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ASYMPTOTIC BEHAVIOR OF THE SOLUTIONS OF ESSENTIALLY
NONLINEAR SECOND-ORDER DIFFERENTIAL EQUATIONS

E. S. Vladova UDC 517.925.44

For a two-term second-order differential equation with regularly and rapidly varying nonlinearities, we
study the asymptotic behavior of a class of solutions as t " ! .!  C1/:

1. Statement of the Problem

Consider a differential equation

y

00 D ˛0p.t/'1.y/'2.y
0
/ (1.1)

in which ˛0 2 f�1; 1g; pW Œa; !Œ�!ç0;C1Œ is a continuous function, and 'i WÅ.Y 0
i / !ç0;C1Œ; i D 1; 2; are

twice continuously differential functions (here,Å.Y 0
i / is a one-sided neighborhood of the point Y

0
i and Y 0

i is equal
either to 0 or to ˙1/ satisfying the conditions

lim
z!Y0

1

z2Å.Y 0
1
/

z'

0
1.z/

'1.z/
D �; � 2 R; (1.2)

'

0
2.z/ ¤ 0 for z 2 Å.Y

0
2 /; lim

z!Y0
2

z2Å.Y 0
2
/

'2.z/ D ˆ

0
2; ˆ

0
2 2 f0;C1g;

lim
z!Y0

2

z2Å.Y 0
2
/

'

00
2.z/'2.z/⇥
'

0
2.z/

⇤2 D 1:

(1.3)

By virtue of conditions (1.2) and (1.3), the function '1.z/ is regularly or slowly varying as z ! Y

0
1 and '2.z/

is a rapidly varying function as z ! Y

0
2 (see [1]).

For power and regularly varying nonlinearities 'i ; i D 1; 2; the asymptotic behavior of the solutions of
Eq. (1.1) was investigated in [2–10].

In [11], the following sufficiently broad class of monotonic solutions was introduced for equations of the
analyzed type (1.1):
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Definition 1.1. A solution y of Eq. (1.1) is called a P!.ƒ0/-solution, where �1  ƒ0  C1; if it is
defined in a certain interval Œt0; !Œ⇢ Œa; !Œ and satisfies the conditions

lim
t"!

y.t/ D Y

0
1 ; lim

t"!
'2.y

0
.t// D ˆ

0
2;

lim
t"!

'

0
2.y

0
.t//

'2.y
0
.t//

y

00
.t/y.t/

y

0
.t/

D ƒ0:

(1.4)

Moreover, in [11], the asymptotics of the P!.ƒ0/-solutions of Eq. (1.1) was investigated in the case where
ƒ0 2 R n f0g:

The aim of the present paper is to establish the asymptotic properties of P!.ƒ0/-solutions of Eq. (1.1) and the
conditions for their existence in a special case where ƒ0 D 0:

2. Auxiliary Results

To establish the main results of the present paper, we need some auxiliary results on the behavior of solutions
of the system

u

0
1 D ˛1p1.t/ 2.u2/;

(2.1)

u

0
2 D ˛2p2.t/ 1.u1/:

Here, ˛i 2 f�1; 1g; i D 1; 2; pi W Œa; !Œ!ç0C1Œ; i D 1; 2; are continuous functions, and  i WÅ.U 0
i /!ç0IC1Œ;

i D 1; 2; are continuously differentiable functions satisfying the conditions

lim
z!U0

i

z2Å.U0
i
/

z 

0
i .z/

 i .z/
D �i ; i D 1; 2; (2.2)

where �i 2 R and are such that

�1�2 ¤ 1; (2.3)

�1 < a < !  C1; U

0
i is equal either to 0 or to˙1; andÅ.U 0

i / is a one-sided neighborhood of the point U
0
i :

It follows from condition (2.2) that  i .z/ are functions regularly varying as z ! U

0
i ; i D 1; 2; and hence,

they can be represented in the form

 i .z/ D jzj�i
✓i .z/; (2.4)

where ✓i .z/ are functions slowly varying as z ! U

0
i ; i D 1; 2:
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Definition 2.1 [7]. We say that a function ✓ WÅ.U 0
/ �!ç0;C1Œ; U

0 2 f0;˙1g slowly varying as z ! U

0

satisfies the condition S if, for any continuously differentiable function l WÅ.U 0
/ �!ç0;C1Œ such that

lim
z!U0

z2Å.U0/

z l

0
.z/

l.z/

D 0;

the asymptotic relation

✓.zl.z// D ✓.z/Œ1C o.1/ç as z ! U

0
.z 2 Å

�
U

0
�
/

is true.

