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Completion and extension of operators in Krein spaces

Dmytro Baidiuk

Presented by M. M. Malamud

Abstract. A generalization of the well-known results of M.G. Krein on the description of the self-adjoint
contractive extension of a Hermitian contraction is obtained. This generalization concerns the situation
where the self-adjoint operator A and extensions A belong to a Krein space or a Pontryagin space, and their
defect operators are allowed to have a fixed number of negative eigenvalues. A result of Yu. L. Shmul’yan
on completions of nonnegative block operators is generalized for block operators with a fixed number of
negative eigenvalues in a Krein space.

This paper is a natural continuation of S. Hassi’s and author’s recent paper [7].
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1. Introduction

Let A be a densely defined lower semibounded operator in a separable Hilbert space $), A > mal.
The problem of existence of self-adjoint extensions preserving the lower bound m 4 of A was formulated
by J. von Neumann [4]. He solved it for the case of an operator with finite deficiency indices. A solution
to this problem for operators with arbitrary deficiency indices was obtained by M. Stone, H. Freudental,
and K. Friedrichs [4]. M. G. Krein in his seminal paper [19] (see also [1]) described the set Ext 4(0, 00)
of all nonnegative self-adjoint extensions A of A > 0 as follows:

(Ar+a) ' <(A+a) ' <(Ag+a)™', a>0, AeExts(0,00).

Here, Ap and A are the Friedrichs (hard) and Krein (soft) extensions of A, respectively.
To obtain such description, he used a special form of the Cayley transform

Ti=I-AI+A)"", T=1U-AT+A)",

to reduce the study of unbounded operators to the study of contractive self-adjoint extensions 1" of
a Hermitian nondensely defined contraction 77 € [$)1, )], where $; = ran (I + A). The set of all
self-adjoint contractive extensions of T} is denoted by Extr, (—1,1). M.G. Krein proved that the set
Ext (—1,1) forms an operator interval with minimal and maximal entries T, and Ty, respectively,

T <T < Ty, T €Extq(—1,1).

T. Ando and K. Nishio [2] extended main results of the Krein theory to the case of nondensely
defined symmetric operators A. For the case of linear relations (multivalued linear operators) A > 0,
it was done by E.A. Coddington and H.S.V. de Snoo [9].
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With respect to the orthogonal decomposition $ = $; @ $9, a contraction 77 € [$1, 5] admits a

block-matrix representation 17 = <§:11>. Block matrix representations of the operators T, and Ty
21
were obtained in [6, 18] and [16] (see also [4,12,13,27]. Namely, it is shown that
7o In Dq, V*
m ‘/Z)T11 —I+ V(I — TH)V* ’ (1 1)
7. —( In Dq, V™ ‘
M=\VDy, T-V{I+Tn)V*)’

where Dr,, := (I=T%)"? and V is given by V := clos (T Dgll]). Based on these formulas, a complete
parametrization of the set Extr (—1,1) and the main results of the Krein theory have also been
obtained there. In turn, the proof of formulas for T},, and Tj; was based on a result of Yu. L. Shmul’yan
[26] (see also [27]) on nonnegative completions of a nonnegative block operator.

Recently, S. Hassi and the author |7]| extended the main result of [16] to the case of “quasicontractive”
symmetric operators Tj. Recall that the “quasicontractivity” means that v_(I — T*T) < oo, where

v_(K) = dim (Exg(—00,0)9).

For this purpose, the above-mentioned result of Shmul’yan was generalized there. In addition, an
analog of block matrix formulas for the operators T, and Th; was established. The formulas for T},
and T look, in this case, similar to (1.1), but the entries V(I +£7%;)V* are replaced by V(I £17;)JV*,
where J = sign (I — T?) and Dp, = |T — T}|"/2.

The first result of the present paper is a further generalization of Shmul'yan’s result [26] to the
case of block operators acting in a Krein space and having a fixed number of negative eigenvalues.

In Section 4, a first Krein space analog of the completion problem is formulated, and a description
of its solutions is found. Namely, we consider classes of “quasicontractive” symmetric operators 77 in
a Krein space with v_(I — T7T1) < oo and describe all possible self-adjoint (in the Krein space sense)
extensions T" of 77 that preserve the given negative index v_(I —T*T) = v_(I —T7T). This problem
is close to the completion problem studied in [7] and has a similar description for its solutions (for
related problems, see also [3-5,10-16,18,20,22-25,27]).

