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Abstract. An Anscombe-type theorem for the large deviations principle for trajectories of a random
process is proved. As a consequence, the moderate deviations principle for the compound renewal processes
is obtained.
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1. Introduction

The theorem by F. Anscombe [1] proved in 1952 is a convenient tool for the construction of various
limit theorems (central limit theorem, law of large numbers, law of the iterated logarithm; see [2-7]),
where the index, by which the limiting transition is carried out, is a sequence of random variables.

It is natural to expect that, for the large deviations principle (1.d.p.), the result analogous to the
Anscombe theorem would take place. Such theorem will be proved in Section 2 below. The convenience
of its application will be demonstrated by the example of the proof of the moderate deviations principle
(m.d.p.) for trajectories of a compound renewal process in Section 3.

We denote an arbitrary metric space (m.s.) by X,, the Borel o-algebra of its subsets by Bx,, and
the complement, closure, and interior of the set B by B, [B], and (B), respectively.

Recall the necessary definitions (see, e.g., [8-15]).

Definition 1.1. A family of random processes st satisfies 1.d.p. in m.s. X, with a functional of
deviations (f.d.) I = I(f) : X — [0,00] and the normalizing function (n.f.) ¢(7T') : Tlim P(T) = oo,
—00

if, for any ¢ > 0, theset {f € X : I(f) < c} is a compact set in m.s. X,, and, for any set B € Bx,,
the following inequalities hold:

1
limsup ——=InP(sr € B) < —I([B]),

T—o0 (T)
liTniiOI;fd}(lT)lnP(sT € B) > —I((B)),
where I(B) = inf I(y) for B € Bx,, [(F) = occ.

yeB

In what follows, the words “the family of random processes sy satisfies (1,9 (T'), X,)-1.d.p.” means
that the family of random processes st satisfies L.d.p. in m.s. X, with f.d. I = I(f) and n.f. ¢p = (7).
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Definition 1.2. A family of random processes st is called exponentially tight (e.t.) in m.s. X, with
n.f. (T, if, for any N > 0, there exists a compact set Ky C X such that

limsupilnP(sT € Ky) < —N.

We use the following notations: C?[0,c], d € N is the space of d-dimensional functions with the
uniform metric p(f, g) = sup ||f(¢t)—g(t)||, where ||-|| is the Euclidean norm, which are continuous on
te(0,c]

the segment [0, c]; D4[0, ¢] and D% [0, ¢] are the spaces of d-dimensional functions, which are continuous
on the right and have limits on the left on the segment [0, ¢|, with a uniform metric and the Skorokhod
metric, respectively; ACg [0, ] is a set of d-dimensional functions, which are absolutely continuous on
the segment [0, c|] and start from zero. A scalar product in the space R? is denoted by (-, -).

The present work is written under the impression from the report by A. A. Borovkov “A general-
ization of the Anscombe theorem to random processes. Convergence of compound renewal processes”
(March 30, 2017, Institute of Mathematics of the SD of the RAS). In this report, A. A. Borovkov
proposed a version of the Anscombe theorem for random processes and, as a consequence, obtained
the principle of invariance for the compound random processes (see Remark 3.3 for more details).

The following part of the present work includes three sections. In Section 2, we propose a version
of the Anscombe theorem of large deviations of the trajectories of random processes; in Section 3,
we will establish m.d.p. for the compound renewal processes; Section 4 is devoted to some auxiliary
assertions.

2. Main result

Here, we will prove the Anscombe-type theorem of large deviations, which is the main result of the
present work.

In what follows, we consider that all random elements participating in the statements of propositions
are set on some probabilistic space (€2, §, P). The expectation and variance relative to the measure P
are denoted by E and D, respectively.

