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1-D Schrodinger operators with local interactions on a discrete set
with unbounded potential

Aleksandra Yu. Ananieva
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Abstract. We study spectral properties of the one-dimensional Schrédinger operators Hx o,q := f% +
q(z)+>_, cx and(z —xyn) with local interactions, d. = 0, and an unbounded potential ¢ being a piecewise
constant function, by using the technique of boundary triplets and the corresponding Weyl functions.
Under various sufficient conditions for the self-adjointness and discreteness of Jacobi matrices, we obtain
the condition of self-adjointness and discreteness for the operator Hx q,q.
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1. Introduction

Let Ry = [0,400), and let X = {z,}32,; C Ry be a strictly increasing sequence (2,41 > z,, for all
n € N) such that x,, - +00. We set 29 = 0 and d,, := x,, — x,,—1 for all n € N. Let also

dy := inf d,, = inf (z, — 1), d* :=supd,, = sup(z, — p—_1).
neN neN neN neN

Let Hx o4 be the minimal symmetric operator associated in L?(R ) with the differential expression
d2
lX,0,q = 2 +q(x) + XG:X and(x — p), xz > 0. (1.1)
Tn

Namely, assuming that {a,}72; C R and ¢ : Ry — R is locally square integrable function on Ry, ¢ €
L% (Ry), define the pre-minimal operator H% g I L?(Ry) by the differential expression

d2
Tq 1= 12 +q(x) (1.2)
on the domain
dom(HY.,,) = {f WEL(RANX): SO0 =0, TSSO e N} (13)

Clearly, H%, g is symmetric, and we denote its closure by Hx 4. Note that if all o, = 0, the
operator Hy o, =: H, éN is the Neumann realization of the expression (1.2).

The operator Hx o4 describes d-interactions on a discrete set X = {x,, },,en, and the coefficient a,
is called the strength of the interaction at = x,,. Let us stress that the operator Hy 4 is symmetric,
but not automatically self-adjoint even in the case ¢ = 0 (see [21,22, 34]).
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Schrédinger operators with point interaction on a finite or discrete set arise in various physical
applications (see [3]). In recent years, spectral properties of the operator Hy o4 have been studied
in numerous papers (see, e.g., [4,7,8,15,16,18,20-25,27, 30,31, 33, 34|, and [22] for a comprehensive
review).

Here, we will study spectral properties of the Hamiltonian Hx o4 with dy = 0 and an unbounded
potential ¢ being a piecewise constant function. Namely, later on in this paper we make the following
assumption:

Hypothesis 1. Assume that
Q(x) =g, >0, =x¢€ (l‘nfl,ﬂfn), (14)

for alln € N, and the sequence {qn }nen satisfies the condition

sup dp+/gn =: ¢ < 0. (1.5)
neN

We mention that relation (1.5) covers the very important case in our considerations:
Ao/ — 0 as n — oo. (1.6)

Our main tool is a powerful approach developed recently in [21]. Namely, applying the technique
of boundary triplets and the corresponding Weyl function (see [12,13,17]), it was shown in [21] that
spectral properties of the operator Hx o 4 with a bounded potential ¢ € L>(R.) closely correlate with
the corresponding properties of a certain class of Jacobi matrices. Similar results were obtained later
for Schrodinger operators with a matrix-valued potential [24], as well as for Dirac operators [9]. Our
main aim is to extend the results of [21] to the case of unbounded potentials satisfying Hypothesis 1.
Namely, let us consider the Jacobi (three-diagonal) matrix

bl al 0
| a1 by a2
BX’a’q - 0 a2 bs ... ’ (1'7)

where

an = v n+1 Tn =/ dp + dny1, (1.8)

_ i ’
T'nTn+1 Slnh(dn-i-l Qn-i-l)

b — Qp + \/qinCOth(dn\/qin) + v/ Adn+1 COth(dnJrl\/ QnJrl) (1 9)
" dn + dn+1 ' .

Our main result reads as follows.

Theorem 1.1. Assume that Hypothesis 1 holds, and Hx q 4 is the minimal symmetric operator as-
sociated with (1.1). Let also Bx a4 be the minimal operator associated with the Jacobi matriz (1.7).
Then

(i) The deficiency indices of Hx o4 and Bx o4 are equal, and
n+(Hx,a,q) = 0£(Bxaq) < 1.

In particular, Hx 4 s self-adjoint, iff Bx «q s self-adjoint.
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(ii) The operator Hx q 4 is lower semibounded, iff so is the operator Bx 4.
In addition, we assume that Hx o4 (and, hence, Bx o 4) is self-adjoint. Then:
(111) The operator Hx o 4 s nonnegative, iff so is Bx o q-
(iv) The total multiplicities of the negative spectra of Hx o4 and Bx o4 coincide:
k—(Hx,a,q) = k—(Bx,aq)- (1.10)
(v) For any p € (0,00], the following equivalence holds:
Euy.,R)Hxn, €6, < Epy, (R_)Bxag€ &)

In particular, the negative part of the spectrum Hx o4 is discrete, iff the same holds for the
negative spectrum of Bx . q-

(Ui) UC(HX@#I) c [0700)7 iff oc (BX,OAQ) c [0700)
(Uii) UC(HX@,Q) - (0700)7 if oc (BX,a,q) - (0,00)
(viii) The operator Hx o4 has a purely discrete spectrum, iff lim d, = 0, and Bx,a,4 has a purely
n—oo
discrete spectrum.

(ix) Let o = {a}32, C R, and let Bx g4 be the minimal operator associated with matriz (1.7) and
constructed by the sequence a instead of . If Hx 5 4 = HY then Bx g4 = B}aq, and, for
any p € (0,+00], the following equivalence holds:

(Hx,aq =)' = (Hxaq—1)7' €6, <= (Bxaq—1)7"
_(BX,a,q - i)_l S Gp.

7a7q’

Combining Theorem 1.1(i) with the Carleman test (see, e.g., [1, Chapter II]), we obtain the following
result.

Proposition 1.2. Assume that Hypothesis 1 holds. Then the Hamiltonian Hx o 4 is self-adjoint for
any a = {an 52, C R provided that

> d =co. (1.11)
n=1

Note that this result is sharp. Namely, if {d,}5°; € [* and the coefficients X = {z,}nen C
R and o, € R satisfy certain concavity assumptions, then the operator Hx , 4 is symmetric with
04+ (Hx aq) = 1 (see Proposition 6.8). Note that Proposition 1.2 in the case where ¢ € L>(R,) was
first proved in [21]. A more general result was proved later in [30].

Investigating the discreteness and absolute continuity of spectra of the operator Bx o 4, We arrive
at the following sufficient condition (see Propositions 6.17 and 6.23).

Proposition 1.3. Assume that Hypothesis 1 holds and limy, oo dp\/qn = 0. Assume also that
lim,, o0 dy, = 0 and the operator Bx o q 15 self-adjoint. If

li Qp—1 + li 1 > 1
im =00, lim —=
nooo | d, I k—oo dp(ag + qrr1diy1) 4
1 1
and lim (1.12)

> -
n—00 dp0p 1 4’

then the operator Hx o 4 has a discrete spectrum.
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This result is of interest only in the case where the operator Hx , 4 is not semibounded, since the
lower-bounded below Hamiltonian Hy o 4 is always self-adjoint (see [4]).

Proposition 1.4. Assume that Hypothesis 1 holds, and assume that

< 0. (1.13)

Then the absolutely continuous part H}C’a’q of the Hamiltonian Hx o 4 is unitarily equivalent to the

operator Hév := Hx 4 that is the Neumann realization of (1.2) in L*(R4). In particular,

Uac(HX,a,q) = O'ac(HéV), (114)

where dom(HéV) =dom(Hx,,) C {W?*(Ry): f'(0) =0}
If, in addition, ¢ € L*(R,.), then Oac(Hx,0,q) = Ry

The main results were announced in [5].

Notation. Let $) and H stand for the separable Hilbert spaces. Further, [$), ] denotes the set of
bounded operators from $) to H; [H] := [9,9]; S,(H), (p € (0,00)), denotes the Neumann-Schatten
ideal in H. In particular, S, (H) is a set of compact operators in H, &1 (H) is a trace class of operators
in H, C(%) and C($)) are the sets of closed operators and linear relations in ), respectively. Let T
be a linear operator in the Hilbert space ). In what follows, dom(7'), ker(7"), and ran(7") denote the
domain, kernel, and range of T, respectively; o(T'), p(T), and p(T') denote the spectrum, resolvent set,
and set of regular-type points of T, respectively; Ry (A) := (T — )\I)_l, A € p(T), is the resolvent of
T.