The main result of the present paper is Theorem 5.7. Namely, we consider the classes of “quasicon-
tractive” symmetric operators 7} in a Pontryagin space ($),J) with

v [I = THTY) = v_(J(I = TMTY)) < o0, (1.2)

and we establish a solvability criterion and describe all possible self-adjoint extensions 7' of T (in
the Pontryagin space sense) that preserve the given negative index v_[I — THT] = v_[I — Tl[*]T 1)
The formulas for T;,, and T are also extended in an appropriate manner (see (5.16)). It should be
emphasized that, in this more general setting, formulas (5.16) involve the so-called link operator Ly
which was introduced by Arsene, Constantintscu, and Gheondea in [5] (see also [4,10,11,21]).

2. The completion problem for block operators in Krein spaces

By definition, the modulus |C| of a closed operator C' is the nonnegative self-adjoint operator
|C| = (C*C)Y2. Every closed operator admits a polar decomposition C' = U|C/|, where U is a (unique)
partial isometry with the initial space Tan |C| and the final space Tan C, cf. [17]. For a self-adjoint
operator H = fR tdE; in a Hilbert space §), the partial isometry U can be identified with the signature
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operator which can be taken to be unitary: J = sign (H) = [ sign (¢) dE;. In this case, one should
define sign (¢) = 1, if t > 0, and sign (¢) = —1 otherwise.

Let H be a Hilbert space, and let Jy be a signature operator in it, i.e., Jy = Jy, = J;tl. We
interpret the space H as a Krein space (H,Jy) (see [6,8]) in which the indefinite scalar product is
defined by the equality

[, V] = (Jue, V) n-

Let us introduce a partial ordering for self-adjoint Krein space operators. For self-adjoint operators

A and B with the same domains, A >; B iff [(A — B)f, f] > 0 for all f € dom A. If not otherwise

indicated, the word “smallest” means the smallest operator in the sense of this partial ordering.
Consider the bounded incomplete block operator

Ay A (91, J1) (91, 1)
<A21 * (92, J2) (92, J2) 2.1)
in the Krein space = (91 @ 92, J), where (91, J1) and ($2, J2) are Krein spaces with fundamental

symmetries J; and Jo, and J = S0 .
0 Jo

Theorem 2.1. Let $ = (H1 @ H2,J) be an orthogonal decomposition of the Krein space $, and let

AY be an incomplete block operator of the form (2.1). Assume that Aj; = A[l*l] and Ay = A[1*2] are
bounded, the numbers of negative squares of the quadratic form [Anf, f] (f € dom A11) v_[A11] ==
v_(J1A11) = k < oo, where k € Zy, and let us introduce Ji1 = sign (J1A11) that is the (unitary)
signature operator of JyA11. Then

(i) There exists a completion A € [(§,J)] of A with some operator Asy = A[Q*z] € [(H2, J2)] such

that v_[A] = v_[A11] = &, iff

ran J; Ao C ran \A11\1/2-

(ii) In this case, the operator S = |Ay|"Y2J1 A, where |Ay|7Y2 denotes the (generalized)
Moore-Penrose inverse of |A11|"/?, is well defined, and S € [($2,J2),($H1,J1)]. Moreover,
S g1 J11S is the “smallest” operator in the solution set

A= {AQQ = A[Q*Q] S [(f)g, JQ)] A= (Aij)zz,jzl : V_[A] = K, }
and this solution set admits the description
A= {A22 € [(.62, JQ)] 1 Agp = JQ(S*Jlls + Y) = S[*}Jljus + JoY,

where Y =Y* > 0}.
Proof. Let us introduce a block operator
30 (A:n En) _ <J1A11 J1A12>‘
Ay % Ja Ao *
The blocks of this operator satisfy the identities A1, = fT{l, 1131 = Ay and

ran J; A1y = ran Ay C ran |1111|1/2 = ran (;ﬁlgn)l”

= ran (A}, A1) Y4 = ran |Ay |2,
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Then, due to [7, Theorem 1], the description of all self-adjoint operator completions of A0 admits

the representation A= (%11 %12 with ﬁgg = §*J11§+ Y, where S = |Kll|[_1/g]glg andY =Y* >
21 A22
0.
This yields the description for the solutions of the completion problem. The set of completions

_ (An A
has the form A = <A21 A22>, where

Agy = JoAgy = J2A21J1|A11|[_1/2]J11!A11|[_1/2]J1A12 + oY
= J3S*J11S + oY = S[*]JlJHS + JoY. O

