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ON THE LATTICE OF SUBVARIETIES
OF THE WREATH PRODUCT OF THE VARIETY OF SEMILATTICES
AND THE VARIETY OF SEMIGROUPS WITH ZERO MULTIPLICATION

A. V. Tishchenko UDC 512.532.2

ABSTRACT. It is known that the monoid wreath product of any two semigroup varieties that are atoms in
the lattice of all semigroup varieties may have a finite as well as an infinite lattice of subvarieties. If this
lattice is finite, then as a rule it has at most eleven elements. This was proved in a paper of the author in
2007. The exclusion is the monoid wreath product S1 w N2 of the variety of semilattices and the variety
of semigroups with zero multiplication. The number of elements of the lattice L(S1w N32) of subvarieties
of Sl w N3 is still unknown. In our paper, we show that the lattice L(S1w N2) contains no less than
33 elements. In addition, we give some exponential upper bound of the cardinality of this lattice.

1. Introduction

Going over from the study of products of group varieties [10] to the study of products of semigroup
varieties, we have some different variants of the definitions of such a product. One variant of the definition
was proposed by A. I. Malcev in [9]. This product has been studied in a number papers of mathematicians
of Ekaterinburg (the science school due to L. N. Shevrin) and some other authors (see [14,16]). Another
variant was proposed by J. Rhodes as a wreath product or semidirect product of semigroup varieties and
semivarieties (see [1, papers 5-7]. Later this approach has been described in monographs due to S. Eilen-
berg [3] and G. Lallement [8, Chaps. 4-6]. This approach has been used also by some mathematicians.
There have arisen different definitions: general wreath product, monoid wreath product, and standard
wreath product of semigroup varieties. In the first and the second cases, we have the associative wreath
product. The standard wreath product of semigroup varieties is not associative (see [7,18,19]).

We recall that the ordered monoid of semigroup varieties under the operation of monoid wreath
product has been studied in [22]. In our paper, we deal with the monoid wreath product of varieties. The
computation of the wreath product of atoms of the lattice of semigroup varieties has been realized in [23].
A semigroup variety U is called a Cross if it is finitely based, is generated by a finite semigroup, and
has a finite lattice of subvarieties (see, e.g., [12]). The atoms of the lattice of all semigroup varieties are
well known (see [4,16]). These are precisely the varieties Ny of all semigroups with zero multiplication,
L of all semigroups of left zeroes, R of all semigroups of right zeroes, Sl of all semilattices, and A, of all
Abelian groups of prime exponent p. The lattice L(U w V) is infinite in the following four cases of the
wreath product of atoms: A, w A, (p is prime), Slw Sl, SIlw R, and Slw A, (p is prime).

In other cases, the monoid wreath product U w 'V of two atoms U and V of the lattice of semigroup
varieties has a finite lattice of subvarieties. The cardinality of such a lattice, as a rule, is not greater
than 11 [23, Theorem 3.1]. However, in the case of the wreath product of the varieties of all semilattices
and all semigroups with zero multiplication we have another situation. It was proved in [23] that the
lattice L(Sl w R) is finite. But precise computation of this lattice is not as easy as for other wreath
products of atoms if such a lattice of subvarieties is finite. Thus, we can set two connected problems.

Problem 1. Describe the lattice L(S1w Ny) of subvarieties.
Problem 2. To give lower and upper bounds of the cardinality of the lattice L(S1wNy) of all subvarieties.
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It is clear that the solution of Problem 1 covers Problem 2. But now we do not have the full solution
of Problem 1. We consider the full solution of this problem as an important step in the study of the
monoid wreath product of semigroup varieties.

Further the variety S1 w Ny will be denoted by W. In this paper, we have some progress in the
solution of Problems 1 and 2. We indicate two disjoint sublattices L' and Lg of the lattice L = L(W) of
subvarieties. In addition, we have |L'| = 13 and |Lg| = 20. So, |L| > 33. In this paper, we shall get an
upper bound for the cardinality of the lattice L. But this bound is not exact, namely, |L| < 2(127) + 33.

In Sec. 2, we give some needed definitions and notation and give some results from [23]. So, we
describe the approach to the solution of Problems 1 and 2. In Sec. 3, we give a complete description
of all subvarieties in L that do not contain the variety Sl of all semilattices. Such subvarieties form
a sublattice L' of L containing 13 elements. In Sec. 4, we give a sublattice L” of Ly consisting of all
subvarieties in L = L(Slw N2) containing the variety S1) of all semilattices. So, |L| > 33. We also find
an upper bound for the cardinality of the lattice L, but this estimation is not good.

In conclusion, note that the results on two disjoint sublattices of 13 and 20 elements were announced
in [21].

2. Preliminaries

We shall use the usual terminology of the theory of semigroups and the theory of varieties (see
[2,15,16]). We recall some definitions and some notation.

Let X be a countable alphabet. Let us denote the letters of this alphabet by x,y, z,t,x1,zo,...,
Thoyev s YLy Y2y oo o s Yhoy e v v s 215225« -+ 2k, - - -, and so on. If u and v are words over the alphabet X, then
u ~ v denotes the identity over X; |u| denotes the length of the word w, ¢(u) denotes the set of letters
that appear in the word u, hi(u) is the prefix of the word u of length k. An identity u ~ v is called
homotypic if the equality c¢(u) = ¢(v) holds, and heterotypic if the inequality c¢(u) # ¢(v) holds.

