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We study the influence of nonclassical boundary conditions on the accuracy of approz-
imation of a smooth function by a quintic spline of class C* on a uniform mesh of a
segment. We give an asymptotic analysis and compare different boundary conditions.
Bibliography: 15 titles.

Introduction

Definition of splines. Assume that we are given the values of a function f; = f(x;), ¢ =0, N,
at nodes of the uniform mesh

A:xz;=x9+ih, i=0,N; x9=a, h=(b—a)/N,
on a segment [a,b]. By a quintic interpolation spline we mean a function S(z) such that
1) S(x) € C*a, b,
2) S(z) is a polynomial of the fifth degree on each interval [x;, z;11], i = 0, N — 1,
3) S(xi) = fi,i=0,N.

Quintic splines are useful if we need to approximate a function or its derivatives (of the first,
second, and third order) with higher accuracy in comparison with cubic splines. Furthermore,
using quintic splines, it is possible to approximate the fourth and fifth order derivatives which
vanish in the case of cubic splines.

Necessity of boundary conditions. To define an interpolation spline S(z) in a unique
way, we need to impose additional conditions [1]. Usually, such conditions are given as some
conditions on the derivatives of spline at the endpoints of [a, b] and are referred to as boundary
conditions. There are two conditions at each endpoint.

If a periodic function f(z) is interpolated, then for such an extra conditions we can take the
periodicity condition for the corresponding interpolation spline, namely, S (zq) = S (zy),
a=1,2,3,4. We note that the periodic case has been studied well. In particular, as shown in
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[2], for a periodic quintic spline interpolating a periodic function f(x) € C'?[a,b] the following
asymptotic relations hold:

Ko I
S(@) = J(x) + /OO @) + 00DV (@) + OW), @ € fas,aia], (1)
where
V(t) = %t2(1 — 02142t —2t3), 6(t)=t(1—t) A —2)3t* —6t> +3t+1), t= x ;sz

Furthermore, in the periodic case, for splines of an arbitrary degree with uniform mesh
unimproved pointwise estimates for the approximation error were obtained in [3], where also the
difficulty of the problem with nonperiodic boundary conditions was emphasized.

An asymptotic analysis of different boundary conditions, where the exact values of some
derivatives of f(z) € C"[a,b] are given at the endpoints of [a, b], was performed in [4], where the
following counterparts of (1) in the nonperiodic case were also obtained:

RS -
S(x) = f(w) + rn(t) fO@)+ 0", x €z i), i=0,N—1, (2)

where ; n(t) depend on the number of interval, the number of nodes, and the type of boundary
conditions. It is clear that the approximation error for the spline ||.S— f||c as h — 0 is determined
by the quantity |v; n|lc. Therefore, the natural question arises: What boundary conditions are
optimal in the sense ||y; n|c. should be minimal. In [4], we give a comparative analysis of
the behavior of ||v; n||c depending on the boundary conditions and present optimal boundary
conditions in the sense of accuracy

S (z;) = f ), a=1,3,i=01,N—1,N. (3)

It is shown that for the optimal boundary conditions
1
Bt = (1) = 51— 1)2(1+ 2 = 28%) (4)

For constructing quintic splines one can use a family of boundary conditions [5] which requires
no additional information except for the initial data. These conditions have the form

m; + amip1 4 Bmive + ymis =pi(xi) + api(zipr) + Bpi(zite) +ypi(Tivs), i = 0,1,
mi + ami_y + Bmi_g +ymi_3 =p;_5(x;) + api_5(zi-1)+
+ Bpi_s(i—2) + pi_5(wi-3),i=N,N — L.
Here, m; = S'(z;), i = 0, N; p;(x) is an interpolation polynomial of the fifth degree such that

pi(x) = fr, k = i,1+5. The parameters «, [, v are chosen in such a way that under the
interpolation of f(z) € C"[a,b] the following estimate holds:

1S — f@|c = O0(S™), r=0,5. ()

The study of boundary conditions without requirement of the exact values of the derivatives
of an interpolated function at the endpoints of [a, b] was further studied in [6], where it was shown
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that the estimate (5) remains valid for splines of degree 4 interpolating a function f(z) € C"[a, b]
with the boundary conditions

Tit+1 Tit1
S(x)dxr = / pi(z)dx, i=0,1,N—-2,N —1.

T T

For quintic splines s(z) € C*[0,1] interpolating f(x) € C%[0,1] on a uniform mesh z; =
xg+ih,i=0,N; 29 =0, h = 1/N, satisfying the initial data

(i)

S\
S/I(I'Z‘)

:f(ai)v S(ﬁl) f(ﬁl)v i=0,N—1,
= f”(xi), i=0,N,

where o; = x; + h/3, B; = x; + 2h/3, and the boundary conditions

§'(x0) = f'(w0), &' (zn) = f'(znN),

the following estimate was obtained in [7]:
RS 6
[s(x) = f(z)| < Ka\lf( Nlelo,1], @ € [0,1].

