a unique fixed point in U, i.e., there exists a unique
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element xo € U for which equality (39) is true. It is obvious that the function x¢: (0, p] — R is a unique solution
of problem (1), (2) from the set U(p, M ). Furthermore, if we analyze the procedure of construction of the operator
T:U — U in the case aagio > 0, then we conclude the point G(p, xg) of the set H is chosen arbitrarily. Hence,
if B is any constant satisfying condition (13), then we can take the point G(p, B) as the fixed point G(p, xg). Then
the obtained (unique) solution x: (0, p] — R of problem (1), (2) satisfies the condition x¢(p) = B.

L=

10.

11.

12.

13.

14.

15.

16.

17.
18.

20.
21.

Theorem 2 is proved.
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