Definition 2.2. A solution .u1; u2/ of system (2.1) given on the interval a Œt0; !Œ⇢ Œa; !Œ is called a P!.0/-
solution if it satisfies the conditions

ui .t/ 2 Å.U

0
i / for t 2 Œt0; !Œ; lim

t"!
ui .t/ D U

0
i ; i D 1; 2;

lim
t"!

u1.t/u
0
2.t/

u

0
1.t/u2.t/

D 0:

We now present two examples of the asymptotic behavior of P!.0/-solutions of system (2.1), which follow
from the results established in [12]. To this end, we need the following notation:

�i D

8
ˆ̂̂
ˆ̂̂
<̂

ˆ̂̂
ˆ̂̂
:̂

1 if U

0
i D C1;

or U

0
i D 0 and Å.U 0

i / is a right neighborhood of 0;

�1 if U

0
i D �1;

or U

0
i D 0 and Å.U 0

i / is a left neighborhood of 0;

ˇ1 D 1; ˇ2 D 1 � �1�2 ¤ 0;

I1.t/ D
tZ

A1

p1.⌧/ d⌧; I2.t/ D
tZ

A2

p2.⌧/ 1.�1jI1.⌧/j/ d⌧:

Here, each limit of integration Ai 2 f!; ag is chosen to guarantee that the corresponding integral Ii with this limit
tends either to zero or to1 as t " !:

In addition, we set

A

⇤
i D

8
<

:
1 for Ai D a;

�1 for Ai D !;

i D 1; 2:
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Lemma 2.1. Let a function ✓1.z/ satisfy condition S: Then, in order that the P!.0/-solutions of the differen-
tial equations (2.1) exist, it is necessary and sufficient that

lim
t"!

I1.t/I
0
2.t/

I

0
1.t/I2.t/

D 0 (2.5)

and, for each i 2 f1; 2g; the following sign conditions be satisfied:

A

⇤
i ˇi > 0 for U

0
i D ˙1; A

⇤
i ˇi < 0 for U

0
i D 0; (2.6)

sign
⇥
˛iA

⇤
i ˇi

⇤
D �i : (2.7)

Moreover, each solution of this kind admits, as t " !; the asymptotic representations

u1.t/

 2.u2.t//
D ˛1ˇ1I1.t/Œ1C o.1/ç; (2.8)

u2.t/

Œ 2.u2.t//ç
�1

D ˛2ˇ2I2.t/Œ1C o.1/ç: (2.9)

Furthermore, there exist a one-parameter family of these solutions in the case where one of the numbers A⇤
1 or A⇤

2

is positive and a two-parameter family of solutions in the case where both numbers A⇤
1 and A⇤

2 are positive.

Lemma 2.2. Assume that ✓i .z/; i D 1; 2; satisfy condition S: Then each P!.0/-solution of the system of
differential equations (2.1) admits (if it exists) the following asymptotic representations as t " ! W

u1.t/ D �1

ˇ̌
ˇˇ1I1.t/✓2

⇣
�2jI2.t/j

1
ˇ2

⌘ˇ̌
ˇ
ˇ̌
ˇ̌
ˇ2I2.t/

h
✓2

⇣
�2jI2.t/j

1
ˇ2

⌘i�1
ˇ̌
ˇ̌

�2
1��1�2

;

u2.t/ D �2

ˇ̌
ˇ̌
ˇ2I2.t/

h
✓2

⇣
�2 jI2.t/j

1
ˇ2

⌘i�1
ˇ̌
ˇ̌

1
1��1�2

:

3. Main Results

We introduce the following numbers:

�

0
i D

8
ˆ̂̂
ˆ̂̂
<̂

ˆ̂̂
ˆ̂̂
:̂

1 if Y

0
i D C1;

or Y

0
i D 0 and Å.Y 0

i / is a right neighborhood of 0;

�1 if Y

0
i D �1;

or Y

0
i D 0 and Å.Y 0

i / is a left neighborhood of 0;

i D 1; 2:
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These numbers specify the signs of the P!.0/-solutions of Eq. (1.1) and their derivatives in a certain left neighbor-
hood of ! and the functions

⇡!.t/ D

8
<

:
t for ! D C1;

t � ! for ! < C1;

J.t/ D
tZ

A

p.⌧/'1.�
0
1j⇡!.⌧/j/ d⌧;

where the limit of integration A 2 f!; ag is chosen to guarantee that the integral J tends either to zero or to 1 as
t " !:

In addition, we set

A

⇤
1 D

8
<

:
1 for ! D 1;

�1 for ! <1;

A

⇤
2 D

8
<

:
1 for A D a;

�1 for A D !:

Since '1.z/ is a regularly varying function of order � as z ! Y

0
1 ; it can be represented in the form

'1.z/ D jzj�✓1.z/; (3.1)

where ✓1.z/ is a function slowly varying as z ! Y

0
1 :

The following assertion is true for Eq. (1.1):

Theorem 3.1. Assume that a function ✓1.z/ satisfies condition S: Then, in order that the P!.0/-solutions of
the differential equation (1.1) exist, it is necessary and sufficient that

lim
t"!