An element a of a semigroup S is called periodic if it satisfies the equality a™™™ = a™ for some
natural numbers m, n. If m and n are the least numbers with such properties, then the number m + n is
called the order, m is called the index, and n is called the period of the element a. It is easy to see that
a monogenic semigroup (a), generated by the element a of order [ = m + n, contains [ elements.

A semigroup is called uniform periodic if the identity

is true for some natural numbers m and n. A semigroup is called nil semigroup of index m if the identity
™" =0
holds in it for some m. A semigroup S is called nilpotent of step m if the identity
T1T2...Tm =0

holds. A nonempty word w is called linear if none of its letters occurs in w more than once.

The wreath product of semigroups S and R by a right R-set A is the semigroup T = S4 w R defined
on the Cartesian product S x R with S4 being the set of all functions of A into S, and multiplication
given by formulas

(f;p)(g,9) = (f'9,pq), (fI9)(a) = f(a)g(ap)

for any a € A [17,19,20]. First of all, we now are interested in the wreath product of semigroup varieties.
In the study of the wreath product of semigroup varieties, we have chosen the monoid wreath product
of semigroup varieties [18-20] as the most suitable. The monoid wreath product of semigroup varieties
is generated by the set of all extended standard products in which the passive semigroup belongs to the
first variety and the active semigroup belongs to the second variety [19,20]. Note that in [18] the monoid
wreath product of semigroup varieties is called the wreath product of semigroup varieties. We recall that
a wreath product of semigroups T' = S4 w R is called an extended standard wreath product of semigroups
if the R-set A coincides with the least monoid R! containing the semigroup R. The extended standard

437



wreath product of semigroups S and R is denoted by T' = Sw; R. Further in this paper, we consider only
the extended standard wreath product of semigroups.

In [23], there have been proved some results concerning the variety Sl'w No, which we need now. We
formulate these results.

Lemma 2.1 ([23, Corollary 2.13]). If var S = Sl, then an identity u = v belongs to the set [(W) if and
only if the following conditions hold:
(1) either u =~ v is a trivial identity or |u|, |v| > 3;
(2) ho(u) = ha(v);
(3) replacing the common beginning ho(u) = ha(v) in the identity uw = ho(u)u; =~ ho(v)vy = v by the
subword z1za, where z1, z2 ¢ c(uv), yields the identity z1zou1 = z129v1, where c(uy) = c(vy).

Lemma 2.2 (23, Corollary 2.14]). The variety W has the basis of identities

2120y X 2129Y°, (2.1)
Z122YT = 21220Y.
Proposition 2.1 ([23, Proposition 3.8]). The lattice L(W) is finite.
In particular, in the proof of this proposition in [23] there has been established the following fact. If
in the subvariety U C Sl w Ny some heterotypic identity is true, then the identity
2122y = 2122%
is true in it. If each identity in I(U) is homotypic, i.e., for every identity u ~ v in I(U) the equality
¢(u) = ¢(v) holds, then the variety U contains the variety Sl of all semilattices. In this case, we can

assume that each of the words v and v is reduced to some W-equivalent canonical word, i.e., it has one
of the following forms:

2 3 2 2
Z, 201 .. Tk, Z°X1 ... Tk, Z122X1 ... Tk, 212221%1 ... Tk, 212571 ... Tk, 21252121 ... (kK >0). (2.3)

In solving Problems 1 and 2, it is important to know whether the considered subvariety V of the
variety W contains the variety Sl of all semilattices or not. The fact S1 C V is known to be equivalent
to the fact that each identity from I(V) is homotypic. It is easy to note that

LW)=L'ulL",
where L' is the lattice of all subvarieties in W in which there is true a heterotypic identity, and L” is the
lattice of all subvarieties in W that contain the variety Sl of all semilattices.

We denote by var 3 the variety of all semigroups in which all semigroup identities of the set X are
true.

3. The Sublattice L’ of All Subvarieties of the Variety W
That Do Not Contain the Variety of All Semilattices

Proposition 3.1. The sublattice L' of all subvarieties of the variety W, in which some heterotypic identity
is true, coincides with the lattice of all subvarieties of the variety Lo 3 = var{zi 200 = 2120y}. This lattice
is represented in Fig. 1. It contains 13 elements.

In Fig. 1, we use the following additional notation:
L3 = var{zy1ys = v2122},
N3 = Ly 3 = var{yiy2ys ~ 212223},
Lo = var{z122 & z1222},
Lo = var{zy ~ zz},

Ny = Lo = var{zy ~ zt},
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Fig. 1. The sublattice L’ of subvarieties of the variety SI w Ny that do not contain the
variety of all semilattices.

L =Ly = var{zy =~ z},
N3 = var{z? = y192y3},
CNj3 = var{yi1y2ys =~ 212223, TY =~ yz},

CN3, = var{z® ~ y192y3, zy ~ yz},

3

2
Vo3 = var{z® = 2°, 122y = T1222},

2 o 3 ~
Vi3 =var{z® = z°, zy1y2 = 2122}

Remark 3.1. The notation Lj,, (m > 1, 0 < j < m) was used in [22]| and in [6] for the idempotents
under the wreath product of semigroup varieties.

