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ON THE ROBUST STABILIZATION OF ONE CLASS OF NONLINEAR
DISCRETE SYSTEMS

V. 1. Korobov and A. V. Lutsenko UDC 517.977.14

We study the problem of robust linear stabilization of a family of nonlinear discrete control systems
with uncertainties and nonlinearly dependent control. We establish sufficient conditions for the robust
stabilization and synthesize linear regulators of state engaged in the robust stabilization. The obtained
necessary conditions for the robust stabilization are close to sufficient.

1. Introduction

The problem of stabilization of controlled systems is one of the most complex problems in the modern control
theory, which is extensively investigated by numerous authors [1-4, 13-22]. The problem of robust stabilization
of systems [2, 4, 13, 18-21, 24-28, 31, 32] caused by the presence of uncertainties in the mathematical description
of control systems occupies a significant place in the theory of stabilization. The Lyapunov theorem on stability in
the first approximation can be regarded as the first result in this direction. As one of the most efficient methods for
the investigation of the problem of stabilization of nonlinear systems, one can mention the method of Lyapunov
functions, which is a powerful tool for the analysis and synthesis of control systems that enables one to obtain
many important results [1, 2, 13, 15, 17, 18, 20, 22, 29].

In the present paper, we consider the problem of one-dimensional stabilization of a family of nonlinear discrete
systems based on the Lyapunov functions and algebraic Lyapunov equations. We use an approach based on the
method of quadratic stabilization [4] guaranteeing the existence of the general Lyapunov function for a given family
of systems.

In the Euclidean space, we consider a family of nonlinear discrete control systems

x(k +1) = (A4 Aok, x(k)))x (k) + (B + Bo(k, x(k))u(k) + ¢o(k, x(k),u(k)),
(1
(k,x(k),u(k)) € No x R" x R",

where Ng = {0, 1,2,...}, x(k) € R" is the vector of state of the system and u(k) € R” is the vector of control.
Assume that A and B are given constant real n X n and n X r matrices, respectively. It is known that the real
matrices Ag(k, x) and By(k, x) are defined in Ny x R" and satisfy the conditions

[Ao(k, )|l < lollx[| +d. [[Bo(k,x)|l <lollx|* +d. 2

where w > 0, lp > 0,and 0 < d < dp. It is also known that the real functions ¢g(k, x, u) satisfy the following
condition in Ng x R" x R":

llpo(k, x )| < Lu(llxll + Jlul)'*2, 1 = 0. €)
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The robust linear stabilization is understood as the law of control ¥ = Px common for the entire family (1)
and guaranteeing the asymptotic stability of the trivial solutions of systems (1). In other words, the trivial solutions
of systems (1) must be stable and there should exist a domain of attraction of the origin of coordinates invariant
under the set of incompletely defined functional parameters Ag(k, x), Bo(k, x), and ¢o(k, x, u).

We say that the expression

AV(x) = V(f(k.x)) = V(x)

is the first difference of a function V(x) by the system
x(k +1)= f(k,x(k)). 4)
It is clear that if x (k) is a solution of system (4), then
AV(x(k)) = V(f(k,x(k)) = V(x(k)) = V(x(k + 1)) = V(x(k)).

Assume that

i C-={leC:|Al<l}andCT ={ALeC:|A|>1}
(i1) 1 is the identity matrix of the corresponding order;
(iii) the symbol * denotes the operation of transposition;

(iv)y L = Lin(B, AB,..., A" 1B) is the linear span of the column vectors of the matrices B, AB, ...,
A"1B;

(v) o(:) is the spectrum of a matrix in parentheses;
(vi) e; is the vector that coincides with the i th column of the identity matrix of the corresponding order;

(vii) R™™ is the set of (n x m) matrices.

A polynomial is called stable if its roots belong to the ball C ™.

2. Auxiliary Result

Let A € R™*™ let By € R™*7 letrank B; = r, and let by, ..., b, be columns of the matrix Bj. It is known
(see [5-7]) that, for each polynomial

e = A"+ A 4y,

with real coefficients y; to have a matrix K € R™™™ such that the characteristic polynomial y4,+p, k(1) of the
matrix A; + B; K coincides with the polynomial ¢(A), it is necessary and sufficient that rank Q = m, where
0 =(B1,A1By,... ,Alm_lBl).