Theorem 2.1. Let, for a fized ¢ > 0, the following conditions hold:

1) there exists A > 0 such that the family of continuous random processes sp(t), t > 0 is e.t. in
m.s. C0,c+ A, d > 1 with n.f. (T);

2) stochastically continuous random process nr(t) € D0, 1] is nonnegative, and, for any § > 0,

lim sup

1
SR T InP ( sup |nr(t) — ct| > 5) — .

t€[0,1]

Then, for any € > 0,

1
lim sup InP | sup |[sp(ct) —sr(nr(t))]| >e ] = —oc.
Toone. OAT) <te[o,1]” 7t = srtr Ol )

Proof. By virtue of the fact that the family of processes sp(t) is e.t., for any N > 0, there exists a
compact set Ky C C?[0, ¢+ A] such that, for sufficiently large T,

P(sr € Ky) <exp{—Nuy(T)}. (2.1)
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By virtue of the Ascoli-Arzeld theorem, there exists 6 € [0, A] such that, for any function f € Ky,
the inequality

9
sup [f(ct) = fles)| <3 (2.2)
0<t,s<1+A/c
clt—s|<d

holds. Denoting A5 = {w : sup |nr(t) — ct| <}, we have
te(0,1]

P ( sup |[s7(ct) — sp(nr(t))| > 8) < P ( sup ||sr(ct) — sp(nr(t))|| > €, As, sT € KN>
te(0,1] t€[0,1]

+ P(45) +P(sp € Ky)=:P1+Py+Ps. (2.3)
Denote

0 := {0 € D[0,1] : sup |0(¢)| < 1}.

te(0,1]

Inequality (2.2) yields

{w 2 sup ||sp(et) — sp(nr(t)|| > €, As, st € KN}
tel0,1]

= <qw: sup ||s7(ct) — s <ct+5<w>>H>a,A5,sT€KN
tel0,1] d

C Qw: sup ||sp(ct) —sp(ct +00(¢))|| > e,s7 € Ky p = .
t€[0,1]
0cO

Here, we used the fact that the trajectories of the random process W on the event As belong to

the set of functions ©.
Hence, P; = 0.
Using inequalities (2.1) and (2.3) and condition 2) for any € > 0, we get

1
lim sup InP ( sup |[sr(ct) — sr(nr(t))| > 5)

Tooo P(T) t€[0,1]
1 1
= lim sup In(P2 4+ P3) < limsup In(2 max{P,,P3}) < —N.
T—o00 w(T) ( ) T—o0 w(T) ( { })
The limiting transition N — oo completes the proof of the theorem. ]

Remark 2.2. Lemma 4.9 in [15] contains a similar result, but it was required there that the families
of processes st (t) and nr(t) be independent, the constant ¢ = 1, and the n.f. take the form (7)) =T.

We will be interested in 1.d.p. in the space D?0,c] with a uniform metric. But, due to the
inseparability, the Borel o-algebra constructed by sets that are open relative to this metric will contain
sets nonmeasurable for the probabilistic measure P, see [16, §18|. Therefore, in what follows, we will
consider the measure P on sets from the o-algebra constructed by open cylindrical subsets of the space
D90, c].
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Definition 2.3. The families of random processes vr(t) and sr(t), whose trajectories belong to m.s.

X, are equivalent from the viewpoint of 1.d.p. (vr LD st), if, for any € > 0,

i 1
lim sup

T—oo V(T InP (p(vr, sT) > €) = —0.

It is easy to prove that if vy LD s7, m.s. X, is complete, and one of the families of processes
satisfies 1.d.p., then the second family satisfies the same l.d.p. (see, e.g., [8, Theorem 4.2.13|).

Definition 2.4. The family of stochastically continuous random processes vp(t) satisfies C—
(I,4(T), D0, c])-1.d.p., if there exists a family of continuous random processes s7(t) that is equivalent
to it from the viewpoint of 1.d.p. and satisfies (I, (T, C¢[0, c])-1.d.p.

Remark 2.5. If the family of processes vr(t) satisfies C—(I,4(T),D?0, ¢])-1.d.p. and if, in this case,
P(vr € C0,c]) = 1, then it satisfies (I,%(T),C%0, c])-1.d.p.

Corollary 2.6. Let the conditions of Theorem 2.1 be satisfied. Then

st(nr(t)) "2 sr(ct).

Hence, if the family of processes st(ct) satisfies (I,(T),C%[0,1])-I.d.p., then the family of processes
st(nr(t)) will satisfy C—(1,4(T), D0, 1])-I.d.p.
Remark 2.7. It is obvious that C—(1,4(T),D[0, ¢])-1.d.p. yields (I,%(T),D4[0, c])-1.d.p.

We now give a simple example of applications of Theorem 2.1.