Proof of Proposition 3.1. The proposition is proved by standard arguments using known full descriptions
of all identities of the varieties L 3, Lo 2, L1 3, and other varieties indicated in Fig. 1. We do this argument
for the case of the variety Lo 3. Let V be a subset of Lo 3. It is clear that u ~ v € I(Ly3) if and only if
the following two conditions hold:

(1) u = v is trivial or |ul, |[v| > 3;

(2) ha(u) = ha(v).

Let w = v € I(V) — I(Lgy3) be true. Then for the identity u ~ v, condition (1) or (2) is violated.

Let condition (2) be violated but hj(u) = hi(v) be true. In this case, we have some identity of the
form u = zyu' ~ zyv’ = v with y, z being two different variables belonging to the set I(V). Multiplying
this identity on the right by some word we can assume that |ul, |[v| > 3. Therefore, in the variety V the
following sequence of identities is true:

ryt ~ zyu’ ~ hy(u) =~ h3(v) = r2v’ ~ z2t;.

Thus, in this case we have V C Ly 3.

Let hq(u) # hi(v). Then u = zu’ = yv’ = v, where z, y are different variables. Setting p(z) = z129,
©(y) = y1y2, and @(z) = z for each z € X — {z,y}, we obtain that the identity z1zou” ~ yiy2v” is true
in the variety V. Therefore, in the variety V we have the following chain of identities:

—~ "o "o
T1Xot R Y1yt R Y1Y2vV R r1T2t1.

Thus, in this case, we have V C Nj.

Let for the identity u ~ v condition (1) be violated. If |u| = 1 and V # T, then we have the identity
z ~ 22 in V. Then the identity zy ~ z?y ~ 2%z ~ xz is true in V. Therefore, in this case, we have
V C Lo If [ul| =2 and |v| > 3, then 22 ~ 2® € I(V) and V C V3. If u = zy, then under |v| > 3 this
identity is equivalent to the identity zy ~ zyz. Thus, in this case, we have that V. C Loo. If |u| = |v| = 2
and the considered identity is nontrivial, then condition (2) is violated. This case has been considered
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above. The inequality V3 # Lo 3 follows from the fact that the first set I(Vy3) of identities contains an
identity u = v with |u| = 2 and the second set does not contain such identities. O

4. Subvarieties of the Variety W, Containing the Variety of All Semilattices

Now we shall estimate the number of different possible homotypic identities «© ~ v in which the right
and left sides are W-canonical words, i.e., words of the form (2.3). It should be noted that the letters z,
z1, and 25 in these words are used for letters of the beginnings of length 2.

Further, we assume that for an identity u &~ v we have the inequality

fu] < [ol. (4.1)

Now we consider distinct cases of u =~ v. Let us introduce a “working” definition.

Definition 4.1. Identities © ~ v and w1 =~ vy are called W -equivalent for the variety W if the subvarieties
defined in it by these identities coincide.

Definition 4.2. An identity u = v is called W-canonical in a subvariety U C W if its right and left sides
are W-canonical words.

Thus, if 3(W) is some basis of identities of the variety W, then for W-equivalent identities the
subvarieties var(3(W), u ~ v) and var(3(W), u; ~ v1) are equal.

Further we shall consider the subvarieties of W defined by adding one identity v =~ v to the basis
B(W), i.e., the subvarieties of the form

U =var(B(W), u = v). (4.2)
Remark 4.1. A general plan of solving Problems 1 and 2 consists of the following steps. At first, we
shall describe all W-canonical non-W-equivalent identities. Then for finding Uy V Uy we can use the
known equality I(U; V Uy) = I(Uq) N I(Usg). If the descriptions of all identities of I(Up) and I(Us)
are known, then we can try to find the basis of the variety U; V Us. Moreover, it is known that for the
intersection of two semigroup varieties we have the following equality: I(U; N Uy) = I(U; U Us). In the
last case, the basis of the intersection of two semigroup varieties is the union of the bases of the initial
varieties (see [16, Sec. 5]). The obtained basis possibly may be simplified. Due to [23, Theorem 1.2], the
variety W is Cross. In particular, this variety is hereditarily finitely based (see [5]). So, any subvariety
U C W is the intersection of a finite number of semigroup subvarieties of the form (4.2). Thus, the first
problem here is the description of all possible W-canonical non-W-equivalent identities.
Let us introduce the following notation for subvarieties of S1 w No, containing the variety Sl:

V1 =var{3(W), 2* ~ 23},

Vo = var{3(W), zz ~ zz?},

Vi3 =var{(W), zx = zxz},

Wy = SlwL = var{zz ~ zz?

| 2yw ~ zzy),
V =SIVLV N, =var{zz ~ 2%z, zyz ~ 22y},
P’ = var P’ = var{zz ~ 222, 3’z ~ 2%y},

W, =var{3(W), zyx =~ zxy},

Wy =var{3(W), zyx =~ zzxy, yrz ~ ryz},
W3 = var{(W), yz =~ zy},

V' = var{B(W), 2%y ~ 2%y},

Ug = var{ (W), v’z ~ 2%y},

Wi = var{B(W), zyz ~ zay, 2°~ 23},
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W = var{B(W), zyz ~ zzy, yrz ~ ryz, 2>~ 2°},
Wi = var{3(W), yz ~ zy, 2%~ 23},

2

U, = var{B(W), zyz ~ zzy, v’z ~ 2y},

Uy = var{B(W), zyz ~ zzy, 3’z ~ 2%y, 2° =~ 23}.
Let us add to these subvarieties three more, namely:

Sl = var{z ~ 2%, yz ~ zy},
SIVL = var{z ~ 2%, zyz ~ zay},
S1V Ny = var{zy =~ 2%y, yz ~ zy}.

