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EMPIRICAL BAYESIAN ESTIMATION IN THE
MODEL OF COMPETING RISKS

A. A. Abdushukurov! and A.L. Muminov!

We study empirical semi-parametric Bayesian estimates of exponential functionals in the model of
competing risks. For these estimates we establish the properties of the uniform strong consistency
and iterated logarithm type laws.

1. Construction of estimates

Let Z : (2, A) — (X,B) be a random variable (r.v.) and {A®M) ... A®)} be events, forming a
partition of the space of elementary events 2. With the use of continuous probability measure P defined
on the measurable space (€, .4), we define the continuous distributions {Q®(B) = P(w N AW : Z(w) €
€ B),B € B,i € J}, where B is the Borel o-algebra on X (¥ C R = (—o00,00)) and J = {1,...,k}.
Note that for all B € B the following relation holds:

QWB)+...+ Q¥ (B) = P(w: Z(w) € B) = Q(B).

Let {a((-),i € J} be nonnegative continuous finitely additive measures on (X, B), and a(-) be their
sum: a(B) = oW (B) +...+a®)(B), B € B. Denote by D(aV, ..., a¥) the Dirichlet distribution with
the parameter (oY, ..., a®)) . Following [1, 2], we consider (QM), ..., Q®*)) as a random vector process
on (X, B) with the prior Dirichlet distribution D(a),... a®)). Then the sub-distributions H(t;i) =
= P(Z <t,AW), (t;i) € R x J, are continuous r.v.s with the corresponding prior beta-distributions

Be(a®(t); (R) — a9 (), (t;i) € R x J,

where a9 (t) = a(?((—o00;t]). In the considered generalized model of competing risks (MCR), from the
Bayesian point of view the main interest is in joint properties of the random pairs (Z; A(’)), i€ J, and
the task is to estimate the functionals of the cumulative hazard functions (c.h.f.)

A(t;d) = / g?%%,moeRxL (1)

(—o0; ]
from the independent random sample S = {(Z;; 5§1), e ,5](-k)), j =1,n}, where
Hit)=P(Z<t)=H(t;1)+ ...+ H(t; k)
is the distribution function (d.f.) of the r.v. Z; (550 = I(Ag-i)) is the indicator, and
1 k) .

is a sequence of independent copies of the sample (Z; A1), ... A®)). The exponential functionals

F(t;i) =1 —exp(—A(t;1)), (t;9) € R X J, (2)
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are important functionals of c.h.f. (1), which possess the properties of sub-distributions [1]. From [1,4, 5]
it follows that Bayesian estimates of the distributions H (t;7) and H(t) with respect to the quadratic
loss function are the statistics

Hﬁ(t;i) = QnHO(t; Z) + (1 - Qn)Hn(t; Z) and Hg(t) = QnHO(t) + (1 - Qn)Hn(t)y

where
_ a(R) o af@) &L, alt)
dn = ma Ho(t,l) - Oé(R) ’ HO(t) - ZZZ;HO(tvz) - ma
k
ZI o)) = 1),  Ha(t) =Y Ha(t;i),
i=1

In [1], with the use of these Bayesmn estimates the author constructed and studied the asymptotic
properties of the estimates for functionals (2) of the following three types:

FT,(t;4) = 1 — exp(—Aj (8 4),

Fg () = 1= [J(1 = (A% (wsd) — Af (w3 1)), (3)

u<t
Fg () = 1= (1= Hy(t50) (59,
where R%(t;4) = A%(t;4) (A% ()L, () € R x J;

«a _ dHa a a ng(uv Z)
(—o0; 1] (—o0; 1]

and A% (t) is the estimate for A(¢;¢). For estimates (3) the author of [1] established the law of iterated
logarithm (LIL) and the results of approximation by the same sequence of Gaussian processes. The
main result of [2] is the theorem on the uniform closeness of order n=! a.s. (almost surely) between
estimates (3) and the Bayesian-type estimate proposed in [9] and studied by the authors of [6, 7, 10] in
the simple model of right random censoring. In this paper we study analogs of estimates (3) in the
case where the measures a((t) = o) (t,0®")), i = 1k, are defined up to some unknown parameter
0 ¢ @) C R, which is also subjected to estimation. Let 8 be some estimate of 8@ from ‘the sample
S( ), and a” (t) = = al(t, gl )). Here 'Y (R) = B, i = 1, k, are unknown. Then a(t) = a(t,#?), where
0= (9( ),...,00) is an estimate of the vector parameter 0 = 0D, ..., 0%)) and a(R) = § = Bi1+. ..+ 5
is a prior size of the sample. Let 8@ be nl/2-consistent estimates, allowing the following representation
for all ¢ € J with probability 1:

(I(60)n) 20D — 65y = *”Zl (Z568)) + ), (4)

where O(i) is the real value of #(®) () is a measurable function (possibly depending on Qéi)) with
Mgozv)(z],ay)) =0, My [19(Z;;8)2 = 1(6y) € (0;00), and &) = O(n™), A > 0. Here My, is
the operator of mathematical expectation and is interpreted as My [-] = My[M[-]], where the first aver-

aging M is over the joint distribution of the vector (Z;; 5(-1), e ,5](-k)), and the second averaging My is
over the Dirichlet distribution at the point 6. From [1] we have

0 (1
MgH (1) = Ho(t:7) = %, i=TF.
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The conditions necessary for the validity of (4) are given in Theorem 8.1 of [3]. In particular, from the
i

representation (4) we obtain the following properties of the estimates 0@ for all i € J:

20 — 0y — N (0; 17 (60)), (5)
Tim (6) — 0)(I(00))"/*L,, =1 aus. (6)
1/2
for L, = <m> and
2G) _a.S. (7)

Let us replace in estimates (3) the measures o(?)(t) with their parametric estimates a(¥) (t) and denote
the resulting estimates of F'(t;i) by E2, (t;1), m =1,2,3, (t;7) € R x J. In this case the corresponding
estimates of the Bayesian decision rules Hy(t;4) and Hy(t) are

~ a

) F _
Ho(t;i):% and  Ho(t) = Ho(t:1) + ... + Ho(t: k),

for which fAIO(oo; i) = % are known and PAIO(oo) = 1. The estimates obtained by replacing a?) with a®
with good reason can be called empirical Bayesian estimates [4].

2. The choice of measure, reflecting the a priori idea of the studied model

Let us give an example of how the measures a® (t; Q(i)) can be chosen and the parameters 6() can

be estimated. Let
(@) (4. n(D)\ _ 1. . _g(t)
o\ (t;0\) = B; <1 exp( 90 ,

where t > 0, 9(")10, B; > 0 (known), and g(t) be strictly increasing, 3¢'(t), g(0) = 0 and g(c0) = oo.
Then for all i = 1,k : o9(0;6%) =0, () (00;0%) = j; and

da® (¢; 9 /(¢ t hy ,
D) 2 e () = 0 100, ®)
da') (t;0%) 9(t) g(t)
o~ Pt P (‘ g > ©)

We construct the estimates of the parameters () in two ways. Let H(0) = 0 and li_>m g(x)(1—H(z)) =0
T—00
a.s.
The method of maximum likelihood (MML). Let us construct the likelihood function from the

sample S(™ with the use of the densities of prior representations

d ) 1y , “ 1 v RE
S [mti|= 509 wo0) L) = TTIT{ 0z} -
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Hence we obtain the system
7“0% -5 ;aj“ + o Zaj(’ 9(2;) =0, i =Tk,
and then the MML estimates (MLE) for ) in the form
gl — (Za“ >_l§n:5§“g(zj), i =TF. (10)
j=1

The method of least squares (MLS). Before applying the MLS, let us calculate the following

mathematical expectations:

o0

/ g(t)dH (1) = / (1~ H(t))dg(t)
0

[

Mg(Z;)

1 T t
=3 B /eXp<—g((z))>d9(t) =
— B G
1= 1= 0
1 k k
=52 ST 0OMyH(c0;8) = S 0D Mg [M6]
=1 =1 =1
Thus,
k . )
Mig(Z;) — " 008l = .

(11)
=1

With the use of (11) we estimate the parameters () minimizing the empirical quadratic deviation

k
U2(0) = iz )= 5" 0D5"12 5 min,
=1

7j=1

which yields the MLS estimate (LSE) for %), i = 1,k . From the MLS system

dUz(0) -2 050150 :
]: =

we obtain estimates (10). Thus, the MLE and LSE of parameters #() coincide and are given by (10)
Note that both methods are usual statistical methods and not Bayesian ones

. Let us show that for
estimates (10) representation (4) holds with
i (i) Lo 1 s -
i )( J’5J )= g(i)dj - (9(@)253' g(Zj)’ i=1k.

Since for all i = 1, k

MI0(z;;69) = ~ H(o0si) 1
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then
(i) sy Ho(oo
MG (25;6(7) = ~Z000 2/9 () dHy (1) =
0

o0 g(t)

Bi Bi -

= — 9t —

005 + 0025 g(t)de 0

0

and, similarly,

My (25602 MQ{HO(C.)O;Z.)— 2 / G(O)dH (8 )+
0

o0 o0 g9(t)
Bi 203 G
DE 0/92 t)dH (t;i } 00 )Qﬁ O 0 g(t)de 00 —

y B _
L) 4/3/ de 9( —WG(O,OO)-

Thus, for estimates (10), representation (4) and, hence, properties (5)—(7) hold. The considered example
of exponential measures o9 (t; 0()) contains the corresponding measure from [8], which is obtained with
kE =1 and g(t) = t. However, we propose three types of estimates for F'(¢;i), which differ from
the multiplicative estimate from [8]. Since we consider more general measures than exponential, the
estimates of the parameters of which satisfy representation (4), we can also consider a generalized
analog of the estimate from [8] in the following form:

. morl = HY(Z)) + k51700
F(t;i)=1—(1—H(t — & , 12
i (t0) = 1— ( <>>j1]j T (12)

where ’yj(.i) t) =(@1- 5§i))I(Zj < t). Note that the estimate of type (12) with the known parameters

o which is Bayesian with respect to the quadratic risk in the MCR, was studied in [2], where the
author established its uniform closeness of order O(n™1) a.s. to estimates (3). In this sense, estimate
(3) can be called asymptotically Bayesian, and {F,, (t;i),m = 1,4} can be called empirically Bayesian.
Since the difference between the estimates F}, and F,;’;n, m = 1,4, is that in the empirical estimates
the prior sub-distributions Hy(t;4) are estimated by Ho(t i), we provide only additional calculations in
the proofs of the properties of empirical estimates. When studying the empirical estimates, the question
arises concerning the choice of parameters 3;, i = 1, k. If, following the authors of [8], we proceed from

the mean squared error of the estimates HS(¢;14):

MIH (i) — H(t;1)]* = Mlgn(Ho(t; 1) — H(t;4)) + (1 — gn) (Hn(t;9) — H(t;7))]* =

= (o (t0) — H(t:0))? + (1 — g LA H D)

where the first term is the square of the bias introduced into the Bayesian estimate HZ(¢;4) by the
prior representation Hy(t;7) of the sub-distribution H(¢;7), and the second one is the variance of the
empirical sub-distribution H,(¢;7), then it converges to zero for 3; = O(n®), where ¢; < 1, i = 1,k. If



Empirical Bayesian Estimation in the Model of Competing Risks 129

we require that both terms have the same order of smallness, then we must choose 5; = O(n%), 1=1,k
For simplicity, we choose the prior sample size as a(R) = = n%, and then
_ ~1/2
an T <n e (13)
. daD (t;0)
Let K; be a compact set containing the point %), the derivatives 0 exist, and
da® (t: 9@
sp |2 o), i=TE. (14)
(t0D)eRXK; do

According to (9), condition (14) holds for exponential measures. Then for each i = 1,k the following
inequality holds a.s.:

sup  |HS(t;4) — HS(t;4)| < gn - sup  |Ho(t;4) — Ho(t;1)] <

(t;0(D)ERXK; (t0D)eRXK;
<o sup o a@@:09) - @ (00) < (15)
B (t0D)ERXK;
(@) (+- 9(0) , , 1/2
L e ()
B (t:0)eRX K; do n

This inequality is derived with the use of the mean value theorem, LIL (6), and relations (13), (14),
By < B, i =1,k. Now with the use of (15) and the LIL for the empirical sub-distributions, we obtain

sup  |HI(t0) — H(t)| <an  sup  [Ho(t;4) — Ho(t;1)] <

(t0(D)ERXK; (t:0)eRX K;
<qn  sup  [Ho(tid) — Ho(td)| + sup  [Hy(ty4) — H(t;0)| = (16)
(t0(0)eERX K; —oo<t<oo

1/2
= O(gn - LY + O(qn) + O(L; 1) = O(L; 1) = O((loglﬂ) ) as.

n
For the parametric Bayesian estimates Kg(t; i) of c.h.f. (1), the LIL holds. Let
T<Typ=inf{t e R: H(t) =1}.

Theorem 1. Assume that relations (4) and (14) hold. Then for all i € J

~ loglogn 1/2
sup |AS(t;i) — A(t;4)] = O <7> a.s.
—0o<t<T n

Let the sequence {T,, n > 1} be such that T,, < Ty and T,, — oo for n — oo in a way that

1 1 1/2
1 - H(T) > (L Og”) .
n

Then for alli € J

-~ og 10en 1/2
wp|u—H@mwmw—Mmm=0<G§5L> )aﬁ

—co<t<Ty, n
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The proof of Theorem 1 is the same as that of Theorem 3.4.1 from [1]. One just needs to take into
consideration estimates (13), (15), and (16).

Let us now formulate the corresponding LIL-type results for all introduced estimates of the expo-
nential functionals.

Theorem 2. Under the conditions of Theorem 1, for m = 1,4 and i € J we have

~a ) ) loglogn 1/2
sup |Fo,(t;3) — F(t;9)] = O | ——— a.s.,

—oco<t<Ty, n

—oo<t<Ty, n

og 1ogn 1/2 ;
sup  |(1 — H(t))(F(t; 1) — F(t;1))] :0<max{<lgi> ,)\(Z)(n)}> a.s.,

where
AD(n) = (1= H(T,))(1 = F(Ty;1)).

The proof of Theorem 2 for m = 1,2,3 repeats that of Theorem 3.4.2 from [1], and for m = 4
repeats the proof of the main theorem of [2]. One just needs to use estimate (13) for gy, from which for
m=1,2,3 and 7 € J it follows that

sup |ES, (ti) — Fg (t;4)] = O<n1—1/2> a.s.
—oo<t<T
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