Let a Wiener process w(t) and a Poisson process v(t) with parameter Ev(t) = ¢t be given on the
probabilistic space. Consider the family of random processes

1

t) = —=w(tT
wr(t) = oz wle?),
where the function z(7T') satisfies the conditions
T T
lim M:oo, lim z( ):O.
T—oo /T T—oo T

We are interested in m.d.p. for the family of processes

wr,(t) = w(v(tT)).

z(T)

Theorem 5.3.2 [18] and Lemma 4.1 (i) (see Section 4) imply that, for any fixed ¢ > 0 and A > 0,

the family of random processes wr(t) satisfies (I , xQ}T) ,C[0,c+ A})-l.d.p., where

L Oc+A<f/(t))2dt, if f e ACyl0,c+ A,

oo, otherwise.

10 -{

Therefore, the Pukhalskii theorem [19] implies that the family of processes wr(t) is e.t. in m.s.
C|0, ¢+ A]. Hence, condition 1) of Theorem 2.1 is satisfied.

Let us verify condition 2) of Theorem 2.1. Consider the random process np(t) =
v(t) = v(t) — ct.

v(tT)

T Denote
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Using the Doob inequality (see, e.g., [17, Chapt. 2, Theorem 1.7]), for any r > 0, we have

P | sup [nr(tT) —ct| >0 | <P | sup ro(tT) > réT
te[0,1] t€[0,1]

+P ( sup —ro(tT) > roT 3T + T

Ee?(T)  Re—ro(tT)
te(0,1] > =
=exp{(e" —1—7r)cT —rdoT} +exp{(e”" —1+7r)cT —roT}.
Let us estimate each term on the right-hand side. We note that,for » > 0,
e —1—r<r.

Therefore, by choosing r = z(g), we have

(€" —1—r)eT — 6T < 2(T) [CQU;T)e(TT) - 5} .

For sufficiently large T, the first term in square brackets is less than g Therefore, for sufficiently large
T, we get
ox(T
exp{(e" —1—r)cT —rdT} < exp {_a:;)} .
The analogous upper bound is true also for the term exp{(e™" —1+7r)cT —rdT}. Hence, for sufficiently

large T, we have
ox(T
P sup |nr(tT) —ct| >0 | < 2exp{— x( )}.
te[0,1] 9

This yields

T
limsup ———InP | sup |nr(t) —ct]| >0 | = —occ.
Tooo 22(T) <te[0,1]| 2 |

Hence, condition 2) of Theorem 2.1 is satisfied.
Thus, all conditions of Theorem 2.1 are satisfied. Therefore,

wr(nr(t) = wr(t) "2 wr(et)

in m.s. D0, 1].
Since the family of random processes wr(t) satisfies (I, @,C[O, c])—l.d.p., Lemma 4.1 (i7) (see
2
L C

Section 4) implies that the family of processes wr(ct) satisfies (1: , :(FT)7 [0, 1]>—l.d.p., where

I(f) = { L L)t it f € ACo[0,1],

00, otherwise.

Thus, Corollary 2.6 implies that the family of processes wr, (t) satisfies C— (I~, @,D[O, 1])—1.d.p.

We note that the independence of the processes w(t) and v(t) was required nowhere.
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3. The moderate deviations principle for trajectories of compound
renewal processes

Let a sequence of independent identically distributed random vectors § = (7,(), & = (72,(2),&3 =
(13,(3),..., where 7 > 0, and a random vector & = (71,(1), 71 > 0, which is independent of this
sequence and has, generally speaking, a distribution different from that for £ = (7, (), be given.

We set Ty = Zy = 0 and denote

n n n
T, = ZT]', Dy = ZC]-, Sy = ZSJ = (Tn, Zy,) for n>1.
j=1 j=1 j=1

Let, for ¢ > 0,
n(t) :=min{k >0: T >t}, v(t):=max{k>0: T <t} (3.1)

It is clear that
v(t) =n(t) — 1. (3.2)
Compound renewal process (c.r.p.) Z(t); t > 0, is defined by the equalities

Z(t) == Zyq for t>0, Z(0)=0. (3.3)
In addition to c.r.p. Z(t), we consider also the process
Y(t) = Zn(t) = Z(t) =+ Cn(t) for t > 0, Y(O) = 0, Y(—H)) = <1.

We call it also c.r.p.

Agreement 1. Everywhere, unless otherwise stipulated, we assume that the Cramer condition
holds in the form

[Col. Eevlll < 0o, Eevlé1l < 00 for some v > 0.