Now we have got the sublattice Ly C L” of 20 subvarieties. Now let us show that this subset L of
20 subvarieties is a sublattice.
The main aim of the remainder of the present section is a proof of the following proposition.

Proposition 4.1. The lattice L(W) contains the sublattice Lo C L" of 20 subvarieties, which are defined
only by homotypic identities. The sublattice Lo is depicted in Fig. 2. In particular, the sublattice Lg
contains all subvarieties that are defined in S1w Ny by permutation identities and homotypic identities
u = v with the condition |u| < 2.

w

V/

Fig. 2. The sublattice Ly C L” of subvarieties of the variety SIwNy, containing the variety
of all semilattices.

Before proving Proposition 4.1, we shall prove a number of lemmas.

Lemma 4.1. If the identity u ~ v satisfies the condition |u| = 1, then the subvariety U of the form (4.2)
is contained in the variety S1V L.

Proof. If |v| = 1, then the assertion is obvious. Let |v| > 1. Then a homotypic identity is either z ~ 22

or z ~ z3. In any case, the identity z ~ 22 is true in the variety U. Then the identity zyz ~ zxy is also
true in the variety U. The lemma is proved. O
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Lemma 4.2. If in the identity we have u = 22, then the variety U of the form (4.2) is contained in the
variety V.

Proof. It follows from inequality (4.1) and the homotypic identity u ~ v that |v| = 2 or |v| = 3. In the
first case, the identity u & v is trivial. In the second case, we have the identity 2% ~ 23. O

Lemma 4.3. If in the subvariety U of the form (4.2) we have the identity of the form
yr v
in which hi(v) = x and |v| > 2, then in U we have the identity of commutativity
yx ~ Y,
1.e., it 1s contained in the variety Ws.

Proof. Tt follows from inequality (4.1) and the homotypic identity 2% ~ 23 that c(v) = {x,y}, h1(v) = z.
Then the word v coincides with one of the following words: (1) zy, (2) xy?, (3) zyx, (4) (zy)?, (5) 22y,
(6) 2%y. Let us show that in any case the identity of commutativity is true in U. Indeed, (1) is the
identity of commutativity.

(3) = (4). It follows from the identity

YT & TYT
that xyx ~ yryz. Hence yxr ~ yryxr. Renaming the variables we obtain the identity
yr ~ (zy)>.

(4) = (1). The identity yz ~ (wy)? implies that the identity 22 ~ x* is true in U. Due to the
identity (2.2), the identity 22 ~ 23 is true in U. Now we have the following chain of identities:

ya ~ (vy)® ~ (y2)' =~ (y2)° ~ (y2)* ~ zy.
(5) = (3). It follows from the identity
yr ~ 2%y
that the identity z? ~ 23 is true in U. So, we also have the following chain of identities:
yr ~ 22y ~ 23y = x(zy) = zyz.
(2) = (1). The identity
yr ~ zy?
implies that we have the following chain of identities:
yr ~ zy? ~ y?e? ~ 2yt 2ty r oy
in the variety U.
(6) = (3). The identity
yr ~ 23y
implies that we have the following chain of identities:
yr ~ 2%y ~ oty ~ z(yx)
in U. Therefore, the identity yxr ~ zy is true in it. O
Now let a nontrivial homotypic identity of the form
yr = Yoy

be true in some subvariety U of the form (4.2). Then the right side of this identity coincides with some
word from the following list: ya?, yay, v2z, vz, yz2y.
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Lemma 4.4.
(1) The identities yx ~ yx’y and
YT X YTy (4.3)
are W -equivalent.
(2) The identities yx ~ y>z and
yr =~ y’z (4.4)
are W -equivalent. In addition, the subvariety var{3(W), yx ~ y*x} coincides with the variety
V =S1VLV N, = var{zz ~ 2%z, zyz ~ zzy}.
Proof. (1) From (4.3) it follows that

YT R YTy A YTYT A YTy
is true. Conversely, we have the following chain of identities:
yr ~ yrly ~ yryts ~ yay.
(2) It is clear that we have the following chain of identities:
yr ~ e ~ yte ~ gt
Similarly, the converse implication is also true. The basis of the variety

V =S1VLV N, = var{zz ~ 2%z, 2yz ~ zay}

is well known and easily may be calculated. In [4], the basis of it contains the additional identity zx ~ 2.

It is easy to verify that the last identity is a consequence of the first and second identities. Let us
identity (4.4) is true in a subvariety U. Then the chain of identities

zyr & Pyx ~ ey ~ zey
is true in it. Therefore, the variety U is contained in V. The converse inclusion is clear. O

Remark 4.2. Further it is convenient to assume that the letters z, z1, 29, 23, 24, and t in W-canonical
words (2.3) are reserved for letters that occur at the beginnings of length 2 of these words. Moreover,
we assume that some of the four letters of the identity u ~ v may coincide in u ~ v. In addition, some
of these letters may be absent in u &~ v. Thus, in fact the identity v ~ v may contain from one to four
letters z; (i = 1,2,3,4). Furthermore, a linear letter of the left side of (4.1) is present if and only if it
occurs in the set ¢(ha(v)) — c(ha(u)). A similar remark is true for letters z; (i = 1,2,3,4) of the right
side of (4.1).

