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We study homogenization of nonselfadjoint second order elliptic systems with e-periodic
rapidly oscillating coefficients as ¢ — 0. We obtain the L?>- and H'-estimates for
the homogenization error of order €. The estimates admit the operator form and can
be written in terms of the resolvents of the original and approrimate systems in the
operator norm || - |22 or || - ||r2— 1. The shift method is used for obtaining such
estimates. Bibliography: 20 titles.

1 Introduction: Operator Estimates in Homogenization
and Shift Method

Error estimates have always been in the focus of homogenization theory (cf., for example, [1]-[3]).
Such estimates are proved in different norms depending on the specific nature of the problem
under consideration. For example, the H'- and L?-norms connected with energy estimates are
natural for second order elliptic equations of divergence form. In the early results, the majorants
in the estimates depend on the data of the problem in such a way that the estimates cannot be
given an operator meaning. We explain by an example in what situations the error estimate in
homogenization admits the operator interpretation. Let the original and homogenized equations
be written in the resolvent form, and let their solutions can be represented as the action of the
resolvents of the corresponding operators on the right-hand sides of the equations:

ue = (A" + D)7, ug=(A"+1)7 S
Assume that for small € (0 < € < g¢) the following estimate holds:
|ue — uollr2 < ecl fll L2, (1.1)

where the constant depends only on the dimension and ellipticity constant. Then, by the
definition of the operator norm, the estimate (1.1) implies the following estimate in the operator
norm for the difference of resolvents:

|(A® 4+ 1)71 — (AO + 1)71HL2—>L2 <ee, 0<e<eg.
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Thus, the error estimate (1.1) admits the operator interpretation.

Over last decade, there has been an increasing interest in operator error estimates in homog-
enization theory (cf. [4] and the references in [5]).

From the methodological point of view, this paper continues the study going back to the
papers [6] and [7], where the shift method and its modification based on the Steklov average (or
smoothing) were proposed.

We recall the main steps of the shift method and its modifications. First, an additional
integration parameter is introduced, directly via shift or indirectly via Steklov averages. Second,
a residual for the first approximation to the original equation is subject to a specific analysis.
Note that the first approximation can involve a shift with respect fast variables or smoothing with
respect to slow variables, which makes it possible to obtain operator estimates. In many cases, in
particular, for scalar problems, it is possible to pass from the obtained H'-estimates with shifted
or smoothed first approximation to the standard first approximation, but this is not the case for
a general vector problem because the classical first approximation not necessarily belongs to an
H'-space. Hence a question arises how to find a suitable form of the first approximation. This
question was answered in [7] with the help of Steklov averages.

The universality of the shift method can be seen already in the early works [6]-[12] devoted
to obtaining operator estimates in homogenization by the shift method. In particular, it was
shown there that the method is applicable to equations of different type, elliptic and parabolic,
scalar and vector, linear and nonlinear, not necessarily selfadjoint and, possibly, with various
type degenerations (cf. also the references in [5]).

Another feature of the shift method is that it is applicable to problems with not only periodic
but also locally periodic and many-scale coefficients (cf. [13] and the references in [5]). We recall
that a function of the form f(x, Z) is said to be locally periodic if the function f(z,y), x € R4,
y € R is periodic only with respect to y, so that f(z, Z) slowly varies and simultaneously
rapidly oscillates with respect to different groups of variables for small € > 0. By a multi-scale
function we mean a function that is periodic with respect to different groups of variables with
different periods provided that the periods are infinitely small of different order as e — 0. For an
example of a multi-scale function one can consider a function of the form f(Z, §), where f(y, 2),
y € RY 2 € RY, is 1-periodic with respect to all variables, § — 0 and §/e — 0 as € — 0.

In [6, 7], as an example of a vector problem, the system of equations of elasticity theory with
e-periodic coefficients was intentionally discussed in order to clarify how the shift method works
in the vector case and how technical difficulties of vector analysis could be reduced to similar
ones in the scalar case,

For systems of elasticity theory the corresponding fourth order tensor possesses symmetry
properties (cf., for example, [3, Chapter XII]). Respectively, a special language is required for
problems of elasticity theory because of specific relations and inequalities. For example, if the
problem is formulated in terms of symmetric gradients of vector-valued functions, then various
Korn inequalities are considered as counterparts of the Friedrichs and Poincaré inequalities.
However, the symmetry properties of a fourth order tensor are not essential in the shift method.

In this paper, we show that the tools used earlier for systems of elasticity theory can be
also applied to a second order elliptic system of general form. For this purpose no new original
concepts and ideas are required, but only the notation becomes much more cumbersome.