In addition, we assume that a random vector ¢ = (7,() is nondegenerate, i.e., for any A € R?
|A| # 0, and ¢ € R, the inequality P((\,£) = ¢) < 1 holds. In order to avoid repetitions, these two
conditions will not be present in the statements of the main assertions.

If the distribution of a random vector &; coincides with the distribution of £, we call this case
homogeneous. If the vectors & and £ have different distributions, we call this case inhomogeneous.

The standard commonly accepted model of c.r.p. assumes that the time of the appearance of the
first jump 71 and its magnitude {; have a common distribution which is different, generally speaking,
from the common distribution of (7,() (see, e.g., [18]). This case is realized, for example, for c.r.p.
with stationary increments.

For ¢t > 0, we denote

Z1(t) == Z(t) —at, Yi(t):=Y(t) — at,

1 1
20(0) = ac (v(0) = 1) Yalt)i=ac ()~ ).
where a := Z—i, ac == E(, a; := ET.
It is easy to see that
Zy(t) = Z1(t) — Z3(t), Ya(t) =Yi(t) —Ys(t), t=>0. (3.4)



Fix a function z = z(T') such that

lim @:oo lim @

T—oo \/T ’ Tlﬁoo T =0 (35)

In what follows, we will drop the argument T of the function x(7'), if this is no hamper the statement.
The main object under study is two processes

Zr = 20(t) = (210(t), za0(8)) = (iZl(tT), izg(t:r)> C0<t<1:

e = rl0) = (a0 anr(0) = (S01). vi0m)) . 0sest

These processes lie in the space D?[0, 1], where we will use the uniform metric p = p(f, g).
For a = (a1, az) € R?, we consider the function of deviations

Aa) = foonz Z Ajjasag, (3.6)
1,j=1
where A = ||A;;|| is the matrix reciprocal to the covariance matrix B = ||[E6;0;|| of the random vector

0= (91,92) = (C—CLT,CL( —aT).
For any function f € D?[0, 1], we set

) :{ ar [ A(f/(t)dt, if fe AC2[0,1],

00, otherwme

Theorem 3.1. (P.m.d. for c.r.p.) Each of the processes

zr =zr(t) = (z1,0(t), 230(t)),  Yr =Yr(t) = (y1,0(t),ys,0(1))
satisfies C—(1, %2, D2(0, 1])-I.d.p.

Denote

cor(t) = —Zg(tT) yor(t) = %Yg(tT).

We now define three functionals of deviations I1(f), I2(f), and I3(f), f € D[0, 1], by setting

I(f) == o5 1o(f), To(f) {kﬂ ), i f € ACo[0,1],

oo, otherwise,

where 07 = D({ — ar), 03 = D(, and 03 = a’Dr.
Since z; 7(t) = ﬁlz)zl,T(t) +B§Z)237T(t), where Bg) =1, Bél) =0; B%z) =1, 552) =-1; 59) =0, and

653) = 1, we use Lemma 4.2 (see Section 4) and Theorem 3.1 and obtain the following proposition.

Corollary 3.2. Each of the processes z v(t), yir(t) satisfies C—(I; %2 D0, 1])-L.d.p., i = 1,2,3.
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Remark 3.3. As was mentioned in Introduction, the starting point of the present work was the report
by A. A. Borovkov, where he established, in particular, the principle of invariance for the processes
Z1(t) and Yi(t) under the minimum condition E|¢|?> < co. In other words, the weak convergence of
the processes
Z(tT)  Ya(eT).
ovT' =~ oVT'

to a Wiener process was proved. Under the condition [Cy], Corollary 3.2 extends, thus, the principle
of invariance (in the logarithmic form) to the domain of moderate deviations defined by a function
x(T) of the form (3.5).

t €10,1]

The proof of Theorem 3.1. Will be made for the first process

zZT = ET(t) = (2’17T(t),237T(t)), 0<t<1.

For the second process
Yr =Yp(t) = (y1rt),y370(t), 0<t<1,
the proof is analogous.

We need the following notations. By Z(t), we denote a continuous random broken line (c.r.b.1.)
constructed by the nodal points

Tk, Zk—aTk,ak—aTk y k‘ZO,l,Q,'”.
¢

By §(t), we denote c.r.b.l. constructed by the nodal points
(k, (Zy —aTy, ack —aT}y)), k=0,1,2,---.
By v(t), we denote c.r.b.l. constructed by the nodal points
(Th, k), k=0,1,2,--.