For quintic splines and boundary conditions required the continuity of the fifth order deriva-
tive of the spline at points near the endpoints of the interpolation segment

SOz —0) =8O (2; +0), i=1,2,N-2,N—1

under the assumption that f € C%(R,) is bounded and the step is sufficiently small A — 0, the
following error estimate was obtained in [8]:

sup | ) () = SO (x)| < eshS.

zeER

In this paper, we analyze boundary conditions for an interpolation quintic spline, where only
one derivative or no derivatives are given at each of the endpoints of [a, b].

1 Construction of Quintic Splines

At points x € [z, zi4+1], ¢ = 0, N — 1, the spline S(x) can be represented as [9]:
S(x) = fi(1 —)3(1 + 3t + 6t%) + fir1t3(10 — 15t + 6t2) + hm; (1 — t)>t(1 + 3t)

h? h?
+ hmip1t3(1 —t)(3t — 4) + 7Mi(1 — )32 + ?Miﬂt?’(l — 1), (6)

where m; = S'(z;), M; = S”(x;). We assume that the number of interpolation points is at least
4, i.e., N > 3. By the continuity of the third and fourth order derivatives of S(x), we see that
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M; are connected with m;, f; by the relations [10]

1
Mz‘—l =— [—111mi_1 — 227mi — 79mi+1 - 3mi+2]

16h
+ g7z [~ 235fi1 +65f; + 155 fi1 + 15 i), (7)
M; =16k [3m;—1 — 33m; — 29m; 1 — Mo
+ 161h2 [15f;—1 — 85f; + 65 fi1 + 5 fita], (8)
M1 = lé - [ml 1+ 29m; + 33mis1 — 3migo]
16h2 [5fim1+65f; — 85fit1 + 15fi12], 9)
M o= Toh [3m—1 + T9m; + 22Tm;q 1 + 111m; 2]
+ o [15f;—1 + 155 f; + 65 f; 11 — 235 fi12]. (10)

Substituting (8), (9) into (6) for € [z, xi11], i = 1, N — 2, we find
S(x) = ficrp1(t) + fip2(t) + firrp2(1 — 1) + firop1(1 —1)
+ hmi_ 11 (t) + hmaa(t) — hmiy1pa(l —t) — hmiohi (1 — 1), (11)
where
o1 = t2(1 —t)*(15 — 10t)/32, g = (1 — )%(32 4 64t + 11t* — 42¢3) /32,
Y1 =t2(1 —)%(3 — 2t)/32, by = t(1 —)%(32 + 31t — 34t%)/32.

Similar expressions for splines at the boundary intervals [zg,z1] and [xy_1,zN] are obtained
from (6) by substituting M; and M, from (7), (8) and (9), (10). Namely, for = € [z, x1]
)

S(x) = fops(t) + fipa(t) + faps(t) + fape(t

+ hmotps(t) + hmaa(t) + hmaots (t) + hmsys(t), (12)
where
@03 = (1 —t)%(32 + 64t — 139> + 58t3)/32, w3 = t(1 — t)*(18t% — 47t + 32)/32,
@4 = t2(65 + 40t — 115¢% + 42t3)/32, Yy = t2(1 — ) (—98t% 4 293t — 227)/32,
o5 = t2(1 — t)(155 — 90t) /32, s = t2(1 — t)2(50t — 79)/32,
we = t2(1 — t)*(15 — 10t) /32, e = t2(1 —t)*(2t — 3)/32.

For x € [xn_1,xn] we have

S(x) = fves(L =) + fv—1pa(l = t) + fn—2es(1 —t) + fn—3pe(l — t)
—hmyv3(1 —t) — hmy_194(1 —t) — hmy_25(1 —t) — hmy_396(1 — ). (13)
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To define the spline S(x) completely, it is necessary to find the coefficients m;, i = 0, N,
satisfying the relations [11]

mj_g + 26m;_1 + 66m; + 26m;+1 + mijye =¢g;, 1 =2,N —2, (14)

where .
9=y [—5fi—2 = 50fi1 + 50 fir1 4+ 5fita]. (15)

The relations (14) and (15) are valid since (8) and (9) with the same indices coincide.

The system (14) is undefinite (N —3 equations and N+1 unknowns) and should be completed
with four equations following from the boundary conditions on S(z).

2 Boundary Conditions

The boundary conditions considered in [4] can be formally divided into two groups.

1. The classical conditions, where two different derivatives of the interpolated function are
given at the points zg and xn

S (20) = (a)7 SB) () = (6)7
(70) = fo (w0) = fo ae{1,2,3), a<B<4, (16)

where fi(a) = f@ ().

2. The two-point coniditons, where any dderivatives of the interpolated function are given
at the points zg, 1, Tn_1, TN

S (z0) = féa>, S (z1) = 1<ﬁ>,

1,2,3,4}. 1
S@O(ay) = £, $O(an-1) =), weth e 1
As was already mentioned, the main lack of these boundary conditions is that we have to be
given with the exact values of derivatives of the interpolated function. In this paper, we weaken
this requirement in the sense that either no values of derivatives are given at the endpoints or
at most one derivative can be given at each endpoint. Namely, we consider boundary conditions
of the following types.