The main results of the paper are presented in Section 3 (Theorems 3.1 and 3.2).
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Unlike problems of elasticity theory, the ellipticity condition for a tensor is formulated not as
an algebraic relation, but in terms of the coercitivity inequality for the energy integral (cf. (3.4)
below). Such an approach to the definition of ellipticity was used, for example, in the survey
[14] on the G-convergence of elliptic operators. This ellipticity condition should be separately
verified for each particular system. For the system of elasticity theory this condition follows from
the algebraic positive definiteness condition for fourth order tensors and the Korn inequality for
compactly supported vector-valued functions.

This paper was planned and discussed with Professor V. V. Zhikov. In fact, this paper could
have appeared more than 10 years ago, after publication of the papers [6, 7]. However, other
problems, more important and urgent, as it seemed to us then, distracted us from this topic.

After the untimely death of V. V. Zhikov, I consider it my duty to bring our plan to life.

2 Homogenization in the Scalar Case

For better understanding the results of the vector theory, we first discuss the scalar case. In
this section, we consider the diffusion equation in the classical setting. In Section 3, where we
proceed with a general elliptic system, we will see that there is a great similarity between the
scalar and vector theories, but some differences are also observed. The differences are mainly
caused by the absence of maximum principles for vector problems.

Considering the scalar case, we restrict ourselves to formulations and some remarks, whereas
detailed proofs are given in the vector case.

2.1. L’-estimate for homogenization. In homogenization theory, the following elliptic
scalar equation in R? (d > 2) is well studied (cf., for example, [1]-[3]):

ue € H'(RY), A +u.=f, feL*(RY),
(2.1)
A = —diva®(z)V, a(z) =a(e ta),

where a(z) = {a; (m)};l x—1 is a measurable periodic matrix with real entries and the periodicity

cell is the unit cube O = [—%, %)d. While dealing with the scalar case, all the function spaces used
in this section, for example, H'(R?) and L?*(R%) are assumed (only for the sake of simplicity)

to consist of real-valued functions.

Let the ellipticity and boundedness conditions hold:
NP <ag-¢ ag-n<ATElInl Ve ER? (2.2)

for some A > 0. The operator A° depends on the parameter ¢ € (0, 1] and has rapidly oscillating
e-periodic coefficients for small e.

With Equation (2.1) we associate the homogenized equation

Uug € Hl(Rd), Agug + ug = —div CLOVUQ +ug = f, (2.3)

0 0

where a” is a constant positive definite matrix. The matrix a” can be found by the known
procedure in terms of solutions to auxiliary problems on the periodicity cell O (cf. (2.12) and

(2.13)).

447



Solutions to Equations (2.1) and (2.3) are understood in the sense of the theory of distribu-
tions on R?, i.e., in the sense of integral identities on smooth compactly supported functions.
For example, for Equation (2.1) we consider the integral identity

/[as(x)Vugv ot utpldr = /fcp dr, ¢ € C(RY). (2.4)
Rd Rd

By closure, for a test function we can take any function o€ H'(R%), in particular, the solution
itself u.. Hence we have the energy equality and e-uniform energy estimate

(2.2);
MVaue|? + [luel? < (0 Ve, Vue) + (ue, ue) = (fue) < [ flllluell < I (2.5)

Therefore, the family . is bounded in H'(R?) and, consequently, weakly compact in H! . (R).
Hence we can talk about the limit function for the family w.. It turns out that the limit function
is a solution to the homogenized equation. Various methods for proving this fact are known.

Throughout the paper, we use the simplified notation for the norm and inner product in
L?(R%):
-1 =11 lre@ay,  C5) = () ) r2ma)- (2.6)
We often use the same notation in the scalar and vector cases (for example, for the spaces L?(R%)
2 (rd\@
and L*(R%)").
The solvability of Equations (2.1) and (2.3) is proved by using the Lax—Milgram theorem.
In the language of operators this means the following. By the condition (2.2), the differential

operators A, and Ag realize bounded mappings from H'(R?) to the dual H~'(R?) = (H'(R%))*.
Namely, with any v € H'(R?) we can associate functionals A.u and Agu such that

(Acu, ) = (a°Vu, V), ¢ € HY(R?),
<A0u7 90> = (CLOV’U,, V(p), ('S Hl(Rd)ﬂ

where (f,¢) denotes the value of a functional f€ H~1(R?) on a function o€ H'(R?).

The first inequality in (2.5) and a similar inequality for the homogenized equation lead to
the coercitivity property

(A + Do) > Al gy
(Ao + 1), ) = Allell 1 gay
for any ¢ € H'(R%). By the Lax-Milgram theorem, there exist resolvents
(Ac+1)7t: HY(RY — HY(RY),
(2.7)
(Ag+1)~ 1 : HY(RY) — HY(RY).