The algorithms of determination of the matrix K are known (see [5, 11, 12]). In the present paper, we use the
algorithm proposed in [5]. This algorithm can be described as follows:

1. Formation of a nonsingular matrix

W = (b1, A1by, ..., AT by, by, Avby, ... AT ) € R
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of linearly independent column vectors of the matrix 0, where m + ...+ mj = m, m; is the least natural number
such that the vector A'lni b; linearly depends on the previous vectors of the matrix W

2. Formation of the (» x m) matrix
S =1(0,...,0,e2,0,...,0,e3,...,0,...,0,e,0,...,0) C R”",

where e; is the myth column, ej is the (mq + my)th column, ..., ey is the (my + ... 4+ my_;)th column of the
matrix S; e; € R”;

3. Determination of the matrix K; = SW—1 € R™™;

4. Determination of the characteristic polynomial

Xﬁ\l(k)zkm+alkm_1+...+am

of the matrix 21 = A; + B1Ky;

5. Formation of the matrices

0 0 0
0 1
Ag = cee ,
0 0 0 U |
-y —Am—1 —Am—2 ... —d1

bo = (0,...,0,1)* € R™¥1,
To = (AF 'bg, AZ2by, ..., bg) € R™™,

Tl = (Zrln_lblvgiln_zbl, B ,bl) (S Rmxm,

T =TTy "
6. Determination of the vector f = (Vi — am, ..., Y1 —ai);
7. Determination of the matrix
K=K 1—€1 f T. (5)

Let dim L = m, where L = Lin(B, AB,..., A" 'B), A€ R"™" B e R™ rank B =r, letvy,..., v, be
a basis of the subspace L, and let vy, +1, ..., v, be a basis of L. We form a matrix

F=Wi,...,0m, Umt1,.-.,VUn). (6)
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Theorem 1. [fthere is no eigenvector xq of the matrix A* associated with the corresponding eigenvalue from
C ™ and satisfying the relation xy B = 0, then the inclusion 0 (A + BP) C C~ takes place for each (r x n) matrix
of the form

P=KH*F, (7)
where F is taken from (6), H* = (e1,...,em)", e; is the ith column of the (n X n) identity matrix,
K=SWl—e fT71, (®)

W = (b1, Arby, ..., A by, by, Avby, . AT ) € R™
b; € R™ are columns of the matrix By = H*F~'B € R™7 Ay = H*F 'AFH € R™"™ m+...+my =m,
m; is the least natural number such that the vector A'lni b; linearly depends on the previous vectors of the matrix
W
S=1(0,...,0,e2,0,...,0,e3,...,0,...,0,¢,0,...,0) € R™*™,

ey is the myth column of the matrix S; e is its (my + mo)th column, ..., and ey is its (my + ... + my_1)th
column;

A :(Vm_am’---,)/l—éh)GRlxm,

ai,...,anm are the coefficients of the characteristic polynomial
XA, 1B sw—1(A) = A" +ad" L+ ap

of the matrix A1 = A1 + BiSwL; V1, ...,Ym are the coefficients of an arbitrary stable polynomial (1) =
A 4 ALy, with real coefficients;

T="T,",
Ty = (A7 by, AT 2by,....by),

To = (AF'bo, AZ?bo, ..., bo),
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Proof. We first prove the following relation for the eigenvalues A of the matrix A satisfying the condition
LeCT:

rank (F"YAF —AI F7'B) =n. 9)
Assume the contrary. Then
rank (F"YAF —AI F7'B)<n
for some eigenvalue A € C T In this case, there exists a nonzero n-dimensional vector xgo for which
xg(FTYAF —AI F7'B) =0
or, in the equivalent form, x (F "' AF—AI) = 0Oand xj F 1B = 0. The last equalities mean that yo = (F “Hy*xo
is the eigenvector of the matrix A* associated with the eigenvalue A € C T and satisfying the relation yoB =0,

which contradicts the condition of the theorem.
‘We now show that the matrices

have the structures

=)

