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NORMAL DETERMINABILITY OF TORSION-FREE ABELIAN GROUPS
BY THEIR HOLOMORPHS

S. Ya. Grinshpon and I. E. Grinshpon UDC 512.541

ABSTRACT. We investigate torsion-free Abelian groups that are decomposable into direct sums or direct
products of homogeneous groups normally defined by their holomorphs. Properties of normal Abelian
subgroups of holomorphs of torsion-free Abelian groups are also studied.

Let G be an Abelian group, and I'(G) be its holomorph, i.e., a semiprime extension of the group G by
its automorphism group Aut(G). The group operation in the group Aut(G) is written multiplicatively;
group operations in G and I'(G), additively. The group I'(G) can be considered as the set of all ordered
pairs (g, ), where g € G and ¢ € Aut(G). The group operation in I'(G) is defined by the following
rule: (g,¢) + (h,¥) = (g9 + ph,py) for any (g,¢), (h,¥) € I'(G). The neutral element in I'(G) is the
element (0,¢) (¢ is the identical automorphism); the element (—p~!g, 1) is the inverse element for the
element (g, p). Elements (g, ¢) form in the holomorph I'(G) a normal subgroup isomorphic to the group G;
elements (0, ¢) form a subgroup isomorphic to the group Aut(G). We identify these subgroups with the
groups G and Aut(G), respectively. It is clear that G N Aut(G) = {(0,¢)}. Instead of the notation (g,¢)
and (0, ¢) for elements of the group I'(G) we simply write g and ¢, respectively.

Note that if G is an Abelian group, then it is the maximal Abelian subgroup of its holomorph I'(G).
Indeed, if we assume the existence of an Abelian subgroup G; of the holomorph I'(G) such that G C G
and G # G, then G; contains an element (g,0) not belonging to G, and, therefore, o # . Then
(—g,¢) + (g9,0) = (0,0) € G1. By virtue of commutativity of G, we have (a,e) 4+ (0,0) = (0,0) + (a, &)
for any element a € G, i.e., ca = a and, therefore, 0 = . We have obtained a contradiction. Thus, G is
the maximal Abelian group of its holomorph.

Note also that if H is a normal Abelian subgroup of the group I'(G) and H; and ®; are sets of first
and second components of elements of the group H, respectively, then H; is a fully invariant subgroup of
the group G [13] and ®; is a normal subgroup in Aut(G).

In this paper, we consider questions connected with normal definiteness of torsion-free Abelian groups
by their holomorphs.

Two groups are said to be holomorphically isomorphic if their holomorphs are isomorphic. A group A
is defined by its holomorph in a certain class of groups R if any group B belonging to this class and
holomorphically isomorphic to the group A is isomorphic to the group A. There are known examples
of nonisomorphic finite noncommutative groups with isomorphic holomorphs [11]. In [13], W. Mills
demonstrated that any finitely generated Abelian group is defined by its holomorph in the class of all
finitely generated Abelian groups. Some interesting results about properties of holomorphs of Abelian
groups and about definiteness of Abelian groups by their holomorphs were obtained by I. Kh. Bekker [1-6].

The notion of almost holomorphic isomorphism is a generalization of the notion of holomorphic
isomorphism. Groups A and B are said to be almost holomorphically isomorphic if each of them is
isomorphic to a normal subgroup of the holomorph of the other group. It is clear that if two groups
are holomorphically isomorphic, they are almost holomorphically isomorphic. The converse, generally
speaking, is not true. Almost holomorphically isomorphic finitely generated Abelian groups were studied
by W. Mills in [13]. Almost holomorphically isomorphic Abelian p-groups were studied in [6,10]. Note
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that if the isomorphism of two groups follows from almost holomorphic isomorphism of the groups in
a certain class R, then any group from the class R is defined by its holomorph in this class.

We say that a group G is normally defined in the class it by its holomorph if for any group H of this
class the isomorphism of the groups G and H follows from almost holomorphic isomorphism of the groups
G and H.

In studying holomorphs of Abelian groups, an important part is played by normal Abelian subgroups
of such holomorphs. the following results are valid.

Lemma 1 ([12]). If S is a normal Abelian group in I'(G), (a,0) € S, g € G, then
ca—ac€8S, (2a,6) €S, (0,0%) € S;
ocg—g€S,
olog—g) =09 —g;
o"g=g+n(og—g);

n(a,o) = <na + M(aa —a), a”) ; (5)
2(ca —a) =0. (6)

Lemma 2. Let S be a normal Abelian subgroup of the holomorph T'(G) of a torsion-free Abelian group G
and Sy be the set of first components of elements of the group S.

(1) S is a torsion-free group.
(2) If S #0, then S; # 0.

Proof. (1) Let (a,0) € S and n(a,o) = (0,¢) for some natural number n. We have (formula (5)) that

w00) = (s 20D 00—y o7).