In particular, by the embeddings H'(R%) c L2(R%) ¢ H~'(R?), these resolvents can be regarded
as operators in L2(R?).

The result about the strong convergence of solutions u. — ug in L?(R%) is well known. In
the language of operators this means the strong resolvent convergence (A.+1)"! — (Ag+1)~!
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in L2(RY). The last convergence can be strengthened to the uniform resolvent convergence
1(Ac41) " = (Ao+1) | 2(ra) 2Ry =0 (cf., for example, [15]). For the uniform convergence
rate the following exact estimate with respect to the parameter e was proved in [4, 6, 7]:

(A +1)71 — (Ag + 1)71HLQ(Rd)4)L2(Rd) <ce, c=const(d,N), (2.8)
which implies the following estimate for solutions to Equations (2.1) and (2.3):
[ue = uoll < cellf] (2.9)

with the same constant depending only on the dimension d and the ellipticity constant A in (2.2).

To prove the estimate (2.8), a spectral approach was used in [4]. For the same purpose
another method (possibly, simpler from the conceptual point of view) was proposed in [6] and
[7]: the shift method and its modification based on the notion of a generalized shift. We note that
a generalized shift is sometimes understood as the Steklov average (or smoothing) (cf. details
in Subsection 2.4).

2.2. H'-estimate for homogenization. According to (2.8), the resolvent (Ag + 1)~! of
the homogenized operator is taken for the zeroth approximation of the resolvent (A + 1)~! of
the original operator in the operator L?-norm. If the resolvent (A. + 1)~! is regarded as an
operator from L?(R%) to H'(R?), then for its approximation we should take the sum of the
constructed zeroth approximation and corrector, i.e., (Ag 4 1)~! + .#¢; moreover,

[(Ac + 1) = (Ag+ 1)1 = HellL2(rdy—m1(rey < €8, ¢ = const (d, A). (2.10)
The operator . : L?(RY) — H'(R?) is defined by
Hof = N° V(A + 1)V, No(2) = N(= ), (2.11)

where N(y) = {NJ (y)};l:1 is the periodic vector composed of the solutions to the problem on
the cell
NI € H)..(O), divya(y)(e! + VyN) =0, j=1,....d. (2.12)

1

Here, e',... e is the canonical basis for the space R% and H;er(D) is the Sobolev space of

1-periodic functions with zero mean over the cell O, equipped with the norm

1/2

H()OHHl (o) — (V%Vsﬁ)Lz(D)‘

per

Using the solutions to the problem on the cell, we can introduce the homogenized matrix,

a%¢l = (a(e! + V,NI)), j=1,....d, (2.13)
where
()= / -dy
O

denotes the mean value over the cell.

A solution to the problem (2.12) is understood in the sense of integral identity on smooth
periodic functions
(a(e? + VyN7) - V) =0, ¢ e Cp(D) (2.14)
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which can be extended by closure to any test function in H;er(D).
The solvability of the problem (2.12) is again established by the Lax—Milgram theorem
applied to the operator & = divy(a(y)V,) : H}.(O) — (HL,(0O))* acting from the space

H!..(O) to its dual by the identity (2.14). We preliminarily write the problem (2.12) as the

per
operator equation

AN =Fi,  FI = —divy(a(y)e’), (2.15)

where FJ € (Héer(D))* in view of the boundedness of the matrix a.

The operator (2.11) possess the property
. is a bounded operator from L?(R?) to H(RY), (2.16)
and the following estimate holds:
|l L2y 1 (rey < €, ¢ = const (d, A). (2.17)

This fact is not obvious. Actually, it is a consequence of the L*°-boundedness of solutions to the
problem on the cell, which, in turn, is guaranteed by the generalized maximum principle valid
for scalar, but not vector equations.

In the proof of the estimate (2.17), an important role is played by the elliptic estimate for
solutions to the homogenized equation

[uoll2ray < cllfll, ¢ = const (), (2.18)

which can be easily proved by using the Fourier transform since the matrix a® > 0 is constant.
The estimate (2.10) can be written in terms of the solutions to Equations (2.1), (2.3) and the
corresponding corrector:

|ue —uo —eN® - Vugl| g1 (ray < cel|fll, ¢ = const (d,\). (2.19)

The estimate (2.19) with majorant as above was first obtained in [7] and [9] with the help
of the shift method or its modification based on Steklov averages.