⇡!.t/J
0
.t/

J.t/

D 0 (3.2)

and the sign conditions

A

⇤
1 > 0 for Y

0
1 D ˙1; A

⇤
1 < 0 for Y

0
1 D 0;

(3.3)

A

⇤
2 > 0 for ˆ

0
2 D 0; A

⇤
2 < 0 for ˆ

0
2 D ˙1;

�

0
1�

0
2A

⇤
1 > 0 and ˛0�

0
2A

⇤
2 > 0 (3.4)

be satisfied. Moreover, each of these solution admits the following asymptotic representations as t " ! W

y.t/

y

0
.t/

D ⇡!.t/Œ1C o.1/ç; (3.5)

1

jy0j�'02.y0.t//
D �˛0J.t/Œ1C o.1/ç: (3.6)

Furthermore, a one-parameter family of these solutions exists in the case where one of the numbersA⇤
1 andA⇤

2

is positive and a two-parameter family of solutions exists in the case where both numbers A⇤
1 and A⇤

2 are positive.
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Proof. We now show that Eq. (1.1) is reduced to system (2.1). To this end, for a rapidly varying function
'2.z/; we introduce a function

 .z/ D
zZ

B

ds

'2.s/
; where B D

8
ˆ̂̂
ˆ̂<

ˆ̂̂
ˆ̂:

Y

0
2 if

Z Y 0
2

b

ds

'2.s/
converges;

b if
Z Y 0

2

b

ds

'2.s/
diverges;

(3.7)

and b is any number from the interval Å.Y 0
2 /:

Since  0
.z/ > 0 for z 2 Å.Y

0
2 /; we conclude that  WÅ.Y 0

2 / �! Å.‰

0
/ is an increasing function, where

‰

0 D lim
z!Y 0

2

 .z/:

Hence, ‰0 is equal either to zero or to˙1 and Å.‰0
/ is a one-sided neighborhood of ‰0

:

Note that the function  ; just as '2.z/; is rapidly varying as z ! Y

0
2 :

Indeed, by using (1.3) and the L’Hospital rule, we get

lim
z!Y 0

2

 .z/ 

00
.z/

Œ 

0
.z/ç

2
D � lim

z!Y 0
2

 .z/'

0
2.z/ D lim

z!Y 0
2

 

0
.z/

✓ �1
'

0
2.z/

◆0 D lim
z!Y 0

2

Œ'

0
2.z/ç

2

'2.z/'
00
2.z/

D 1: (3.8)

In addition, it follows from relations (3.8) that

 .z/

 

0
.z/

⇠  

0
.z/

 

00
.z/

D �'2.z/
'

0
2.z/

as z ! Y

0
2 ; (3.9)

 .z/ ⇠ � 1

'

0
2.z/

as z ! Y

0
2 : (3.10)

In view of (3.9), the limit relation (1.4) in the definition of P!.0/-solutions can be rewritten in the equivalent
form as follows:

lim
t"!

 

0
.y

0
.t//

 .y

0
.t//

y

00
.t/y.t/

y

0
.t/

D 0: (3.11)

Moreover, in view of the fact that '2.z/ is a positive and monotone function in Å.Y

0
2 /; it follows from (3.10)

that ˆ0
2 D 0 for ‰0 D 1 and ˆ0

2 D 1 for ‰0 D 0, and vice versa.
As indicated above, the function  .z/ is increasing and, hence, invertible. Moreover, by the properties of

slowly, rapidly, and regularly varying functions,  �1
.z/WÅ.‰0

/ ! Å.Y

0
2 / is a slowly varying function as z !

‰

0
: For this function, we find

lim
z!ˆ0

z

�
 

�1
.z/

�0

 

�1
.z/

D lim
z!ˆ0

z'2

�
 

�1
.z/

�

 

�1
.z/

D lim
u!Y 0

2

 .u/'2.u/

u

D � lim
u!Y 0

2

'2.u/

u'

0
.u/

D 0: (3.12)
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By using the transformations

y D u1;  .y

0
/ D u2; (3.13)

we reduce Eq. (1.1) to the system of differential equations

u

0
1 D �

0
2

ˇ̌
 

�1
.u2/

ˇ̌
;

(3.14)

u

0
2 D ˛0p.t/'1.u1/:

Since the function '1WÅ.Y1/! ç0;C1Œ satisfies condition (1.2) and the function

ˇ̌
 

�1
.z/

ˇ̌
W Å.‰0

/! ç 0;C1 Œ

satisfies condition (3.12), we conclude that (3.14) is a system of the form (2.1).
Moreover, in view of (3.11), it is easy to see that y is a P!.0/-solution of Eq. (1.1) if and only if the solution