Since G is a torsion-free group, it follows from equality (6) that ca —a = 0, and formula (5) takes the
form

n(a,o) = (na,c™). (7)

Thus, (na,o™) = (0,¢). It follows that na = 0 and 0™ = €. Therefore, a = 0 because G is a torsion-free
group. We demonstrate that ¢ = e. By formula (4), 6"g = g + n(og — g) for any g € G. Taking into
account that o™ = e, we obtain that ¢ = g + n(og — g), i.e., n(cg — g) = 0. Since G is a torsion-free
group, 0g — g = 0 and, therefore, 0 = ¢.

(2) Let (a,0) € S and (a,0) # (0,e). If 0 # &, then there exists an element g € G such that
og — g # 0. Applying formula (2), we obtain g — g € S. Therefore, cg — g € S; and S1 # 0. If 0 = ¢,
then a # 0 and S is also different from zero. O

Let us consider connections between types of elements of almost holomorphically isomorphic tor-
sion-free Abelian group.

We recall some notations and terms from the theory of torsion-free Abelian groups.

Let A be an Abelian group, a € A. The largest nonnegative number k for which the equation pfz = a
has a solution is called p-height of the element a in the group A (designation: hi'(a) or hy(a)). If the

equation p*z = a have a solution at any k, then a is called an element of infinite p-height, i.e., hp(a) = oc.
Let X be the set of all sequences of the form v = (ky, kg, ..., k;,...), where k; is a nonnegative integer
or the symbol co (i € N). Such sequences are called characteristics.

In the set X, a partial order is introduced in a natural way; namely, (k:%l),k‘él), .. .,kél), . ) <

(k‘?), k:éQ), ceey k:,(f), .. ) if and only if for every ¢ € N the condition k:gl) < k@(z) is satisfied. With respect

to this partial order, the set X is a full lattice.
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Let P = (p1,p2,...,Pn,...) be the set of all prime numbers enumerated in the ascending order. If A
is a torsion-free Abelian group and a € A, then the characteristic x a(a) (or x(a)) of the element a in the
group A is a characteristic x = (k1, k2, ..., kn,...) in which each k; is the p;-height h;;‘i(a) of the element a
in the group A [8]. Note that, according to the definition, the characteristic of a nonzero element is the
sequence (00,...,00,...).

Two characteristics v; = (kil), kél), e kfml), .. ) and vy = (k§2)7 kf), R k,(f), .. ) are considered as

equivalent if and only if the set M = {n €N| kgl) #* kff)} is finite; here, if kgl) #* kff), then kﬁbl) #

and kéz) # 00.

The class of equivalence in the set of characteristics is called the type. If the characteristic of an
element a of a torsion-free Abelian group A belongs to the type t, then the element a is said to have the
type t (which is written as follows: t4(a) =t or t(a) = t if it is clear which of the groups A is meant).

A type t is called p,,-divisible (p, € P) if for each characteristic x = (k1, k2, ..., kn,...) belonging to
the type t we have k,, = oco.

We consider the set of types as a partially ordered set with respect to the natural ordering (i.e.,
t1 < to if and only if there exist characteristics v; and vo belonging to types t; and to, respectively, such
that v1 < v9). The partially ordered set of all types is a full lattice.

A torsion-free Abelian group all nonzero elements of which have the same type t is called homoge-
neous [8]. To emphasize that all nonzero elements of a homogeneous group A have a fixed type t, we
say that A is a homogeneous group of type t and write it as follows: t(A) = t. It is evident that any
torsion-free rank 1 group is homogeneous.

For a torsion-free Abelian group A, T(A) denotes the set of all types of elements of the group A.

Lemma 3. Let S be a normal Abelian subgroup of the holomorph T'(G) of a torsion-free Abelian group G.
Then, for any type t € T(S), there exists a type t' € T(G) such that t' > t.

Proof. Let the type t belong to the type set of the group S. Then there exists a nonzero element
(a,0) € S such that its characteristic belongs to the type t (x((a,0)) € t). This characteristic has the
form X((a,a)) = (k1, ko, ..., kn,...).

Let a # 0. We denote its type as t’. If k, < oo, then there exists an element (z,,7n,) € S such
that pF»(x,,n,) = (a,0). Then, taking into account formula (7), we have that (pﬁ”xn,nﬁﬁn) = (a,0).
We obtain that pfra,, = a. Therefore, the equation a = pfrx, is solvable in the group G. Therefore,
héf (a) > ky. If ky, = oo, then for any natural number m there exists an element (y,,,&,) € S such that
the equation p*(ym,&m) = (a,0) is solvable in S; therefore, the equation p]'y,, = a is solvable in G. This
means that héf) (a) = oo.

Thus, x(¢)(a) > x(s)((a,0)), and, therefore t(a) = t' > t.

