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We discuss variational approaches towards the denoising of images and towards the
image inpainting problem combined with simultaneous denoising. Our techniques are
based on wvariants of the TV-model, but in contrast to this case a complete analytical
theory is available in our setting. At the same time, numerical experiments illustrate the
advantages of our models in comparison with some established techniques. Bibliography:
50 titles. Illustrations: 1 figure.

In this paper, we investigate the variational problem

Ju] = / (f—u)de—i—a/\I/(|Vu])da:—>min, (1)

Q-D Q

which serves as a mathematical model either for the pure denoising of a greyscale image, if
the case D = @ is considered, or for an image inpainting problem (with inpainting region D)
combined with simultaneous denoising provided that we assume that D # &.

In both cases, we will mainly concentrate on densities ¥ of linear growth with respect to |Vul,
which means that we discuss variants of the TV-regularization. However, as it will be outlined
below, we can include arbitrary growth rates of W. Variational methods for the denoising of
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images are nowadays well established and we refer the reader to the papers [1]-[12] and the
references quoted therein.

At the same time, there is a variety of image inpainting techniques of local or non—local
nature and using either variational arguments or PDE-type methods. For an overview the
reader should consult the references [13]-[29].

Let us clarify our assumptions and notation concerning the problem (1). Suppose that 2 is a
bounded Lipschitz domain in R?, for example, a rectangle, and let D denote an .#%-measurable
subset of €2 such that

0< Z%D) < L%0). (2)

If we think of pure denoising, we just set D = &. We consider a greyscale image described by a
function uw: Q — [0, 1], where u(x) measures the intensity of the grey level at the point x € €.
Suppose now that a certain part of the image represented by the region D is damaged and that
the observed data described in terms of a given function f: Q — D — [0, 1] are noisy. Then the
restoration of the missing part D — [0, 1] of the image together with simultaneous denoising
of the observed data f might be achieved by looking at the problem (1), where o > 0 denotes
a positive parameter and the quality of data fitting is measured through the quadratic fidelity

term
/ (f —u)?dz.

Q-D

Of essential importance is the structure of the regularizing quantity

[ e(val)da.

Q

i.e., the behavior of the density ¥: [0,00) — [0,00). We here look at the following family of
densities: for a real parameter u we set

s

U(t) == Pu(t) = //(1 +7r)Hdrds, t>0, (3)
0 0

and observe that for p # 1 and p # 2

@szﬂi1+ﬂilui2@+1)mz_ﬁéqﬁéa, (4)

whereas
Oi(t) =tln(l+¢t)+In(1 +1¢t)—t, (5)
Dy(t) =t —In(1+1¢). (6)

This shows the following:

(i) If u < 1, then V¥ is a strictly convex and strictly increasing function of growth order
p := 2 — p > 1. Thus, the variational problem (1) is well posed on the Sobolev space WZ} (Q)
(cf., for example, [30] for a definition of this class).

(ii) In the case p = 1, the correct class for the problem (1) is the Orlicz—Sobolev space (cf.
again [30]) W}(€2) generated by the N-function h(t) = tIn(1 +1t), ¢ > 0.
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(iii) For p > 1 the density W is still strictly increasing and strictly convex, but now of linear
growth approximating the TV-density |Vu| in the sense that (cf. (4))

lim (p—1)®,(t) =t, t=>0. (7)

HU—>00

Now we have to work in the space BV(Q2) of functions having finite total variation (cf., for
example, [31]), which means that the quantity

/\I/(|Vu|)dx

Q

has to be replaced by the expression

[ 09 = [ 2,097l o+ L I7ul(@) (®)

Q Q

for functions u € BV(Q). Here, Vu = V%L #?+V*u is the decomposition of the vector measure
Vu in the regular and singular parts with respect to the Lebesgue measure. The reader should
note that the definition (8) is in accordance with the notation of a convex function of a measure
introduced, for example, in [32].

In the sequel, we will describe the theoretical results valid for the problem (1) for various
choices of . We emphasize the following.

The density ¥ = &, occurring in formulas (3)—(6) can be replaced by

t s t s
//E-i-’r’ ) Hdrds or //E+T ”/erds
0 0

with an arbitrary parameter € > 0. More generally, we can even consider pu-elliptic energies in
the spirit, for example, of [26].

All the results stated below remain valid in the case of pure denoising for which the hypothesis
(2) is replaced by the requirement D = &.

Theorem 1. Consider a measurable function f : Q — D — [0,1] and fix a parameter o > 0.
Then the following assertions hold.

(i) (power growth) Let yn < 1. Define p := 2 — . Then the variational problem (1) with ¥
defined in (3) admits a unique solution u in the space WI} (). The solution u satisfies 0 < u < 1
and belongs to the class CYP(Q) for any B € (0,1).