Lemma 4.5. If for a homotypic identity
uw=uwyu's ~ v’z =v (4.5)

there are the inequalities |u1|, |vi| > 2, and the letter x is linear in uw and in v, then identity (4.5) is
W -equivalent to a shorter identity, which can be obtained from (4.5) by deleting the letter z, i.e., the
identity

0= uyu ~ vy = 9. (4.6)

Proof. Indeed, let the letter y occur in the right and left sides of identity (4.5): u = ujyu’z and v = v1yv'z.
In addition, the lengths of the words satisfy the inequalities |u;| > 2 and |v1| > 2. Putting in the identity
urv p(x) =y, we get that the chain of identities

wyu = wyP' = uiyu'y = viyv'y = vy’ = vy’
is true in V. Thus, identity (4.6) is true in V. Conversely, (4.6) implies (4.5). O

Corollary 4.1. Any homotypic identity in a subvariety U C W is W -equivalent to a homotypic identity
that contains at most one variable x ¢ {z1, 22, 23,24}. Thus, any W-canonical identity contains either
C ={z1, 29, 23, 24, x}, or some subset of C.
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Later on, we shall use the following notation associated with the identity u ~ v: A; is the set c(hg (u))
with A; C {z1, 22} and Ay is the set c(hg(v)) with As C {z3,24}. We assume that z1 # 2o and z3 # 24.
However, among the letters z1, 22, 23, and z4 some letters may be equal. Let us assume A = A; N As.

Now our main problem is to give an upper and lower bound for the cardinality of the sublattice L”.
As a result of learning of this section we shall get such bounds. Recall that in Lemmas 4.1-4.4 we have
completely enumerated the set of all possible non-W-equivalent homotypic identities of the form u ~ v
with the condition |u| < 2. In the following lemma, we shall get an upper bound for the number of
non-W-equivalent homotypic identities of the form u ~ v with the condition |v| > |u| > 3.

Lemma 4.6. The number of possible non-W -equivalent homotypic identities of the form u = v satisfying
the inequalities

o] > Ju] > 3 (4.7)
1s at most 142.

Proof. To prove this assertion, consider seven different cases connected with the sets A, Ay, and As. Let
us denote by D, the set of all possible beginnings of maximal length of the word u that contain only
variables having occurrences in the beginning ha(u). First of all, note that for counting non-W-equivalent
homotypic identities we use Lemma 4.5 and its corollary. This fact will not be noted each time.

CASE 1. |A| = 2. This means that A1 = As = {z1,22}. Due to Corollary 4.1 either c¢(u) = c(v) =
{z1, 22}, or c(u) = ¢(v) = {21, 22, 2}. In this case,

2 2 2 2
Dy, = {2122, 212221, 2123, 212321, 2221, 222122, 2227, 2271 %2}

If ¢(u) = {z1, 22}, then the number of such identities is 15. If c(u) = {z1, 22, z}, then due to Corollary 4.1
the number of such identities is C’g —2-0? = 16. The common number of all non-W-equivalent homotypic
identities in Case 1 equals 31. From these identities only one is permutable, namely:

21290 RS 2921 L. (4.8)

CASE 2. |A| =1, A} = A = {z1}. In this case, we have c¢(u) = ¢(v) = {z1,x}. There exists only one
such identity
2x 2. (4.9)
Case 3. |A| =1, A1 = {z1}, A2 = {z1,23}. In this case, we have either c(u) = ¢(v) = {z1, 22}, or
c(u) = ¢(v) = {z1, 2z2,2}. Then there are
D3, = {Z%’ Z%} T 23,
D3y, = {2123, 212321, 21232,, Z1Z§Z1; 2321, Z3%1%3; 232%, 232523}-
There exist 12 + 8 = 20 such identities. None of these identities is permutable.
CAsE 4. |A| =1, A; = {z1, 22}, A2 = {z1, 23}. There are
Dyy = {z122, 212221, 2123, 21232‘1; 22721, R22172, 222%, ZQZ%ZQ}a
Dy = {2123, 212321, leg, 212:%21; Z3%1, R321%3; Z3Z%7 232f23}~
In this case, we have either c(u) = c(v) = {21, 22, 23} or c(u) = ¢(v) = {z1, 22, 23, 2}. It should be taken
into account that the subcases ha(u) = 2122, ha(v) = 2321, and ha(u) = 2921, hao(v) = 2123, are identical.
Moreover, every identity of the first subcase coincides with some identity of the second after renaming
some variables. For example, the identity 222123 & 21232129 coincides with 232120 &~ 21292123, under the
following map of the alphabet: ¢(z1) = 21, p(22) = 23, p(23) = 22.
Taking into account what has been said, there may exist 484+4+42+4+4+2+1+1 = 62 non-W-equivalent
homotypic identities in Case 4. The following identities in Case 4 are permutable:

Z1R923 N Z123%9, (4.10)
Z1R923 N 2321%92, (4.11)
292123 = 212322, (4.12)
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222123 N 232122, ( )
212923T RS 212329, ( )
212223 R 2321729, (4.15)
222123T = 2123227, ( )
292123 N 232129T. (4.17)

It is easy to see that the identity (4.12) coincides with (4.11) up to variable renaming. The same is true for
the identities (4.16) and (4.15). Hence, 60 non-W-equivalent homotypic identities are possible in Case 4.
Moreover, 6 of these identities are permutable.