Let a = 0. Then o # . If k, < 0o, then there exists an element (0,7,) € S such that pt(0,7,) =
(0,0) or ngﬁn = 0. Since o # g, there exists an element ¢ € G such that g # ¢g. According to

kn
formula (4), we have that og = nh" g = g + pF"(n.g — g). Tt follows that og — g = pF»(n.g — g). The
equation 0g — g = pknz is solvable in G. Therefore, h,()f) (0g —g) > k.
If k, = oo, then hl(gf)(ag —g) = oo. Thus, x(g)(cg —9) > x(s5)((0,0)). Therefore, t(ocg — g) =
t' > t. O
Let S be the set of all first components of elements of the subgroup S from Lemma 3. We have

og — g € 51 for each element g € G if (a,0) € S. Then, from the proof of Lemma 3, we obtain the
following statement.

Proposition 4. Let S be a normal Abelian subgroup of the holomorph I'(G) of a torsion-free Abelian
group G and Sy be the set of first components of elements of the group S. Then, for any type t € T(S),
there exists a type t' € T(S1) such that t' > t.
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Theorem 5. Let G and H be almost holomorphically isomorphic torsion-free Abelian groups, G be a ho-
mogeneous group, and the group H have the following property: for any elements by, by € H such that t(by)
is comparable with t(b2), we have that t(b1) = t(b2). Then H is a homogeneous group and t(G) = t(H).

Proof. Let the type of the homogeneous group G be equal to t, and let t; € T'(H). The groups G and H are
almost holomorphically isomorphic; therefore, H = G’, where G’ is a normal subgroup of the holomorph
I'(G) and G = H', where H' is a normal subgroup of the holomorph I'(H). It follows from the almost
holomorphic isomorphism of the groups G and H that t; € T(G"). Then, from Lemma 3, we obtain that
the type t satisfies the condition t > t;. Since G = H’', we have that t € T(H'). According to Lemma 2,
for the t, there exists a type to € T'(H) such that to > t. We obtain that to > t > t;. Since t1,ty € T'(H),
there exist elements by, by € H such that t(b;) = t; and t(by) = to. We have that t(by) > t(b;1), i.e., the
types of the elements b; and by are comparable. Taking into account the condition of theorem on types
of elements of the group H, we obtain that t(b1) = t(b2), i.e., t; = ty and, therefore, t; = t. By virtue
of the arbitrariness of the choice of the type ti, we obtain that H is a homogeneous group and its type
is t. O

Corollary 6. If G and H are homogeneous almost holomorphically isomorphic groups, then t(G) = t(H).

Theorem 7. Let G = @ Gy and H = @ Hg, where Gy and Hg are homogeneous groups of types
~ teTy teTh

t and t, respectively, and T1 and Ts are sets consisting of pairwise independent types. If G and H are

almost holomorphically isomorphic groups, then T1 = T5.

Proof. Groups G and H are almost holomorphically isomorphic, i.e., G = H' and H = G’, where G’ and H’
are normal Abelian subgroups of the holomorphs I'(G) and I'(H ), respectively.

Let tg € T1. It follows from the almost holomorphic isomorphism of the groups G and H that
to € T(H'). By Lemma 3, there exists a type tg € T'(H) such that to > to.

Since types in Th are pairwise incomparable, tq < t; for all i = 1, k.

We have that t; > t9 > tg. It follows from the almost holomorphic isomorphism of the groups
G and H that t; € T(G’). By Lemma 3, there exists a type t1 € T(G) such that t; > t;.

Two cases are possible.

(1) Let t; € Th. Then t1 > t; > ty > to. Hence t; > to. We obtain that the types to and t; are
comparable. This contradicts the condition of the theorem.

(2) Let t; € T(G) \ T1. Then t; = inf{to, t3,...,ty}, where t; € T1, j = 2,m. By analogy to what
was proved earlier, we obtain that t; > t; for all j = 2,m. We have that to > t; > t; > to > to. The
types tg and to belong to 177 and are comparable with each other, a contradiction. Therefore, tg € T5 and
to > to.

One can similarly prove that, for the type tg € Ts, there exists a type t' € T} such that t’ > to.

Thus, t' > to > to. Since the types in T} are not pairwise comparable, t' = t;. This means that
to = to and the inclusion 7} C T is valid.

The inverse inclusion 75 C 17 can be proved similarly. Therefore, T7 = T5. ]

Note that a statement similar to Theorem 7 holds for direct products of homogeneous groups; namely,
the following result is valid.

Theorem 7’. Let G = [[ Gy, H= ][] Hg, where Gy and Hg are homogeneous groups of types t and t,
teTh tely
respectively, and T1 and T are sets consisting of pairwise incomparable types. If G and H are almost

holomorphically isomorphic groups, then T = Tb.

Now let us consider divisible subgroups of almost holomorphically isomorphic torsion-free Abelian
groups.

Theorem 8. If two Abelian groups are almost holomorphically isomorphic and one of them is torsion
free, then the divisible subgroups of these groups are isomorphic.
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Proof. Let G be a torsion-free Abelian group and H be an Abelian group almost holomorphically isomor-
phic to it. Then G = H' and H = G’, where G’ and H' are normal subgroups of the groups I'(G) and
I'(H), respectively. By Lemma 2, the group H is also torsion free. We show that if one of the groups G
or H is a nonreduced group, the other group is also nonreduced.