By W22(R, \ X), W0272(R+ \ X), and W120’C2(R+ \ X), we denote the Sobolev spaces

W2(Ry \ X) := {f € L*(Ry) : [, f' € AC10e(Ry \ X), f" € L*(Ry)},
WE2 (R \ X) :={f € W22(Ry) : fxx) = f/(x1) = Ofor all z, € X},
W22 (R, \ X):={f e W?»*R, \ X):supp f is compact in R, }.

comp

Let I be a subset of Z, I C Z. We denote, by 1?(I,H), the Hilbert space of H-valued sequences
such that || f||* = Y,/ 1 fall3, < o0; (3(I,H) is a set of sequences with a finite number of nonzero
components; we also abbreviate [2 := [?(N, C), I := I3(N, C).

2. Preliminaries

2.1. Boundary triplets and Weyl functions

In this section, we briefly recall the notion of abstract boundary triplets and associated Weyl
functions in the extension theory of symmetric operators (for a detailed study of boundary triplets, we
refer the reader to [12,13,17]).

Linear relations, boundary triplets, and self-adjoint extensions

1. The set C(H) of closed linear relations in # is the a of closed linear subspaces of H & H. Recall
that dom(©) = {f Af f'} € @}, ran(©) = {f’ A{f, 1} e 9} and mul (©) = {f’ : {0, f'} € @}

are the domain, range, and multivalued part of O, respectively. A closed linear operator A in H is
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identified with its graph gr(4), so that the set C(H) of closed linear operators in H is viewed as a
subset of C(H). In particular, a linear relation © is an operator, iff mul (©) is trivial. For the definition
of the inverse linear relation, resolvent set, and spectrum of linear relations, we refer to [14]. We recall

that the adjoint relation ©* € C(H) of © € C(H) is defined by

o — {(;Z,) (F Yot = (. 1) for all (Jf,) e @}.

A linear relation O is said to be symmetric, if © C ©*, and self-adjoint, if © = ©*.

For a symmetric linear relation © C ©* in H, the multivalued part mul (©) is the orthogonal
complement of dom(©) in H. Setting Hop := dom(O) and Ho, = mul (0), one arrives at the orthogonal
decomposition © = O, © O, where O, is a symmetric operator in H,p,, the operator part of ©, and
O = {(})/) : f/ € mul(©)} is a “pure” linear relation in Moo

2. Let A be a densely defined closed symmetric operator in the separable Hilbert space $ with
equal deficiency indices ny (A) = dimMy; < oo, N, := ker(4A* — 2).

Definition 2.1 ([17]). A triplet I1 = {H,T9,I'1} is called a boundary triplet for the adjoint operator
A*, if H is a Hilbert space and T'g,I'1 : dom(A*) — H are bounded linear mappings such that the
abstract Green identity

(A"f.9)s = (f,A"9)s = (T1f, Log)n — (Tof . Trg)n,  f,g € dom(A"), (2.1)
holds, and the mapping I' := <£0> sdom(A*) — H & H is surjective.
1

First, we note that a boundary triplet for A* exists, since the deficiency indices of A are assumed
to be equal. Moreover, ny(A) = dim(H) and A = A* | (ker(I'g) Nker(I';)) hold. Note also that a
boundary triplet for A* is not unique.

A closed extension A of A is called proper, if A C A C A*. Two proper extensions A1 and A of A are
called disjoint, if dom(A;)Ndom(Ay) = dom(A), and transversal, if, in addition, dom(A;)+dom(Ay) =
dom(A*). The set of all proper extensions of A is denoted by ExtA. Fixing a boundary triplet IT, one
can parametrize the set ExtA in the following way.

Proposition 2.2 ([13]). Let A be as above, and let II = {H,T'0,I'1} be a boundary triplet for A*.
Then the mapping I' = {T0,T'1} : dom(A*) — H x H establishes a bijective correspondence between
the sets Exta and C(H) as follows:

O Ag = A* [T'@ = A* | {f € dom(A*) : {Tof,I1f} € O}. (2.2)
At the same time, the following relations hold:
(i) Ay = Ae-.

(ii) The estensions Ae and Ag are disjoint (transversal), iff © € C(H) (© € [H]). In this case, Ae
admits a representation Ag = A* | ker(I'y — ©T).

(iii) Ae € C(9), iff © € C(H).
(iv) Ae, C Ae,, iff ©1 C O,.

(v) Ag is symmetric (self-adjoint), iff the same is true for ©, and ny(Ae) = ny(O) holds.

958



(vi) Let Ag = A and Ag = A%. Then, for any p € (0,400], the following equivalence holds:

(Ao —1) "= (Ag —1) ' €6,(9) = (O©—i)'—(0—1)' € &y(H).

Moreover, if dom(©) = dom(@)), then the following implication is valid:

O-0eG,(H) = (Adg—i)' - (Ag — i)t e G,(H).

Proposition 2.2 immediately implies that the extensions Ay := A* [ ker(I'g) and Ay := A* | ker(I'y)
are self-adjoint. Clearly, A; = Ag,, j € {0,1}, where the subspaces ©g := {0} x H and ©; := H x {0}
are self-adjoint relations in 4. Note that ©g is a “pure” linear relation.

Weyl functions, y-fields, and Krein-type formula for resolvents

1. In [12,13], the concept of the classical Weyl-Titchmarsh m-function from the theory of Sturm—
Liouville operators was generalized to the case of symmetric operators with equal deficiency indices.
The role of abstract Weyl functions in the extension theory is similar to that of the classical Weyl-
Titchmarsh m-function in the spectral theory of singular Sturm—Liouville operators.

Definition 2.3 ([12]). Let A be a densely defined closed symmetric operator in $) with equal deficiency
indices, and let II = {H,To,T'1} be a boundary triplet for A*. The operator-valued functions =y :
p(Ao) = [H, 9] and M : p(Ag) — [H] defined by

(=) = (ol M) and  M(2):=T1v(2), 2 € p(Ao), (2.3)

are called the ~-field and the Weyl function, respectively, corresponding to the boundary triplet II.

The 4-field v(-) and the Weyl function M(-) in (2.3) are well defined. Moreover, both ~(-) and
M (-) are holomorphic on p(Ayp), and the following relations hold (see [12]):

v(z) = I+ (z = {)(Ao — 2)~)(Q),
M(z) = M(Q)* = (2 = O)v(¢)*(2),
v*(z) =T1(Ag — 2)7 1, z, ¢ € p(Ao).

Identity (2.5) implies that M (-) is an Ry-function (or Nevanlinna function). In other words, M(-) is
an ([#H]-valued) holomorphic function on C\ R and

)
)

2.
2.
2.6)

o Tt

(
(
(
(-

Imz-ImM(z) >0, M(z*) = M(z), ze€ C\R. (2.7)

In addition, it follows from (2.5) that M(-) satisfies 0 € p(Im M (z)) for z € C\ R. Since A is densely
defined, M(-) admits an integral representation (see, e.g., [13]):

M(z) =Cy +/R <t—lz — 1—it2) d¥p(t), z € p(Ao), (2.8)
where Yu() is an operator-valued Borel measure on R satisfying
Jz ﬁdZM(t) € [H] and Cy = C§ € [H]. The integral in (2.8) is understood in the strong sense.

In contrast to the spectral measures of self-adjoint operators, the measure ¥ ,/(+) is not necessarily
orthogonal. However, the measure ¥j; is uniquely determined by the Nevanlinna function M(-). The
operator-valued measure X is called the spectral measure of M (-). If A is a simple symmetric operator,

959



then the Weyl function M (-) determines the pair {4, Ap} up to unitary equivalence (see [13,26]). Due
to this fact, the spectral properties of Ap can be expressed in terms of M (-).

2. The following result provides a description of resolvents and spectra of proper extensions of the
operator A in terms of the Weyl function M(-) and the corresponding boundary parameters.

Proposition 2.4 ([12]). For any © € C(H), the following Krein-type formula holds:
(Ao — 271 = (A9 — 2) L = 4()(© = M(2)) 9 (2), = € p(4o) 1 p(Ao). (2.9
Moreover, if z € p(Ayp), then
z€0i(de) & 0€0;(0—M(2), i€{p, ¢, r}.

Formula (2.9) is a generalization of the well-known Krein formula for canonical resolvents (cf. [2]).
We note also that all the objects in (2.9) are expressed in terms of the boundary triplet II.
The following result follows from (2.9).

Proposition 2.5 ([12]). Let Il = {#,T'0,I'1} be a boundary triplet for A*, ©1,02 € C(H), and let
Sy, p € (0,00), be the Neumann—-Schatten ideal. Then,

() for any z € p(Ae,) N p(Ae,), ¢ € p(©1) N p(O2), the following equivalence holds:

(Ao, —2)7' = (Ao, = 2) T €6,(H) = (O1-¢) " = (02— ()" € 6y(H). (2.10)
(1) If, in addition, ©1,02 € C(H) and dom(©1) = dom(O3), then
01— 02 € Gy(H) = (Ae, — 2) " — (Ae, — 2) 7! € G, (9). (2.11)

(7i1) Moreover, if ©1,09 € [H], then implication (2.11) becomes the equivalence.

