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We establish the unique solvability of the first boundary value problem for a semilinear
second order parabolic equation with varying time direction by using a modified Galerkin
method and the regularization method. We obtain a priori error estimates for approzi-
mate solutions. Bibliography: 2 titles.

Let €2 be a bounded domain in R™ with smooth boundary S. We denote Q; = Q x {t} for
0<t<TandSr=295x(0,T). In the cylindrical domain @@ = Q x (0,7"), we consider the
semilinear parabolic equation

Lu = k(x,t)uy — Au+ c(z, t)u + |ulfu = f(x,t), (1)

where the coefficients are assumed to be sufficiently smooth in . We note that the sign of
k(x,t) can be arbitrarily changed inside the domain. We introduce the sets

Sy = {(2,0) : k(z,0) 2 0,z € O},
SE ={(x,T): k(x,T) 2 0,z € Q}
and put p=p+2, -1<p<2/(n—1).
Boundary value problem. Find a solution to Equation (1) in @ such that
uls,=0, wu ‘ggz 0, w ’g;: 0. (2)

Let L,(Q), 1 < p < oo, be the Banach space of measurable p-integrable functions in @

equipped with the norm
1/p
lullz, @) = ( /Iu(x,t)|pda:dt> )
Q
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The space Lo(Q) is a Hilbert space relative to the inner product

T
(u,v)z/uvd@z/(u,v)gdt, lul2 = (u, u).
Q 0

Denote by W,"*(Q) the anisotropic Sobolev space equipped with the norm

a2, = [ 3 (072 + (Dfup] g

Q lalsm

and by C7, the class of functions in W22 1(Q) satisfying the boundary conditions (2).

Lemma 1 (cf. [1]). Assume that ¢ — %/{:t >0, (z,t) € Q. Then for any u € Cf,

[ 1urdQ + Juliy < CrLuw), Cy> o, 3)
Q
We consider vector-valued functions y(t) = (y1(t),...,ym(t)*, f(t) = (fi(t),..., fm(t))",

9@) = (91(y),...,9m(y))* in R™ and continuous symmetric matrices K(t) = (kij(t))mxm,
B(t) = (bij(t))mxm, 0 <t < T, such that the following assumptions hold:

1) gx(y) is continuous with respect to y and fi € L2(0,T) for k = 1,m,

m
2) Z 91(y)yx = 0 for continuous vector-valued functions y, ¢t € [0, 7],
k=1

3) B(t) — 3K, > 6E, 6 >0, t € [0,T].
We look for a solution to the nonlinear system of second order ordinary differential equations

Ly=—ey' + Kt)y + Bt)y +g(y) = f(t), >0, 0<t<T, (4)
y(0)=0, y(T)=0 (5)

with the boundary conditions

y(0) =0, ¥(T)=0, K(T) >0, (5)
y'(0) =0, y(T)=0, K(0) <0, (5")
y'(0)=0, o(T)=0, K(0) <0, K(T) > 0. (5"

We denote by VIN/%(O,T) the closure of the set of smooth functions wu(t) satisfying (5) in the
W20, T)-norm.

Definition 1. A vector-valued function y(t), (yx € W%(O,T)) is a weak solution to the
boundary value problem (4), (5) if

T
ai(y,n) :/
0

for all n € W%(O,T), i=1,m.

T
m m
ey'n’ + > kiyin+ > biym + gi(y)n] dt = / findt (6)
0

j=1 j=1
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Let functions ¥ (t), k = 1,..., be orthonormal in L9(0,7") and satisfy the equation
—u" =~yu, 0<t<T,

and the boundary conditions (5).
We look for approximate solutions y» = (y¥,...,yX)* to the problem (4), (5) in the form

N
V() =D cnit), k=Tm,

where the constants c% are determined by the system of nonlinear algebraic equations

T
aily™ ) = /ﬁ(t)wa i—Tom, =T N. (7)
0

Lemma 2. Let Assumptions 1)-3) hold. Then the system of algebraic equations (7) has at
least one solution.

Proof. We set

Aa(e) = ai(y™ ), ha = / fndt.

Then the system (7) takes the form

Ail(c) = hib 1= 1,m, [l = 1,N. (8)

By the properties of ¢, and Assumptions 1)-3),

m N m
1
D> Aale)e) = 6le)* + 3 > ki y)

=7 LT m
[ 3ot e = o,
0

i=1 =1 ij=1 t=0 k=1
where
o = 355
i=1 [=1
Then the solvability of the system (8) follows according to [2]. O

Theorem 1. Let Assumptions 1)-3) hold. Then the boundary value problem (4), (5) has a
unique weak solution y(t),yx(t) € Wi(0,T), k =1, m.