1. Approximation of the derivatives of f(x) in the classical conditions (16):

5 (o) = fo, 5P (o) = 1§,

N aec{l,2,3}, a<p<4, (18)
§@(en) = 37, S aw) =11,
and in the two-point conditions (17):
S(a) 70) = A(Oé)7 S(ﬂ) 1) = A(ﬁ)’
w0 = o B € {1,2,3.4}, (19)

SO (@n) = 1, SP(ano1) = 1Y)

~1»

where fi(a) are approximations of derivatives and they should be chosen in such a way that

A= [ =0, a=T1 (20)
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2. The continuity condition for of the fifth order derivative of the (not-a-knot) spline at the
points x1, %2, TN-2, TN-1:

5(5)(.%'1 — 0) = S(s)<$1 +0), 5(5)<1‘2 —0) = 5(5)(.%'2 + 0),
5(5)(561\[_1 —-0) = 5(5)(371\]_1 +0), 5(5)(1']\]_2 —-0) = 5(5)(xN_2 + 0) 7

or at the points x1, 3, xN_3, TN_1:

S(S)(JJ1 —0) = 5(5)(1‘1 +0), 5(5)(273 —-0) = S(5)(a:3 +0),
5(5)(1‘]\[,1 — 0) = S(B)($N71 + 0), 5(5)($N73 — 0) = 5(5)(561\/,3 + 0)

3. The combined conditions, where the exact values of derivatives of f(z) are given at the
points xg, x and the continuity condition for the fifth order derivative of the spline is imposed
at the points x1, ry_1:

S@ (o) = £, §6)(zy — 0) = S6)(z, +0),

a€{1,2,3,4}.
S@(zy) = £ SO (@y_q —0) = SO (zy_y +0),

All the boundary conditions are given at both endpoints in a symmetric way. This means that
the type of boundary conditions is the same at both endpoints, i.e., if the conditions S’(zo) = f]
and S®) (21 —0) = S®) (1 +0) are given at the left endpoint, then the conditions S'(zx) = fi
and SO (zy_; —0) = SO)(zy_1 + 0) are imposed at the right endpoint.

Following [4], we code types of boundary conditions by abed, where a,c means the number
of points at which the derivatives are given or are assumed to be continuous and b,d means the
order of derivatives at points a,c respectively.

To emphasize that the approximate value of derivatives is given, we use the notation ap. For
example, 0213ap means that boundary conditions have the form S”(zg) = Né’, S"(x1) = ~{”.

2.1. Approximation of derivatives. The relations (18) and (19) include difference ap-
proximations of derivatives. First, we note that the indicated accuracy of these approximations
is necessary for preventing the decrease of maximal possible order of approximation O(h%) of a
function by quintic splines. Second, we are naturally interested only in approximations on the
minimal pattern (6 points).

We consider a Lagrange polynomial of the fifth degree constructed from the nodes x;, z;+1, . . .,
zi+5 and represented in the Newton form

Li(z) = fi + flzivr, w)(x — 2:) + flwive, Tip1, 2] (2 — zig1) (v — 25)
+ flzits, Tiv2, Tit1, T (2 — Tip2) (@ — zi1) (z — ;)
+ fl@ita, Tigs, Tivo, Tiv1, ) (2 — ig3) (@ — iv2) (T — @iv1)(z — 24)
+ f@its: Tita, Tigs, Tivz, Tir1, T (@ — Tiga) (@ — Tiss) (@ — i) (2 — i) (2 — 25),

where f[T;1k, Titk—1,...,x;) are separated differences of order k = 1,2,...,5. It is known [13]
that
L (@) = [ @) = 0.

7
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Therefore, all the required difference approximations satisfying (20) are obtained by

“Iga) _ L(O‘)(ack),

where i =0 for k=0,1landi=N—-5fork=N—1,N.

The differential approximations of the derivatives at the left endpoint have the form
fb = [=137f, + 300f1 — 300 f5 + 2005 — 75f4 + 12f5]/60h,
I = [45fy — 1541 + 214 fs — 156 f5 + 61f5 — 10f5]/12h,
= [=17fo + TLf1 — 1185 + 985 — 41f4 + Tfs]/4h®,
%4 = [3fo — 14f1 + 26f> — 245 + 11fs — 25] /A%,
fi = [~12fo — 65f1 +120f> — 603 + 20fs — 3f5]/60h,
= [10fg — 15f1 — 4fs + 14f3 — 6f4 + f5]/12h2,
fI' = [~Tfo+25f1 — 34fs + 22f3 — Tfa + fs]/4h°,
FO = 2 — 91 + 16fo — 14f3 + 61 — f] /B
Similar approximations of derivatives at the right endpoint have the form
Sv1 =[12fn +65fn_1 —120fn_2 + 60fx_3 — 20fn5_4 + 3fn_5]/60h,
fi = [10fy — 15fn_1 — Af o+ 14fn_3 — 6fn_a + fn_5)/12h2,
F = [Tfn — 25fn—1 +34fN_2 — 22fNn_3 + Tfn_a — fn_5]/4h°,
A}\?) L= 2fn = 9fn_1 + 16fn—2 — 14fN_3 + 6fn_a — fn_5]/h%,
Fv = [137fn — 300fn_1 + 300 fx_2 — 200fn_3 + 75 fN—4 — 12fn_5]/60h,
= [45fn — 154fN_1 + 214 fN_2 — 156 fn_3 + 61 fn_4 — 10fn_5]/12h%,
fi = (17fx — T1fno1 + 118fn—2 — 98fn—5 + 41 fn—a — Tfn—5]/4h°,
F) = Bfn — 14fn—1 +26fn_2 — 24fn_5 + 11fx_s — 2fn_5]/h*.
2.2. Equations obtained from the boundary conditions. Using the expressions for
the derivatives of a spline following from (6) and the expressions (7)—(10), we find the following