Extensions of a nonnegative operator

Assume that a symmetric operator A € C($)) is nonnegative. Then the set Ext4(0,00) of its
nonnegative self-adjoint extensions is nonempty (see |2,19]). Moreover, there is a maximal nonnega-
tive extension Ap (also called the Friedrichs or hard extension), and there is a minimal nonnegative
extension Ak (Krein or soft extension) satisfying the relation

(Ap+2) ' <(A+2) ' <(Ax+2)"!,  z€(0,00), A€ Exts(0,00)
(for details we refer the reader to [2,17]).

Proposition 2.6 ([12]). Let II = {#H,To,T'1} be a boundary triplet for A* such that Ay = Aj > 0.
Let M (-) be the corresponding Weyl function. Then Ay = Ap (Ao = Ak) iff

lim (M(@)f.1) = =00, (Im(M(@)f.1) = +0c), €M\ {0} (2.12)

Proposition 2.7 ([12]). Let A be a nonnegative symmetric operator in $. Assume that 11 =
{H,To,T1} is a boundary triplet for A*, and M(-) is the corresponding Weyl function. Let also
Ag = Ar be the Friedrichs extension. Then the following assertions hold:

(i) the linear relation © € Cso(H) is semibounded below;
(ii) a self-adjoint extension Ag is semibounded below;

the equivalence holds, iff M(-) uniformly tends to —oc as © — —oo, i.e., for any a > 0, there exists
xq < 0 such that M (x,) < —a - Iy.
In this case, we will write M(x) = —o0 as x — —o0.
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3. Direct sums of boundary triplets

Let S,, be a densely defined symmetric operator in a Hilbert space £, with ny(S,) = n_(S,) <
oo, n € N. Consider the operator A := @, S, acting in ) := P, Hy, the Hilbert direct sum of
Hilbert spaces $),,. By definition, $§ = {f = &%, fn 1 fu € O, Dooey | fall? < 00}, Clearly,

A* = @S;;,

dom(A*) = {f = @7l fu €9 fu € dom(Sy), Y |IS;full® < oo} (3.1)
neN
We equip the domains dom(S}) =: 9,4+ and dom(A*) =: $H; with the graph norms anH%n+ =
£ ll? + 1S5 full? and [IF[5, =[£I+ 1A*f1I* = 32, [ fall5, » respectively.
Further, let II,, = {Hn,P(()n),an)} be a boundary triplet for S, n € N. By HFg-n)H, we denote the

norm of the linear mapping an) € [9n+, Hnl, j €{0,1}, n € N.
Let H := @D, | Hn be a Hilbert direct sum of H,,. Define mappings I'g and I'; by setting

T, = @rgn),

dom(I;) = {f = @22, f € dom(A*) : YT £, )13, < oo} (3.2)
neN

Clearly, dom(I") := dom(I'1)Ndom(I'y) is dense in $. We define the operators S,,; := S} | ker an)
and A; := @, Spj, j € {0,1}. Then Ay and A; are self-adjoint extensions of A. Note that Ay and
Aj are disjoint but not necessarily transversal.

Definition 3.1. Let I'; be defined by (3.2) and H = @,2 | Hn. A collection Il = {H, T, T'1} will be
called a direct sum of boundary triplets and will be assigned as I := @, | II,,.

The following criteria were obtained in [9,21].

Theorem 3.2. Let II,, = {’Hn,F((]n),an)} be a boundary triplet for S}, and let M,(-) be the corre-
sponding Weyl function, n € N. The direct sum I = @7, I1,, forms an ordinary boundary triplet for
the operator A* = @, Sy, iff

Oy = sup || My, (i)||3, < 0o and Co = sup ||(Im M, (i) ||, < oo (3.3)

Theorem 3.2 makes it possible to construct a boundary triplet by regularizing an arbitrary direct
sum IT = @, , II,, of boundary triplets.

Theorem 3.3 ([28,29]). Let S, be a symmetric operator in $y, with deficiency indices ny(Si) =
n, < oo and Sy,o = S;y € ExtS,, n € N. Then, for any n € N, there exists a boundary triplet

I, = {Hn,F(()n),an)} for S} such that ker F[()n) = dom(Spo), and II = @, | II,, forms an ordinary
boundary triplet for A* = @, , Sy satisfying ker 'y = dom(Ap) := @, ; dom(Sp0).
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Next, we assume that the operator A = @, | S, has a regular real point, i.e., there exists a =a €
p(A). The latter is equivalent to the existence of € > 0 such that

(a—e,a+e) TNy p(Sy). (3.4)

Emphasize that the condition a € NS, p(.S,,) is not sufficient for the inclusion a € p(A) to hold.

It is known that, under condition (3.4) for every k € N, there exists a self-adjoint extension §k = 52
of Sk preserving the gap (a — e,a + €). Moreover, the Weyl function of the pair {Sk, §k} is regular
within the gap (a — e,a + ¢).

Theorem 3.4 ([9, Theorem 2.12]). Let {S,}22 be a sequence of symmetric operators satisfying (3.4).

Let also 11, = {Hn, I‘(()n),an)} be a boundary triplet for S} such that (a —e,a+¢€) C p(Sno), and let
M, () be the corresponding Weyl function. Then
(i) I1 = @, | I, forms a B-generalized boundary triplet for A* = @, Sk, iff

Cs = sup || My(a)||x, < oo and Cy :=sup |M] (a)||n, < oo, (3.5)
neN neN
where M) (a) := (dMy,(2)/dz)|,=q-

(it) I = @, | II,, is an ordinary boundary triplet for A* = @, | Sy, iff, in addition to (3.5), the
following condition is satisfied:

Cs = sup (M (@) |, < oo (3.6)
ne

Corollary 3.5 ([9, Corollary 2.13]). Let {S,}>2, be a sequence of symmetric operators satisfying
(3.4). Let also II,, = {Hn,f(()n),fgn)} be a boundary triplet for S} such that (a —e,a+¢) C p(Sno),
Sno = S;; [ker(f(()n)), and let Mn() be the corresponding Weyl function. Assume also that, for some
operators R, such that R,, R;* € [H,], the following conditions are satisfied:

sup || Ry, L (M (a)) (R ) * ||, < 00 and

sup ||, (M;, (@)™ Rall, < 00, n €N, (3.7)
Then the direct sum 11 = @, | II,, of boundary triplets
M, = {H,, T, T with T = RIS,
(" = (R ) (T — M, (a)TY), (3.8)
forms a boundary triplet for A* = @2 | S;.
4. First boundary triplet for the operator H,

In what follows, Ry = [0, +00), and X = {x,},~, C Ry is a strictly increasing sequence.
Consider the following symmetric operator in L?(z,_1, y):
d2

J; —
" dx?

+ @n, dom(Hn) = W(?’Q[xn—lv mn]u (4'1)
where gy, satisfies (1.5).
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Lemma 4.1. Assume that Hypothesis 1 holds. Then the operator H, is a symmetric one with defi-
ciency indices ny (H,) = 2. Its adjoint H} is given by
H = H,, dom(H}) = W2 [z, _1,2,)].

Moreover, the following assertions hold:

(i) A boundary triplet for the operator H} can be chosen as follows:
2 =) _ ( f(@n-1) =) _ ([ f'(@n-1)
W=, T _< i ) £ _< . (42)

(ii) The corresponding Weyl function My(-) is

— \/Z—qntan(dn\/z—qn) ﬁ
My (2) = ( 1 tnideye—a . (43)
cos(dn/z2—qn) VZ—qn
Proof. 1t is straightforward. O

Clearly, Hyy is a closed operator with ny (Hpin) = 0o, and

min @

Hyox == H,

dom(Hax) C W22(Ry\X) = @W” Tn—1, Tn].

Proposition 4.2. Assume that Hypothesis 1 holds. Let X = {x,}22, be as above and d* < +oc.
Define the mappings an) W22z, 1,1, = C?, neN, je€{0,1}, by setting

) _ [ d? flan)
Ty —< di/2fl(xn) )7 (4.4)

d 2 ! (2-1) + () 2= tanh(dny/Ge) f(2n-1) — Cosh( H

(n) _
o 4 ) — G ) tenhidn /) S Gen) (4:5)
n n cosh(dn/qn) \/m
Define the function M,(z) given by
B i(\/z — qn tan(dn\/z — qn) + /qn tanh(d,/qn)) é <COS(dml/zfqn) - COSh(dnlx/qun)) (4.6)
- L( 1 _ 1 ) 1 (tan(dm/z—qn) _ tanh(dnﬁ)) :
d2 \ cos(dnv/z—qn) cosh(dn+/z—qn) d3 VZ—qn Van

Then:
(i) For any n € N, the triplet 11I,, = {C?, F(()n),f’gn)} is the boundary triplet for the operator H).

