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We obtain a formula for the spherical transformation of generalized shift of a function
depending on multiple-azial spherical symmetry. This formula shows that the generalized
shift order depends on the dimension of the spherically symmetric part of the Fuclidean
space. The formula can be used for reducing some problems in weighted function spaces
to the case of function spaces without weight. For an example we prove the global
continuity with respect to shift and show that functions of class Cgy  are dense in the
weighted Lebesgue classes. Bibliography: 6 titles.

1 The Main Notions and Notation

Introduce the notation ' € R,, 2”7 € Ry_,, Ry = R, x Ry_,, RJJ\F, is the Euclidean n-
dimensional half-space of Ry defined by z1 > 0,...,x, > 0, v are fixed positive numbers,
k=T1,n,n<N,and S;7(N) ={z: |z| =r}T = {z: |z| = r} NRY. The area of the weighted
n-dimensional half-sphere S;F(N) is defined by formula (1.2.5) in [1]
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n
where (2/)Y = ] «*. We consider the singular Bessel differential operator
k=1

0? 0
By = o 5
Ory  wy O:Ek
k = 1,n. Denote Ba, = BS! ... B§» and D2, o, = DyriloLL. Dgx, ij = . The mized

BD-derivative of order |a| = 2|B’| +|8”] of a function f is defined by Bm, Dm,,f(:n 2. We say
that a function is z’-even if it is even with respect to each component of the vector z’. The
set CS° of infinitely differentiable 2/-even functions is invariant under taking the BD-derivative.
The set of infinitely differentiable z’-even compactly supported functions is denoted by Cevo
We introduce the multi-dimensional mized generalized shift of order v = (1, ... yn) by

OTYf)(@) = OTY )@ 2" — o) H (T2 )@ " — o)

where the generalized Poisson shift acts on each weight variable z (k= 1,n)

T ('Y)Hrl) T
Vi Tk ky _ Ve~
(FTZ*f) (g, 27) = TA2T 00 /2) /f T} + Y7 — 2x4yk cos O ) sin™ ! 0,.do),

and 2 = (z1, ... 241, Tpy1, ... 2N), k = L,n (cf. [2, 3]). In particular, the shift commutes
with the singular Bessel differential operator: B, ("T¢* f)(zy, 2*) = ("WTY* B, f)(zg, v%) . Con-
volutions of the form

(u * v)y = / (V) () (y)(y')" dy
e

are called mized generalized convolutions generated by the mixed generalized shift of order ~

2 Spherical Transformation of Generalized Shift

Denote by ("T* f(y) = g(y)) one or several arithmetical operations for functions ("T7 f) (y)
and g(y). We begin with the case n = 1 (7 is a fixed positive number), i.e., the generalized shift
acts only on one variable

T(y+1/2) [

T f)(y) = OT; )y, y'—a') = RERE /f(\/x%+yf—2x1y1 cosa, ' —y') sin ada,
0

2

where z,y € R}, R ={z = (z1,2') = (z1,%2, ... Tm),z1 > 0}.
Theorem 2.1. Assume that v>0, v = [y] + {7}, where [y] and {v} are the integer and

fractional parts of v, [yY| =m —1, m > 1, and {v} = p. Let f = f(|z|) and g = g(|x|) be radial
functions in R} = {z: 21 > 0}, and let the weighted Lebesgue integral of the operation (%)

£ walu= [ CTRF 10 =P = gllo) o dy < oc.

R,
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Then

[f > gl =18 (m)] [f(r) * g(r)], = IST(m)!u/(”T”f(T) * g(r)) 7 dr, (2.1)
0

where p = |z|, ST (m) = {ly| = 1} ={y : [y| = 1,51 > 0},

72T (4 1/2)
I'(m+ p/2)

1S (m)],s = / gl ds =
S (m)

(2.2)

Proof. For [y] =0 (i.e., m = 1 and u = {7} # 0) the equality (2.1) becomes identity since it
connects two one-dimensional integrals and |S; (1)|, =1 (cf. (2.2)). Therefore, we consider the
case [y] =m — 1, m > 2. In this case, the generalized shift acts on the first variable. Introduce
the normalizing constant

 T(p+1/2)
W = FumTi/s)
We have

f*gly = / (P2 (2 e —y ) % gly) v dy

R,

=C(n) / ( /f(\/y%+x%2w1y1 cos |z’ —y'[2 ) sin” " ada % g(ly!)> y1 dy
R, 0

=) [ [0l cosaanatsin? arla/—y/[2) sint ™ dax g(ul) of dy
REt O

We recall that y € R and, consequently, y; > 0. Therefore, the pair (y1, @) can be regarded as
the polar coordinates of the point (z1,z2) on the half-plane z5 > 0:

z1=y1cosa, zog =yrsina (0 < a<m). (2.3)

Taking into account that sin*~! ada y}' dy = 2 L dz1dzy, we write

-1
=) [ (0 ermaesgelo =)« oleD)) 47 de.
R
where z = (21,22,¥) € R}, = {2 : 22 > 0}. We simplify the obtained relation by rotation
about the Ozs-axis in such a way that the direction of the Oz—axis coincides with the direction
of the radius-vector of the point Z = (x1,0,2’):

[ xae=C) [ GO/ rlal?+ 4P x =) 7 .