Then it is easy to see that the following formula is valid:

Z(t) = S((t)), ¢>0. (3.7)

Denote L~
Zr(t) == —Z(tT), 0<t<1;
X

@U%:éﬂﬂ% 0<t< oo

1
Pr(t) = (D), 0<t<oc.

Then, by virtue of (3.7), we have
zZr(t) =57r(Up(t), 0<t<1. (3.8)

In order to apply Theorem 2.1, we verify whether the conditions of this theorem are satisfied.
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Lemma 3.4. N N
(7) For any c > 0, the family of random processes st = sr(t); 0 < t < ¢, satisfies (I, ‘% C?[0,c])-Ld.p.,
where 1. is defined as

{ Jo A(F/(1))dt, if f e ACE[0,d],

0, otherwzse

(i3) For any ¢ > 0, the family of random processes 57 = 57(t); 0 <t < c is e.t. in m.s. C2[0, ] with
2

n.f. .
(13i) In the space C[0,1], the relation

vp o~ 7h>
ar
where the function h(t) =t, is valid.
(iv) In the space D?[0,1], the relation
zr Wz

holds.

Lemma 3.4 will be prove below. Now, we return to the proof of Theorem 3.1. By virtue of assertions
(i) — (#i1) of Lemma 3.4, all conditions of Theorem 2.1 are satisfied. Therefore, this theorem, Lemma
4.1 (see Section 4), and Corollary 2.6 yield: the family of processes z7 satisfies ( ) ,C2 [0, 1])—1.d.p.
Applying assertion (iv) of Lemma 3.4 and using Definition 2.4, we get the assertion of Theorem 3.1. [

It remains to carry out

Proof of Lemma 3.1. (i) — (i7). Consider firstly the case of homogeneity where the distributions of
random vectors & and £ coincide. Assertions (i) — (i7) of Lemma 3.1 follow from Theorems 5.2.1 and
5.2.2 [18], and Lemmas 4.1 and 4.3 (see Section 4).

Let the distributions of random vectors £; and £ are different. Then we may consider that the
independent random vectors

£ = (11,¢1), & = (11,01), & = (12,(2), - -+,

are defined on the probabilistic space. In this case, let the vectors &1, &s, - -+ have the common distri-
bution different from the distribution of the vector £}. Then the sequence

&1 = (11,01), &2 = (12, C2), -+

corresponds to the homogeneous case. By this sequence, we construct c.r.b.l.
st =57(t); 0<t<g
the sequence
gf = (Tfa Cik)7£2 = (7—27 C2)> T

corresponds to the inhomogeneous case. By this sequence, we construct c.r.b.l.

~%

Sp=35p(t); 0<t<c
It is easy to see that, in this case,
1

p(57,57) = Sup [57(t) —57(t)] < (ICl Gl lal(fm = 71D)) < (Gl + ¢ =+ lal (71 + 7).

R
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From whence, by virtue of condition [Cy], we obtain easily the relation 57 LD §; Thus, we have
proved assertions (i) and (i7) in the general case.

(131). We now prove assertion (iii) firstly in the homogeneous case. It is easy to see that {v(T) <
N} ={Tn > T}. Therefore, {v(T') > N} = {Iy < T}. For N = [¢T] and a,N > T by virtue of the
Chebyshev exponential inequality, we have

P((T) > [cT])) = P(Tyy < T) < e V(%) = ¢~ T (3), (3.9)

where
A () := sup{ o — InEe*"}
A

is a function of deviations of the random variable 7. Since the function of deviations A, (a) decreases
on the interval (0, a;), we have, for % <4,

(1) ()

N T 2 T 2

—AN=]>—A|=]>—0= .