(i) The Weyl function My(z) corresponding to the triplet I1,, takes the form (4.6).
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(iii) The direct sum 11 := @72 I = {#,To,T1} with H = C> and T; = @2, T\, j € {0,1}, is
a boundary triplet for the operator HY, = D, | Hy.

Proof. (i) The proof is straightforward. Note, however, that it follows from Lemma 4.1, since

r .= r,r, 1" .=pA @MW _Q. M), neN, (4.7)

n

1/2
n O
Ry = ( 0 &2 ) :

where

— _\/‘Tntanh(dn\/‘Tn) cosh dln n
Qn = Mn(o) = < 1 tanh((dn\/\/(é:n% , neN. (48)
cosh(dn+/qn) Van
(73) It easily follows from (4.3) and (4.7) that
My (2) = R;Y (M (2) — Qu)R;',  neN. (4.9)
(i73) We set vy, := dp+/qn- Then
M, (0) = R, M, (0) ;!
sinh(vy ) cosh(vy, )+vn sinh(vp) 4.10
20y, cosh? (vn, 2vy, cosh? (vn, ( : )
= sinh(vn() ) sinh(vn)cosh((vn))fvn ; neN.
2up, cosh? (vy,) 203 cosh?(vp)
Clearly, (1.5) yields
sinh(v,,) < 27 exp(vy,).
Since, in addition, lir% % = 1, the matrices M) (0) are uniformly bounded:
T—
sup | M), (0)]| =: ¢1 < oo. (4.11)
neN
Further,
(M},(0)) ™ = R (M;,(0)) 'Ry,
2vy, (sinh(vp) cosh(vn ) —vn) —2v3 sinh(vy,)
_ sinh? (vy, ) —v2 sinh?(vy, ) —v2 N (412)
- —203 sinh(vy,) 203 (sinh(vy, ) cosh(vy)+v,) | n e .
sinh? (vy, ) —v2 sinh? (v, ) —v2
Similarly, (1.5) yields the uniform boundedness of matrices (M, (0))~!, i.e.,
sup |[(M(0) 7 =: e2 < 0. (4.13)
neN
We complete the proof by applying Theorem 3.4. ]
Remark 4.3. Assume that condition (1.6) holds. Then we have
1 1L
lim M, (0) = (1 %) , neN, (4.14)
lim (M} (0))™! = 16 neN (4.15)
n—soo: S \-6 12 )” ’ '
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5. Second boundary triplets for the operator H,

In what follows, Ry = [0,00) C R denotes a bounded interval or positive semiaxis, X = {z,},~, C
R, is a strictly increasing sequence.
Consider the following symmetric operator in L?(z,_1, y):
d2

Hy= s

+ qn, dom(H,) = VVO [J:n,l,xn], (5.1)

where gy, satisfies (1.5).

Lemma 5.1. Assume that Hypothesis 1 holds. Then the operator H, is a symmetric one with defi-
ciency indices ny(Hy) = 2.
Its adjoint H is given by

H, = H,, dom(H}) = W2 [z, _1,2,].

Moreover, the following assertions hold:

(i) A boundary triplet for the operator H) can be chosen as follows:

e W) () e

(ii) The corresponding Weyl function Mn() is

M, (z) = ( WEROULETTR) it ) (53)
~Ee VR acotdiy/E— 40)
Proof. 1t is straightforward. -

Proposition 5.2. Assume that Hypothesis 1 holds. Let also X = {l‘n} > be as above, and let
d* < +00. For any n € N, define the boundary triplet TI(") = = {C?, F(() , 1 } for H} by setting

F§n) : W2’2[$n—1axn] — C27 ne N’ j € {0’ 1}’
(n) _ f(an-1) >
= v (15 ), i

F(n) . 1 f/(xnfl) + vV %Lf(xn 1) COth(dn Qn) - bln}??df(j;%)
1 - nJ(Tn—
Vd, f(xn) + Svlgh({l(n 711 Van f(x) coth(dn/qn)

Define the function My(z) by o b
= ) ) >0

where
1
an(2) := y — (=2 — qn cot(dn/z — qn) + /qn coth(dn+/qn)),
i z _ Qn + \/qin
dn \ sin(dny/z —¢qn)  sinh(d,\/qn)
Then:
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(i) For any n € N the triplet 11,, = {(CZ,F(()n), an)} is the boundary triplet for the operator H.
(ii) The Weyl function M,(z) corresponding to the triplet I1,, takes the form (5.6).

(iii) The direct sum IT := @5, (™ = {#, T, 1} with H = C? and T'; = @, Fﬁn), j€{0,1}, is
a boundary triplet for the operator HY, = €D, | Hy.

Proof. (i) The proof is straightforward. Note, however, that it follows from Lemma 5.1, since

0 R P g ) F0N e 67)
where )
1/2
R, = ( o 9/2 ) s
0 dy
— —/qn coth(d,\/qn o Van
Qn = M, (0) = 4 Jqﬁ @) sinh(dn /) neN. (5.8)
" sinh(dn+/n) —+/qn COth(dn V Qn)

(73) It easily follows from (5.3) and (5.7) that
M,(2) = R;Y (Mn(2) — Qu)R;', neN. (5.9)
(i73) We set vy, := dp+/qn- Then

M, (0) = R;; ' M}, (0) R;,*

cosh(vp) sinh(vy)—vy,  sinh(vy)—vy cosh(vy,) (5 10)
20y, sinh? (vn) 2vp, sinh? (vn) eN :
sinh(vp)—vp cosh(vn)  cosh(vy) sinh(vp)—vy, | ° n :
2vp, sinh? (vn) 2vy, sinh? (vn)

Clearly, (1.5) yields
cosh(vy,) < 271 exp(vy,).

sinh(z)
x

Since, in addition, lin% =1, the matrices M) (0) are uniformly bounded

T—r

sup || M} (0)|| =: 3 < oc. (5.11)
neN

Further,

(M, (0)) ™" = Ra(M;,(0)) ' Ry,

B 1 _(2(cosh(vy,) sinh(vy,) — vy)  2(vy, cosh(vy) — sinh(vy)) neN (5.12)
" ginh? (vp) — 02 2(vy, cosh(vy,) — sinh(v,))  2(cosh(wvy,) sinh(vy,) — vy) /)’ ’
Similarly, (1.5) yields the uniform boundedness of matrices (M, (0))~!, i.e.,

sug (M (0) 7Y =: ¢4 < 0. (5.13)
ne

We complete the proof by applying Theorem 3.4. 0
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Remark 5.3. Assume that condition (1.6) is satisfied. Then we get

1 1
M (0) = R;'M (0)R;' —> ( 3 _16), n — 00, (5.14)
6 3
/ —1 7 —1 4 2
(M(0)) " = Ry (M,(0)) 'R — (2 4), n = . (5.15)

Proposition 5.4. Assume that Hypothesis 1 holds. Let also I1 be the boundary triplet for the operator
H . defined in Proposition 5.2, and let M(-) be the corresponding Weyl function. If

d* =supd, < 400, (5.16)
neN
then
M(—a?) = —c0 as a— +oo. (5.17)

Proof. The Weyl function M (-) has the form M (z) = &2, M, (z), where M,,(-) is given by (5.6). We
now introduce the matrix-valued function

M=o = (G0 Eiman ) 619

where

Foldn ) = - | ~v/a F g coth(dn/a® + 2) + v/ coth(dn /)|

dn

5.19)
1 (
) |~ VB T BB coth (VI + Bn) + du/n coth(dn/a7)]
Culdng) = - |-V F 0 Vi
altn; n) = sinh(d, \/m Slnh dr /@) o

_ 1 Vdia® + dign Ao
sinh(y/d2a2 4+ d2q,)  sinh(dny/@n) |
Let us check that
Go(dn,qn) >0 and F,(dp,q,) <0 for a’? > 1.