Proof. By Lemma 2, the boundary value problem (4), (5) has at least one approximate
solution y. By (7), we obtain the a priori estimate

T
m dyl m
[ () + e < Y 1l om: Co>o 9)
0 i=1

=1

which implies the existence of a function y; € W%(O,T) i = 1,m, such that y Ne y; weakly

in W2(0,T). Since W3(0,T) is compactly embedded itno C0, T], we have yl ¥ — y; strongly in
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C[0,T) for i = T,m. Then the sequence g;(y"¥*) strongly converges to g;(y) in C[0,T] for y =
(Y1,---,Ym). Passing to the limit in (7) as N = Ny — oo, we obtain (6) for any n(t) € Wi(0,7),
i.e., y(t) is a weak solution to the boundary value problem (4), (5).

It is easy to show that any weak solution y(t) to the boundary value problem (4), (5) satisfies

the estimate (9) which implies the uniqueness of the weak solution. O

Remark 1. According to the theory of ordinary differential equations, from Assumption 1)
2

d S
it follows that Eg € Ly(0,7), k = 1,m, where y = (y1,...,Ym) is a weak solution to the
boundary value problem (4), (5).

For e > 0 we set L.u = —euy + Lu. For basis functions we take the solutions ¢g(z) to the
problem

—Ap=Ap, ¢ls=0.

Moreover, ¢ (x) form an orthonormal basis for the space La(€2) and the corresponding eigen-
values A\ are such that 0 < A\ < Ay < ---and \p — 400 as k — oo.

We look for approximate solutions to the boundary value problem (1), (2) in the form

N

uNE (2, ) = Y e (t) r ().
k=1

We consider the boundary value problem for the system of nonlinear second order ordinary
differential equations

(Leu™< 00)0 = (f, 1)o (10)

with the boundary conditions
Civ’6’t=0 =0, Civ’e|t:T =0, [=1,N. (11)

or

N,e N,e ,
¢, (0)=0, D" |g=r=0, [=1,N, k(z,T) >0, (119
Dtcfvﬁ’tzo — 0’ C;V’E(O) — 0’ | = 1’N’ k(:E,O) < 0’ (11//)
Dtcfvf’t:o =0, DtclNﬁ t=r =0, [=1N, k(x,0) <0, k(x,T) > 0. (11"

Lemma 3. Assume that c—3k; > 6 >0, f € Lo(Q), =1 < p < 2/(n—1). Then there exists
a unique solution civ’s in W2(0,T) to the boundary value problem (10), (11).

Proof. We show that the boundary value problem (10), (11) satisfies the assumptions of

Lemma 2. We set m = N,

¢ “(t)

Y= ' :
N (t)
N,e ‘puN,é

kij = (k:(:c,t)cpi, (pj)o, bij = )\151] + (Cg@i, @j)o, and gl(y) = (|U 790l)0- Then we have

N 1 N 1 N 9
> (b - ghin) & = Song + [ (= 3he) () do > 51 ve e RV,
i=1 Q i=1

4,j=1
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On the other hand,
N
> 9 Wye = / ™| de > 0

The existence of a solution to the boundary value problem (10), (11) follows from Theorem 1
and Remark 1. The solution is unique since the function |¢|°¢ is monotone. O

Theorem 2. Assume that ¢ — 1k, >8>0, c+ 3k > 6 >0, and f € W201(Q). Let one of
the following cases holds:

1) k(z,0) > 0, k(2,T) <0, f(z,0) =0, f(z,T) =0,
2) k(z,0) >0, k( 1) 20, f(z,0)=0,

3) k(2,0) <0, k(z,T) <0, f(z,T) =0,

4) k(z,0) < ,k(a;,T)>o

Then the boundary value problem (1), (2) has a unique solution in W22’1(Q) and the following

estimate holds:
n

[l + 3w + (@ua@ + (o 1) [l + a3 (wn)?)dQ
Q i=1 Q =1
<C(UfIP+ 1D, Cs >0,

Proof. In the case of semilinear parabolic equations with varying time direction, this theo-
rem was proved in [1] by the stationary Galerkin method. Here, we use the modified (nonsta-
tionary) Galerkin method and the method of elliptic regularization.

We begin with the case k(z,0) > 0, k(z,T) < 0, f(z,0) = 0, f(z,T) = 0. We look for
approximate solutions u™¢(z,t) to the boundary value problem (1), (2) in the form

N

N,
uNE (@ t) = oz, t) = e (Der(),
k=1
where c,iv’s € W2(0,T) are solutions to the boundary value problem (10), (11). We multiply

(10) by clN’8 and take the sum with respect to [ from 1 to N. Integrating with respect to ¢, we
find

(f,0) = ellvel® + (Lo, v).