CASE 5. |A| =@, A1 = {21, 22}, A2 = {z3,24}. Then we have

2 2. . 2 2
Dy, = {2129, 212021, 2125, 212521; 2221, 222122, 2221, 222122},

2 2. 2 2
Dsy, = {2324, 232423, 2321, 232123} 2473, 242324, 2425, 2472574}

In this case, the positions of z; and z9, as well as z3 and z4 are similar. Therefore, we can assume here
that he(u) = 2129 and ha(v) = z324. Then we have that

2 2
Drsy 2324 = {21202324, 2122212324, 21252324, 2125212374 },
D _ 2 2
su2122 = {23242122, 2324232122, 23242122, 2324232122 ).

As in previous cases, we have either c(u) = c¢(v) = {z1, 22, 23, 24} or c(u) = c(v) = {21, 22, 23, 24, x}. Now
we have in this case 16 41 = 17 different identities. Among these identities we have only two permutable
ones

21222324 N 23247179, (4.18)
212223240 N 23242122 (4.19)
CASE 6. |A| =2, Ay = {21}, As = {z3,24}. There are
Dgyz2324 = {2%2324, 2%2324},
Deyz1 = {232421, 232423721, 232521, 23222371 }-
In this case, the positions of z3 and z4 are similar. Therefore, we can assume that hy(v) = 2324. In this
case, we have 8 + 1 = 9 different identities.
CASE 7. |A| =@, A1 = {z1}, A2 = {23}. Then we have
Dyyzg = {2323, 2323},
Dryz1 = {zgzl, zgzl}.
In this case, we have the following identities:
2223~ z%zl, 223 & z%zl, 2225 & zg’zl, 2323 & zgzl,

and also

Z%Zg:z: ~ Z%le’, Z%ng =~ Z%le, 2%231’ ~ Z%le, 2?2’31: ~ Z%le’.
It should be noted that in this list the second and third identities are the same and the sixth and seventh
identities are the same after renaming the variables. So, we have the following four identities in Case 7:

o2y ~ y’x, (4.20)
By ~ y?x, (4.21)
By ~ gz, (4.22)
22yzy ~ ylrr. (4.23)
Thus, the number of the identities indicated in Lemma 4.6 does not exceed 314+1+4+20+60+17+9+44 =
142. O
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Lemma 4.7. The following strict inclusions of varieties hold:
VCV3CVyaCViCW, VCWyCV, P CW,

Moreover,
WonVs=V.
Proof. Indeed, let identity (4.4) be true in the variety U C W. Then we have the following chain of
identities in U:
R PR 2

Conversely, the identity zz =~ 22z is not deduced from the identities zz ~ zzz and 3(W), since all initial

identities have the property ho(u) = ho(v), while the identity zx ~ 22z does not have this property.
Hence, V C V3.
Further, identity (4.3) implies
2~ za. (4.24)

Indeed,

ZX R ZTZx =~ Z.TZZ ] 2,’1132.

On the other hand, it should be noted that the identities of the basis of the variety V5 have the following
property: if the letter z has an occurrence only at the leftmost position in the word u, then in any word v
connected by a chain of deduction with u the letter z has an occurrence only at the leftmost position
in the word v. Identity (4.3) does not have this property. Hence, V3 C Vj. Clearly, Vo C V. It is
easy to see that Wy N V3 = V. Indeed, from identities (4.24), (4.21), and (4.3) we obtain the validity
of zx ~ zxz ~ z%2z in Wy N V3. This fact means the coincidence of the intersection of these varieties
with V. Finally, the lattice Wy = Sl w L has been computed in [23, Proposition 3.6]. O

Remark 4.3. It is easy to see that
Wi =WiNnVy, Wy =WynNV;, W3 =W3nNVy.
Moreover, these varieties may be defined by their bases of identities:
Wi, = var{z1200 ~ 212002, zyx N Zay, 2P R 23},
Wy, = var{z1200 ~ 212002, 2yx N ZTY, YTz N TYZ, 20 A 23},
W3, = var{z1200 =~ 22002, yr A ay, 22~ z3}.
Remark 4.4. It is clear from the definitions that there hold the following strict inclusions:
W3 CW3CWeCW; CV CW, SIVN, C W3 C Wy C Wy C V.
Lemma 4.8. Identities (4.10), (4.14), and
zay ~ 2yt (4.25)
are W -equivalent. Fach of them defines in W' the subvariety Wy.
Proof. Indeed, let identity (4.14) be true in a subvariety U C W. Then in U we have the following chain

of identities:
zay Rzt & zyry & 2yt
i.e., identity (4.25) is also true in U. Applying (4.25) to itself, we get that the chain of identities
zay ~ zyte ~ zaty? ~ 2ty ~ zyx
is true in U, i.e., identity (4.10) holds in U. The implication (4.10) = (4.14) is obvious. O

Remark 4.5. If in some subvariety U of the variety W identity (4.8) is true, then identity (4.10) is also
true in it.
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Proof. Let identity (4.8) hold in a subvariety U C W. Then we have the following chain of identities:

YT R YZT R YL R YTLT A TYZT N ZTYT A 22y

in U. Thus, in U is true the identity which obtain from (4.25) by renaming variables. By virtue of
Lemma 4.8 identity (4.10) is also true in U. O

Remark 4.6. Due to Remark 4.5 we can find a shorter basis of identities of the variety Wy, namely
Wy = var{z1 200 ~ 212002, Yz & xyz}.
Lemma 4.9. The following strict inclusions of varieties are valid:
W3CWyCW;CV CcW.