Remarks. 1. In [7] and [9], the following estimate with a Steklov smoothed corrector was
preliminarily proved:

[ue —uo — eN® - ViSup|| g1 ey < cel|fl|, ¢ = const (d, \) (2.20)

and only at the final stage it was proved that the smoothing operator S¢ can be omitted in this
estimate. A counterpart of the estimate (2.20) in the vector case will be proved below. The fact
that the smoothing operator S°¢ is involved in the corrector makes it possible to overcome tech-
nical difficulties in estimating the residual in the equation for the first approximation. Note that
such difficulties arise if the problem (2.1) is considered under minimal regularity assumptions.

2. Efficiency of the use of the smoothing operator S in homogenization problems was first
observed in [6]-[10].

3. In previous works, H!-estimates for homogenization of Equation (2.1) have the form

lue — ug —eN*® - VU[)”Hl(Rd) < Coe (2.21)
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under high regularity assumptions on the function f or the coefficient matrix a; moreover, the
constant Cj can depend on higher order Sobolev norms || f|| 7+ and the smoothness characteristics
of the matrix a like the norms ||a|| -+ with rather large k. Under such a dependence of the
constant Cj on the data, the estimate (2.21) cannot be interpreted in the operator form.

3 Homogenization of Vector Equation

3.1. The original equation. We consider the following problem for vector-valued functions:

u. € A, Au.+u.=f [feH7, 3.1)
3.1
A® = D*af(2)D, af(z) =a(e '),

where the e-periodic coefficients are complex, D = —iV (2 = —1), # = H'(R?,C") =
H'(RY" and s#* is the dual. We assume that a(z) = {ajk(:c)}ﬁk:l is a measurable bounded
1-periodic block nd x nd-matrix with complex entries such that each block ajx(x) is an n x n-
matrix, n > 1. Any fourth order tensor acting as a linear operator in the space of complex
n X d-matrices can be written in this form. Denoting by L(E) the set of linear operators in the
vector space F, we can write this assumption on a(z) as

ac L

per

(D’]L(Cnxd)) — [® (D)nxdxnxd_ (3.2)

per

Equation (3.1) involves the gradient Vu. of the vector-valued function w. which can be
represented as an (nxd)-matrix whose columns are n-dimensional vectors {J;u.}, 9; = 9/0z;,

j=1,...,d. The action of the operator A® on the vector-valued function u,. is defined by
0 ou
€ _ i —1 €
Ay, = — Z 8—%(a]k(€ ;E)ax])
Jk=1

Thus, we obtain a formula identical to that in the scalar case n =1 (cf. (2.1)).

By definition, a solution to Equation (3.1) satisfies the integral identity
(" Duc, Do) + (ue, ) = (f, ), €A (3-3)
Setting ¢ = u. in (3.3), we obtain the energy equality
(a*Due, Dug) + H%HQ = (f, ue),

where (f, ) denotes the value of a functional f € .#* on an element ¢ € 7. Hereinafter, (, )
and || - || denote the inner product and norm in the space L?(R¢). Unlike (2.6), this notation
now deals with complex-valued functions most often of dimension n or nd.

We formulate a condition for a solution to the problem (3.1) to exist and be e-uniformly
bounded in the energy norm. By (3.2), the bounded operator A® : .7 — #* sends a function
u € J to the functional A®u defined by

(A%u, ) = (a°Dug, Dp), e H.
We assume that there is ¢y > 0 such that

Re (aDu, Du) > co||Dul|> Vu € C°(RY)™. (3.4)



By closure, this inequality remains valid for any function in . A tensor (matrix) a satisfying
the condition (3.4) is referred to as elliptic.

Applying homothety to the integrals in (3.4), we obtain a similar inequality with an e-periodic
matrix a® for all € € (0, 1] and the same constant, i.e.,

Re (a° Du, Du) > co||Dul|* Yu € A, (3.5)
which implies that the operator of the problem (3.1) is uniformly coercive, i.e.,
Re (A7 + L)u,u) > cffull,

where ¢ = min(1,cp). By the Lax—Milgram theorem, Equation (3.1) has a unique solution;
moreover the following e-uniform estimate holds:

1
luelle < —[1F1l

or, in the operator form,

Q=

(A% + 1) Y ormse < = (3.6)

Thus, the problem (3.1) with the bounded elliptic tensor a(x) (cf. (3.2) and (3.4)) is well
posed and a question about homogenization of this problem naturally arises.

The ellipticity condition guaranteeing the homogenization procedure was expressed in terms
of the coercitivity estimate of type (3.4) already in the survey [14] devoted to the G-convergence
of differential operators, where, in particular, homogenization of elliptic operators of an arbitrary
even order with rapidly oscillating coefficients was discussed. This approach was further applied
to higher order operators (cf., for example, [16] and [5]). For matrix-vector operators arising in
the study of systems of equations this approach is also efficient.