By the estimate (3), we obtain the a priori estimate

ellve ) + / [0PdQ + [[vlli o < Cull fII?, Ca> 0. (12)
Q
Integrating by parts, from (10) and (11) we find

—(f,vu) :£Hvtt\|2+/[<c+ kt)vt —|—th$ + o + (p + 1)\v|pvt}

t=T
t=0

/k‘vfdx /k:v?da: / vaivm + covy + |v|pvvt} dx
=1

376



Taking into account the boundary conditions (11) and using the estimate (12) and the Cauchy
inequality |ab| < ya? + 3 L bz, v > 0, we arrive at the estimate

el|vge|?

/lv\pvt < Gs(IFIP + £, Cs > 0. (13)
Integrating by parts, from (10) and (11) we get

—(f,Av) = /[(Av)2 — kviAv — cvAv + (p + 1)||v||? ZU%J dQ
5 i=1

E/vaxidQ—i—E/vtAvda:

Q i=1 Q

t=T
(14)

t=0

Using the estimate (13) and the Cauchy inequality, from (14) we obtain the a priori estimate
e [ Yot [@opaq+ o /WZWQ SIS + AP, Co>0. (15)
Q ! Q

N,e

By (12), (13), and (15), the approximate solutions u""°(x,t) satisfy the a priori estimate

n

[ S + (AuN92]dQ + o+ 1) Sy « wer 3o ho?)aq
Q Q
<

i=1 i=1

Cr(IfFI1P + 117, Cr >0, (16)

which allows us to complete the proof by standard arguments since |u’"¥|PuN¢ is bounded in

L2(Q) in view of the embedding theorem. The remaining cases are considered in a similar way.

The uniqueness of a solution to the boundary value problem (1), (2) in the class W3 (Q)
follows from the inequality (|u|fu — |v|fv)(u —v) = 0. O

Theorem 3. Let all the assumptions Theorem 2 be satisfied. Then
lw =] o < Cs(IF1+ 1£0) (72 + AGYT), Cs >, (17)
where u(z,t) is an exact solution to the boundary value problem (1), (2).

Proof. We again consider the case k(z,0) > 0, k(z,T) <0, f(z,0) =0, f(z,T) = 0. Let
u(x,t) be an exact solution to the boundary value problem (1), (2) which exists in view of
Theorem 2. We represent Lu in the form Lu = Lou + |u|?u. We note that the function u(x,t)
can be represented as the Fourier series

= a(t)on(@), et = (f ex)o-

k=1

Moreover,

“Au— Z k() Aror ().

k=1
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Hence
T

S a2 / ()t = || Al < Colll 712 + 1£12).  Co > 0. (18)

k=1
On the other hand, for u(z,t) we have
(LU,SOl):(faCPZ)a l:1a27 (19)

In the space Ly(Q), we introduce the linear manifold

N
Hy = {n(x,t) = dit)pu(x) : dy € W3(0,T), di(0) = dy(T) = o}.
=1

By (10) and (19),
(Leu™em) = (f,m),  (Lu,m) = (f;n) Vn € Hy.
Hence
(Lo(u —u™®) + [ulPu — W™ Pue ) = —e(ui*,m) iy € Hy.
Setting n = w — u’* = (u — u™¥) + (w — u), w € Hy, from the last identity we have
(Lo(u — u™9), u — u™®) + (JulPu — [u™e|PulN e, u — ue)

t=T
(20)

t=0

= 5(ui\7’5,wt - uiv’e) +(f = Lu™® u — w) — 5( /uiv’s(w - u)dx)
Q

We note that { Lou™*} is bounded in Lo(Q) and |[u™¢|PuN¢ is bounded in Ly(Q) by the embed-
ding theorem for —1 < p < 2/(n — 1). Since |7]°7 is monotone, from (20) we get

lu = ™| o < Croleluy || llwe = ug [ + | f = Lu™#| lu —w]],  Cro>0.  (21)

N
For w = ) ¢(t)pr(x) € Hy we have

k=1

Ju—wl?= > [dwa<ad, > N [ d
k=N-+17 k=N+1
which implies
lu = wll < CodZ (£ + 1fel), Cu> 0. (22)

Taking into account (3), (16), (18), and (22), from (21) we derive the error estimate for the
modified Galerkin method (17). We can consider the remaining cases in a similar way with the
linear manifold

,

N
{77(33,?5) = Zdl(t)@l(x)adl € WQI(OaT) : dl(o) = O}a k?(.T,O) > 07 k(.’E,T) > O,
=1

N
Hy = {n(w,t) = di(t)pu(x), dy € W3(0,T) : dy(T) = 0}, k(z,0) <0, k(z,T) <0,
=1

N
{77(33,?5) = Zdl(t)@l(x)a d; € W21(07T)}’ /C(.T,O) <0, k(x7T) = 0.
\ =1

Theorem 3 is proved. O
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