3. Some inertia formulas

Some simple inertia formulas are now recalled. The factorization H = BM EB clearly implies that
vi|H] < wvy[E], cf. (1.2). If Hy and Hy are self-adjoint operators in a Krein space, then

[+]
(Y 0N (1
mem= o) (3 5) ()
shows that vy [Hy + Ho| < vi[H1] + vy [Hs]. Consider the self-adjoint block operator H € [($1,J1) ®
(92, J2)], where J; = JF = J; !, (i = 1,2), of the form

[+]
_ ol A B
H-H <B I),

By applying the above-mentioned inequalities, we see that
vi[A] < vilA— BYB] + vy (). (3.1)

Assuming that v_[A — B*JyB] and v_(.J3) are finite, the question about when v_[A] attains its maxi-
mum in (3.1) or, equivalently, v_[A— B*JyB] > v_[A] —v_(J2) attains its minimum, turns out to be of
particular interest. The next result characterizes this situation as an application of Theorem 2.1. Re-
call that if J; A = J4|A| is the polar decomposition of J; A, then one can interpret H4 = (tan J1 A, J4)
as a Krein space generated on tan J; A by the fundamental symmetry J4 = sign (J1A).

Theorem 3.1. Let A € [(ﬁl, Jl)] be self—adjomt, B e [(57)1, Jl), (52, JQ)], Ji = Ji* = Jl-_l € [57_)@], (Z =
1,2), and let us assume that v_[A],v_(J2) < oo. If the equality

v_[Al =v_[A—BYIB] +v_(Jy)

holds, then ran.J; B C ran|A|Y2 and J,BM¥ = |A|'2K for a unique operator K € [($2,J2), 4]
which is J-contractive: Jo — K*J4K > 0.

Conversely, if B¥) = |A|'2K for some J-contractive operator K € [($2,.J2), 94|, then equality
(3.1) is satisfied.

Proof. Assume that (3.1) is satisfied. The factorization

H_AB[*] _ (1 BM\ fA-BMB 0\ (I 0
“\B I ) \0 I 0 I)\B 1
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shows that v_[H] = v_[A — BFB] +v_(Js). This relation combined with equality (3.1) gives v_[H] =
v_[A]. Therefore, by Theorem 2.1, one has ran J; B} C ran|A|'/2) and this is equivalent to the
existence of a unique operator K € [($)2, J2), $.4] such that J; B¥ = |A|'/2K; ie., K = |A|l7Y/2 Bl
Furthermore, KW J4K <j, I by the minimality property of K#¥ J,J4K in Theorem 2.1. In other
words, K is a J-contraction.

Conversely, if J; Bl = |A|'/2K for some J-contractive operator K € [(£2,.J2), 4], then, clearly,
ran J; B¥ ¢ ran\A\l/ 2. By Theorem 2.1, the completion problem for H° has solutions with the
minimal solution S*! J1J4S, where

= |A|FV2A g B = | 4|FV2| 41 2K = K.

Furthermore, by J-contractivity of K, one has KM J4K <Jj, I, i.e., I is also a solution, and, thus,
v_[H]| = v_[A] or, equivalently, equality (3.1) is satisfied. O

4. A pair of completion problems in a Krein space

In this section, we introduce and describe the solutions of a Krein space version of a completion
problem that was treated in [7].

Let (9, (Ji-,+)) and (9,(J-,-)) be Krein spaces, where § = ;1 & 9H2,J = <{)1 5), let J;
2

be fundamental symmetries (i = 1,2), and let 717 = TH] € [($1,J1)] be an operator such that
v_(I —T{T11) = kK < co. Denote Th1 = JiT11. Then T7; = T in the Hilbert space $;. Rewrite
v (I —TyTh) =v_(I —T%). Denote

Jy =sign(I —T1,), J_ =sign (I +T11), and Ji; = sign (I — T}),

and let Ky = v_(J;) and k— = v_(J_). It is easy to get that Jy; = J_J, = JyJ_. Moreover,
we have the equality k = k_ + k4 (see |7, Lemma 5.1]). We recall the results for the operator T1;
from work [7] and then reformulate them for the operator Th;. We recall the completion problem
and its solutions that were investigated in a Hilbert space in [7]. The problem concerns the existence
and the description of the self-adjoint operators T such that Ay =1+T and A_ =1 — T solve the

corresponding completion problems
_ T
:|:T21 *

under minimal index conditions v_(I +T) = v_(I +T11), v—(I = T) = v_(I — T11), respectively. The
solution set is denoted by Ext 7 (—1,1).