Let D(G), D(H), D(G"), and D(H') denote the divisible subgroups of the groups G, H, G', and H’,
respectively; let Gy, ®, Hy, and ¥ be the sets of all first and second components of the groups D(G’) and
D(H'), respectively.

Let G be a nonreduced group; then H’ is also nonreduced and D(H') # 0. Then there exist (h, ) €
D(H"), (h,v) # (0,¢). It follows from divisibility of the group D(H') that, for any natural number n,
there exists an element (ay,6,) € D(H') such that n(ay,,6,) = (h,). Since H is a torsion-free group, we
have by formula (7) that n(an,6,) = (na,,0), i.e., h = na, and ¢ = 7.

If h # 0, then the group H is nonreduced.

Let h = 0. Then ¢ # ¢ and 0] = 9 # ¢. BY Lemma 1, for any element a € H, we have that
a —a € H' and there exists an element hy € H such that ¥h; — h; # 0. From formula (4) we obtain
that 0'hy = hy + n(0,h1 — h1) or Yhy — hy = n(0,hy — h1). For a nonzero element h; — hy of the
torsion-free group H, we obtained that the equation ©¥h; — h; = nx is solvable in this group for any
natural number n. This means that the group H is nonreduced. Let (g,0) € D(G’) and (g,0) # (0,¢).
Then, for any natural number n, there exists an element (b,,w,) € D(G’) such that n(b,,w,) = (g,0),
and it follows that nb, = g and w? = o. Therefore, g € D(G) and G| is a divisible subgroup of the group
D(G).

Similarly, one can prove that H is a divisible subgroup of the group D(H).

Let us show that D(G’) is decomposable. Let us consider an automorphism 7 of the group G,
acting as follows: ng = 2g if g € D(G) and ng = g if ¢ € R(G) (G = D(G) & R(G)). We have
—(0,m7)+(2g,€)+(0,n) = (g, ¢); however, (2g,¢) € D(G’). Therefore, (g,e) € D(G'). Then (0,0) € D(G’).
We obtain that D(G’) = G1 @ .

Similarly, D(H') = H; ® V.

D(G') and D(H') are nonzero normal Abelian subgroups of the groups I'(G) and I'(H), respectively.
Then G1 # 0 and Hy # 0 (Lemma 2). Since G and H; are invariant subgroups of the groups G' and H,
G1 = D(G) and Hy = D(H).

Taking into account the almost holomorphic isomorphism of the groups G and H, we have that
D(G) = D(H') = Hi &V = D(H) ® ¥, and, therefore, r(D(G)) > r(D(H)). At the same time,
D(H)= D(G') = G1®® = D(G)® ®, and hence r(D(H)) > r(D(G)). Thus, r(D(G)) = r(D(H)) and,
therefore, D(G) = D(H). O

Theorem 9. The holomorph of a divisible torsion-free Abelian group G has no nonzero normal Abelian
subgroups different from G.

Proof. Let G’ be a nonzero normal Abelian subgroup of the holomorph I'(G) of a divisible torsion-free
group G. By D(G'), we denote the divisible subgroup of the group G’. Let (a,0) € G' and (a, o) # (0,¢).
If 0 # £, then there exists an element g € G such that og — g # 0. For any natural number n, one
can find an element g, such that ng, = g and therefore, n(og, — g») = 0g — g. Since og,, — g, € G’ and
og — g € G', we have that g — g € D(G).
If 0 = ¢, then for each n € N we consider such an automorphism 7, of the group G that

nnh:ﬁ
n

for any element h € G. Then —(0,7,) + (a,&)+ (0,n,) = (an, ), where a,, is determined from the equality
na, = a. We have that (an,e) € G’; therefore, a € D(G’).

We have obtained that the subgroup D(G’) # 0.

It was established in the proof of Theorem 8 that D(G’) = D(G) @ ®.
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Since G is a divisible group, D(G) = G and, therefore, D(G') = G @& ®. This means that G C G'.
Taking into account that G is the maximal Abelian normal subgroup of its holomorph, we obtain that

G=G" O]
The following result follows from Theorem 9.

Theorem 10. Any divisible torsion free Abelian group is normally determined by its holomorph in the
class of all Abelian groups.

Hereinafter, taking into account the obtained results, we consider only reduced groups when studying
normal determinability of torsion-free Abelian groups.

Note that the statement similar to Theorem 9 for Abelian p-groups is not valid. The holomorph
of a divisible p-group G can contain nonzero normal Abelian subgroups different from G. For example,
subgroups of the form G [pk], where k is an arbitrary natural number refer to such subgroups.

We turn to considering almost holomorphically isomorphic completely decomposable torsion-free
Abelian groups.

Let G = @ G; be a completely decomposable torsion-free Abelian group (r(G;) = 1 for any i € I),
el
G = @ G¢ be the canonical decomposition of the group G, where Gy = @ G, I(t) = {i € I |
teT 1€I(t)
t(G;) = t}.

Lemma 11. If S is an invariant subgroup of the group G and SNGy # 0 for some t’ € T, then SNG; # 0
for each j € I(t).