+
Rm+1

701



We introduce the spherical coordinates z = r6, |#| =1 in R}, ,

Z1 = T COS 1,

Yo = 7 Sin Y1 COS Y2

............ 0<py; <, 1=1m.
Ym = Tsin @] Sin@s ... SN Y1 COS Yy,

Zzo = 7sine; sings ... sin @y, Sin @y,

It is clear that zo > 0 under this change of variables. A formula for an element of the unit sphere
in an Euclidean space of an arbitrary dimension is well known. In R,,11, we have

dS = sin™ ! p1dpr sin™ 2 g dpy ... siny—1 dom—1 dem -
Hence
Stm+ D= [ 47as

57 (m+1)

m m

™ ™
= /sin"”“2 p1dpr /sinm2 padpy ... /singom_l dpm—1 /dgpm.
0 0

0 0

Therefore,

_ C( SJr‘M 2 2 2 2 N2 202
(f*x9)u=— 7" 01+p?—2rpcos p+r2(0')2+r203, )

(81ng01)m+“ 2d<p1 0

o

C(H) ’Sﬂu

x sin™ 2 o dp % g(r)) r™ T dr = —

/(Sin 1) 2 dipy

0
x/(/f(\/r20%+p2—2rpcos<p+7"2(9’)2+r2972n)sinm+“2@d<p*g(¢)>rm+“1dr.
0

We note that r202+p?—2rpcos o+r2(0')2+r%62, = r2 + p?> — 2rp cosa. By the formula for the
Euler g-function, we have

™ /2
. _ : _1/9— Fim+p—1/2)I(1/2)
m4p—2 2m+p—1/2—1
0/(sm 1) dpp =2 0/(51n ©) dp = T(m + 1/2) :

The obtained coefficient is the normalizing constant of the generalized shift of order m—1+u = 7.

Consequently,
oo

(f * gl = CWIST (m + Dl / TP F(r) % g(r)r dr

0
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It remains to compute the coefficient. According to formula (2.2) (or formula (1.1) applied to
one weight variable), we have

1S5 (m 4+ 1)1 = HﬂﬂM

L(m+p/2)
Hence
(m _ Pw+1/2) o T(/2)
COSEm+ Dbt = ST/ ™ T+ 2
- 2T(m—|—u/2) - |Sl( )‘!La
where the last equality follows from (2.2). O

Remark 2.1. In the case u = {7} = 0, the relation (2.1) should be understood in the
following sense: a usual shift acts on the left-hand side, whereas the operation [%], on the right-
hand side is satisfied by one-dimensional functions with the generalized Poisson shift of integer
order [y] = m — 1. The corresponding equality for generalized convolutions is known (cf., for
example, [3, formula (2.1)]).

We need the following assertion about extension of Euclidean spaces, based on spherical
symmetry. Let v = (71, ... ) be a multiindex consisting of positive numbers. We represent
v = [v] + {7}, where [vy] and {7} are multi-indices of integer and fractional parts of numbers
i (some of them can vanish, but they cannot vanish simultaneously). Let f(z,2”) be defined
in the n-dimensional half-space R},. We consider the function f({, ") = f1EDW, ... 1M, ),

where z; = [¢®)], ¢®) = (¢ el e RY L (6,0") € R, xRy =R om =3 my,
k=1

my?

= [vk] + 1. Since this function is even with respect to 5 (k) , we can assume that all the

components of £ are positive. We set RY_, .= {(¢,2”) : ) >0,k=1,n}.

Theorem 2.2. Let 7TV be the mixed generalized shift corresponding to the multiindex -,
and let f and g be summable functions in ]R]J(, for which there exists a weighted integral of the
operation (x) generated by this shift. Then

-1
[f*gly = /(("’T””f)(y) * g(y)(y') dy = (H S5 (my, |{wk})

+
]RN

x / (OVTER " — ") * G0 dndy”, (2.4)

+
RN n+m

(k)

where {7}T§ is the mized generalized shift (acting only on the first coordinate 1"’ of the vector
n*) ¢ Ry, , whereas usual shifts act on the remaining variables)

a2 () +1/2)
L(my +{}/2)

1S5 ()l = / (€0 g5 =
S (my)
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Proof. We have

/ (DTS, 2" — ") * G0,/ ) dndy’

RE n+m
/ dy’ / / (VTEF (2" — ") G,y H Noud gD ™
RN n Rﬁql Rﬁbn k=1

Applying formula (2.1) to each integral over R . we obtain (2.4). O

my?