A=F'4AF, B=F"'B (10)
~ (A1 A2
A_(O &)’

_( B
= o |
where A; € R™*™ and A3 € R(t—m)x(n—m)

Indeed, the columns of the matrix B belong to the subspace L. Hence, each of them is a linear combination

. . B .
of the vectors vy, ..., Uy. Therefore, by virtue of (10), the matrix B must have the form ( 01 ) , where Bj is an

(m x r) matrix. Since the subspace L is A-invariant, Av; € L,i = 1, m. In this case, it follows from (10) that
m m n n
FA=AF=<Za1ivi...Zozmivi Zamﬂ,ivi...Zanivi).
i=1 i=1 i=1 i=1

This implies that the matrix A has the form

~ (A A,
=% w)

where A3 is a square matrix of order n — m. Equality (9) now takes the form

A — Al Ar By \ n
rank( 0 As—2I 0 )—n, reC™. 1)

It follows from (11) that rank (43 — AI) = n — m for each A € CT. The last equality means that o(43) C C~.
We now show that

rank (B1, A1 B1,..., AT B1) = m.
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Indeed, in view of the fact that

k k
A gkp _ =1 gk pp—lp _ (1 k( B\ _ [ A1 A2 B1\ _( A{B;
F'4¥B = F'A*FF~'B = (F AF)(O)_(O A3)(0 =( 7).

we arrive at the following chain of equalities for block matrices:
m =rank (B AB ... A" 'B)

=rank (F'BF'AB ... F7'A"'B)

— rank B1 A1B; ... A’ll_lBl
- 0 0 0

=rank (By A1B1 ... AT7'By)
= rank (31 AlBl . A’ln_lBl) .

By using the algorithm described above under the condition that the roots of the polynomial ¢(A) belong to
the ball C ™, we arrive at the inclusion

o(A1+ B1K)C C™,

where the matrix K is the same as in (5).

A1+ Bi1K A
0 A3

and 0 (A3) C C™ are true. By using the relations

* —1
F(A1+OBIK iZ)F—1:A+F(%1)(KO)F_I:A—FB(KO)(HS )
3

The spectrum of the matrix ( ) belongs to C~ because the inclusions 6 (A4; + B1K) C C~

= A+ BKH*F~!' = A+ BP,

where P = KH*F~!, we obtain the inclusion o(4 + BP) C C~.

Theorem 1 is proved.

3. Main Results

Thus, Theorem 1 enables us to conclude that if there is no eigenvector xo of the matrix A* corresponding to
an eigenvalue from C* and satisfying the relation xg B = 0, then there exists an (7 x n) matrix P such that

oc(A+ BP)C C™. 12)
By using this matrix P, we show that the discrete Lyapunov equation

(A+ BP)*Q(A+ BP)—Q = —I (13)
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possesses (see [4, 6, 7]) a unique positive-definite solution @ = Q(P).
Theorem 2 presented below gives sufficient conditions for the robust stabilization and indicates the regulators
performing the robust stabilization.

Theorem 2. Assume that conditions (2) and (3) are satisfied for family (1) and that there is no eigenvector
X0 of the matrix A* corresponding to an eigenvalue from C T and satisfying the relation xg B = 0. Then, for

1 1
do=——|/IlA+ BP|>+ —— —||[A+ BP| |,
L+ [Pl (\/ 121

family (1) admits the robust linear stabilization and, as a stabilizing control, one can use u = PXx, where P is
taken from (7) and Q is taken from (13).