Proof. The indicated nonstrict inclusions are obvious. To prove the strict inclusions, we should analyze
some invariant properties of the identities of the mentioned bases that are preserved during a deduction.
We enumerate these properties:

(1) W3 C Wy, since the set of identities I(W3) contains the nontrivial identity yz ~ xy, for which
|u| = |v| =2, and I(W3) does not contain this identity;

(2) Wy C Wy, since the set of identities I(W3) contains the nontrivial identity yzz ~ zyz, in which
hi(u) # hi(v), and I(W7) does not contain this identity;

(3) W1 C V/| since the set of identities (W) contains the nontrivial identity zyx &~ zzy, in which
hao(u) # ha(v), and the set I(V’) does not contain this identity;

(4) V! C W, since the set of identities I(V’) contains the nontrivial identity 2%y =~ 23y, which is
false in W. The last fact is easy to verify by putting ¢(2) = (f,a), ¢(y) = (g,a), in the monoid
wreath product T = Us w N = F(N*',Us) x N, where Uy = {0, 1} is the two-element semilattice
and N = {0,a | a®> = 0} is the two-element semigroup with null multiplication. Here g is the
identity function, i.e., g(1) = g(a) = ¢(0) =1, but f(1) = f(a) =1 and f(0) = 0. O

Lemma 4.10. The identities (4.8), (4.11), (4.13), (4.15), (4.17), (4.18), (4.19), and also identities
Tyz & yrlz, (4.26)
TYZ R ZYTZ (4.27)
are W -equivalent. Fach of them defines in W the subvariety Wa.
Proof. Indeed, the implications (4.11) = (4.15), (4.13) = (4.17), and (4.18) = (4.19) are obvious.
(4.11) = (4.18). Let U be a subvariety of W. Applying (4.11) twice, we obtain a chain of identities
in U:
21292324 o 23212224 R 2324R1%2.
(4.19) = (4.8). Let the identity (4.19) be true in a subvariety U of W. Then the chain of identities

Yrz =~ y.’EZg ~ Z2y.%'2’ ~ zza:yz ~ .fL'yZQZ ~ TYz

holds also in it. Therefore, the identity (4.8) is also true in U.
(4.8) = (4.13). Let the identity (4.8) be true in a subvariety U. Then we have in it the following
chain of identities:

Yz A ryzt & rzyz A xayte & aytR? ~ ayle.
Hence, the identity
Tyz ~ Tyt (4.28)
holds in the variety U. Further, applying (4.28), we have that the chain of identities
zyz ~ xylz ~ ylrr ~ ylir & zye N 2y

holds in U. Hence, identity (4.13) is true in U.
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(4.13) = (4.26). Let identity (4.13) be true in a subvariety U of W. Then the following chain of

identities holds in it:

2 2

ryz = xyz’ & 2Pyr ~ Pay ~ 22ty ~ ya?s? & ya?s,

i.e., identity (4.26) is true.
(4.26) = (4.13). Identity (4.26) implies that the following chain of identities is true in the subvariety
U of W:

2

TYz =~ y[L‘2Z =~ y.’E2Z2 =~ yl’Zz.’E ~ yLITZgﬂS‘ ~ y{EZ2SUZ ~ yZLI?zZ ~ yZ2CC ~ ZyI2 ~ Zyx.

(4.26) = (4.11). Using identity (4.13) obtained in a previous item, we have that the chain of iden-
tities
ryz myrty ~ yrts? x Prty ~ vty ~ 2oy
is true in the subvariety U, i.e., (4.11) holds in it.

(4.15) = (4.11). Let identity (4.15) be true in a subvariety U of W. By renaming the variables,
identity (4.15) may be written as

xyzt = zayt. (4.29)
Setting in (4.29) ¢(t) = z, we get the identity

TYz ~ ZTYZ, (4.30)
faithful in U. In addition, the chain of identities

2XY N ZTYY N TYZY N LY 2

is true in it, i.e., the identity

zxy ~ xylz (4.31)
holds in U. From here it follows the truth of the chain of identities

zay ~ xy’z ~ yite ~ 22a?y? r Pay R zazy R zays R ayz

in U. Hence, identity (4.11) is true in U.
(4.17) = (4.27). Let identity (4.17) be true in a subvariety U of W. Setting in (4.17) ¢(22) = ,
o(z1) =y, p(z3) = z, p(x) = z, we get that in U identity (4.27) is true.
(4.27) = (4.13). Identity (4.27) implies that the chain of identities
TYZ R 2YTZ R TYZLZ R TYZT R ZYT
in a subvariety U is true. Thus, the identity (4.13) holds in it. As noted in Remark 4.6 the truth of the
identity (4.8) in U means the coincidence of the varieties U and Wa. O

Lemma 4.11. The identities (4.8), (4.30),

Yz ~ 22xy, (4.32)
ryz ~ 2y, (4.33)
Yz ~ yr’ (4.34)

are W -equivalent. Fach of them defines in W' the subvariety Wa.