Consider the function fi(x) := sinh(v2) - Gince

VT
Fl(z) = sinh(v/z)\’ _ /xcosh(y/x) — sinh(y/x)
s Ve B 2/
VE(z — 1) + e V(YT + 1)
e T
4a:f >0 for z>1,
we have that fi(z) grows, if x > 1. Hence, the function fl_l(g;) = squ([f) decreases for z > 1. This

implies that G, (dn, ) > 0, whenever a? > 1.
Further, consider the function fo(x) := y/x coth(y/z). Since

fa(x) = (VE coth(va)) = cosh(y/z)sinh(yz) — vz  sinh(2y/z) - 2Vx

= >0 for z>1,

2/ sinh?(\/z) 2./ sinh?(y/x)
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we have that fo(x) grows, if > 1. Hence, F,(dy,q,) < 0 for a® > 1.
According to Hypothesis 1, we have d,./q, < ¢. Since

Fa(dna n) Ga(dna n) . -1 1
( Ga(dn,(én) Fa<dn,§n) ) — (Fu(dn, qn) + Galdn, qn)) 12 —Ga(dn,qn)< L ) (5.21)

and G4 (dn, qn) > 0, we get the following inequality:
M(*QZQ dn; qn) < (Fa(dn, n) + Ga(dn, qn)) 2.

Further, consider the functions

1 /T
Foldn,qn) + Goldp,gn) = — | ————— h(dp/qn) + 1
AT (5.22)
- 2 1o cosh(y/a2d2 + d2qy) + 1
sinh(\/a?d2 + d2qn) { ( ) }
VT :
and g(x) := Sh (T (1 + cosh(y/x)). Since
/ .
h _
sinh(y/z) 4\/:fsinh2(4)
the function g(-) grows. Applying the Lagrange theorem to the right-hand side of (5.22), we get
1

Fa(dna Qn) + Ga(dna Qn) = _d7 (g(a2d72‘L + di‘]n) - g(diQn)) = _a29l(£n)a (5-24)

n

where &, € (d2qn, a?d? + d2qy). Further, since lim,_,0 ¢'(z) = & > 0, there exists € > 0 such that
g (x) > — x € [g,00). (5.25)

On the other hand,
lim sinh(y/z) — & _ 1 (5.26)
L300 4sinh2(§) 2

Combining this relation with the obvious inequality sinh(y/z) > \/x, > 0, we arrive at the two-sided

estimate
o) < sinh(y/z) — vz

4 sinh2(§)

< Oy, x € [g,00). (5.27)

In view of (5.23), we have

b _
i <d(z)= sinh(v'z) = v < ﬁ, x € [g,00). (5.28)
vz 4y/Tsinh?(ME) VT

Using d2¢, < c¢? (see Hypothesis 1) and (5.16), we obtain

C C C
L ! = (5.29)

> > .
\/azd% + d2qn \/a2d% + c2 \/a2(al*)2 + c2
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Combining the latter with (5.25) and (5.28), we have

inf g'(x) > B(a),

@€ (A2 gn a2 d3 +d3.q)
1 C } (5.30)

where a) = min S —
ﬂ( ) {12 a2(d*)2 —i—c2

Choosing a > d‘Z’C, we continue this inequality as
& V3e
inf "(z) > > : 5.31
J:E(d%qn,gzld%-&-d%qn) gz 2ad*’ “ d* ( )
Combining this estimate with (5.24) yields
C C
SUD (Fa(dn, ) + Ga(dn, 4n)) < —a?- 2@;* = —ay dl*. (5.32)
Since M,,(—a?) = M(—a?,d,), the preceding inequality yields
C 3
M(—a?) = &% My(—a?) < —a—, a > fc. (5.33)
2d* d*
Relation (5.17) is obviously satisfied. O

Combining Proposition 5.2 with Proposition 2.2, we arrive at the following parametrization of the
set ExtHpi, of closed proper extensions of the operator Hpyiy, :

H = Hg := H*; [dom(Hg),

dom(Heg) = {f € dom(H,;,): {Tof,T1f} € O}, (5.34)
where © € C(12) and T, T'; are defined by (5.4)-(5.5).
I‘heorem 5.5. Let II = ®;2 11, be a boundary triplet for H' . defined in Proposition 5.2, ©, Oc
C(H), and let Ho, Hg € ExtHpin be proper extensions of Humin defined by (5.34). Then
i) The operator Hg is symmetric (self-adjoint), iff so is ©, and ny(Hpin) = ni(0).
it) The self-adjoint (symmetric) operator Hg is lower semibounded, iff so is ©.
iii) Let © = ©*. Then k_(Hg) = k_(0). In particular, Ho > 0 iff © > 0.

(

(

(

(iv) For any p € (0,00], z € p(He) N p(Hg), and ¢ € p(©) N p(O), the following equivalence holds
(Ho—2)'—(Hg—2)"'€6, <= ©-0"'-©-0"'ec6,

(v) The operator Hg = H§ has a discrete spectrum, iff d, 0, and © has a discrete spectrum.

Proof. (i) follows from Proposition 2.2.
(41), (#i7) Combining Proposition 2.7 with Proposition 5.4 yields the first statement.
(tv) is implied by Proposition 2.5.
(v) First, we show that conditions are sufficient. Indeed, the operator

Hy = H}yu[ker(To) = @nentno,  Hap = Hjker(I), (5.35)

569



has a discrete spectrum, if lim,,_, d,, = 0. Moreover, the Krein resolvent formula and the discreteness
of 0(©) yield Rug(2) — Ru,(2) € 6o, 2z € C4, and, hence, Ry, (2) € Goo

Let us show that the condition d,, N\, 0 is necessary for the discreteness of o(Hg). Without loss
of generality, assume that 0 € p(Hg). Assume also that limsup,,_,. d, > 0 and He has a discrete
spectrum. Then there exists a sequence {d,, }?°, such that d,, > d./2 > 0. For ¢ € (0,d,/2), define

the function
) 2 . ]., e<x< d* — &,
906( ) e Wj (R)7 Sps(x) = { 0, x ¢ [O,d*].

Note that k() := Pro:(z + xp,) € dom(Hg), where Pz is the orthoprojection in L?(R) onto L?(Z).
Moreover, ||¢k|lr2 = const and ||Hewk||r2 = const. Since the functions ¢y (-) have disjoint supports,

the operator (Hg)~! is not compact. We arrive at the contradiction.
O

Remark 5.6. Clearly, all statements of Theorem 5.5 with exception for (i7)—(¢ii) remain valid for the
boundary triplet IT = &$°1I,, with II,, defined by (4.4)—(4.5) in place of (5.4)—(5.5).

Corollary 5.7. If a is large enough, then Ho > —a?, whenever © > —% 1.

2
6. Schrodinger operators with J-interactions

Now, we return to the symmetric differential operator HY , g 0 L2(Ry)

0 d2
HX,a,q = A2 + Gn,

2,2 . J0)=0, f(znt) = f(zn—)
dom(te) = {1 W2\ ) f0 50 SIS

0 _ 770
As above, we denote, by Hx , 4, the closure of Hy o g Hx 00 = HX,(L .

6.1. Parametrization of the operator Hx .,

Let TI' = {#,T'{,T1}, and let I1? = {#,T2,T%} be the boundary triplets defined in Propositions
5.2 and 4.2, respectively. According to Proposition 2.2, the extension H X@(e ExtHpin) admits two
representations

HX,oc,q = Ho, :

VI mln(

dom(He,) = {f € dom(Hy,) : {T3f.Tif} € ©,}, je {12}, (6.2)

dom(H@ )

where ©; € C(H) (j € {1,2}) are closed symmetric linear relations. In this section, we show that ©s,
as well as the operator part ©) of ©1, is a Jacobi matrix.

1. The first parametrization. At first, we consider the triplet II' = {#,T'{,T'1} constructed in
Proposition 4.2. For any «, the operators Hx , and Hé S [ker(T'§) are disjoint. Hence, ©; in

min

(6.2) is a (closed) operator in H = I2(N), ©1 € C(1?). More precisely, consider the Jacobi matrix

by ag¢ 0 0 O
aleaQOO

BXaOMI = 0 a9 b3 as 0 (6_3)
0 0 a3 by a4
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where

_ tanh(dk/qx)
bok—1 = d; Map_1 + /g tanh (di/qr)), bop, = —————-,
ok—1 = di - (k-1 + /qi tanh(di/q)) ok N

1 _ _
o1 — 322

_—d% cosh(dk@)’ A2k = Oy, k+1 -

Let 7x,q,4 be a second-order difference expression associated with (6.3). We defines the corresponding
minimal symmetric operator in [ by (see [1,6])

BX gl = xaqfs  fe€dom(B%,,) =1 and Bxag=B%, (6.4)

Recall that Bx . 4 has equal deficiency indices, and ni (Bx,a,4) = n—(Bx,a,q) < 1.
In addition, we note that Bx , 4 admits the representation

BX,a,q = R)_(l(éoc - QX)R;(la

0 0 0 0 0
0 0 1 0 0

where By = 8 (1) 061 8 (1) , (6.5)
0 0 0 1 o

and Rx = ®2° Ry, Qx = &5 ,Q,, are given by (4.8).