T T<N)_aT T(N) 2 0=m>0
Hence, for ¢ = % for all sufficiently large T' by virtue of (3.9), we have

P(w(T) > [cT]) < e 1. (3.10)

On the event {v(T) < [¢T]}, we now estimate the quantity p (ZT, %h)
Since v(T) + 0) = k, we have v(T}) = k and, hence,
1

1 1
Dr,—h) = “H(T) — —t
p<1/T, a, > 02ic1 TV( ) ar

1
— — Inax
T o<u<T

~ 1
v(u) — au

1
k— —T
ar

> 1)

For 1 < k < [¢T] + 1 with the help of the Chebyshev exponential inequality, we now estimate the
probability

< — max
T 1<k<[cT)+1

Therefore,

~ 1 1
— > < < R
P (p <1/T, - h) >0, v(T) < [cT]) < ([cT]+1) 1§kr;1[%§]+1P (’k: aTTk

1
P, =P <'k — —T
ar

> T5) =P(Ty > ka. +Tda;) + P(T}, < kar — Téa,).

We have
Pk < eka-r(a7-+%T5a7—) + ekaT(m-f%T&zT).

We note that, for |a| >
r|a| holds. Therefore,

gj_fl by virtue of condition [Cy] for some r = r5 > 0, the relation A, (ar +a) >

kA <a7- + ;T(Saﬂ-) > kr%T&aT =Tréa,.

We have got the estimate
P, <277, g :=réar,

45



which is uniform in k in the limits 1 < k < [¢T] 4+ 1. From whence, we get

P(p aT,ih >0, v(T)<[cT]) <2(cT +1)e 12, (3.11)
(o (r2) )

ar

Estimates (3.10) and (3.11) yield assertion (iii).
The proof of (ii7) in the inhomogeneous case is easily reduced to the proof in the homogeneous
case. For this purpose, formula (3.9) should be replaced by

P((T) > [cT]+1) = P(Tys1 <T) < P(ry+ ... 71+ < T) < e VA (X) = o T7A(R)

and then we should repeat the above proof. In this case, we get inequality (3.10) in the inhomogeneous
case as well.
We now prove (iv) at once in the general (inhomogeneous) case. We have

1 ~

pr = p(Zr,Zr) = sup [zr(t) —zr(t)| = = sup (Z(u) - Z(u)|.
0<t<1 T 0<u<T
Since the processes Z(u) and Z(u) coincide for u = Ty, k = 0,1,---, we have, on the event {v(T) <

[T},

1
PT < - max Xka
T 1<k<[cT]+1

where X}, := /(Ck — am)? + (a¢c — ati)?. Therefore,
P(pr >0, v(T)<|[cT]) < ([cT] 4+ 1) max{P(X; > zd), P(X2 > x)}.

The random variables X; and X satisfy condition [Cy]. Therefore, for some M < oo and 9 > 0,
the functions of deviations that correspond to X; and Xs satisfy, for all & > 0, the inequalities

Ax,(a) > =M +ra, Ax,(a) > —M + raa.

Taking into account that, for all sufficiently large T, the relation z > /T is satisfied, we get
(cI'+1)e B = o(1) and

1
P(pr >0, v(T)<[cT]) < M3 ~3:= 5720 (3.12)

Estimates (3.10) and (3.12) yield assertion (iv) of the lemma. O

4. Auxiliary results

We now prove several auxiliary lemmas.

Lemma 4.1. (i) Let, for any function x satisfying condition (3.5), the family of continuous pro-
cesses sp(t) = 1S(tT) satisfy ( T ,(Cd[O 1])—l.d.p. Then, for any ¢ > 0, the family satisfies also

( , 7(Cd 0, c) -Ld.p., where I(f) = I(g) for g(t) = ﬁf(tc)
(ii) Let, for any function x satz’sfymg condition (3.5), the family of continuous random pro-

cesses sp(t) = 1S tT) satisfy ( , ,(Cd 0,c )—l.d.p. Then the family of processes sr(ct) satisfies
(1.%.C0,1])-Ld.p., where I(f) = I(g) for g(t) = f(t/c).
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Proof. We now prove assertion (). Relation (3.5) implies that the family s&(¢) := WS(W)

satisfies (I, xZ(T/C),(Cd[O, 1])—1.d.p. Then, changing the variable " = 7, we get that the family of

r/c
random processes s5..(t) := \/E%(T)S(tTc) satisfies (I, xz(ﬂT) , €70, 1])—1.d.p.

Consider the continuous operator F that acts from C?[0, 1] into C?[0, ¢] and maps a function f(t)
into \/cf(t/c). It is obvious that Fs%.(-) = s7(-). Therefore (see, e.g., Theorem 3.1 in [14]), we get
that the family of processes sp(t) satisfies (f, xZ}T) , €70, c])—l.d.p., where I(f) = I(g), g(t) = %f(tc).