Proof. Let SN Gy = A and a be a nonzero element of the group A. We have G = (a). & G’ [8, p. 137],
G=G;®G", jeI(t'). It follows from the theorem about the isomorphism of direct decompositions of
completely decomposable groups [8, Proposition 86.1] that G’ = G”. Let w be an automorphism of the
group G mapping (a), on G;j and G’ on G”. We obtain w(a) € G;. Therefore, SN G; # 0. O

The following remark about normal subgroups of holomorphs of torsion-free Abelian groups is used
below.

Remark. If S is a normal Abelian subgroup of the holomorph I'(G) of a torsion-free group G, and
S1 and @, are the sets of first and second components of elements of the group S, respectively, then
(251, <I>%) C S (Lemma 1). Since S; and ®; are torsion-free Abelian groups, 257 = S and <I>% = ¢,. Thus,
(251, ®3) =251 @ P? = S @ Py, i.e., the group S; ® P can be isomorphically embedded into the group S.

Theorem 12. A completely decomposable homogeneous group is normally determined by its holomorph
in the class of completely decomposable homogeneous groups.

Proof. Let G = @ G; be a completely decomposable homogeneous group and H be a completely decom-
i€i

posable homogeneous group almost holomorphically isomorphic to G. We show that G = H. We have

G~ H', H> G, where G’ and H' are normal Abelian subgroups of holomorphs I'(G) and I'(H), respec-

tively. By Corollary 6, T(G) = T(H). Let Gy, Hy, ®1, and ¥y be sets of first and second components of

the groups G’ and H’, respectively. By Lemma 11, r(G1) = r(G) and r(H1) = r(H). Since G1 & ®1 can

be isomorphically embedded into the group G’ and G’ = H,

r(H) =r(G") =r(Gy) +r(®1) > r(Gy) = r(G).
Similarly, we obtain that
r(G)=r(H') =r(Hy) +r(¥1) > r(Hy) =r(H).

This means that r(G) = r(H) and, therefore, G = H. Thus, the group G is normally determined by its
holomorph in the class of completely decomposable homogeneous groups. O
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Lemma 13. Let G = @ Gy, where Gy is a homogeneous Abelian group of type t, and T be a set of
teT
pairwise incomparable types. Then, t(g) # t for any nonzero element g € G and any type t € T.

Proof. Suppose the contrary. Let 0 # gy € G, t(go) > to for some tyg € T. Let us write go in the form
90 = gt +3t, +- -+ gt,,. where g, 7 0 are elements from different components G, , and let X(gt;) = xi € ti,
i =1,n,t; € T. Then x;(g0) = igl(f{xl,xg,...,xn} and, therefore, ty < t(go) < t1. Thus, we obtain

t1 > tg, where tg,t; € T, which is impossible. ]

A statement similar to Lemma 13 is also valid for the direct summand of homogeneous groups with
pairwise incomparable types; namely, the following result takes place.

Lemma 13’. Let G = [] Gt, where Gy is a homogeneous Abelian group of type t and T is a set of
teT
pairwise incomparable types. Then, t(g) # t for any nonzero element g € G and any type t € T.

Let 9t denote the class of completely decomposable torsion-free Abelian groups with pairwise types
of direct summands of their canonical decompositions.

Theorem 14. Any group from the class M is normally determined in this class by its holomorph.

Proof. Let G = @ Gt be a group from the class 9t and H = @ Hy be an arbitrary group belonging to
teT teT!
this class and almost holomorphically isomorphic to G. Let Gy and Hy denote homogeneous completely

decomposable direct summands of types t and t’ of the groups G and H, respectively. T and T” are some
sets consisting of pairwise incomparable types. According to Theorem 7, T = T".

Let tg € T. We have G = H' and H = @', where G’ and H' are normal Abelian subgroups of
the holomorphs I'(G) and I'(H), respectively. Let H; and ¥; denote the sets of the first and second
components of elements of the group H’. In the group Hi, one can find an element h; # 0 such that
tm, (h1) > to (Proposition 4). If tg, (hy) > to, then tz(hy) > top, which is impossible by Lemma 13.
Therefore, tg, (h1) = to, i.e., t € T(Hy).

Let us show that if h € Hy and tg, (h) = to, then h € Hy,. Indeed, let h € Hy and tg, (h) = to. Then
tr(h) = to by Lemma 13. If h ¢ Hy,, then there exists a type t1 € T, t; # tg, such that

h = hy, + I,

where

O#htl € Hy,, n e @Ht/.
t'eT,
t/ £t
Therefore, to = ty(h) < tg(ht,) = t1, which is impossible because t;,ty € T.