The next theorem gives a general solvability criterion for the completion problem (4.1) and describes
all solutions to this problem.

Theorem 4.1. ([7, Theorem 5]) Let Ty = <§11> D — (gl) be a symmetric operator with
21 2

Ty =T €[9] and v_(I —T2) = k < oo, and let Jy; = sign (I —T2). Then the completion problem
for Ai in (4.1) has a solution I+T for some T =T* with v_(I— T2) = K, iff the following condition
is satisfied:

v_(I-T%) =v_(I-T;TY). (4.2)

If this condition is satisfied, then the following facts hold:
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(i) The completion problems for Aoi in (4.1) have minimal solutions A .
(i) The operators Ty, := Ay — I and Tyy := I — A_ € Ext 7. (L 1)

(iii) The operators fm and fM have the block form

~ Tvll DT' V*
Tm = H N
VDTH -1+ V(I - T11)J11V

T = Tl ! DTl 11/*
M I—V(I+Ty)Juv* )’

where Dy, = |I — T“121‘1/2’ and V is given by V := clos (Tvng[T_H).

11

(iv) The operators T and Thr are extremal extensions of Ti:

TeBxty (—1,1) iff T=T"€[$], Tm<T<Tu.

(v) The operators Ty, and Ty; are connected via

(=T)m = =T, (=T)ar = =T

In what follows, it is convenient to reformulate the above theorem in the statement with a Krein
space. Consider the Krein space (), J) and a self-adjoint operator 7" in this space. Now, the problem
concerns the self-adjoint operators Ay = I +T and A_ = I — T in the Krein space (), J) that solve
the completion problems

0 _ (I£Tn =T (4.4)
:|:T21 * ’

under minimal index conditions v_(I + JT) = v_(I + JiT11) and v—(I — JT) = v_(I — J1T11),
respectively. The set of solutions 7" to problem (4.4) will be denoted by Ext j,1, «(—1,1).

Denote 11=<%D¢0ﬁJﬂ"GE;£D’ (4.5)

so that 77 is a symmetric (nondensely defined) operator in the Krein space [($1, J1)], i.e., T11 = Tl[i].

Theorem 4.2. Let T\ be a symmetric operator in the Krein space sense as in (4.5) with Th; = Tl[j} S
(91, 1)] and v_(I — T7\Th1) = k < 00, and let J =sign (I — T7,T11). Then the completion problems
for A% in (4.4) have a solution I += T for some T = T with v_ (I — T*T) = k, iff the following
condition is satisfied:

v_(I =T} ,T1) =v_(I =TyTh). (4.6)
If this condition is satisfied, then the following facts hold:
(i) The completion problems for AY. in (4.4) have “minimal” (Jo-minimal) solutions A.

(ii) The operators Tp, := Ay —J and Ty :=J — A_ € Ext 5,1, »(—1,1).
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(iii) The operators T,, and Ty have the block form

T ( 111 J1 D7, V* )
m JQVDTH —Jo + JQV(I — J1T11)J11V* ’ (4 7)
Ty = < T JlDTnV* > ‘
SoVDr, Ja2— JQV(I + J1T11)J11V* ’

where Dy, := |I — T#,T11|/?, and V is given by V := clos (JnglD[T_H”).
(iv) The operators Ty, and Ty; are Jo-extremal extensions of Ty :

T € Ext pyry n(—1,1) iff T=TH e [(%,])], Tm <5 T <y, Tu.

(v) The operators T,, and Ty are connected via
(=T =Ty, (=T)r = =T

Proof. The proof is obtained by the systematic use of the equivalence that 7" is a self-adjoint operator
in a Krein space, iff 7' is self-adjoint in a Hilbert space. In particular, T" gives solutions to the
completion problems (4.4), iff T" solves the completion problems (4.4). In view of

I—TyTy =1-T5JJT =1—T3,

we get formula (4.6) from (4.2). Then formula (4.7) can be obtained by multiplying the operators in
(4.3) ij view of the fundamental symmetry. O

5. Completion problem in a Pontryagin space

5.1. Defect operators and link operators

Let ($,(-,-)) be a Hilbert space, and let J be a symmetry in 6, ie., J = J* = J~! so that
($,(J-,-)) becomes a Pontryagin space. Then we associate the following corresponding defect and
signature operators with 7" € [9)]:

Dy =|J—=T*JT|V?,  Jp=sign(J —T*JT), Dp =rtanDry,

where the so-called defect subspace ®7 can be considered as a Pontryagin space with the fundamental
symmetry Jp. Similar notations are used with T™:

Dpe = |J =TJT*Y2,  Jpe =sign(J —TJT*), Dp- =Tan Dp-.