3.2. Problem on the cell. In the set of smooth 1-periodic vector-valued functions of class
CS.(0,C") = C59.(0)™ with zero mean over the cell O, we introduce the norm

per per
1/2
(/\Du|2d:z:> ,

O

which is possible because of the Poincaré inequality. We denote by 4 the completion of this
set in this norm. The inequality (3.4) for a periodic tensor a(x) and compactly supported test
functions implies a similar inequality for periodic functions on the cell O

Re (aDv, Dv)o > ¢o|| D)3 Yo € Cper (D)™, (3.7)

where (-,-)g and || - ||o denote the inner product and norm in the space L?(0) of complex-valued
functions most often of dimension n or nd. The inequality (3.7) will be proved below. By
closure, the inequality (3.7) holds for all functions u€.#% and implies that &/ = D*a(x)D is a
coercive operator from % to the dual (#5)*. The operator &7 = D*a(z)D is bounded in view
of (3.2).

For vector-valued functions V¢ we consider the following problem on the cell:

Ne € A, D*a(x)(DNg+§) =0, (3.8)
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where £ = {¢;} € C™*? is a fixed matrix playing the role of a parameter. By definition, the
solution satisfies the integral identity on periodic functions

(a(DNg +&),Dp)a =0, ¢ € . (3.9)

The problem (3.8) can be written as &/ N = F with F' = —D*(a(x)§) € (Jh)*. By the
properties of the operator .7, this equation is uniquely solvable in view of the Lax—Milgram
theorem and the solution satisfies the estimate

| Nell o < cll€llcnxa, (3.10)

where the constant depends on the norm ||a|| (o) and the ellipticity constant co in (3.4). One
can observe a certain similarity in obtaining the solvability result for Equation (3.1) and the
related problem (3.8) on the cell.

Since the problem (3.8) is linear, from the expansion £ = Zj,k: e/, of a constant (n x d)-
matrix { = {;;} in the basis matrices e’ kin C"*? we obtain the representation

Ne(x) =Y N*(@)&, (3.11)
7,k

where N7* is the solution to the problem (3.8) with ¢ = e/

To conclude the subsection, we justify the key inequality (3.7) for the problem (3.8), We use
arguments of [14], where a similar situation was considered.

Lemma 3.1. If a(z) is a bounded elliptic tensor, then (3.4) implies (3.7).

Into the inequality (3.5) obtained from (3.4), we substitute a compactly supported function
Ye(a) = cv(e™ta)p(x), v € C5(D)", ¢ € C§°(R?), such that
Dye(x) = (D) (e a)p(x) + ev(e™'x) @ Dp(a),
where the tensor product of vectors is of order O(g). As a result, we have

Re ((IEDT,ZJ&:» Dwe) 2 COHDwsHQ'

Letting ¢ — 0, we find

Re(aDv, Do)s [ [o(e)do > col Dol [ oG do
Rd Rd
in view of the mean value property of periodic functions. Reducing by a common factor, we
obtain (3.7). We recall the mean value property of periodic functions (cf. [3, Chapter I, Section
1]): if g € LP(O), p > 1, then g(e~'z) — (g) in L (R%) as ¢ — 0, where

loc
(9) = /g dz.

The symbol — means the weak convergence in the corresponding space. In particular, by the
mean value property,

lim [ g(e™'2)p(z)dx = (g>/g0(x) dz, ¢ € CP(RY). (3.12)

e—0
R4 R4
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3.3. Homogenized equation. We introduce the homogenized tensor a® by
%€ = / 7)(DNe(e) + €) dr = (a()(DNe() +€)) Ve € €

where N is a solution to the problem (3.8).

Lemma 3.2. The tensor a° is elliptic of class (3.4).
Proof. We need to verify the inequality
Re (a®Du, Du) > co||Dul> Vu € C°(RY)™.
For this purpose we substitute the function

Ye(x) = u(z) + &> N (e z) Dpuj()

Jk

(3.13)

(3.14)

into (3.5), where N7¥ is the same solution to the problem on the cell as in (3.11) and u;, Dy, are

components of the vectors u, D respectively. Then we obtain the inequality

Re (a° Dy, D¥e) > col| Dye|?