(ii) (logarithmic growth) If p = 1, then we have the results of (i) with W, () replaced by
WHQ), h(t) :==tin(l +¢t).

Proof. The statements of (i) follow by standard arguments as outlined, for example, in the
textbook [33]. For (ii) we refer to [12, Theorems 1.1-1.3] and [26, Theorems 1.1 and 1.2]. O

We pass to the linear growth case for which we obtained the following result, according to [12,
Theorems 1.4-1.8], [26, Theorems 1.3. and 1.4], [27, Theorems 1.2 and Corollary 1.1], and [29].
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Theorem 2. Consider f, a as in Theorem 1 and assume that p > 1. Then the following
assertions hold.

(i) The problem (1) has at least one solution uw € BV(Q), and each solution u satisfies
0 < u(z) <1 almost everywhere on €.

(ii) If uw and w are J-minimizing in BV(QY), then uw = u almost everywhere on Q@ — D,

Ve =V on Q, and |V*u|(Q) = |[V3u|(Q).

(iii) inf J = inf J.
W) BV

(iv) Let .4 denote the set of all L'-cluster points of J-minimizing sequences from Wi(€).
Then A coincides with the set of all BV-solutions of the problem (1).

(v) For any u € .4 there is an open set D, C D with £*(D — D,) =0 and u € C*%(D,,)
for any g € (0,1).

(vi) Let p € (1,2). Then (1) admits exactly one minimizer u being in addition of class
WL(Q) N CYA(Q) for all B € (0,1).

(
(vii) If there exists v € .4 belonging to the space Wi (), then it follows that 4 = {v}.
(

viil) For u,v € .4 we have the estimate
1 s —
[ = vl[L2(0) = llu = vllL2(p) < ﬁlv (u—=0)[(D).

An alternative approach towards the linear growth case 1 > 1 consists in an analysis of the
dual variational problem. As in [27], we define the Lagrangian

l(v,7):= a/[T Vo — @7 (|7])] dx + / (v — f)*dr,

Q Q—-D

where (v,7) € W}(Q) x L°(Q,R?). Here, ® denotes the conjugate function of ®,. We consider
the variational problem

R[r]:= inf I(v,7) — max in L>®(Q,R?) 9)
vEWL(Q)

in duality to the problem (1). In [27, Theorems 1.4 and 1.5], we proved the following results (cf.
[34] for further details).

Theorem 3. Let > 1, and let f, a be as in Theorem 1. Then the following assertions
hold.
(i) The problem (9) admits a unique solution o.

(i) o € Wiloc(int (D),R?) as well as 0 = DF (V%) almost everywhere on Q). Here, we have
abbreviated F(§) = ®,,(|¢]), € € R?, and u denotes any BV-minimizer of the problem (1).

(iii) The inf-sup relation holds, i.e., inf J= sup R.
wi(Q) Lo (Q,R2)

(v) In the case p € (1,3), we have o € C%P(int(D),R?) for any B € (0,1).

Up to now, the exponent u occurring in formula (3) denotes a fixed real number. However,
from the point of view of applications, it might be helpful to work with different values of
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on prescribed subregions of € leading to a solution that is smooth on the zone [p < 2] and
with “irregular behavior” on parts of 2 with large values of p(z). To be precise, we discuss this
idea in the context of pure denoising working with densities involving variable exponents p(x)
generating functionals of linear growth. Assume that we are given a function pu = u(x) of class
C*(Q) such that

pu(z) € (1,00), x€Q. (10)

We define ®,,(,(t) according to (3) and observe the validity of (4)—(7) for each z € Q. Let
F(z,§) = ©,0)([¢]). Tt is easy to check that the density F' satisfies (i)-(iv) in [35, p. 312].
The reader should observe that from (10) together with the requirement p € C*(€) it actually
follows that u(x) € [u1, po] with suitable numbers 1 < p; < po. For u € BV(Q) we set

Klu] = /F(az,vau) d:c+/Foo @ %)dwsm,
Q Q
g P, t6)

Then we have the following lower semicontinuity result (cf. Theorem 5.54 and the remarks on
p. 313 in [35]): K[u] < liminf K[u,] for each sequence u,, € BV(Q) converging in L(Q) to the
n—oo

BV-function w. In our particular case, we have F(z,¢) ﬁ\{ |, which is a direct conse-

=
quence of formulas (4) and (6). Altogether we therefore look at the following variational problem

as a model for pure denoising with energies of linear growth involving variable exponents:

Iu] :== /(f —u)? dw+a/<1>u(x)(|vau|)d:v+ a/ﬁcﬂvsﬁ — min in BV (). (11)
Q Q Q

Theorem 4. Consider a measurable function f: Q — [0,1], fir « > 0, and assume that
u € CH(Q) satisfies (10). Then the following assertions hold.