3 Properties of Weighted Lebesgue Classes of Functions
Connected with Generalized Shift

We consider functions defined in Rj\} and assume that n is fixed, 1 < n < N (the case
n = 0 corresponds to the classical theory). We denote by Q1 a bounded domain adjacent to the
coordinate hyperplanes 1 = 0,...,2, = 0. The boundary of Q" consists of two parts: I't in
R and Ty in the hyperplane 1 = 0,...,z, = 0. Since we will consider 2’-even functions, I'g is
the symmetry surface. Therefore, Q7 is understood as a partially closed domain Qt = QU T.
An interior subdomain of Q" adjacent to the symmetry surface is called s-interior. We denote
by f an s-interior subdomain of QT at distance at least § from I'". We denote by L (™)
(p > 1) the closure of the set of measurable z’-even functions in the norm

1/p

1y = [ / F@)P @) d:c] . (3.1)
O+

Definition 3.1. A function f € L}(Q7") is globally continuous in Lj(Q") for a mixed
generalized shift of order + if for any € > 0 there is §(¢) > 0 such that

17T f(@) ~ F@l 0y < ¥ 1] <. (3.2)

By (3.1), the function |f[? can have singularity on I'g that is controlled by the weight (z')7.

We use the approach due to Kipriyanov (cf., for example, [4])._For T € R% we introduce the
spherical coordinates x = (r,0), |0] =1 and set f(z) =0, x ¢ Qt. Then (3.1) takes the form

1/p

Wiz = | [ [ 1560 2510 @) asar

0 s ()

Hence such a function can have singularity at = 0 controlled by the weight connected with the
dimension of the Euclidean space corresponding to the domain 2. Further we use the fact that
the integrability of functions with singularity is improved with increasing the dimension of the
integration domain, which allows us to use Theorems 2.1 and 2.2.

Let us consider (3.2). It is clear that if the singularity is caused by the weight z], then
it is located on the hyperplane z; = 0. The generalized shift sends such a singularity to the
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hyperplane x; = y;, but this singularity is not controlled by the weight since this weight is
left “unshifted.” The same phenomenon is observed in the classical theory. In th case under
consideration, it is expected that the singularity as well as the weight degree can have an
arbitrarily large order. Nevertheless, the following assertion is valid.

Theorem 3.1. Any function f € LZ(QE) is globally continuous for a mized generalized shift
of order 7.

Proof. For functions of class Lp, p > 1, this theorem is well known. Therefore, we consider
only the case of the power weight z;*. Assume that the function under consideration is continuous
outside I'g. We first assume that the multiindex « consists of natural numbers. We use Theorem
2.2, where for the operation (%) we take the difference

(TR fx g) = OTr)(x) — f) = TR )(h) = f(z) = OTE(f(h) = f(z)) p>1.
By the obvious symmetry of the generalized shift, T;L f(x) =T7 f(h)., we have
IO ) (@) = F@) iy = 17T () = f(@)]ly-
As was proved in [5], || ’yThf(.T)HLg < [If(@)[|zy- Moreover,

1/p

A P
| 'YTth(:L’)HL; < C(y) /sin”l ada / ‘go(\/x% + h? — 2z1hycosax’ — h')| x] dx
0 Rt

Using (3.3) and (2.3), we get

IT" (@) = @)y ) < WFE+n 2"+ 1) = F&a e

5, N+m

where the domain Q;N +m € R4 is obtained by rotation of Q:{N about the coordinate hyper-

plane 7, = 0, k = 1,n, ]n(k)\ = hy, and the function fvis radial with respect to each group of
variables n®) e R,,,. However, since any function in the Lebesgue class is globally continuous
for any € > 0, there is § = d(¢) > 0 such that

”f(f + 77,x// + h”) _ J?(gax”)HLp(Q;Ner) <e VYV ’(77’ h//)’ <.

Taking into account that |(n, h”)| = |h| in this case, we find (3.2).