Proposition 6.1. Let II' = {H,T},T1} be the boundary triplet for HY, constructed in Proposition
4.2, and let Bx o4 be the minimal Jacobi operator defined by (6.3)~(6.4). Then ©1 = Bx o4, i.€.,

HX,a,q = HBXﬂ’q = H; (dom(HBx,ayq)a

dom(Hp, ) = {f € dom(H}y,) : T1f = Bxa,l0f}-

Proof. Let f € Wesp(Ry \ X). Then f € dom(Hxay), iff [1f = BuIf. Here, T} := @penl"
where fgn), j € {0,1}, are defined by (4.5), and B, is defined by (6.5). Combining (5.7) and (5.8)
with (6.5), we rewrite the equality ﬂf = Eaféf as I'lf = BxaI'}f-

Taking the closures, we complete the proof. ]

Remark 6.2. Note that matrix (6.3) has negative off-diagonal entries, although the off-diagonal
entries in the classical theory of Jacobi operators are assumed to be positive. But it is known (see,

g., [35]) that the (minimal) operator By o4 is unitarily equivalent to the minimal Jacobi operator
associated with the matrix

bl al 0 0 0
aj b2 a9 0 0 e
Bka,q = 0 ag b3 az O ... || (6.6)

0 0 a3 by a4

where

- tanh(dg+/qx)
bop—1 = di Hap_1 + /qr tanh(de/qr)), bop, = —————=,
2k—1 p (k-1 k (drvar)) 2k dz\/ng
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1 —3/2 —1/2
A= as, =d,. ' 7d .

d2 cosh(dy/qr,)’ k k1

In the sequel, we will identify the operators Bx ., and Bg(qu, while investigating those spectral
properties of the operator Hy o4, which are invariant under unitary transformations.

A2k—1 =

2. The second parametrization. Let us consider the boundary triplet II? = {H,F%I‘%}

constructed in Proposition 5.2. Now the operators Hyx o, and Héz) = H*, [ker(I'3) are not disjoint.
Hence, by Proposition 2.2(ii), the corresponding linear relation O9 in (6.2) is not an operator, i.e., it
has a nontrivial multivalued part, mul©y := {f € H: {0, f} € ©2} # {0}.

Let f € Waap(Ry \ X). Then T2, T2f € 12 and f € dom(Hx ), iff Cx.aql1f = Dx.aqlof,

where

Cx,a,q := CRx, Dx a4 = (Do — CQx)RY', (6.7)
0 0 0 0 0
0 0 0 0 0
0o -1 1 0 0
C= 0 0 0 0 0
0 0 0o -1 1
1 0 0 0 0
0 1 1 0 0
o 0w 0 o
Dai=1 4 o 0o 1 1 (6:8)
0 0 0 0 oo

and Rx = @22 Ry, Qx = &5 ,Q,, are defined by (5.8);

0 0 0 0 0 0
0 0 0 0 0 0
1/2 1/2
0 —d? d* o 0 o0
Cxaqi=| 0 0 0 0 0 0 : (6.9)
0 0 0 —d” & o
0 0 0 0 0 0
DX a,q -+ (azj)fj'zl s (610)
where
a1 =d 1/2
Ak,2k = d;;m, A2k 2k+1 = dkiéz,
d71/2 T B
A2%k+1,2k—1 = —.kif, Aop41,2k = —d; 1/2@C0th(dk@),

sinh(dy/qx)
A2%t1,2k+1 = d;;i{Q(ak + /Qk+1 coth(di/qr)),
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—1/2
_ dk+{ vV ak+1
sinh(dy+1/qk+1)

a;; =0 otherwise.

(2k+1,2k+2 =

We now define a linear relation ©9 by

@8 = {{fag} € 1(2) ¥ l(% : DX,a,qf = CX,a,qg}- (6'11)
Hence, we get obviously
Hg)(,a,q = H;nn [dom(Hg(,a,q)?
dom(HY o) = {f € Wiinp[R4 \ X) = {T5f,T1f} € ©3}. (6.12)

Direct calculations show that ©9 is symmetric. Moreover, (6.12) implies that the closure of ©Y is
©2. Hence, © is a closed symmetric linear relation. Therefore (see Subsection 2.1), ©2 admits the
representation
@22631)@@80’ H:%op@%oo,
Hop = dom(O3) = dom(O3”), Hoo := mul Og, (6.13)

where ©3°(€ C(Hop)) is the operator part of ©2. Moreover, it follows from (6.7) that

mul Oy = ker(Cy o) = Ry (ker O),  ={{0,f}: femulOy}. (6.14)

. N2 2 V dn n—\/ dn n .
Since Hop = ran(RxC*), the system {f,}2°, f, := ei/d —~ L1224 forms the orthonormal basis
n n+1

in Hop. Next, we show that the operator part ©5° of O is unitarily equivalent to the minimal Jacobi
operator

bl al 0
| a1 by as
BX,OQQ - 0 a9 b3 o 9 (615)

where

b = 17 (@ + /G 0th(dn/Gn) + v/Grr1 0D (dn1/Gnr))s

B vV adn+1
nTn+1 Sinh(dnJrl\/ QnJrl) ’

and 7, := \/d, +dp+1, n € N. We show that {f,}°2; C dom(©5"). Assume that there exists g,
such that {f,,g,} € O, i.e., g, = O5°f,. The latter yields g, € Hop and, hence, g, = > re | gnifk-
Moreover, after direct calculations, we obtain

Dx aqft = 77 (= (a1 + /@1 coth(d1/q1) + /@2 coth(da\/q2) )es
+/q2 sinh ™! (da\/g2)es),

Ap —

_ VvV aq
DX@[,qfn =r, 1 (Sinh(dnn\/qin) €n—1 — (an +Van COth(dn\/ Qn)
v Aan+1
+v/Gn+1 coth(dpy14/qni1)e2ns1 + Sinh(d J:Jr 7 H)62n+3> , n=>2,
mn \/ 4N

00
CX,a,qgn = - § In kTEC2k+1, T > 1.
k=1
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Hence, {f,,gn} € O, i.e., the equality Dx o 4fn = Cx ,q8n holds, iff

Vin
sinh(dp/Gn)rn—17n’

1
Inn = ﬁ (an + vVan COth(dn vV Qn) + v n+1 Coth(dn—i-l RV, Qn+1) s
n

Vi1 n > 2
sinh(dpt1y/Gns1)Tnns1’ -7
and g, x =0 for all k ¢ {n —1,n,n+ 1}. Hence, f, € dom(O5"), and the matrix representation of the
operator ©5" in the basis {f,}°°; coincides with the matrix Bx o4 defined by (6.15).
Since the operator Bx 44 of the form (6.3) and (6.15) is closed, we conclude that ©7F and Bx a4
are unitarily equivalent.

Inn—1 = —

Inn+1 = —

Proposition 6.3. Let 11> = {”H,Fg,F%} be the boundary triplet constructed in Proposition 5.2, and
let the linear relation O2 be defined by (6.2). Then ©2 admits representation (6.13), where the “pure”
relation O is determined by (6.14) and (6.8), and the operator part ©3° is unitarily equivalent to the
minimal Jacobi operator Bx o4 of the form (6.4) and (6.15).

6.2. Self-adjontness

Theorem 6.4. The operator Hx q 4 has equal deficiency indicesny (Hx oq) =1_(Hx a,4) < 1. More-
over, N+ (Hx o q) = 14+ (Bx,a,q), Where Bx o4 s the minimal operator associated with the Jacobi matrix
either (6.3) or (6.15). In particular, Hx o4 is self-adjoint, iff Bx o q 1s.

Proof. Combining Theorem 5.5 (i) with Propositions 6.1 and 6.3, we arrive at the equality
N4 (Hx aq) =04+ (Bx,a,q)- It remains to note that, for Jacobi matrices, n+(Bx,a,q) < 1 (see [1,6]). O

Corollary 6.5. Let Bg)aq and Bg?)aq be the minimal Jacobi operators associated with (6.3) and

(6.15), respectively. Then ni(Bg,)a,q) = ni(Bg(Q,)mq). In particular, Bg(l,)a,q is self-adjoint, iff so is

B
X,a,q°

Proof. The assertion immediately follows from Theorem 6.4. O

Proposition 6.6. Assume that Hypothesis 1 is valid. Then the Hamiltonian Hx o 4 15 self-adjoint for
any o = {a,}5°; C R provided that

> d = oo, (6.16)
n=1

Proof. Consider the Jacobi matrix Bx 4 (6.6). By Carleman’s theorem [1], [6, Chapter VII.1.2],
Bx 4 is self-adjoint, whenever

3 (2 cosh(dn/gn) + d¥/2d}/7)) = oo, (6.17)
n=1
Obviously,
&2 cosh(dpr/gn) ~ d2, and d2 < d2 + d%/?d}/? < 7d2 - dn 4188 N — 00,

and, hence, relations (6.16) and (6.17) are equivalent.
Now, the result follows from Theorem 6.4. [
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Corollary 6.7 ([16]). If limsup, d, > 0 (in particular, d, = liminf,d, > 0), then Hx o is self-
adjoint.