(i) The problem (11) admits a unique solution uw € BV(§) such that 0 < u(z) < 1 for almost
all x € Q.

(ii) Let Qo := z € Q: u(x) < 2 (possibly empty depending on the choice of u). Then u €
CY8(Qy) for any B € (0,1).

Proof. (i) The existence of an I-minimizer can be deduced from the preliminary remarks,

the uniqueness is a consequence of the strict convexity of v / (v—f )2 dz, and the “maximum-
Q
principle” follows as in [12].

F
(ii) On €9, the continuity of %(-,VU) follows with similar arguments as applied in [26]

leading to the continuity of Vu on {22 modulo a small singular set. In order to rule out these
singularities, the reader should consult [29] applying minor adjustments: as usual, the approach
towards the regularity of the I-minimizing function v € BV(f2) is based on the analysis of a
suitable regularizing sequence {us}, i.e., for 4 > 0 one studies the problem

Is[w] := g/]Vw|2dx + I[w] — min in W3 ()
Q
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with a unique solution us showing a nice behavior. In order to justify us — u in L'(£2) as
§ — 0, we first observe that there exists u €BV(2) such that us — u in L'(Q) at least for a
subsequence. We claim the validity of u = @. In fact, the lower semicontinuity of the functional
I with respect to the BV-convergence gives I[u] < ligl_jélf I[us]. Hence, by the I-minimality of

u, we find I'fu] < I[a] < li%n i(r)1f I5[us] . By [36, Proposition 2.3], we can choose a sequence {u,,}
—
from C°°(2) N W{() such that

Uy — w in L), /\/1—1—|Vum|2dx—>/\/1—|—|Vu\2.
Q Q

Actually, the sequence {u,,} can be taken from the space C*°(Q) as it outlined in [34, Lemma
2.2].
The I5- minimality of us shows that Is[us] < Is[uy,]. Therefore,

liminf I5[us] < I[up],
6—0

which means I[u] < I[a] < I[uy,]. We note (cf., for example, [37, 38] or [39, Theorem 4.1]) that
the functional K is continuous with respect to the convergence u,, — u. Thus, I[u] = I[u] since

/(um—f)2dx%/(u—f)2dx
Q Q

follows from wu,, — u in L*(Q) and the observation that due to 0 < u < 1 we may assume the
validity of the same inequality for u,,, which is a direct consequence of the definition of w,,. This
implies u = u by the uniqueness of a minimizer. O

We note that the assumption pu € C1(Q) can be weakened, but we omit details.

The idea of denoising an observed image f: Q — [0,1] in such a way that the solution
u:  — [0,1] shows a different degree of smoothness on prescribed subregions of €2 can also be
made precise by considering the energy density

G(z,€) = n(@)¢] + (1 = (@) uw(]), z€Q, £eR?, (12)

where 7 denotes some function in C'(Q) such that 0 < n(z) < 1. In place of (11) we have to
G

discuss the problem (using the natural definition of (x,Vu) on BV (Q))

{O\O

/m—fﬂm+a/h@mwm+a/u—n@»@mmvwnw

Q Q Q

1=n@) () Su| — min in
+a!M@%JﬂV | = BV (), (13)

which means that on the set [ = 1] we actually apply a TV-regularization. Along the lines of
Theorem 4 the following results can be established:
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Theorem 5. Consider f,a,p as in Theorem 4 and define G according to (12) with n as
before. Then the problem

/(f —u)?dz + a/G(x, Vu) — min in BV(Q)
Q Q

as stated in (13) admits a unique solution u such that 0 < u < 1 almost everywhere. Moreover,
u € CYP(Q*) for any B € (0,1), where Q* denotes the interior of the set {x € Q : n(z) =
0 and pu(x) < 2}.

After this overview on the theoretical properties, let us discuss some numerical aspects and
pass to a computational experiment. The goal is to illustrate the behavior of the model (1), (3)
for different parameters p and compare it to alternative approaches used in the literature. We
focus on the pure denoising problem, i.e., D = &.