relations in terms of m; which are equivalent to the boundary conditions (16) (these equations
were earlier obtained in [4]):

mo = 4gi,0, M™MN = g1,N, (21)
where g1 = f(/), g1,N = f]/\ﬂ

{Hlmo +227my + T9my + 3ms = g2,0, (22)

3my_3+ TImyn_o+ 22Tmyn_1+ 11lmy = 92,N»
where

92,0 = 235f[x0, x1] + 170 f[21, wo] + 15 f[x2, 23] — 16h 7,
9o, N = 15f[.1‘N_3,$N_2] + 170f[$N_2,ZL‘N_1] + 235f[1’N_1, .TN] + 16hf],\/[;
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18mg + 65mq + 26ms + m3 = 33,0, (23)
my—3 + 26my_o + 65my_1 + 18my = g3 N,
where
2
93,0 = 50f[x0, w1] + 55 f[x1, 2] + 5f[xe, 23] + ghQ 0
2
g3.N =5f[rN_3, 2N 2] +55f[rN_2,2n_1] +50f[rN_1,2N] + §h2 N
83mg + 391mq + 179mo + Tmg = 94,0, (24)
Tmy_3+179my_o +391mpy_1 +83mN = ga N,
where

4
910 = 255 f[w0,21) + 370f o1, 2] + 35wz, ] — Sh* £,
4
g1 = 35 an—a, 2] + 370f [en 2, anv-1] + 255 flon—1.an] + SH LY.

The equations for m; corresponding to the two-point boundary conditions (17) were partially
derived above: (21)—(24). The equations at the points z; and zx_1 are obtained in the same
way as the equation at the points xg, ) and have the form

m1 =411, MN-1= g1,N-1, (25)

’ / .
where g11 = f{, g1v—1 = fy_1;

(26)

3mgy — 33my — 29mo — m3 = go1,
my_3+29my_2 +33my_1 —3mN = g2 N—_1,

where

92,1 = 15f[xo, x1] — T0f[21, x2] — 5f[w2, 3] + 16h [T,
Go.N—1="bflen_3,xNn_2] + T0f[xN_2,xN-1] — 15 flen_1,2N] + 16RfN_q;

mo + 8m1 +ma = g3 1,
my_2 +8my_1+my = g3 N—1,

where

2
93,1 = 5f[xo, z1] + 5 f[w1, 22] — §h2 e

2
g3.N-1=5f[rNn_2,xN_1] +5f[zN_1,2N] — §h2 N-15

Tmo + 99mq + Tlmo + 3m3 = g1,
3my_3+T7lmyn_o+99mNy_1+TmyN = g4 N—1,
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where
4
941 = 35f[x0, 21] + 130 f[x1, 29] + 15 f[x2, 23] + §h3f1(4),

4
gaNn—1=15f[xN_3,2N_2] + 130 f[xN_2,2N_1] + 35 f[rN_1,2N] — ghg ](\?)_1-

Equations (21)—(28) contain the exact values of derivatives of f,gm). To obtain an equation
for the boundary conditions (18), (19), we need to replace f,gm) with the approximate values of

the derivatives ﬁm) obtained from the difference approximation by the above formulas.

2.3. The not-a-knot conditions. At x € [x;,z;11], ¢ = 0, N — 1, the fifth order derivative
of the spline S(z) has the form

720 360 60
56 () = ﬁ(fi-i-l - fi) — ﬁ(mi-i-l +m;) + ﬁ(Mi—H — M;), (29)

i.e., it is constant on each segment [z;, z;+1]. Substituting (29) into the continuity condition for
the fifth order derivative S®)(z; — 0) = S©)(x; + 0), we find

12
6(mit1 —mi—1) — W(Mit1 = 2M; + Mi1) = - (fisr = 2fi + fiz1). (30)

T

Expressing M = (Mo, My, ..., My)T in terms of m = (mg,my,...,my)7 in accordance with

(7)-(10), we obtain two different representations of (30):

5mi—1 + 33m; + 21my1 + Myt = Sf[Tive, Tiv1] + 38f[Tiv1, x| + 17 f[zs, zi—1], (31)

mi—a + 21m;—1 4+ 33m; + bmyp1 = 17 f[xip1, x] + 38 f[zi, zim1] + 5f[wim1, Ti—2]. (32)

Equation (31) is applied for ¢ = 1, N — 3, N — 2, whereas (32) is used for i = 2,3, N — 1. The
right-hand sides of both equations are denoted by gs ;.