Proof. Substituting the control ¥ = Px in (1), we obtain
x(k+1)=(A+ BP)x(k) + Ao(k,x(k))x (k) + Bo(k,x(k))Px(k) + @o(k,x(k), Px(k)). (14)
As a Lyapunov function for the obtained system, we take the quadratic form
V(x) = x*0Ox,

where Q is taken from (13).
We now determine the first difference of the function V' (x) by the analyzed system:

AV(x) = ((A+ BP)x + Agx + BoPx + ¢9)* O (A + BP)x + Aox + BoPx + ¢p) — x*Ox.
In view of (13), we have

x*(A+ BP)*Q(A + BP)x —x*Qx = —||x|]>.
Therefore,

AV(x) = —||x[* + 2y Q(A + BP)x + Y " Q. (15)
where

Y(k,x) = Ao(k,x)x + Bo(k,x)Px + @o(k, x, Px).
By using the estimate
2y 0(A + BP)x + ¥ Oyl < [Ix]? (c1llx|*® + callx[|® + c3)

where

ci = Q1A+ 1PID>Uo + L (1 + | PID?)?,
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c2 = Qo + (1 + | P)?)QRar(1 + [[P]) +2d(1 + || PI)?),

c3 = [QlQard(1 + [|P|) + d*(1 + | P])?),
ay = |A+ BP|,
we arrive at the inequality
20" Q(A + BP)x + ¥ Qv < |lx|P(c1llx|*® + c2llx]|” + ¢3)-
Substituting this inequality in (15), we get
AV(x) < [XIP(=1 + ellx]>® + c2l|x ]| + ¢3).

This implies that, for

1 1 1 1
0<d<——\|./IA+BP|?+ — —||[A+BP||| = — | ,/a?+ — —a1 .
1+ |P] (\/ 1ol az Lol

the first difference AV (x) satisfies, in the ball

1/w

—cy + \/C§ —4ci(cz—1)
261 ’

lxll <

the inequality AV (x) < W(x), where

W(x) = [|x[2(=1 + ca | x[1P? + eallx|® + c3)

(16)

is a function negative-definite in this ball. Hence, the conditions of the theorem on asymptotic stability of the trivial

solution of Eq. (14) (see [33], Proposition 2) are satisfied in this ball.

Theorem 2 is proved.

Example 1. Consider a family of systems of the second order

x1k + 1) = 201 (K) + (1 + (d =253 (k) sin” ey (R))u(k) + (F (k) + 1 (k) 27,

xZ (k) + u?(k)

mm+n=%mmyud+ﬁwame@H~7:;§7<

o € R.

Here,
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b
Il
N— o

4 0 0
’ o 0 (d—i—x%)coskoz ’

1 d —2x2)sin? a x
0 0

(xf + 142)2_"‘2]‘2
x? +u? . Aol = (d + x})| cosak| < 2||x||* + d,

1 + a2k?

Yo

IBoll < (d + 2x3) sin* axt < 2[|x[* +d. llgoll < (7 +u*)vV2 < V2(|Ix + [u])*.

1
The matrix A possesses the eigenvalues A; =2 and A, = 3 The vector

v=(s)

is the eigenvector of the matrix A* associated with the eigenvalue A; = 2 and, furthermore, xjB = 1. The

subspace L has the form L = Lin ( ! ) and, moreover, m = 1. It is obvious that L+ = Lin ( (1) ) .

0
1 0
— 1 _
F=F —(01).

We determine the matrix P by relation (7): P = KH*F~1. Since m = 1, we have H* = (1 0). The matrix
K is given by relation (8):

Hence,

K=SW'—e fr7".

Wehavee; =1,B1=b1 =1, W =1,8 =0, 4 =2,21 =2,)(21 =A—2,anda; = -2.
As a stable polynomial, we take ¢(A) = A. Theny; =0, f = y1—a1 =2, T1 =1, Ao = 2,by = 1,
To=1,T=TT;'=1,K=-2,P =(-20),

0

0 0 4 1
A BP: 1 ) = 4 ) = -, d = -,
' e R B e

whence it follows that
1
o(A+ BP) = {0, —} .

Thus, for
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this family admits the robust linear stabilization by the control ¥ = —2x;.
The theorem presented below gives necessary conditions for the robust stabilization of Egs. (1).

Theorem 3. Let conditions (2) and (3) be satisfied for family (1). In order that the family of systems (1)
admit a robust linear stabilization, it is necessary that the eigenvector xo of the matrix A* corresponding to the
eigenvalue Aj with |Aj| > 1 and satisfying the relation x; B = 0 do not exist.