Thus, it has been established that the group H; contains an element h; such that tg, (h1) = to and
hi € Hy,. Let b} € Hy N Hy,, h} # 0. We have Hy, = (h1). ® C, Hy, = (h])« ® Cy. There exists an
automorphism 7 of the group H which maps (hi). on (h}).. Since Hp is an invariant subgroup of the
group H, tg, (h1) = tg,(nh1). However, s(nh1) = mh/ for some integers s and m; therefore, ty, (h}) =
tm, (nh1) = tg, (h1) = to. This means that Hy N Hy, is a homogeneous group and t(H; N Hy,) = to. By
virtue of Lemma 11, r(H; N Hy,) = 7(Hyg,)-

By Lemma 13, since G = H’, the group H' has no elements whose types are larger than ty. The
group Hy; @ ¥, can be isomorphically embedded into H’. In this embedding, the image of any element
from H; N Hy, has the type to in the group H'. Thus, r(Gy,) > r(Hy N Hy,) = r(Hy,). Similarly, we
obtain r(Hy,) > (G, ). By virtue of the arbitrariness of the type to from 7', we have G = H. O

Theorem 14 involved completely decomposable groups from the class 9. The result of this theorem
cannot be extended to arbitrary completely decomposable groups.
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Lemma 15. Let G = A @ B, where A is an invariant subgroup of the group G,
S(A)={(a,0) €T(G)|a€ A, (Vac A)oa=a, (In<€ Hom(B,A)) (Vbe B) ob=>b+nb}.

Then S(A) is a normal Abelian subgroup of the holomorph of the group G and S = A @& C, where
C = Hom(B, A).

Proof. Let us show that S(A) is a subgroup of the holomorph of the group I'(G). Let (a,0), (a1,01) € A.
Then

(a,0) — (a1,01) = (a — ooy tay,007") = (a — ay, 007 Y).
For any element g € A, we have that aal_lg =g. Let b € B and ob = b+ nb, 01b = b+ n1b, where
n,m € Hom(B, A). We have that

o7'b=b— oy mb=0b—mb.

Thus,
ooy 'b=0(b—mb) =b~+nb—mb=>b+ (n—m)b.
This means that (a,0) — (a1,01) € S(A) and S(A) is a subgroup of the group I'(G).

If (a1,01) and (ag,09) are elements of the group S(A), then o109 = 0901. We have that (a1,071) +
(a2,02) = (a1 + a2, 0102) and (ag,02) + (a1,01) = (a2 + a1,09201). This means that S(A) is an Abelian
subgroup of the group I'(G).

Let us show that S(A) is a normal subgroup of the group I'(G). Let (g,¢) be an arbitrary element
from T'(G). Consider the sum

—(9,0) + (a,0) + (9. 0) = (—¢ 'g+ ¢ la+ ¢ log, ¢ lop) = (a,7).

The element g, as an element of the direct sum, can be written in the form ag + by, where ag € A, bg € B.

We obtain that

e rog = tag+ ¢ by + ¢ by,

where oby = by +nbg, n € Hom(B, A). Since A is invariant in G, we have that ¢ 'nby € A and p~'a € A.
Thus,

—o g+ la+plog=—prag — b+ la+ v ag + 0 b + by = ¢ (a +mby) = @ € A.

Let b =b'+d', V' € B,d’ € A. Then opb = ob' +0ad’ =V + A0 +d’, where ob/ = b +\b', A € Hom(B, A).
We have that

1 1

90_10'()0b — gﬁ_lb/ + 90_1)\19/ + 90_104,;

however, 10 = b — ¢~ 'da’, hence
0 lopb=b+ @ I\ = b+ ¢ ' Arg|Bb,

where 7 is a projection of G on B and ¢|B is a restriction of the automorphism ¢ on B. It is evident
that ¢ 'Amp|B € Hom(B, A). Since ca = a for all a € A, we have that ¢ 'oy acts identically on
elements of A. Therefore, it has all the properties of the second components of elements from S(A).
Thus, S(A) is a normal Abelian subgroup of the holomorph I'(G). Let any element (a,0) € S(A) be in
correspondence with a pair (a,n), where 7 is a homomorphism of the group B into the group A induced by
the automorphism o. The obtained correspondence is just the isomorphism S(A) = A ® Hom(B, A). O

Theorem 16. There exists a completely decomposable torsion-free Abelian group that is not normally
determined by its holomorph in the class of all completely decomposable torsion-free groups.

Proof. Let m be a set of prime numbers. We say that the type t is w-divisible if it is p-divisible if and
only if the prime number p belongs to .

For any two types t1 and to, where t; > t9, we define their difference t1 — t9 as a type containing
the characteristic x1 — x2 (x1 € ti, x2 € t2, x1 > Xx2). The difference of characteristics is defined
componentwise, where, obviously, co minus anything is co.
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n
Let G = @ Gt,, where Gy, is a homogeneous completely decomposable finite rank group of the
i=1
type t;, all t; are m-divisible types (7 is a set of prime numbers), t; > to > -+ > t,, r(Gt,) = 1, and, for
some k € {2,...,n}, t1 —ty #t; forany i € {2,...,n}.
n

Consider the group H = € H,, where H,, is a homogeneous completely decomposable of the type 7;,
i=1
where 7; =t —t; forall i =1,2,...,n, 7 = t1, and r(Gy,) =r(H:,) (i =1,2,...,n). G, is an invariant

subgroup of the group G. We use this subgroup to construct a normal Abelian subgroup S(Gy,) of the
holomorph I'(G) as was shown in Lemma 15. We have that