The difference between the boundary conditions 1525 and 1535 consists in the following.
Using the conditions 1525, we find a large continuous, up to the fifth order derivative, part
of the spline on [z, z3], [tN—_3,zN], whereas, if we use the condition 1535, we find two large
parts on [zg, T3], [r2, x4] and [xn_4,zN_2], [tN—2,zN]. We note that equation for the combined
boundary conditions was, in fact, obtained in the previous sections.

3 Systems of Equations for m;

Adding the equations obtained from the boundary conditions of each type to Equations (14),
we obtain a closed system of equations with respect to the unknowns m;:

Am = g, (33)
where m = (my,...,my)? and g = (g0, 91,92, - -, 9gN-2,9N—1,9n)" . Moreover, the components
92, ...,9N—2 of g are the same for all boundary conditions and are computed by formula (15),

whereas g, 91, gN—1, gn depend on the type of boundary conditions.
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In the case of boundary conditions 1525, we reduce the system of equations (33) by elemen-
tary transformations

69 58 3 mo g%525
72 197 78 3 ms g31,525
1 26 66 26 1 my g4
1 26 66 26 1 mMmyN_—4 gN—4
3 78 197 T2 my—_s 91523
3 58 69 my—2 gr%
where
1525 5 1525 1
927 =3(92 — 952) — 57 (5g52 — g5.1): 937" = 393 — (5952 — g5.1),
24 24
1525 o 1525 1
IN=3 = 3(gn—2 — g5.N—2) — ﬂ(595,1v71 —gs5,N-2); 9N-3 = 39gN-3 — ﬂ(E’QS,N—l — g5,N—2)-
The unknowns mg, mi, my_1, my are found by solving the system (34) in accordance to the
formula
1
mi= g (5952 — g5,1)/24 — 6my — mg3],
1
mN-1= 3 [(5g5,N—1 — g5,N—2)/24 — 6mpy_o — mN_3],
1
my = R (95,1 — 33m1 — 21mg — mg],
my =& [95,N—1 — 33mNn_1 — 2lmy_3 — mN_3].

For boundary conditions 1535 we have the system of equations

434 353 18 ms3 g35%
97 309 129 5 my gi535
1 26 66 26 1 ms gs
1 26 66 26 1 my-—5 gN-—5
5 129 309 97 MN—4 9N
18 353 434 MN_3 g}éﬁ%
where
5
95°% = 18(g3 — gs.3) — %(9795,3 + 951 — 5g2),
91°% =594 — g3 + 5.3,
N>, = 5gN—4 — gN-3 + G5 N—3,
5
N3 =5(gN—3 — gs.N—-3) — ~—=(97g5.N—3 + gs.N—1 — DGN—2)-

96
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The unknowns mg, mi, me, my_o, my—_1, my are found by solving the system of equations

(35) in accordance with the formula

1[1
myg = — | —
27 18196
mN‘FE[%

my =gs53— 21m2 — 33m3 — 5m4,

mN-1=gsN-3 — 2lmy_2 —33my_3 — dmpy_4,

1
mo = = [g5,1 — 33mq — 21mg — mg],

)
1

my = ¢ [g5,N—1 — 33mn_1 — 21lmN_2 — mN_3].

5

(97953 + 95,1 — 5g2) — 32m3 — by,

(9795, N—3 + g5, N—1 — BgN—2) — 32mpN_3 — MmN _4|,

For boundary conditions 0115 we have the system of equations

1
5 33 21
1 26 66

1
26 1

1 26 66 26 1

1

32 33 5

1

mN-—2
mN-1
my

g1,0
95,1
92

gN-2
g5 N—1
91,N

For boundary conditions 0215 we have the system of equations

158 121 6
97 309 129 5
1 26 66 26 1

1 26 66

6

5 129 309 97

26 1

121 158

myN-3
myN—2
myN—1

(111g5,1 — 59270)/16
992 — 95,1
g3

gN-3
SgN-2 — g5,N—1
(111g5 N—1 — 5g2,n5)/16

(36)

The unknowns mg, my are found by solving the system of equations (37) in accordance with

the formula

mo

1
= m [gg,g — 227m1 — 79m2 — 3m3] s

g27N — 227m]v_1 — 79mN_2 — 3mN_3] .

N =1

893



For boundary conditions 0315 we have the system of equations

269 248 13 mi 18g5,1 — 593,0
97 309 129 5 mo 992 — gs,1
1 26 66 26 1 m3 g3
. j = : (38)
1 26 66 26 1 my-—3 gN-3
5 129 309 97 MN_2 9gN-2 — g5,N—1
13 248 269 Mmy_1 1895 N—1 — Dg3 N

The unknowns mg, my are found by solving the system of equations (38) in accordance with
the formulas

1
mo = E [9370 — 65m1 — 2677’L2 — mg] N

MmN = 1% [958 — 65mN—1 — 26my—2 — mN_3] .