Proof. Assume that family (1) admits a robust stabilization by the control u = P x. Substituting the control
u = Pxin (1), we get (14).

Assume the contrary, i.e., that there exists an eigenvector x¢ of the matrix A* corresponding to the eigenvalue
Aj with |A;| > 1 and satisfying the relation x5 B = 0.

By using the equalities A*xg — A;xo = 0 and x; B = 0, we arrive at the equality

xg(A+ BP — ;1) =0.
Hence, A; is an eigenvalue of the matrix A + BP.
Thus, the matrix A + BP has at least one eigenvalue A satisfying the condition |A| > 1. There are two possible
cases: either the matrix A 4+ BP has eigenvalues A satisfying the condition |A| < 1 or all eigenvalues of the matrix
A + BP satisty the condition |A| > 1.

Consider the first case. Let T be a nonsingular real (n x n) matrix that reduces the matrix A + BP to the block
diagonal form

A 0
1 _ 1
T (A+BP)T_(0 Az),

where
0(A1))={Ae€ea(A+ BP):|Al>1}, oc(A)={Aea(A+ BP):|A| <13},

A1 is an m x m matrix, and A, is an (n —m) X (n — m) matrix.

Substituting x = T’y in (14), we obtain

s = (0 )6+ vy, ()
where
Y(k,y) =T~ (Ao(k, TY)Ty + Bo(k, Ty) PTy + ¢o(k, Ty, PTy)), (18)
and the following estimates are true:

[Ao(k, TY) < Ll T NNy I® +d. [ Botk. Tl < LolITN”IyI* + 4,

lpotk, Ty, PTY)| < LTI+ IPIIT Iy,

In view of the linearity of the substitution x = Ty, the trivial solutions of system (17) are asymptotically
stable.
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System (17) can be represented in the form

yik +1) = Ary1(k) + y1(k,y(k)), y1 € R™,
(19)

ya(k + 1) = Azya(k) + Y2 (k, y(k)), y2 € R"™™.

Since

i, I < Iy (k. Il i =1,2,
in view of (18), we obtain the following estimate for the functions v; (k, y):
i (k. I < (1Y (k. p)l

< IT~'(AGk, Ty)Ty + Bk, Ty)PTy + ¢(k, Ty, PTy))|

< My|ly|'*® + dMa||y],
where

My = [T IT A+ P+ LTI+ [P
and
Mo = IT7HITICA + [P

We now denote miny ;e (4;) [4j] =1+ ¥,y > 0 and choose a number ¢ > O such that 1 < ¢ <1+ y. Then

we get the inclusions
1 n 1 _
c|l-41)cC and o|l—-A4x ) CC™.
q q

In this case, the algebraic matrix Lyapunov equations

(lAl) 0 (1A1)—Q1 =1, (20)
q q

(l A2) 01 (l Az) —0Q02=-1 @h
q q

have solutions Q1 and @5, which are positive-definite matrices of the corresponding orders.
As a Lyapunov function for system (19), we take the quadratic form

V(y) =y101y1 — y302)2.

1

It is obvious that V(y) > 0 at the points y = ( 0

) , y1 # 0. We now determine the first difference of the
function V(y). By virtue of system (19), we find

AV(y) = (Aiy1 +¥1)* Q1(A1y1 + V1) — (A2y2 + ¥2)* Q2(A2y2 + Y2) — y7 Q1y1 + y5 Q2.
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In view of (20) and (21), the equalities

yiAT 0141 v1 = (Il + y§ Q1 y1).

V3A50242 v = ¢*(—|y21 + ¥5 02 »2)

are true. Hence,

AVY) =@y II? + @ = DV () +2¢ 5 Q141 y1 —2¥5 02Az yo + ¥y Q191 — Y5 022 .