and pass to the limit as € — 0. We note that

Dy = Du+ Y (DN'*)(e7'2)Dyu; + &> N*(e™'z) @ D(Dyuy)
Jk gk
- Z (e]k + (DN*) (e~ )) Dyuj +¢ Y N¥(e™'z) © D(Dyuy).
7.k
Therefore,

lim (a° Dve, DY)

e—0

= lim Z (a®(e?* + (DNI*) (e 2)) Dyuy, (€™ + (DN"™) (e 2)) D)
e—0 e
-]7 "y

= a(e’® + DN*) (™ + DN"))g | Dyu;Dpu de,
J

j:k7l7m Rd

where we used the mean value property (3.12) at each step.
We recall that N7* is the solution to the problem (3.8) on the cell with ¢ = e/*

(a(e’* + DN7*), DN'™)5 = 0
in view of the integral identity (3.9) with the test function ¢ = N'™. Hence
(a(e™ + DN%), (™ 4+ DN'™)g = (a(e* + DN, ™)

_ <a(€jk + DNyk;)> . elm — aoejk . elm’
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where the definition (3.13) of the homogenized tensor is taken into account.
From (3.17) and (3.18) it follows that

lim Re (a® D)., D)) = Z Re aoejkauj ™D, dx
e—0

j,k,l,m Rd
= Re /a0< Zejkau]) : ( ZelmDmul) dz = Re (e Du, Du). (3.19)
R 7.k l,m

Hence we obtain the limit of the left-hand side of (3.15).

Now, we pass to the limit on the right-hand side of (3.15). The structure of D). is such
that (cf. (3.16)) Dy. — Du in L2 (R?) in view of the mean value property (3.12). By the weak

loc
lower semicontinuity property,

timinf || Dy | > [|Dul . (3.20)
E—
Thus, (3.15), (3.19), and (3.20) imply (3.14). The lemma is proved. O

The homogenized problem for the problem (3.1) has the form

wve A, Au+tu=7Ff feHx*,

3.21
A% = D*a"D, (3.21)

where the tensor a° is defined by (3.13). Since the constant tensor a" is elliptic of class (3.1), this
problem has a solution and an operator estimate of type (3.6) holds for the resolvent (A°+1)~1.

If f € L?(RY)", then the solution to the homogenized problem belongs to H?(R?)™ and
|l g2mayn < 1l fllL2grayn, €1 = const (co, d), (3.22)
which can be obtained by differentiating the equation in (3.21).

3.4. First approximation. For an approximation to the solution to the problem (3.1) in
the energy norm we take

ve(z) = S%u(z) + &> N¥(e'a)DpSu;(x) = STu(z) + Ke(), (3.23)
3k
where u is the solution to the homogenized problem, N7* is the solution to the periodic problem
(3.8) with ¢ = €%, and
Sep(x) = /cp(x — ew) dw
O

is the Steklov average (or smoothing operator) defined for ¢ € L{ _(R?). It is natural to call a
term K (z) in (3.23) the corrector.

The following property (first noted and proved in [7]) of the Steklov smoothing operator

played a crucial role in the choice of the first approximation in the form (3.23).
Lemma 3.3. If pcL?(R%), beL? . (0), and b°(x) = b(s~'x), then b°S°p € L*(R?) and

per

16°5% ¢l L2 may < [1bllL2(0) 1@l 2(Ra)- (3.24)
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Based on this property, it is easy to see that the most problem term K. (x) in (3.23) belongs
to the space # and the following estimates hold:

K. ||72mray < cellul| g1 iprdy,
1Kz ey < cellull i ey (3.25)
DK L2ray < cllull g2 (gay,

where the constant depends only on the norms || N7*|| . Without the smoothing operator in
(3.23), it is impossible to guarantee that v. belongs to the energy space ##; moreover, both
estimates in (3.25) become questionable.

Theorem 3.1. Let u. be a solution to the problem (3.1) with a bounded elliptic tensor a(z)
and f € L>(RY)", and let v be defined by (3.23). Then

[ue — vellp2rayn + | D(ue — ve) | p2maynxa < O fllL2Rayn (3.26)

where the constant C depends on the L -norm of the tensor a (cf. (3.2)), the ellipticity constant
co in (3.4), and the dimension d.

For the first approximation to u. we can take a slightly modified function v, with smoothing
only in the corrector:

Ue(z) =u(z) +¢ Z N*(e ' 2)DSCuj(z) = u(x) + Ko (). (3.27)
jk

Theorem 3.2. Under the assumptions of Theorem 3.1,

[ue — ull 2mayn < €C| fll L2(mayns (3.28)
HUE — /'Z}EHLQ(Rd)n + ||D(u5 — 6&)‘|L2(Rd)n><d < EC”fHLQ(Rd)n, (329)

where C' is a constant of the same type as in (3.26).

Theorems 3.1 and 3.2 are proved in the following section.