Let us present the sufficient conditions of self-adjointness in the case where (6.16) does not hold.

Proposition 6.8. Let {d,}>°, € I?,

c < dn\/QTL < €2, C1,C2 > 07 (618)
and let
dp_1-dpy1 >d?, neN. (6.19)

If, in addition, the strengths a,, of §-interactions satisfy the relation

S
Z dn—l—l |an + @COth(dn@) + vV n+1 COth(dn—H\/ Qn—i-l‘ < 00, (6'20)
n=1

then the operator Hx o q is symmetric with ny(Hx o 4) = 1.

Proof. Consider the Jacobi matrix (6.15). To apply [25, Theorem 1], we denote a, := r,2|a, +

Vn coth(dn/qn) + \/Gnt1 coth(dn11/Gnr1| and by, := sinh(dn\/\/grn_lrn’ n € N, and define a sequence
{en}22 as follows:

by —
c1 = by, co =1, Cnt1 = —Llcn_l, n € N.
bn,
It is easily seen that
n+1 qn—2 \/q7n Sinh(dn—l\/(]ni—l)
Cn+1 = (_1) Tn+1— C :
Slnh(dn—Z\/ Qn—2) Slnh(dn qn) dn—1
sinh(dp41+/
X (dnt1 qnﬂ)-...-’cv, n eN;
vV 4n+1

s clrfl, n =2k,
T ey, n=2k+1.

Using both conditions (6.24)—(6.19) and the obvious inequality sinh(x) > z, x > 0, we obtain

v 4n—2 ) \/q>n ) Sinh(dnflx/anl) ) Sinh(dn+1\/Qn+1) '
Sinh(dn72\/ Qn72) Sinh(dn Qn) v an—1 vV dn+1 o
B Sinh(dn—‘rl\/ Qn-‘rl) ) Sinh(dn—lv Qn—l) ) \/QTL ) qn—2 .
v/ Adn+1 dn—1 Slnh(dn\/q:) Sinh(dn—Q\/ Qn—Q) o
_ sinh(dpn121/qnt2) [ sinh(dnt14/Gnr1) _ Van+2 ‘ Van
v/ dn+2 v dn+1 Sinh(dnJrZ\/ Qn+2) Sinh(dn Qn)
y sinh(dn—1y/gn-1) Vi Gn—2
qn—1 Slnh(dn \/q>n) Sinh(dn—2 vV Qn—Q)

S C\/ dn+2, n e N. (621)
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Therefore,

lcnt1] < Cerpi1v/dnta = V2CEdpio + /dns1dni2) <\f06< dpyo + dn+1>

and, hence, {c,}°; € [?. On the other hand, it follows from (6.20) and (6.21) that Y 2 | |an|c2 < oo,
i.e.,

s h n n
y SRy Inl) L coth(day/E) + /T coth(da ] < oo
— Van+1

Since sinh(x) > x, x > 0, we easily get conditions (6.20). By [25, Theorem 1], this inequality and the
inclusion {c¢,,}2; € {2 yield n4(Bx.,a,4) = 1. It remains to apply Theorem 6.4. O

Corollary 6.9. Let the assumptions of Proposition 6.8 be satisfied. If
do(qn)2 <c¢, >0, (6.22)

then condition (6.20) is equivalent to

[e.e]
1
n=1

n dnJrl

1
+ 3 (dn\/qin +dnt1y Gn+1)| < 00 (6.23)

Proof. Using
1 =z
th(z) = -+ - — 3
coth(z) 1:—1-3 O(z?),

{d,}>2, € 12, and (6.22), we prove the assertion. O

Remark 6.10. Let the assumptions of Proposition 6.8 be satisfied. Note that condition (6.20) is
automatically satisfied, whenever

—(\/(171 + vV QnJrl)'

Proposition 6.11. Assume that Hypothesis 1 is valid, and assume that (6.16) does not hold. Let also
a={an}2, and X = {z,}2°2, satisfy one of the following conditions:

(4)

c1 < dn\/qin < C2, C1,C2 > 07 (624)
and

0

Z |an|dndn+1rn—lrn+l = 00, (625)

n=1

where r, = \/dyp + dp41.

(i9) There exists a positive constant C1 > 0 such that

an + \/qn | M1 + + /st | M1+ < C1(dn + dny), n € N, (6.26)
M MT’n+1
where
M = lirginf sinh(dn/aqn), M, = lim sup coth(dp/qn). (6.27)

n—o0
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(#i7) There exists a positive constant Cy > 0 such that

o+ /Gn | Mz — o g My — 2 > —Co(dy, + dpt1), n €N, (6.28)
My Mry 1
where
M = lirginf sinh(dp\/qn), My = lirginf coth(dp\/qn)- (6.29)

Then the operator Hx o4 is self-adjoint in L?(R,).

Proof. (i) Applying the Dennis-Wall test ( [1, p. 25, Problem 2]) to matrix (6.15), we obtain that the
condition

00
Z ’an + vV 4n COth(dn Qn) + V dn+1 COth(dn+1\/ C]n—l—1|
n=1

y sinh(d,/qn) sinh(dn11/Gny1)
Vn\/Gnt1

yields the self-adjointness of the minimal operator By , 4 associated with (6.15).
Obviously,

Tn—1Tn+1 = O (630)

sinh(dy,/qn) sinh(dy414/Gns1)

’O‘n + \/QTLCOth(dn Qn) + Vln+1 COth(dn+1\/ QnJrl)’

Van/an+1 (6.31)
sinh(dy+/Gn) sinh(dpi1y/@ni1) ’
> (lan| = [v/an coth(dn\/qn) + /@n+1 coth(dpnt11/Gnt1 .
(lon| = [Van coth(dn/an) + v/@n+ (dn+1v/n+1)]) NN
Since sinh(x) > z, x > 0, we get
inh(dy,/3) Sinh(dp s 1~/
|an|sm (dn+/Gn) sinh(dn414/Gns1) > ol dndo 1. (6.32)

Vn\/Gnt1
Condition (6.24) implies that
[V coth(dn/an) + +/an+1 coth(dni1v/qn+1)|

><sinh(dn\/qu) sinh(dp+1/@n+1) - sinh(2¢q)

NV S o (dp, + dpt1) - (6.33)

Since {d,,}2, € I, we get

Z 1V @n coth(dn/qn) + /@nt1 coth(dn11v/qni1)|
n=1

y sinh(dy,+/qn) sinh(dy414/Gn+1) =
Van/An+1

Combining (6.31)—(6.32) with (6.34), we get that relations (6.25) and (6.30) are equivalent. By The-
orem 6.4, Hx o ¢ = H;(,a,q’

(6.34)
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(73) — (417) Applying results in [6, Theorem VII.1.4] (see also [1, Problem 3, p. 37]) to the Jacobi
matrix (6.15), we obtain that the conditions

n 1
\/? (an + \/QTLCOth(dn Qn)

B sinh(dp+/qn)rn-1mn é

(6.35)
Vn+1
it coth(dns1+/Gnrn)) — — =C
+v/Gnt1 coth(dpt1v/Gnt1)) SO (dyy1y/Gn g 1) Pt !
and Jan 1
dn
B — L (an + /a coth(dny/an
TNy e— 17 (On + v coth(dn/an) 656)

. VvV An+1 < O,
Sinh(dn+1\/Qn+1)TnTn+1 o
guarantee the self-adjointness of Bx o4. Since dy./q, is bounded, we get easily conditions (6.26) and
(6.38), by using conditions (6.27) and (6.29). Theorem 6.4 completes the proof. O

+1/qn+1 coth(dp41 M))

Corollary 6.12. Let the assumptions of Proposition 6.11 be satisfied. If, in addition, ILm dn~\/qn = 0,
then conditions (6.26)—(6.38) are equivalent to

1 n 1 n
an—|—<1—|— r >+ <1+ ! )gCl(dn+dn+1), neN (6.37)
dy, Trn—1 dn+1 Tn41
and . .
r r
nt—(1-—2 1— —" | > —Cs(dy + dpi1), N, 6.38
n dn < 7nn—l) + dn+1 < Tn—l—l) o 2( * —H) ne ( )
respectively.