Proof. The implication (4.8) = (4.34) is obvious.
(4.34) = (4.30). Let identity (4.34) hold in a subvariety U of the variety W. Then assuming
in (4.34) v(y) = yz, ¢(x) = =, we obtain that

ryzr & yzad & yzx

holds in U, i.e., identity (4.30) is true in it.
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(4.30) = (4.33). Let identity (4.30) hold in a subvariety U of the variety W. Then the chain of

identities
TYz A Zxyz N 2Pryz A 2Ty

holds in U, i.e., identity (4.33) is true in it.

(4.33) = (4.8). Let identity (4.33) hold in a subvariety U of the variety W. Then the chain of
identities

zyz ~ Pry ~ Byr ~ yrz

is true in U. Therefore, (4.8) is true in it.

(4.8) = (4.32). Let U be a subvariety of the variety W. According to Remark 4.5 identity (4.10) is
also true in U. Then the chain of identities

2oy ~ 2ty ~ ey~ ayz

holds in U, i.e., (4.32) is true in it.
(4.32) = (4.33). If identity (4.32) holds in a subvariety U of the variety W, then the chain of
identities
zyz ~ oy ~ Pryz ~ Bry
holds in U, i.e., (4.33) is true in it. O

Lemma 4.12. Identities (4.20) and (4.21) are W-equivalent. Each of them defines in W' the subvari-
ety Uy, which has the basis of identities of (2.1), (2.2), and (4.20). The variety Uy contains the variety P’.
In addition, the variety V' defined by identities (2.1), (2.2), and (4.9) contains the variety Uy.

Proof. Let us prove that identities (4.20) and (4.21) are W-equivalent. Indeed, if (4.20) is true in a sub-
variety U of the variety W, then the chain of identities

2 ...22 .2 3
iy ~atyt R YTy Ry

holds in U, i.e., identity (4.21) is true in it.
Conversely, let identity (4.21) hold in a subvariety U of the variety W. Then the chain of identities

2 .3 .2 392 __ 3
Ty~ YT R YTy ~ Ty~ Tty

holds in it. From here we have that 2%y ~ y3z ~ y?z are true in U, whence identity (4.20) is also true in
it. Other assertions of this lemma are obvious or follow from what has been said. O

Lemma 4.13. The above-defined subvarieties of W satisfy the following conditions:
UycV', VicV, W;cV,
U; =W;NUj =var{z1 22z ~ 12902, zyx & zzy, Ty~ yQZE},
Uy = ViNUy =var{z1 200 = 212902, zyx & zzy, iy~ yte, 22 23},
P’ = V,NU,.
Proof. The mentioned strict inclusions in the lemma are obvious from what was stated above. The basis
of intersection of two varieties, as was noted in Remark 4.1, consists of the union of bases of these varieties.

It remains to verify that these bases are simplified to bases pointed out for intersections of varieties in
the lemma. O

Proof of Proposition 4.1. Most of the inclusions and intersections of varieties pointed out on Fig. 2 have
been proved or noted earlier in Lemmas 4.7, 4.12, and 4.13 and in Remark 4.3.
It remains to verify the following strict inclusions:

S1VN;,; C P,, Wy C Wi, Wy C U1 C Wy,
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All these strict inclusions easily follow from the definitions of bases of the indicated subvarieties. Let us
verify for example that the inclusion Wy; € Uy; holds. It is sufficient to prove that the identity =2y ~ y%x
is true in Wo;. Indeed, the chain of identities

2y ~ 2%y? ~ vyte ~ %2 = yie
holds in it. On the other hand, if u ~ v € I(Uj;) and the first letter y of the word w occurs in u only

once, then the first letter of the word v coincides with y and occurs in v only once. This property of the
set I(Uyy) is false for the set I(Way). Therefore, the inclusion Wy C Uy is strict. O

Corollary 4.2. The lattice L(S1w N3) of all subvarieties of Slw Ny contains the subset L' U Ly, whence
it contains at least 33 elements. In particular, the lattice interval Z(S1,S1w Ng) contains at least 20
elements.

Proof. 1t follows directly from Propositions 3.1 and 4.1. O

5. Concluding Remarks

In Secs. 3 and 4, we established that the lattice L(W) contains the subset L' U Ly with 33 elements.
On the other hand, it is easy to see that in the lattice Ly there are only 6 subvarieties U such that
each identity from I(U) has the property 4.7, namely, W, W1, Wy, V' U, and U;. Each of the
other 14 subvarieties of Ly has at least one identity u ~ v with |u| < 2. Moreover, the subvarieties of
type (4.2), i.e., subvarieties defined by a single identity in W, are W1, Wy, V' and U, and also Vy,
Vo, V3, V', and W3. Note that the way of getting an upper bound for the cardinality of the sublattice
L" C L(W) by means of the description of all non-W-equivalent subvarieties in Remark 4.1 apparently
is not efficient. For example, the number of such identities with the property (4.7) due to Lemma 4.6
equals 142. According to Lemmas 4.8, 4.10-4.12, this number reduces to 142 — 15 = 127. Then the upper
bound of the number of all subvarieties equals the cardinality of all subsets of such identities, i.e., 2127,
In fact, there are considerably fewer such subvarieties, since different subsets of identities may define the
same variety of semigroups. I think that the cardinality of the lattice L(W) is not large and this lattice
can be fully described.
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