Let {7} # 0. We assume that f € L,[DV}(QJ“), [v] = m — 1, m > 2. Taking into account the
inequalities

T — h < \/x% + h% — 2xhy cosay < o + hg, (3.4)

and the first mean-value theorem, for continuous functions f(x, 2*) with respect to z; we get

™
Cuk/f( xz + hi — 2x,hy, cos oy, xk) sin1"%} ay doy,
o

T

= C({m D) f(xp + g,z /Sin{w’“} ay day, = f(zy, + hg, %)
0
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where x;, + ﬁk is the middle point between x and zp + hg, and, consequently, ﬁk < hy. Hence

IT" f(2) = £ (@)l g,y = /d@/”/---/ | DYTE f(g 2" + B) — H ¢ 0nd apda’

Ry-n R#Ll R;;n -

Using (3.3) and (2.3), we find

IT" 1) = F@) 30z,

C({rh / dy” / / | F(&+ R, 2" + 1) = f(&, f[ )yt deda”

REL, R,

Here, powers of the weight are small and, consequently, we can assert that f eL (Q N +m)

Since Q7 (N) is bounded, there exists R such that {1 < R for all k = 1,n. Consequently,

I171(2) = £@)laz,,) < DR [y / Fe +Boa + 1) — Fe.a") P ded”.

Ry—n

Thus, the proof of (3.2) is reduced to the theorem on global continuity of functions in the
Lebesgue classes without weight for 1 < p < oco.

It remains to consider the case where one or several natural numbers m; are equal to 1.
The case of one weight variable is principal. Assume that 21 € (0,00), f(z1,2") € L}(QT(N)),
v={~} < 1. Applying (3.3) and (2.3), we obtain the inequality

/ |OT"f) (21, 2" + ") — f(x)]P 27 d

< C(7) / If(\/(z1 —2)2 + 222" + B") - f(\/z%—i—z%x”+h”)]pz;_ldzldzgdx".

g
Ryt

We see that the weight has negative degree, the singularity of the integrable expressions caused
by the weight is concentrated on the hyperplane zo = 0 and should be weak relative to one-
dimensional integration. One can assume (for example, based on the mean-value theorem) that
the function is continuous. Introducing the spherical coordinates, we write

/ T Y (1, 2" + 1) — ()P 2 do < C() / bl gy
0

N
X / ‘f(\/(r@1+p@1)2+7’29§ r0" + pO") — f(/720% + r203r0")P 63_1(15(9) dr

Sy (m+1)

[e.e]

e / rmthl gy / F(rB+ pB) — FrB)P 6~ S (B)

0 Sf(m+1)
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< C(y)R™ / r max | F((r0 + p©) — AP / 0y 1ds(b)
9.6
0 S (m+1)

o0

< C()R™M|SHm +1)|—1 [ max|f((rf + p©) — f(r8)[? dr.
6,0
0

By the theorem on global continuity of functions in L,(f2), we arrive at (3.2). O
We formulate a result about the density of the space of x’-even infinitely differentiable
compactly supported functions in the space Lj(Q"). The Sobolev-—Kipriyanov averages in the

case n = 1 were introduced in [6]. In the general case, the average kernel is an infinitely
differentiable z’-even function 1(t) on R}; that vanishes for || > 1 and satisfies the condition

/w(x) (@) do = 1.
2

We set .
x

Ws(x) = Nt w(g) .
It is easy to verify that

/UJE(I’) ()Vdx=1.

RY
For an example of w. we can take the same function as in the classical case:

|z

—elel?—<? Tl <e
we(z) =< A el ’
0,

x| > e,

where
1

t2
A= lisp v, [eila (st = [ @)as.

0 SF(N)
Assume that f € L)(Q7) is extended by zero outside Q. The function

fe(x) = (f* wa)’v(x> (3-5)
is called the Sobolev-Kipriyanov e-average of f. By ("TYf,g)y = (f, "TYg)~ (cf. [2]), we have

1 -
fole) ~ F@) = o [ (OT20)

Ry

- / Sl (T F () — F(@2) () dy.
R+

||

3

) (F(u) — F(@) ()7 du
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Using the Minkowsky inequality, we get

er—fHL;(m)_( / / Bl (OTE ) () — f@)() dy

+ +
RN,ac RN,y

=

(z')Y dx) ’

< / YyDICOTE N @) = F @ g, )6 dy < sup [CTEF) (@) = f@) gy my -

lyl<e

RE .,
By the global continuity of generalized shift, we have
lim [[fe = fllzy@+) = 0- (3.6)
Thus, we proved the following assertion.

Theorem 3.2. The averaged functions f. generated by a mized generalized shift of order ~
strongly converge to a function f in the weighted Lebesgue class L.

Corollary 3.1. The set g\?,O(RE) of functions of the form (3.5) is everywhere dense in
Ly(QF), 1< p< oo, v>0.

Thus, Lj(Q%) can be regarded as the closure of Cg5  in the norm (3.1).

In the case p = 400, the equality (3.6) fails. However, if QT = R} and f(z) is 2’-even and

uniformly continuous on RX,, then

Ife = Flly @y < S Tf(z) — f(z)| =0 (¢ —=0).
yl<e
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