For boundary conditions 0415 we have the system of equations

2000 1206 49 ma gytt?
1221 3231 1274 49 ms ggtt®
1 26 66 26 1 may g4

1 26 66 26 1 MN—_4 IN—4

49 1274 3231 1221 my_s3 a5

49 1206 2000 my—2 a3

where

9915 = (59, — g51) — 2(83g5.1 — 5ga), 9315 = 49g3 — £ (83951 — 5gap),

9315 = 2 (5gn—2 — g5,n—1) — 25(83g5, N1 — Bgan), 9NES = 49g9n—3 — 75(83g5,N—1 — Bga,N).-

The unknowns mg, m1, my_1, my are found by solving the system of equations (39) in accor-
dance with the formula

1
mi = E [(8395’1 — 594’0)/16 — 53m2 — 3m3] s

1
mnN—-1 = ——= [(83.957]\[71 — 594’]\/)/16 — 53mN72 — 3mN,3] 5

49
mo = <2 [940 = 391m1 — 179m, — Tmg],
MN = o3 [94,5 —391my_1 — 179my o — Tmy 3]

The matrices of all the above systems have diagonal dominance. Thus, for all the types
of boundary conditions under consideration we can guarantee the existence, uniqueness, and
possibility of computing solutions by the stable 5-point sweeping method. [9].
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4 Asymptotics of Approximation Error

The asymptotic representations (2) for the error of approximation by a spline S(x) in the
case of the classical boundary conditions were obtained in [4], where the proof was based on
the diagonal dominance in the systems for m;. Since the same fact occurs in the case of the
boundary conditions under consideration, we can repeat the reasoning of [4] to obtain (2).

However, since we cannot explicitly indicate the functions v; n(t) for each type of boundary
conditions, for further consideration we use numerical experiments. The functions v; x(t) are
independent of f(x). Therefore, setting f(z) = x5 and taking into account that f(©)(z) = 6!,
f®)(x) =0, k> 7, from (2) we find

S(x) = f(a) + hoyn(t),
from which we find the sought function ~; y():
1
YiN(t) = 76

We note that 2% — S(z) is called a monospline [9].

(S(x) —2°). (40)

We show that 7; v (t) are bounded. We consider the system (33) for constructing a spline
with boundary conditions 0102ap. We introduce a spline H(x), z € [xo,zy], interpolating f;,
7,1 =0, N, at the nodes and taking the following form on each segment [z;, z;11], i =1, N —2:

H(x) = fic1p1(t) + fipa(t) + firro2(1 =) + fizoppr(1 —1t)
+hfia () + hfia(t) — hfiaba(l —t) = hfi ¢ (1 = 1).
On [zg,z1] and [zny_1,zN], the spline H(z) is expressed by
H(z) = fops(t) + fipa(t) + faps(t) + fspe(t)
+ hfows(t) + hfiva(t) + hfys(t) + hfzie(t),
H(z) = fnes(1 —t) + fn-10a(1 =) + fn—205(1 — ) + fn—3p6(1 — t)
—hfnvs(l—t) = hfy 1 ¥a(l —t) — hfy_o¥s5(1 —t) — hfy_gb6(1 — ).
Taking the polynomial 26 for f(x) and repeating the argument of [4], we find
H(z) — 2% =n%(t), =€ [zi,2i1], i=0,N — 1.
Taking into account that ||v|[c = 3/64, we obtain the estimate

3
H— 2% < —=hS. 41
| (Yo 64h (41)

We consider the difference S(z) — H(z). For x € [z;,x;41], i = 1, N — 2, we have
S(z) — H(z) = h[(mi—1 — fi_)1(t) + (mq — fi)ia(t)
— (miy1 — fii )2 (1 = 1) — (miv2 — fio)1 (1 = 1)) (42)

The vector on the right-hand side of the system is equal to g = (1.0, 920,92, - - -, 92N, 91.N)" -
Subtracting Af’, f' = (f},..., fi)1, from both sides of (33), we find

A(m — f') =g — Af". (43)
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Let us estimate the components of g — Af’. By the Taylor formula,

g10 = (Af')o = 120°,

92,0 — (Af')1 = 9144K°,
9i—(Af)i=0, i=2,N-2,
go.n — (Af ) N1 = 9144R°,
a.n — (Af')n = 120R°.

We denote by ||z]|cc = max|z;| and ||A|| = max " |a;;| the norms of a vector z = (zq,...,2n)7
5 4

and a matrix A = (aj;). Since the matrix A of the system (33) for constructing a spline
with boundary conditions 0102ap has diagonal dominance, equal to 1, we have [9] ||A~!|| < 1.
Therefore,

lm = flloe < llg = Aflloos

and, consequently,
M — f/lloe < 9144R°.

The functions (), ¥2(t), t € [0, 1], can be estimated from above as follows:

[¥1]le < 0,005, [[¢2fc <0,18.
As a result, from (42) we obtain the estimate
IS = Hlle < hlm = f'llso2ll1llc + 2llv2llc) < 3383, 28h°. (44)
Since ||S — 28||c < ||S — Hl|¢ + ||H — 2%]||¢, from (41), (44) for (40) we get
lvinllo <3383,33, i=1,N—2.

For i = 0,(N — 1) similar arguments lead to the estimate ||v; n|c < 5806,49. Thus, the
functions 7; y(t) are bounded in the case of boundary conditions 0102ap. In the remaining
cases, the boundedness of 7; y(t) is proved in a similar way.