Example 6.13. Let d,, := %, n € N. Consider the operator
d? =
Hy o= = +aq(x) + > and(z — ). (6.39)
n=1

Clearly, {d,}>, € [2, i.e., condition (6.16) is violated. Applying Propositions 6.8 and 6.11 and
executing some direct calculations, we obtain

i) IE> lonl — o0, then the operator H 4 is self-adjoint (cf. Proposition 6.11 (7)).

n=1 n3

If oy < —2(c2aMy + FZ)n — (coMy + %) + O(n~1), then Hy is self-adjoint (cf. Proposition 6.11

iii) If ap > -, neN, K =const >0, then Hj is self-adjoint (cf. Proposition 6.11 (iii)).
i) If o = —(\/Gn + /Gns1) + O(n™%), then ny(Ha) =1 (cf. Proposition 6.8).

6.3. Operators with discrete spectrum

Theorem 6.14. Assume that Hypothesis 1 is valid. Let Bx o 4 be the minimal Jacobi operator defined
either by (6.3) or (6.15).

(1) If n4(Bx,a,q) = 1, then any self-adjoint extension of Hx o4 has a discrete spectrum.

(i4) If Bx,a,q = B o4 then the Hamiltonian Hx o,q(= Hx , ,) has a discrete spectrum, iff
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o lim, .o nd, =0, and

® Bx g has a discrete spectrum.

Proof. 1) To be precise, let Bx o 4 be defined by (6.3). Since nt(Bx ,4) = 1, any self-adjoint extension
of Bx «,q has a discrete spectrum (see [1,6]). Moreover, by Corollary 6.7, lim,_,~ d,, = 0. Hence the
operator Hy defined by (5.35) has a discrete spectrum as well. The Krein resolvent formula (2.9)
implies that any self-adjoint extension of Hx , 4 is discrete.

2) This follows from Theorem 5.5 (iv) and Remark 5.6. O

Proposition 6.15. Assume that Hypothesis 1 is valid. Let the operator Bx o, defined by (6.15) be
self-adjoint, and let limy,_, o d, = 0. Assume also that a,, < 0, and there exist

lim inf sinh(d,,\/qn) = C, lim sup coth(d,+/gn) = C2 > 0, (6.40)

n—oo n—oo

and also

li }an“‘CZ(\/Qn"‘\/Qn—&-l)‘
im ,

Jim. G107 % (o + Co2(V/@n + ¢/@ns1)) " (eng1 + Co(Vant1 + ¢V/ang2)) ' <

Then the operator Hx o 4 has a purely discrete spectrum.

N

Proof. Applying [10, Theorem 8] to the Jacobi matrix Bx o 4 of the form (6.15), we get the sufficient
conditions of discreteness of the spectrum:

. 1
lim — (an + /qn coth(dnv/an) + V/an+1 coth(dnﬂ./qn“) =00 (6.42)

n—oo r

and

Jim_go1 sinh ™ (dns1 /@) (0 + v/ €0th(dny/Gn) + Vs coth(dn1/Gns1))
_ 1
X (an—‘rl + Van+1 COth(dn-l—l vV Q’n-l-l) + Van+2 COth(dn+2\/ Qn+2)) ! < Z

Since o, < 0, we get regard for the boundedness of d,,/q, that conditions (6.42) and (6.43) are
equivalent to (6.40) and (6.41), respectively. Since lim,_,o d,, = 0, the same is true for Hx o4 by
Theorem 6.14. 0

(6.43)

Remark 6.16. If Hx ,, is a semibounded operator, in particular, if a;,, > 0, then the assertion of

Proposition 6.15 follows immediately from the analogous classical Molchanov discreteness criterion
(see [4]).

Proposition 6.17. Assume that Hypothesis 1 is valid, lim, o dy = 0, and dp\/q, — 0 as n — 0.
Let also the operator Bx g defined by (6.3)-(6.4) be self-adjoint. Let the following conditions be
satisfied:

it Qnp—1 + 1 1 > 1
im = 00, im —=
n—oo | dp n n—oo dy, (an + Qn—f—ldn—l—l) 4
) 1 1
and nlgglo doa > =7 (6.44)

Then the operator Hx o 4 has discrete spectrum.
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Proof. We apply [10, Theorem 8] to the operator nga,q of the form (6.6) and prove the statement in
at least two steps.

At first, we consider the case b, = bor_1 and a,, = asi_1. We obtain the following sufficient
conditions of discreteness of the spectrum of Bg(y o

lim ag; +qy =00 and  lim dkalk—l > —%. (6.45)
Similarly, if b, = by and a,, = aok, we obtain
lim || = o0 and lim ! > —1. (6.46)
k—oo | di k—oo di (g + qr+1dk+1) 4

Since limy, o0 dy, = 0 and ¢, is unbounded, conditions (6.45)—(6.46) are equivalent to (6.44). Theorem
6.14 completes the proof. O

Remark 6.18. In the case of ¢ € L*°(R}.), Proposition 6.17 was obtained in [21].

Corollary 6.19. Let the assumptions of Proposition 6.17 be satisfied, o, + gni1dp+1 < 0, and let the
following conditions be met:
1 1 1 1

lim > —— and lim > ——. 6.47
n—00 dn<an + Qn+1dn+1) 4 n—00 dp iy 1 4 ( )

Then the operator Hx o 4 has a discrete spectrum.

Proof. If oy 4+ gni1dns1 < 0, then the condition

1 1
lim >
n—00 dn(an + Qn+1dn+1) 4

yields the relation
4

’an + Qn-‘rldn—f—l‘ > df
n

Combining the latter with the condition lim,_, d, = 0, we get

hm ‘an_l —+ gn| = OQ.

n—oo n
In this case, conditions (6.44) are reduced to (6.47). O
Remark 6.20. Note that if a,, + gpy1dp+1 > 0, then the condition lim, m —% in

(6.44) is automatically satisfied and can be omitted.

6.4. Resolvent comparability

Proposition 6.21. Assume that Hypothesis 1 is valid. Suppose also that Hx o4 and Hx 5, are self-
adjoint, and Bx o4 and Bx gz, are the corresponding (self-adjoint) Jacobi operators defined either by
(6.3) or (6.6). Then, for any p € (0,00], the inclusion

(HX:OMI - Z)_l - (HX,&,q - z)_l € Gp (6.48)
s equivalent to the inclusion

(Bx,aq —1) " = (Bxaq—1)' €6, (6.49)
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Proof. From Theorem 2.5, we get the result with By , 4 defined by (6.6). The result with the matrices
defined by (6.3) follows from Proposition 6.1. O

— oo
Corollary 6.22. Assume that Hypothesis 1 is valid. If {O‘gn;ﬁ"}

_ €W pe(0,00) (€co, p=00),
then inclusion (6.48) holds. -

Proof. Note that the condition Bx 5, — Bx,a,q € 6, is sufficient for inclusion (6.48) to hold. Clearly,
I3 C dom(Bx,qa,4) Ndom(Bxz,). On the other hand, for any f € [*%, (6.5) yields the inclusion
(Bx,a,g = Bx.aq) € 6p, Le.,

_ ~ ~ _ oo an_&:L 0
Baaaf - B = 15 (B - By~ o TE 0

for all finite sequences f € [?(N). Hence, due to the assumption of Corollary 6.22, we get

Bxa,q— Bxa,q € 6y C [H]

and dom(Bx,,q) = dom(Bxg,). It remains to apply Proposition 2.5. Finally, Proposition 6.21
completes the proof. O

Proposition 6.23. Assume that Hypothesis 1 is valid. Let also d* < co. If

< o0, (6.50)

then
Uac(HX,a,q) = Uac(HX,O,q)- (651)

If, in addition, q(-) € LY(Ry), then 0uc(Hx a,q) = R4

Proof. Applying Corollary 6.22 for p = 1 to the Hamiltonians Hx ., and Hx o, and using (6.50), we
get that inclusion (6.48) holds. Now, the result follows from the Kato—Rozenblum theorem (cf. [32,
Theorem XI.9]). The assertion is proved.

If (-) € L'(R4), then o4c(Hx,0,4) = Ry. Hence,

Tac(Hx 0,q) = Tac(Hx0,4) = Ry.

O
Remark 6.24. In the case of ¢ € L°°(R.), Proposition 6.23 was established in [4].
Example 6.25. Let 2o =0,
k, n = 2k-—1,
and let
-t n = 2k-1
dy, = (b=1)%” ' keN. 6.53
" { %, n = 2k, ( )
We set : |
o kv T € |T2k—1, T2k,
a(x) = { 0, otherwise, ken. (6-54)
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Consider the minimal symmetric operator Hy o 4 associated with (1.1) in L%(R.).
Define

k, n = 2k,
gn(z) = { 0 n = %1 ke N. (6.55)
In addition, we suppose that
Z (k}?’agk,l + agk) < 0.
k=1

Since d,, and g, (-) satisfy Hypothesis 1 and ¢(-) € L'(R, ), Proposition 6.23 immediately yields

Gac(Hx aq) = Ry (6.56)
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