To obtain homogenization estimates, we use, in addition to (3.24), other properties of the
Steklov smoothing operator:

HS€<PHL2(Rd) < HSOHL2(R‘1)7 (3.30)
15°¢ = ¢l 2@y < (VA/2)l Vel L2y, (3.31)
15°¢ = el -1y < (Vd/2)ll@l L2ay. (3.32)

The proof of (3.30)—(3.32) can be found, for example, in [7] or [5].

3.5. Remarks and examples. In a close setting, operator estimates for systems of elliptic
equations were studied in [17, 18]. In [17], the coefficients are assumed to be sufficiently smooth,
which makes it possible to apply the first approximation method in the classical form [1]-[3]
without using any shift or smoothing. In [18], the spectral method in a version going back to
[4] was used and, respectively, the smoothing operator naturally appears in the H'-estimates,
but of different kind than that in (3.29). In [17, 18], the matrix differential operator is allowed
to involve lower order terms; moreover, in [18], the coefficients of lower order terms can be
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unbounded. Such a generalization can be also handled by our method: in [16, 5], the shift
method was applied to the study of operators with lower order terms. In [17], locally periodic
coefficients were admitted. The shift method is also adapted for operators with such coefficients
(we refer to [13, 5] for homogenization estimates for operators with multi-scale coefficients).

In this paper, we do not pursue the goal of covering the most general operators, but we focus
on operators of matrix-vector structure.

Finally, we give examples of operators satisfying the condition (3.4). First of all, this condi-
tion is satisfied by the selfadjoint operators studied in [4] and their nonselfadjoint generalizations.

The operator homogenization estimates in [4] are proved for second order factorized operators
written as the products of mutually adjoint first order differential operators, for example,

d
A=27%, % =hbD), bD)=)_ Db, (3.33)
j=1

where b; are (mxn)-matrices with constant coefficients, m>n, rank b(¢) = n, 0#¢ € R?, and
the 1-periodic (mxm)-matrix h = h(z) is bounded and boundedly invertible.

For many operators in mathematical physics a factorization of type (3.3) is already present
from the very beginning or can be “imported” by some artificial tricks (cf. [4, 17]). Differential
operators of the form (3.33) and similar ones were studied in [19, 20].

An operator of the form (3.33) can be written as

d
A= Z Djajka, Qi) = b; g bk, (334)
3,k=1

where g = h*h. One can take a nonfactorized operator of the form (3.34) with the same matrices
b; as above, but assuming only that g € L3

per(0,C™*™) and Re g is uniformly positive definite,
instead of factorization of g = g(x).

4 Proof of Estimates in Homogenization

We divide the proof of the error estimates in homogenization into several steps.

1° First of all, we note that the function S€u, in (3.23) is a solution to the homogenized
equation with smoothed right-hand side

(A° +1)S°u = S°f. (4.1)
We find a residual of the approximation (3.23) in Equation (3.1):
A" (Ve — ue) + (Ve — ue) = A0 + v — (A%ue + ue)
=A% +v.— f=A%4v.—Sf+(Sf—f)
(E‘) € 0 £ €
= A% +v. — (A +1)Su+ (S°f — f)
= A%, — A%S°u + (v. — S°u) + (S°f — f).
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Recalling the structure of the function v. (cf. (3.23)) and the operators A° and A°, we obtain
the following equation for the difference v, — u,:

A% (ve — ue) + (ve — ug) = D*(a°Dv, — a®DS%u) + K. + (S5 f — f). (4.2)

Since the resolvent (A 4+ 1)~ satisfies the operator estimate (3.6), we need to show that each
component of the right-hand side of this equation is sufficiently small in the J#*-norm. We note
that the second and third terms satisfy the estimates

[ Kelloes < Cellfll 22 may,

(4.3)
1S5 f = flloee < Cellfllr2(may

in view of (3.25)1, (3.10), the energy estimate for the solutions to the homogenized equation,
and the properties of the Steklov average (3.32).

We study the first term on the right-hand side of (4.2). As in (3.16), we represent the
gradient Dv. in the form

Dve =Y (e + (DN%)(e'2)) DiS°uj + € > N¥(e™'w) @ D(DypSuy).
3.k gk

Then a®Dv. — a®DS%u can be written as

a*Dv. —a’DS°u = Z ¢F (e a) DySTuj + eaf Z N*(e™ z) @ D(DpSuy), (4.4)
gk Jk
where

7" (y) = aly) (€ + DN (y)) — (a(e’* + DN'F)), (4.5)

provided that we take into account the definition of the averaged tensor (cf. (3.13)) and the
representation of the averaged flux

a’Dw = a° Zejkawj = Z(aoejk)Dkwj = Z(a(ejk + DN*)\Dyw;, w = S¢u.
]7k ]7k ]7k

By (4.4), we have
D*(a*Dv. — a®DS*u) = D*.% + D*.%, (4.6)

where
A = Zgjk(sflcc)DkSguj, Sy = ZaaENjk(sflx) ® D(DySu;).
.k .k
Our next goal is to prove the estimates
|D* A < Cell fll L2 ways