S(th) = th D (@HomGti,Gh).
i=2
It is well known that if C; and Cy are torsion-free rank 1 groups, then Hom(Cy,C2) # 0 if and only
if t(C1) < t(C2) and, in this case, Hom(Cy,C3) is a torsion-free rank 1 group and t(Hom(Cy,Cs)) =
t(C2) — t(C4). Therefore,

S(Gy,) =G, o P H-, =P H, = H.
=2 =1

Similarly, consider a normal Abelian subgroup S(H,) in the holomorph I'(H). We have that
S(Hy;) >~ H, @ Hom(@Hn,Hﬁ) ~H, o PG, =PGe, =G.
=2 =2 i=1

Thus, the groups G and H are almost holomorphically isomorphic but G 2 H because 13 # t; for any

i€{2,...,n}.
Therefore, a group GG cannot be normally determined by its holomorph in the class of completely
decomposable groups. O

Let us now consider direct products of homogeneous groups.

When considering direct products A = [] A, we identify the group Ay with the isomorphic subgroup
teT
ptTt A of the group A. Any element a € Ay is identified with the element pymia, where my is a projection

of the group A onto the group At, and py is a coordinate embedding of the group A into the group Ag.

Proposition 17. Let G = [[ G, where Gy is a homogeneous group of the type t and T be a set of pairwise
teT
incomparable types. If for some torsion-free Abelian group H there exists an isomorphic mapping p of

the group G on a normal subgroup H' of the holomorph T'(H), then uGy is a normal subgroup of the
holomorph T'(H) for any type t € T.

Proof. Let ty be an arbitrary type from 7" and S = uGy,. It is evident that S is a subgroup of the
group H' and consists exactly of all elements of the group H’ having the type to. We prove that S is
a normal subgroup of the holomorph I'(H).

Let (s,w) € S, (b,0) € T(H) and x((s,w)) = (k1,k2,...,kn,...), where x((s,w)) € to. For any
natural number n for which k,, < oo, there exists an element (s,,w,) € H' such that pf(s,,w,) = (s,w).
Then

Pt (= (b,0) + (p,wn) + (b,0)) = —=(b,0) + i (sn,wn) + (b,0) = =(b,0) + (5,w) + (b,0) € H'.

Therefore, the p,-height of the element — (b, o)+ (s, w)+ (b, o) in the group H' is not less than k,. It is
clear that if k,, = oo for some natural number m, then the p,,-height of the element —(b, o)+ (s,w)+ (b, o)
in the group H' is also equal to co. This means that t(—(b, o)+ (s,w)+ (b, a)) > to. Applying Lemma 2,
we obtain that t(—(b, o) + (s,w) + (b,0)) = to. Therefore, —(b,0) + (s,w) + (b,0) € S and S is a normal
subgroup I'(H). O
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We recall that a torsion-free Abelian group G is called transitive if for any two elements a,b € GG such
that x(a) = x(b) there exists an automorphism ¢ € Aut(G) such that b = pa.
Theorem 18. Let G = [[ G¢, H = || Ht, where Gy (t € T1) and Hy (t € To) are transitive homoge-

teTy teTs
neous groups and the sets Th and Ty consist of pairwise incomparable types. If the groups G and H are

almost holomorphically isomorphic, then Ty = Ty and the rank r(Gy) of the group Gy is equal to the rank
r(Hy) of the group Hy for any type t € Ti.

Proof. Since the groups G and H are almost holomorphically isomorphic, G = H', H = G’, where
G’ and H' are normal Abelian subgroups of the holomorphs I'(G) and T'(H), respectively. Let u denote
the isomorphic mapping of the group G on the group H'.

Since the sets 71 and 75 consist of pairwise incomparable types, we obtain, according to Theorem 2,

that the sets 77 and T coincide. Thus, one can write G = [[ Gy, H = [[ Hg, where Ty =Ty, =T.
teT teT
Let to € T and let uGy, = S. By H; and V¥, we denote the sets of first and second components

of the group H’, respectively; S; and ® denote the sets of first and second components of the group S,
respectively. It is evident that S is a subgroup of the group H’. Applying Proposition 17, we obtain that
S is a normal Abelian subgroup of the holomorph I'(H). This means that S; # 0 (Lemma 2).

Let us show that the type of any element s € Sp in the group H equals to. Since s € 51, there exists an
element (s,w) € S. The type of an element is preserved under isomorphisms; therefore, tz/((s,w)) = to.
Let X((s,w)) = (k1, ko, ..., kn,...).

Let k, < co. Then there exists an element (x,5) € H' such that pf»(z,0) = (s,w). By formula (7),
we have that (s,w) = (pkra, 5”531). Then s = pfrx. Tt follows that the p,-height of the element s in the
group H is not less than k,,. If k,, = oo, then we obtain that the p,-height of the element s in the group H
is oo.