By using the estimate

129F 0141 y1 = 2¥5 Q242 y2 + ¥ 01¥1 — ¥5 Qova| < |9 1% (c1lly 1P + 2|y | + c3).,

where

c1 = (101l + 1Q21)M?,
2 =2( 0141 + [|Q242|) M1 + 2(| Q11| + | Q21)d M1 M,

c3 =2(10141] + | Q2421)dM> + (|| Q1] + || Q21Dd* M3,

we arrive at the inequality

29 Q141 y1 — 295 0242 y2 + ¥ Q1 — V5 Q22 = — Iy II” (cally [P + 2y 12 + ¢3) .

Substituting this inequality in (22), we obtain

AV(y) = (¢ =DV + (¢ = (clly > + e2lly € + e3)) Iy 1%

It follows from the last inequality that, for

g < —(101411l + 10242]) + V1101411 + 110242)% + (1011 + | 021)g>
Q1 + N1 Q2DITH TN+ [P ’

in the ball

1/w

—c2 + \/C§ —4ci(c3 —q?)
261

Iyl =

the following inequality is true:

AV(y) = (¢* = DV().

(22)

(23)
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By y(k, ko, yo) we denote a solution of Eq. (17) satisfying the initial condition y(ko, kg, yo) = Yo. It follows
from (23) that

V(y(k + 1. ko. y0)) = (g2)* R0V (39,

which implies that the trivial solution of Eq. (17) is unstable. We arrive at a contradiction.
We now consider the second case. Since all eigenvalues of the matrix A + BP belong to the set {A : |A| > 1},
the matrix Lyapunov equation

(A+ BP)*Q(A+ BP)—Q =1 24)
has a unique positive-definite solution Q. As a Lyapunov function for system (14), we take the quadratic form
V(x) =x*Qx.

We determine the first difference of the function V' (x) for this system. We have
AV(x) = ((A+ BP)x + Aox + BoPx + ¢9)*Q((A + BP)x + Agx + BoPx + ¢9) — x*Ox.
Since Eq. (24) yields the equality
x*(A+ BP)*Q(A + BP)x —x*0x = ||x|?,
we get

AV(x) = |x|* +2¢*Q(A + BP)x + y*Qv, (25)

where
Y(k,x) = Ao(k,x)x + Bo(k,x)Px + @o(k,x, Px).

By using the estimate
20 Q(A + BP)x + ¢ Q| < x|(c1llx > + c2l|x[| + c3),
where ¢; is taken from (16), we deduce the inequality
20" Q(A+ BP)x + ¥* 0y > —[Ix|>(c1l|x]>® + e2[lx|® + c3).
Substituting this inequality in (25), we obtain
AV(x) = [x[2(1 = er[|lx]IP? = e2]lx[|© = ¢3).

The last inequality implies that, for

1 1 1 1
0<d<——|,IA+BP|2+ — —|A+BP||=— | ,a?+-— —a1].
1+ [P (\/ 1ol az Lol
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the first difference AV (x) satisfies, in the ball

1/w

—c2 + \/C% —4ci(cz—1)

2(,‘1 ’

lxll <

the inequality AV (x) > W(x), where
W(x) = [xIIP(1 = er]lx > = c2]| x| = ¢3)

is a positive-definite function in this ball. Hence, in this ball, all conditions of the theorem on instability of the
trivial solution of Eqs. (14) are satisfied (see [33], Proposition 4).

Hence, the control u = P x does not stabilize family (1). We arrive at a contradiction.

Theorem 3 is proved.

Example 2. In the family of systems from Example 1, we replace the matrix

2 0
A= 1
0 =
2
by the matrix

1
27 =
2

A=
1
1 =
2

1 . . )
0 E It is easy to see that the obtained new family of systems
satisfies the conditions of Theorem 3 and, hence, does not admit robust linear stabilization.

and the vector B = ( ! ) by the vector B = (

4. Conclusions

In the present paper, for the family of objects
x(k+1) = (A+ Ao(k, x(k)))x (k) + (B + Bo(k,x(k))u(k) + po(k, x(k), u(k)),

nonlinear in control and with functional uncertainties, we synthesize a set of general regulators linear with respect
to the state ¥ = PXx and guaranteeing the possibility of robust linear stabilization of this family. We estimate
the admissible value of the parameter d for each stabilizing regulator. The procedure of synthesis is based on the
method of square stabilization.
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