(4.7)
| D* A2+ < Cell fll L2 (may-

2° We consider the matrix (4.5) for any fixed pair j, k and the corresponding typical term
g% (e~ ) D S%u; in 7. We simplify the notation as follows:

M) =9(y), ¢ e)DrSuy = g(e7 ) 2(x) = g7 (2)2(2). (4.8)
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We need to estimate the norm || D*(g°z)|| s~+. By construction, the (nxd)-matrix g(y) = {gns(v)}

possesses the properties (¢g) = 0 and (g, Dg)n = 0 for all ¢ € ngr( )™. Consequently, each

row of the matrix g is a solenoidal vector g, = {gns}9_; in Lper( )¢ with zero mean over the
cell, i.e., (gn) = 0 and (g, DY)o = 0 for all ¢ € CFe,(0). It is known that such a vector can be
represented as the divergence of a skew-symmetric matrix (cf. [3, Chapter I, Section 1]). More

exactly, there exists a matrix G = {G",} € Hl.(O, C%*d) such that

() 1G" 2y oyova < lgnllza, (oyer ¢ = const (d),
(ii) G" is a skew-symmetric matrix, i.e., GI, = —GP, for all s,t,
(iil) gn = D*G", ice., gns = >, DiGly, 1 < s < d.

The solenoidal vector g, related with the particular matrix (4.5) satisfies the estimate

lgnllzz, @) < ¢ ¢ = const (co, [lal[Le=)

in view of (3.10). Therefore, by (i),
IG™ |11, (@yexe < ¢, ¢ = comst (co, [|a] <, d). (4.9)

By (iii), we can represent each entry of the matrix g(¢~1x)z(x) as follows:

ghs(e ' 2)2(x) = D (DiGh) (e )2 Z Dy(eGh (e 1 - 52 G (e ') Dyz(x).
t
(4.10)
Hence for any ¢ € C§°(R%)"

(9827 D‘ﬂ) - Z(gzsz, Ds(Ph)
h,s

= Z/ ( ZDt(EGZt(E_ 5ZGst (e™ Ly )Dyz(x )) Dsop(z) dz
hs ga t

-2 [ sl s DD o - = Y / Gly(e™"2) Dy () Daspr(x) de,

Rd st hst

where

> eGh(e 7 x)2(2) DDy () da = 0,

Rd s,t

since the matrix G* = {G"} is skew-symmetric and the matrix of second order derivatives
DDy, = {D;Dspp} is symmetric. Thus,

(¢°2,Dyp) = —52/ x)Dyz(z) Dson () dz,
hst

which implies
ID*(°2) L= <D I(GM) D2l 2 gy (4.11)
R
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Recalling that the smoothing S°Dyu; of components of the matrix-valued function Du (cf. (4.8))
is taken for z and u € H?(R%)", we see that Lemma 3.3 implies

I(G")" Dl 2 gaya < IG* ||z, @yaxallel 2 gaye- (4.12)

per

From (4.11), (4.12), the elliptic estimate for u, and the estimate (4.9) for the matrix G it
follows that

I1D*(9%2) |l = < eC|| f| L2 (matyn- (4.13)
Thus, the first estimate in (4.7) is proved.

The terms of the sum .% in (4.6) can be also estimated by using Lemma 3.3 since

2 (o) HUHH?(Rd)n

, (3.24) ,
IN* (e 2) © D(DpS°us) || poaynxa < >IN
ik

(3.22) | (3.10)
< ZCHNJkHLf,er(D)"||f||L2(Rd)” <l fllpemayn- (4.14)
ik

Thus, the second estimate in (4.7) is proved. From (4.2), (4.3), (4.6), and (4.7) we obtain (3.26).

3° In the estimate (3.26), we can replace v, with v, since v.—v, = S*u—u and
[15°u — ul| 2(rayn + |1D(S"u — w)|[ L2 maynxa < €C|[f | L2mayn-

To obtain the last estimate, we use the property of the Steklov average (3.31) and the elliptic
estimate (3.22). Thus, we proved the estimate (3.29).

4° To obtain (3.28), we ignore the term with gradient in (3.29) and note that u. — u =
(ue — V:) + Ke(x), where [|[Ke| p2rayn < €C||f|[12(ray» by Lemma 3.3.
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