A minimizer of the energy (1) with penalizing function W(t) = ®,(t) satisfies necessarily an
Fuler-Lagrange equation of type

u— f—adiv(gu(|Vu|) Vu) =0 (14)

with the homogeneous Neumann boundary condition

Opu =0 on 09, (15)
where n denotes the normal vector to the image boundary 02. For p # 1 and p # 2 the
! (t
diffusivity function g, (t) := ; i ) in (14) is given by
1/2, t=0,
gut) =9 1- (1 +4)» (16)
: (1+?) otherwise
2(p—1)
For p=1
1/2, t=0,
1) = (1 + 1) (17)
———=  otherwise,
2t
and p = 2 yields
1
)= ——. 18

We discretize this problem with a finite difference method [40, 41] on a regular pixel grid
of size h in both directions. This leads to a nonlinear system of equations with the following
structure:

(I - aA(u))u = f, (19)

where N denotes the number of pixels, I € RV*¥ ig the unit matrix, the unknown vector u € RY
contains the grey values of the processed image v in all pixels, and f € R is a discretization of
the noisy image f. The term A(u)u represents the discrete counterpart of div (g, (|Vu|) Vu),
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where the matrix-valued function A : RY — RY*¥ depends in a nonlinear way on the unknown
image w. It also incorporates the homogeneous Neumann boundary conditions.

In order to solve the nonlinear system (19) numerically, we use an iterative algorithm that
replaces it by a sequence of linear systems of equations:

u® = f, (20)

(I —aAu*DNu® = f k=12, .., (21)

where u®) denotes the solution of the kth iteration step. Approaches of this type are known
under the name Kacanov method [42] or lagged diffusivity method. As is shown in [43], they
are equivalent to the half-quadratic regularization algorithms of Geman and Yang [44], and an
analysis of their convergence properties can be found, for example, in [45]. With Gershgorin’s
theorem [46] it follows that for any o > 0 and any vector u*~1) the system matrix of (21) is
positive definite. Hence each linear system has a unique solution. Since we use a 4-neighborhood
for the discretization of div (g, (|Vu|) Vu), the system matrices have a sparse structure with at
most five nonvanishing entries in each row. A classical iterative solver such as the Gauss—
Seidel method constitutes a simple numerical algorithm that benefits from this sparsity and is
guaranteed to converge for positive definite system matrices [41]. We stop our Gauss—Seidel
iterations when the Euclidean norm of the residual of (21) has decreased by a specified factor e.
We choose ¢ := 10*. In a similar way, we can check the residual of the nonlinear system (19)
in order to stop the outer Kacanov iterations.

Figure 1 shows an application of our approach to the denoising of a digital greyscale image.
Since each grey value of this image is encoded by a single byte, we consider the range [0,255]
instead of [0,1]. Of course, all theoretical results that we presented before an unaffected by
this rescaling. For our denoising experiment we add Gaussian noise with zero mean to the
original image, and we evaluate different parameter settings in order to recover the noise-free
image as good as possible. As a measure of the approximation quality of some restoration
u = (u;)Y, € RY with respect to the noise-free image v = (v;)¥, € RY we use the mean
squared error (MSE)

N
MSE(u, ) = < 3 (s — vi)” (22)
i=1

For each chosen parameter p we optimize the regularization parameter o such that the MSE
is minimized. Figure 1 (c)—(e) shows the results of our approach for p = 0, 1.5, and 20. The
case 1 = 0 represents the classical Whittaker—Tikhonov regularization [47]-[49]. It minimizes a
quadratic energy, which comes down to a linear Euler—Lagrange equation with constant diffu-
sivity go = 1/2. Its MSE is given by 155.82. Such linear methods are well known to suffer from
blurring of semantically important structures such as edges. Using a nonlinear approach with
= 1.5 allows a better preservation of edges since its diffusivity decreases with |Vu|. This is
rewarded by a lower MSE of 122.96. These results can be improved by allowing larger values for
w: Choosing p = 20 yields an MSE of 114.70. Increasing p any further, however, would deterio-
rate the results again. Interestingly, our reconstructions for © = 1.5 and pu = 20 also outperform
the popular TV-regularization [10] that uses the nondifferentiable density ¥(|Vu|) = |Vu| which
corresponds to the singular diffusivity g(|Vul|) = ﬁ : An implementation of TV-regularization
by means of the FISTA algorithm [50] gives a worse MSE of 124.48. The result is depicted in
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Figure 1 (f). Thus, our experiment illustrates that staying a bit away from the TV limit can be

beneficial for obtaining better restorations.

Y

1.

(e)
FIGURE 1. Denoising experiment. (a) Test image, 256 x 256 pixel, range [0,255]. (b)
Degraded by additive Gaussian noise with zero mean and standard deviation o = 49.49.
(c) Whittaker—Tikhonov regularization (u = 0) of the noisy image (b) with regulariza-
tion parameter o = 5.8, yielding an MSE of 155.82. (d) Result for 4 = 1.5 and a = 54.
MSE = 122.96. (e) Result for y = 20 and o = 1410. MSE = 114.70. (f) Result for
TV-regularization with o = 86. MSE = 124.48.
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