By definition, JTD% =J —T*JT and JpDp = DpJp with analogous identities for Dp+ and Jp«. In
addition,
(J=T*JT)JT  =T*J(J =TJT*), (J=TJT*)JT =TJ(J —T*JT).

Recall that T' € [$)] is said to be a J-contraction, if J —T*JT > 0, i.e., v_(J —T*JT) = 0. If, in
addition, T™ is a J-contraction, 1" is termed as a J-bicontraction.
For the following consideration, an indefinite version of the commutation relation of the form

TDyp = Dp«T is needed; it involves the so-called link operators introduced in [5, Section 4] (see
also [7]).

499



Definition 5.1. There exist the unique operators Ly € [Dp,Dp«] and Ly« € [Dp+, D] such that
DT*LT = TJDT[/}DT, DTLT* = T*JDT* [@T*; (51)

in fact, Ly = DETID, [ ©1 and Ly- = DY T I D | D4
The following identities can be obtained by direct calculations (see [5, Section 4]):

L7 Jp«| D+« = JpLp+;
(Jr — DrJDy)| O7 = LiJy- L (5.2)
(Jr+ — Dy Dp-) [ Dps = L JyLo-.

Now, let T be self-adjoint in the Pontryagin space (£),J), i.e., T* = JTJ. Then connections
between D7« and Dy, Jp~ and Jp, and Ly« and L7 can be established.

Lemma 5.1. Assume that T* = JT.J. Then Dy = |I — T?|"/2, and the following equalities hold:
Dy« = JDrJ, (5.3)

i particular,
@T* = J@T and @T = J@T*;
Jr= = JJpJ,; (5.4)
Ly~ =JLpJ. (5.5)

Proof. The defect operator of T' can be calculated by the formula
. 1/4 . 1/4
Dr = (I = (@) J7(I =T%)" = (1 = (1) (1 =) "".
Then

Do = (J (1= (T2 (1= 1)) =7 (1= (@) (1 = 1) g
= JDrJ,

i.e., (5.3) holds. This yields
JO7« C D and JD7 C Dps.

Hence, from two last formulas, we get
D+ = J(J@T*) CJIDP C D

and, similarly,
Dpr = J(J@T) C JOr C Drp.

The formula
JpD% =J —T*JT = J(J = TJT*)J = JJp-D3..J = JJp«JD%J.J
= JJp-JD2

yields relation (5.4).
Relation (5.5) follows from

DyLye = T*JDp- | D7+ = JTJDpJ| D« = JDpwLypJ = Dy J Ly J.
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5.2. Lemmas on negative indices of certain block operators

Two first lemmas are of preparatory nature for two last lemmas, which are used in the proof of the
main theorem.

Lemma 5.2. Let <J T) : <ﬁ> — <ﬁ> be a self-adjoint operator in the Hilbert space $H° = H & H.

T J 9 9
Then
J T 1/2_U |J + T|Y/2 0 -
T J - 0 |J—T'2) ">
here U= L (1 1) it t
where U = 7 _ ) is a unitary operator.
Proof. 1t is easy to check that
J T\ J+T 0 N
() -u (5T 0 e -

Then, by taking the modulus, we get

RN ) BT GO I

The last step is to extract the square roots (twice) from the both sides of the relation:

J T 1/27U |J+T|1/2 0 U*
T J - 0 |J—T'2) "~
The right-hand side can be written in this form, because U is unitary. O

Lemma 5.3. Let T = T* € $ be a self-adjoint operator in a Hilbert space $), and let J = J* = J~!
be a fundamental symmetry in $ with v_(J) < co. Then

v (J = TJIT) +v_(J) = v_(J = T) + v_(J + T). (5.7)

In particular, v_(J —TJT) < oo, iff v_(J £ T) < 0.

- J T J+T 0 . .