Thus, x(s) > x(s,w) and, therefore, t(s) > tg. Since, according to Lemma 2, t(s) % top, we obtain
that t(s) = to.

We prove that S; is a subgroup of the group Hy,. Suppose the contrary. Let there be an element
s € S such that s ¢ Hy,, i.e., ;s # 0 for some type t; # to (t; € T'), where 7, is a projection of the
group H on the group Hg,. We have t(s) < t;. Since t(s) = to, we obtain that to < t;. We have obtained
a contradiction with the incomparability of types in T'. Therefore, S; is a subgroup of the group Hy,.

Since S is a normal Abelian subgroup of the holomorph I'(H), we can apply formula (1) 257 C S.
Therefore,

r(S1) = r(251) < r(9). (8)
Let us prove that the subgroup 257 is mapped into the subgroup S7 under any automorphism A €
Aut(Hy,). For the automorphism A € Aut(Hi,) we construct an automorphism N € Aut(H) in the
following way: for any element b € H, we put mgo\'d = Ame,b; mp; A'b = me b if t; # to.

Consider an element (s,w) € S. Let X' (2s) = u. Then t(u) = t(2s) = t(s) = to. Taking into account
that S} is a subgroup of the group Hy,, we obtain \'(2s) = \(2s) and, therefore, u = A\(2s).

Since H; is an invariant subgroup of the group H and 2s € Hy, u € H;.

H' is a normal Abelian subgroup of the holomorph I'(H) and, therefore, 2s € H'. We have that

(0.X) + (25,6 + (0,X)7 = (N (29),€) = (u,2).
It follows that u € H'.

Since H' = u@G, there exists an element g € G such that ug = u. Since isomorphisms preserve types,
t(g) = to.

We have g € Gg,. This means that u € S; therefore, v € S;. This proves that A(2s) € S; for any
element s € S; and any automorphism A € Aut(Hy,).

Let {a;}icr be a maximal linearly independent system of elements in Hg,. Since 257 # 0, there exists
an element = € 257, © # 0. The group Ht, is homogeneous; therefore, for any ¢ € I we have t(a;) = to.
Since t(z) = to, there exist numbers m;, n; € Z such that x(m;a;) = x(n;z).
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The group Hy, is transitive; therefore, there exists an automorphism ¢ € Aut(Hyg,) such that ¢p(n;x) =
m;a;. Since p(251) C S7 by virtue of what was proved above, we obtain that m;a; € Sy for any i € I .

The system {mj;a;}icr is a linearly independent system of elements in the group Sj. Therefore,
r(S1) > r(Hy,). But Sy is a subgroup of the group Hy,, this means that 7(S1) < r(Hy,). It follows from
these inequalities that r(S1) = r(Hy,)-

Since S = uGy,, we have that r(Gg,) = r(S). Applying inequality (8), we obtain that r(Gy,) =
r(S) > r(S1) = r(Hy,). This means that r(Gy,) > r(Hy,).

Similarly, one can prove that

r(Hey) 2 r(Gr)- (9)
Comparing inequalities (8) and (9), we obtain that r(Gy,) = 7(Hg,)- O

Let 2 denote a group class consisting of all direct products of the form G = ][ Gg, where Gy are
teT
homogeneous completely decomposable groups and the set T' consists of pairwise incomparable types.

Theorem 19. Any group form the class 2 is normally determined by its holomorph in this class.

Proof. Let A be an arbitrary homogeneous completely decomposable group, a; and as be nonzero elements
of the group A, and x(a1) = x(a2). Let (a1). and (a2). denote pure subgroups generated by elements
a; and ag, respectively. The subgroups (a1), and (as). are of rank 1 and the same type. This means that
(a1)« = (a2)«. Since A is a homogeneous separable group, we have that each of the groups (a1). and (a2).
are direct summands in it [8, Proposition 87.2], i.e., A = (a1). ® A1 and A = (az). ® Az. The groups A;
and Ay are completely decomposable groups [8, Theorem 86.7]; at the same time, they are homogeneous
groups of the same type and of the same rank. Therefore, A; = As.

It is clear that there exists an automorphism ¢ of the group A such that p(a;) = as.

Let G € 2. Let us demonstrate that any group H € 2 almost holomorphically isomorphic to the
group G is isomorphic to G.

Let G = J] Gy and H = [] Hg, where Gy (t € T) and Hy (t € Th) are homogeneous completely
tel tels
decomposable groups and the sets 77 and T5 consist of pairwise incomparable types. Since any group Gy

(t € T1) and any group Hy (t € 1) are homogeneous completely decomposable groups, these groups are
transitive. Therefore, by Theorem 18, T} = T, and r(Gy) = r(Hy) for any type t € T1. Since Gy and Hy
are homogeneous completely decomposable groups of the same rank, we have that Gy = Hy for any type
t € T7. This means that G = H. O

This study was supported by the Ministry of Education and Science of the Russian Federation,
agreement No. 14.V37.21.0354 (Preservation of Algebraic and Topological Invariants and Properties by
Mappings).
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