We present the results of numerical experiment of calculating values of the functions v; n (%)
and their maxima for different boundary conditions. Computations are performed on [—1,1].
It should be noted that the functions 7; y(t) fastly converge to the limit values 7; o (f) as N
increases for any boundary conditions and that all functions fastly converge to y(t) = %tQ(l —
t)2(1 + 2t — 2t?) far from the endpoints of [a,b]. Thereby the well known fact of local influence
of boundary conditions on the behavior of the spline is confirmed, at least, in asymptotics.

Tables 1 and 2 consist of the values of max ||; so||c for different boundary conditions. These
(2
values are, in fact, the same as max ||y c|/c. In Table 1, for the sake of brevity the code of
(2

boundary condition is divided into two parts: the first part (the first column of the table) means
the order of derivative at the point xg, whereas the second part (the first row of the table) means
the order of derivative at the points zg and x; for the classical and two-point boundary conditions
respectively. For example, for boundary conditions 0213ap we have max 17,00 llc = 17,2278. The

empty cells of the table mean the absence of boundary conditions of the corresponding type (for
example, 0202ap) or repetition of some other condition (for example, 0203ap and 0302ap).
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We note that for all boundary conditions with 6-point difference approximations of deriva-
tives (cf. Table 1) the asymptotic behavior of v; n(t) is considerably worse than in the case
of the not-a-knot conditions 1525 (cf. Table 2). For boundary conditions of type 0X15ap,
X = 1,2,3,4, the situation is similar since max ||y ~||c € [14,7545,16,5224]. Thus, it is not
reasonable to use conditions with difference apz)roximations of derivatives; it suffices to consider
only boundary conditions 1525.

TABLE 1. Values of max ||, so||c for boundary conditions
with difference approximations of derivatives.

02 03 04 11 12 13 14
01 | 16,8471 | 16,7938 | 16,7310 | 17,1490 | 16,0806 | 17,0406 | 16,3908
02 16,6531 | 16,5207 | 17,3063 | 15,9410 | 17,2278 | 16,0169
03 16,2318 | 17,4722 | 15,8901 | 17,5733 | 15,7305
04 17,6377 | 15,8785 | 18,0879 | 15,6004

TABLE 2. Values of max ||, s0/|c for boundary conditions
with continuous fifth drder derivative at one or two points.

1525 1535 0115 0215 0315 0415
9,8340 | 15,8112 | 0,7006 | 1,3749 | 2,7981 | 6,0206

The results in Tables 1 and 2 show that the combined boundary conditions are optimal.
Among two variants of the not-a-knot conditions 1525 and 1535, the better is the condition
1525. We also considered the so-called not-a-knot conditions 2535. However, such conditions
are not of great importance since max ||v; o |lc &~ 128, 4, which is considerably worse than the
case of conditions 1525. Z

We note that all the boundary conditions considered in this paper are worse in the sense
of accuracy than the optimal conditions in [4] because max |1Vi,00llc > |7llc = 3/64. However,

the considered conditions are more useful in practice since they require less information about
derivatives of the interpolated function.

5 Interpolation of the Runge Function.
Numerical Experiment

As an example, we consider interpolation of the Runge function [14]

1

1) = o5

(45)
on a uniform mesh on [—1,1]. Lagrange polynomials taken for interpolation in this example
turn out to be divergent [14, 15]. Let us consider quintic splines for interpolation. Tables 3-6
represent the error of approximation of the Runge function by splines with different boundary
conditions.

Assume that the Runge function is interpolated by quintic splines on a uniform mesh with
different N. Then e; = [|S — f|lc[-1,1) is the same for all boundary conditions and attains the

897



maximum at the middle of [—1, 1], where the boundary conditions do not practically affect the
approximation error. The corresponding data are given in Table 3. However, near the endpoints,
the influence becomes considerable, and the behavior of errors S(x) — f(z) near the endpoints
looks like the behavior of v; n(t).

TABLE 3. Values of e; for all boundary conditions with different N.

N |20 40 80 160
er | 1,60 x 1074 | 3,14 x 107 | 2,48 x 10~7 | 3,05 x 10~

Now, we consider interpolation of the Runge function (45) by quintic splines on a uniform
mesh on [0, 1] and study the behavior of the approximation error. If we use the boundary condi-
tions with six-point approximations of derivatives for N = 20, then the norms of approximation
error are practically the same: ey = ||S — f|lcp,1) € [1,21 X 1073, 1,31 x 107?]. In this case, the
error graphs are practically undistinguishable.

Table 4 presents errors in the case of boundary conditions including the continuity of the
fifth order derivative of the spline at one or two points. The error attains the maximum near
the point 0.

TABLE 4. Values of ey for boundary conditions with the fifth order derivative for N = 20.

1525 1535 0115 0215 0315 0415
9,73x 1074 [ 1,21 x 107* [ 3,98 x 10™° | 5,81 x 107° | 7,04 x 107° | 5,19 x 10~°

In the case N = 20, it turns out that the error in the case of conditions 1535 is considerably
less than that for conditions 1525.
about the advantage of conditions 1525 in comparison with condition 1535. However, the error
asymptotic can be observable only for large N, whereas we have N = 20 in the example with
the Runge function. The results for large N are presented in Tables 5 and 6.