Proof. Consider the block operators T and < 0 J—T)' Equality (5.6) yields
J T\ _ J+T 0 L J+T 0

v_ (T J) = v_ < 0 J_ T)’ The negative index of < 0 J_ T> equals v_(J — T) +

v_(J +T), and the negative index of (1{ ?) can be easily found, by using the equality

(; ?) - <TIJ ?’) <é J—OTJT> <é JIT> (5.8)

Then we get (5.7). O
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Let (9, (i) (¢ = 1,2) and (9, (J+,-)) be Pontryagin spaces, where ) = $; & 2 and J =

<<]01 9) Consider the operator T7; = T11 € [($91,J1)] such that v_[I — T4] = k < oo (see (1.2)).
2

Denote T11 = J1711. Then T11 = T11 in the Hilbert space $1. Rewrite
v [I = T3] =v (LI - TH)) = v_(J1 = T i)
= v_((J1 = Tu1) i (J1 + T11)).

Furthermore, we denote

Jy = sign (Jy(I — Thy)) = sign (J1 — T11),
J_ =sign (J1(I +T11)) = sign (J1 + TH), (5.9)
Jii = sign (Ji(I - T7))

Let k4 = v_[I —Ty1] and k— = v_[I 4+ T11]. Note that |I FT11| = |J1 F f11|. Then we have the polar

decompositions
I F T11 = JlJiu:F T11|. (510)

T T12> € [(9, )] be a self-adjoint extension
Tor Tho

of the operator Thy with v_[I £ T11] < oo and v_(J) < co. Then the statements
(i) v—[I £ T, =v_[I £ T,

Lemma 5.4. Let Ty, = T11 € [(H1,J1)], and let T = (

(i) v_[I = T?) =v_[I — T3] — v_(Jo);

(#) ran J1T2[>{} C ran |I 4 Ty|"/?
are connected by the implications (i) < (i) = (i41).
Proof. The Lemma can be formulated in an equivalent way for the Hilbert space operators: the block
operator T=JT = @1 212
Tor Too

) is a self-adjoint extension of T 11 = T1*1 € [91]. Then the statements
() vo(L£T) =v_(J£T)

(i) v_(J = TJT) = v_(J1 — T hT11) — v (J);

(iii’) ran Tlg Cran|J; + T11|1/2

are connected by the implications (i) < (i7') = (iid').
Hence, it is sufficient to prove this form of the Lemma.
Let us prove the equivalence (i) < (ii’). Condition (ii’) is equivalent to

(S Ty, (LT (5.11)
Tu i T J

J T = &
- <T111 Jlll) =v_(J1) +v_(J1 — T1iJiT11)

Indeed, in view of (5.8),
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and

v_ (% j;) =v (J)+v_(J—TJT)

=v_(J1) +v_(Jo) +v_(J —TJT).
By using Lemma 5.3, equality (5.11) is equivalent to
vo (i —Tn) +v_(Ji+Tn) =v_(J=T)+v_(J +T). (5.12)

Hence, (') = (it).

Because v_(J; = T11) < v_(J £ T), relation (5.12) shows that (ii') = (/).

Now, we prove implication (i') = (i4i'); the arguments will be useful also in the proof of Lemma
5.5 below. Let us use a permutation to transform the matrix on the right-hand side of (5.11):

B Ju 0 Ty T Jio T 0 T

. ({ T> . 0 Sy Ty Toof _ o Tnw S T O
T J T T2 J1 0 0 To Jy The

Tor Too 0 Jo Tor 0 Ty Jo

Then condition (5.11) yields the condition

0 T Ji Tn
ran ~ C ran ~
T12 0 T11 J 1

(see Theorem 2.1). By Lemma 5.2, the last inclusion can be rewritten as

T T 11/2
ran O T CranU |1+ T 0 12 U~,
Tio 0 0 ‘Jl—TH‘
I

where U = % < 7o I) is a unitary operator. This inclusion is equivalent to

ranU* 9 ge U =ran ge 9
T O 0 —Tis

C ran <|‘]1+T11|1/2 0 )

1/2

0 |Jy — T |2

This is clearly equivalent to condition (iii’). N
Note that if 777 has a self-adjoint extension T satisfying (i’). Then, by applying Theorem 2.1
(or [7, Theorem 1)), it yields (iii’). O