.u1; u2/ of system (3.14) corresponding to this equation by virtue of relations (3.13) is a P!.0/-solution of system
(3.14). In addition, since the function

ˇ̌
 

�1
.z/

ˇ̌
satisfies (3.12), condition (2.3) is clearly satisfied for system (3.14)

and, hence, Lemma 2.1 is true for system (3.14).
Hence, the necessary and sufficient conditions for the existence of P!.0/-solutions of system (3.14) in

Lemma 2.1 are necessary and sufficient conditions for the existence of P!.0/-solutions of Eq. (1.1).
We now specify the definitions introduced in Lemma 2.1 for system (3.14):

˛1 D �

0
2; p1.t/ ⌘ 1; ˛2 D ˛0; p2.t/ D p.t/; �1 D �

0
1; �2 D �

0
2;

�1 D �; �2 D 0; I1.t/ D ⇡!.t/; ˇ1 D 1; I2.t/ D J.t/ ˇ2 D 1:

Thus, writing conditions (2.5)–(2.7) for system (3.14), we arrive at conditions (3.2)–(3.4).
To obtain the asymptotic representations (3.5) and (3.6), it suffices to write the asymptotic representations

(2.8) and (2.9) for system (3.14) by using transformations (3.13) and relation (3.10).
The theorem is proved.

It is worth noting that the asymptotic representations for y and y0 in relations (3.5) and (3.6) are written in the
implicit form. By using Lemma 2.2, we now establish conditions under which the asymptotic representations can
be rewritten in a simpler form.

Theorem 3.2. Assume that the functions ✓1.z/ and
ˇ̌
 

�1
.z/

ˇ̌
satisfy the condition S: Then each P!.0/-

solution of the differential equation (1.1) admits (if it exists) the following asymptotic representations as t " ! W

y.t/ D �

0
1

ˇ̌
⇡!.t/ 

�1
�
�

0
2jJ.t/j

�ˇ̌
Œ1C o.1/ç;

1

'

0
2.y

0
.t//

D ��0
2jJ.t/j

ˇ̌
 

�1
�
�

0
2jJ.t/j

�ˇ̌�
Œ1C o.1/ç:
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4. Application of the Main Results

Consider a class of differential equations of the form

y

00 D ˛0p.t/jyj�j ln jyjj�e�� jy0jı jy0j1�ı
; (4.1)

where ˛0 2 f1;�1g; ı; � 2 R n f0g; �; � 2 R; and pW Œa; !Œ�!ç0;C1Œ is a continuous function.
Equation (4.1) is an equation of the form (1.1) with

'1.z/ D jzj� ln� jzj and '2.z/ D e

�� jzjı jzj1�ı
:

The function '1.z/ is a regularly varying function of order � as z ! Y

0
2 and '2.z/ is a regularly varying function

as z ! ˙1 for ı > 0 and regularly varies as z ! 0 for ı < 0:
For the function '2.z/; the function  .z/ defined in (3.7) takes the form

 .z/ D 1

�ı

e

� jzjısign z:

Moreover, the function ✓1.z/ defined in (3.1) and the function  �1
.z/ have the form

✓1.z/ D ln� jzj ;  

�1
.z/ D �

0
2

ˇ̌
ˇ̌ 1
�

ln j�ızj
ˇ̌
ˇ̌
1
ı

and satisfy condition S:
For Eq. (4.1), condition (1.4) in the definition of P!.0/-solutions rewritten in the equivalent form (3.11) takes

the form

lim
t"!

yy

00
.t/

jy0.t/j2�ı
D 0:

Thus, by using Theorems 3.1 and 3.2, we get the following assertion for Eq. (4.1):

Corollary 4.1. in order that a P!.0/-solution of the differential equation (4.1) exist, it is necessary and suffi-
cient that conditions (3.2)–(3.4) be satisfied. Each solution of this kind admits the following asymptotic represen-
tations as t " ! W

y.t/ D �

0
1j⇡!.t/j

ˇ̌
ˇ̌ 1
�

ln j�ıJ.t/j
ˇ̌
ˇ̌
1
ı

Œ1C o.1/ç;

y

0
.t/ D �

0
2

ˇ̌
ˇ̌ 1
�

ln j�ıJ.t/j C �

�ı

ln
ˇ̌
ˇ̌ 1
�

ln j�ıJ.t/j
ˇ̌
ˇ̌C o.1/

ˇ̌
ˇ̌
1
ı

:

Moreover, there exist a one-parameter family of these solutions in the case where one of the numbers A⇤
1 or A⇤

2 is
positive and a two-parameter family of solutions in the case where both numbers A⇤

1 and A⇤
2 are positive.
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