It can look like a contradiction with the above conclusion

TABLE 5. Values of ey for boundary conditions with
approximation of derivatives with different N.

N €2

40 | [8,80 x 107%,9,71 x 1079]
80 | [5,07x1077,5,33 x 1077
160 | [1,26 x 1078,1,35 x 108

320 | [2,19 x 10719.2,36 x 10~1Y]

TABLE 6. Values of ey for boundary conditions with
continuity of the 5th order derivative for different N.

N | 1525 1535 0115 0215 0315 0415

40 | 7,94x1077 | 3,67x107° | 1,49x107% | 3,01x107% | 6,41x107°% | 1,49%x107°

80 | 3,87x1077 | 1,73x10°7 | 3,68x107% | 7,25x107% | 1,49%x10"7 | 3,25x10~"

160 | 8,31x1079 | 1,11x1078 | 6,33x10710 | 1,24%x107° | 2,53x1079 | 5,47x10?

320 [ 1,4x10719 [ 2,15%x10719 | 1,01x107 ' | 1,99x10~ M | 4,04x10~ | 8, 71x10~ 1!
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The above results show that the use of quintic splines on a uniform mesh allows us to
approximate the Runge function with high accuracy.

In this paper, we used only 6-point approximations for derivatives in the optimal conditions
(3). From the theoretical point of view, 7-point approximations of derivatives, could yield the
same error asymptotics as h — 0 as in the case of the optimal boundary conditions. However,
the results below show that this fact holds, generally speaking, for very small h.

We consider the quantity

€2

AR = .
max [ v (1) /O (2)h /61

It is obvious that }lliné AR = 1. This fact is also confirmed by the results (cf. Table 7) of
—

numerical experiment with the optimal boundary conditions 0111 and conditions 0111ap (with
7-point approximations of the first order derivatives). However, for conditions 0111ap, the
convergence rate AR satisfies the relation AR ~ 1 only for very small h.

Similar results are obtained by for the remaining types of optimal boundary conditions (3).

TABLE 7. Values of AR for boundary conditions
0111ap and 0111 with different N.

N |Olllap | 0ll1

25 | 42,5300 | 1,1635
50 | 123,6195 | 0,9584
100 | 80,1194 | 1,0070
200 | 25,9438 | 1,0026
400 | 7,4697 | 1,0007
800 | 2,5577 | 1,0002
1600 | 1,3709 | 1,0009

References

1. J. H. Ahlberg, E. N. Nilson, and J. L. Walsh, The Theory of Splines and Their Applications,
Academic Press, New York etc. (1967).

2. B. S. Kindalev, “Asymptotic formulas for a spline of the fifth degree and their application”
[in Russian|, Vychisl. Sist., 87, 18-24 (1981).

3. N. P. Korneychuk, Splines in Approximation Theory [in Russian|, Nauka, Moscow (1984).

4. S. S. Primakov, “Asymptotic analysis of boundary conditions for quintic splines” [in Rus-
sian], Mat. Trudy. Inst. Mat. SO RAN, 14, No. 2, 173-188 (2011); English transl.: Sib. Adv.
Math., 22, No. 4, 275-286 (2012).

5. G. H. Behforooz and N. Papamichael, “End conditions for interpolatory quintic splines,”

IMA J. Numer. Anal. 1, 81-93 (1981).

899



10.

11.

12.
13.

14.

15.

G. Behforooz, “Another approach to the quintic spline,” Appl. Math. Lett. 1, No. 4, 335-338
(1988).

S. S. Rana, P. R. S. Choudhary, “Convergence of deficient quintic spline interpolation,” J.
Int. Acad. Phys. Sci. 14, No. 2, 159-167 (2010).

A. Bejancu, M. J. Johnson, and H. Said, “Finite difference end conditions and semi-cardinal
interpolation with quintic b-splines,” Appl. Math. Comput., 237, 318-329 (2014).

Yu. S. Zavyalov, B. I. Kvasov, and V. L. Miroshnichenko, Methods of Spline-Functions [in
Russian|, Nauka, Moscow (1980).

P. U. Kaliev, “On obtaining the exact estimation errors for interpolation of functions by the
fifth degree splines of the defect 1, on a uniform network” [in Russian]|, Vychisl. Sist., 115,
26-40 (1986).

D. I. Fyfe, “Linear dependence relations connecting equal interval n-th degree splines and
their derivatives,” J. Inst. Math. Appl., 7, 398-406 (1971).

C. de Boor, A Practical Guide to Splines, Springer, New York, NY (2001).
I. S. Berezin and N. P. Zhidkov, Computing Methods. I, Pergamon Press, Oxford etc. (1965).

C. Runge, “Uber empirische Funktionen und die Interpolation zwischen dquidistanten Or-
dinaten,” Z. Math. Phys. 46, 224-243 (1901).

C. Lanczos, Applied Analysis, Prentice Hall, Englewood Cliffs, NJ (1961).

Submitted on July 10, 2015

900



	Abstract
	Introduction
	1 Construction of Quintic Splines
	2 Boundary Conditions
	3 Systems of Equations for mi
	4 Asymptotics of Approximation Error
	5 Interpolation of the Runge Function.Numerical Experiment
	References