Lemma 5.5. Let T = TE] € [(91,J1)] be an operator, and let
T (91, J1)>
T = : ,J1) —
! <T21> (91, 71) ((ﬁz, J2)

be an extension of Ty with v_[I — T?%] < oo, v_(J1) < 00, and v_(J3) < oo. Then, under the
conditions
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(i) v_[l = T3] = v_[I1 = TV D] + v_(J);
(ii) ran J1T2[9{] C ran|I — T}|"?;
(#i) ran J1T2[’{} C ran |I + T1;|"/2,
implications (i) = (i1) and (i) = (iii) hold.
Proof. First, we prove that (i)=-(ii). In fact, this follows from Theorem 3.1, by taking A = I — T%

and B = T21.
The proof of (i)=-(iii) is quite similar to the proof used in Lemma 5.4. Statement (i) is equivalent

to the following relation:
Ji Ty J T
V_ ~ = U_ ~. .
T11 Jl Tl Jl

Indeed,
Ji T Ji 0 -
. ~ = _ ~ ~ = — —T T —
v (Tn J1> v <O Jl—T11J1T11> v_(J1 1J111) +v—(J1) < o0
and
J T J 0 -
| = =v_ ~ ~ | =v_(J1 = TuJiTi — 15, J2T: _(J _(J2).
v (Tf J1> v (0 Jl—Tl*JT1> v_(J1 1141411 nJ2To1) +v-—(J1) +v—(J2)

Due to (i), the right-hand sides coincide. Then the left-hand sides coincide as well.
Now, let us rearrange the matrix in the latter relation:

~ J1 0 Tn J1 Tll 0

J T = T T

v Fo 7 =v_ | 0 Jy Ty |=v-|Tuu JS1 T5
1 ! T11 T2*1 Jl 0 T21 J2

It follows from [7, Theorem 1] that condition (i) yields the condition

o\ (12 _
J1 Tn _ |Jy + T1q |2 0 «
e =ranU U,
Tn N
I

0 |Jy — T |2
1 1. . .
where U = Gl _g)isa unitary operator (see Lemma 5.2). Then, equivalently,

i)
ran ( ~, | C ran
<T21

ranfz*l C ran ’Jl + f11’1/2.
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5.3. Contractive extensions of contractions with minimal negative indices

Following |7, 16, 18], we consider the problem of existence and description of the self-adjoint op-

(551=J1)> such that Ay = I +T and A_ = I — T solve the

erators T in the Pontryagin space
yagii sp <(552, J2)

corresponding completion problems

[+]
I1+T1y, +T.
A% = < j:T21H :1) 7 (5.13)

under minimal index conditions v_[I +T| = v_[I+Tn], v_[I —T] = v_[I —T11], respectively. Observe
that, by Lemma 5.4, the two minimal index conditions above are equivalent to the single condition
v [I =T =v_[I - T3] — v_(J2).

It is clear from Theorem 2.1 that the conditions ran J1T2[9{] C ran|I — T11/*/? and ran J;T. Q[T} C
ran |I + Ti1|'/? are necessary for the existence of solutions; however, as noted already in [7], they are
not sufficient even in the statement with a Hilbert space.

The next theorem gives a general solvability criterion for the completion problem (5.13) and de-
scribes all solutions to this problem. As in the definite case, there are minimal solutions A4 and A_
which are connected to two extreme self-adjoint extensions 7T of

T (91, J1)>
T = (1, 1) — , 5.14
1 <T21> (91, J1) <(5§2, ) (5.14)
now with finite negative index v_[I —T?] = v_[I —T%]—v_(J2) > 0. The set of solutions 7" to problem
(5.13) will be denoted by Extr, (—1,1)1,.

Theorem 5.1. Let T be a symmetric operator, as in (5.14), with Th1 = Tl[’{] € [(91,J1)] and
v [I —T%] = k < oo, and let Jy,, = sign (J1(I — T3)). Then the completion problem for A% in
(5.13) has a solution I =T for some T = TM with v_[I —T?| = k —v_(Jy), iff the following condition
s satisfied:

v_[I =T =v_[I =TT + v_(Jo). (5.15)

If this condition is satisfied, then the following facts hold:

(i) The completion problems for AY. in (5.13) have “minimal” solutions A+ (for the partial ordering
introduced in the first section).

(ii) The operators Ty, := Ay —1 and Tpy :=1— A_ € Extp x(—1,1),.

(iii) The operators T,, and Ty have the block form

T T J1 D, V™
m J2VDT11 —I + JQV(I — L?Jl)JHV* ’ (5 16)
o ( Tn J1 Dy, V* '
M= \RVDy, I—LV(I+LAJ)JnV*)’
where Dy, := |I — TH|Y?, and V is given by V := clos (JnglDrEF_nu).
(iv) The operators Ty, and Ty; are “extremal” extensions of Ty:
T e Exty o (—=1,1)5 iff T=THe[(®,))], Tm<s T <s, Ty (5.17)
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(v) The operators T,, and Ty are connected via

(~T)m = ~Tn, (~T)m =T (5.18)

Proof. Tt is easy to see by (3.1) that x = v_[I — T3] < v_[I — TV Ty + v_(Js) < v_[I = T? + v_(Js).
Hence, the condition v_[I —T?] = k—v_(Js) yields (5.15). The sufficiency of this condition is obtained,
when proving assertions (i)—(iii) below.