Assertion (ii) is proved analogously. O

Lemma 4.2. The family of processes frz17(t) + Pazar(t), where |B1] + |B2| > 0, satisfies C—

(f,x%,]D)[O, 1])—l.d.p., where

i) = | T fo (Pt i f € AT,
oo, otherwise.

Proof. For the vector-function g = (g1, g2), the operator F(g) := B1g1 + 292 acting from D?[0, 1] into
DI0, 1] is continuous. Therefore, using the “contraction principle” (see, e.g., Theorem 3.1 in [14]), we
get that the family of processes 5121 7(t) + B2z3 7 (t) satisfies 1.d.p. with the functional of deviations

I = inf I
(f) g: ﬂ1g11£5292:f (g)

We now show that the functional I(f) has the form claimed above.

If f ¢ ACo[0,1], then its preimage contains no functions from the set AC3[0,1]. Hence,

inf I(g) = .
g: Brg1+P2g92=f
Let f € ACy|0,1] and 31 # 0 (case f2 # 0 is considered quite analogously). Then

a0 = e [ B0 - 2Bad (640 + Bl
= i [ (22070 - sy
92 2Ap Jo /B%
— 22E(0) ~ Gagh(0)h(0) + B (54(0)? )
a 1

= it 2ATB/0 u(f' (), ()t
where Ap is the determinant of the covariance matrix B = ||E6;0;|, Bi1 = D6, B2 = Ef:0,
Bos = D6s.

Separating the full square, we obtain

_ D(B1601 + (262)
83

+(FO) g

B121 + B2 )2

L) — F(t
(gQ( )= 1t )D(ﬁlgl + [202)
Ap
(8161 + Babo)
Hence, the infimum is attained on the function

_ Bi2f31 + Baz o
olt) = f(t)D(/3191 + Baba)’
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Hence,
ar

D(51601 + 5202)

1
/ (' (1))t
0

In what follows, [T] stands for the integer part of a number 7'

Lemma 4.3. Let, for any function x satisfying condition (3.5), the sequence of continuous ran-
dom processes s|(t) := ﬁS(t[T]) satisfy ( , [(7[%’]) c4o, 1]>—l.d.p. Then the family s7(t) satisfies
(I, (1) i, 1]) Ld.p.

Proof. Lemma 4.1, (), and the Pukhalskii theorem [19] imply that the sequence s(7)(t) is exponentially

tight in m.s. C?[0,1 + A] with the normalizing function xQ[(}C]F]). Therefore, choosing

tT
nr(t) == 7k 0<t<1,

we fall into the conditions of Theorem 2.1. Hence, by virtue of the equality h % =1, Corollary 2.6,

and Remark 2.5, we get: the family

satisfies (I, %, cio, 1])-l.d.p.
The subsequent proof will be performed by contradiction. Let the family sr does not satisfy
( xz(T) ,C?0, 1])—1 d.p. Then there exist § > 0, N < 0o, a set B € By ], and a subsequence Ry,

khm Rk = oo such that, for all k, at least one of three following conditions is satisfied:
— 00

hglsip CL‘Q?R ) InP(sg, € B) > —I([B])+ 9, I([B]) < o0;
limsup ———InP(sg, € B) > —N, I([B]) = oc;

k—o0 $2(R)
Ry,
hkn_l)gfmlnP(st €B)<—I((B))—6.

For definiteness, let the first condition be satisfied (for the rest conditions, the proof is quite analogous).
Obviously, we may consider that Ry — Ri_1 > 1.
Define Z(T') as follows:

HT) = { w(By), if T € [[Ry], [Ry] + 1),
arT +bg, if T € [[Re] + 1, [Rp11]),

where a; and by are selected so that
ag([Rr] +1) + by = (Ry),  ap[Rps1] + by = 2(Ryt).
It is obvious that the function Z(T) satisfies condition (3.5).
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Then, by virtue of the fact that the family of random processes srz; := i([lT])S(tT ) satisfies

(I, %’ c?o, 1]>-l.d.p., we have

) Ry, . Ry,
—I(|B]) > limsup ————InP(sg,z € B) =limsup ————InP(sg, € B) > —I(|B]) + 0.

The obtained contradiction completes the proof. O

10.
11.
12.
13.
14.

15.
16.
17.
18.
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