(i) If condition (5.15) is satisfied, then, by using Lemma 5.5, we get the inclusions ran J1T2[ﬂ -

ran |I & T11|'/2, which means, by Theorem 2.1, that each of the completion problems, A% in (5.13), is
solvable. It follows that the operators

= [T+ Ty |FV2A Tl s, = 1 — 1y FVA Tl (5.19)
are well defined and provide the minimal solutions A to the completion problems for A% in (5.13).
(ii) & (iii) By Lemma 5.5, the inclusion ran J1T2[j{} C ran|I — TZ|'? holds. This inclusion is

equivalent to the existence of a (unique) bounded operator V* = le_l ll]JlT 2[,{] with ker V' D ker Dp,,,
such that J1T2[*1(] = Dp,,V*. By using (5.1), (5.2), and 5.1, the operators T}, := Ay — I and Ty :=
I — A_ (see the proof of (i)) can be now rewritten as in (5.16). Indeed, observe that (see Theorem
1, (5.9), and (5.10))
JoS* J_S_ = JyVDrp, I + T |FYVAJ |1+ 1|V Dy v

= oV Dpy, (Ji(I +T11))" Dy, V*

= J,V Dy, DY (I + Ly )Y D gy, Ji Dy v

= LV (I + Li}HJl)[_l](JH — Ly Jre Ly, )V

= JoV(I + Lifanl) Uy, — (L, J1)?Jin) V™

= LV(I+ Ly, J)UUNI+ Ly, )T = Ly, Jy) Ju Ve

= JoV(I - Ly, J1)JulV*,
where the third equality follows from (5.1) and the fourth from (5.2).

Similarly,
J2S% T4 Sy = JoV Dy, [T — Ty |FYA T T — Ty YA Dy v

= JoVDry, (i1 — T11) "Dy, V*

= J,V Dy, DY (1 = Ly ) D gy, i Dy v

= V(I - Ly, JOEN (I = Ly Jre Ly, )V

= LV(I — Ly, JO)TN (T — (L, J1)? ) V*

= RV — Ly, JO)TNT — L3y )T+ Ly ) TV

= LV + Ly, J1)J1uV*",

which implies the representations for T, and Ty in (5.16). Clearly, T;, and T); are self-adjoint
extensions of 77, which satisfy the equalities

v_[I+ Ty =k, v_[I—Ty]=rt.
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Moreover, it follows from (5.16) that

0 0
Tar =T = (0 2(I — JQVJHV*)) ' (5.20)

Now, assumption (5.15) will be used again. Since v_[I — Tl[*}Tl] =v_[[ - T4] — v_(J2) and
To1 = JoV Dry,, it follows from Theorem 3.1 that V* € [$2, D7, ] is J-contractive: Jo — V' J11V* > 0.
Therefore, (5.20) shows that Thy >y, Ty, and I + Ty >5, I + T,,,. Hence, in addition to I + T,
I+ Ty is also a solution to the problem AY. In particular, v_[I 4+ Ty] = k- = v_[I +T,,]. Similarly,
I —Ty <5, I —T,, which implies that I — T}, is also a solution to the problem A% . In particular,
v_[I —T,) = ky = v_[I — Ty|. Now, by applying Lemma 5.4, we get

v_[I — Tfn] =k —v_(J2),

v [I-T} =k —v_(Jo).

Therefore, Ty, Tnr € Exty x(—1,1),, which proves, in particular, that condition (5.15) is sufficient
for the solvability of the completion problem (5.13).
(iv) Observe that T € Extpy .(—1,1) 4, iff T = T > Ty and v_[I + T] = kx. By Theorem 2.1,
this is equivalent to
JoSTJ_S_ — 1<y, Toy <y, I — JQSI_J.,.S_,_. (5.21)
Inequalities (5.21) are equivalent to (5.17).
(v) Relations (5.18) follow from (5.19) and (5.16). O

Remark 5.1. This result coincides with the main result of [16] in the case of a contraction operator
Ty and with the result of [7, Theorem 5] in the case of a “quasicontraction” operator 77 with finite
negative index.
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