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ON THE SPECTRAL DENSITY OF STATIONARY
PROCESSES AND RANDOM FIELDS

M. A. Lifshits* and M. Peligrad’ UDC 519.2

In this note, we show that a stationary sequence obtained by applying a fized deterministic function
to shifts of a stationary sequence (satisfying a mild regularity condition) has a spectral density.
In the multiparametric setting, we obtain a similar result for a function of a shifted i.i.d. field.
Bibliography: 7 titles.

1. INTRODUCTION

Stationary processes are an important tool for modeling time series appearing in theoretical
probability theory and also in real life evolutions. In many situations, correlations between
variables could be viewed as a measure of dependence, and, in the Gaussian setting, they deter-
mine the distribution. Condensed information about the correlation structure of a stochastic
process is contained in the so-called “spectral measure,” and, when it exists, in its density
called the “spectral density function.” Then, covariances between variables are obtained as
the Fourier coefficients of this function. Because the spectral density function encapsulates all
the information about covariances of a stochastic process, its study occupies a central place
in their theory. In this note, our investigation is centered around the existence of a spectral
density. Let (X,)nez be a sequence of complex-valued mean zero random variables defined
on a probability space (2,/C,P). We call this sequence weakly stationary (or second order
stationary) if there exist complex numbers v(n), n € Z, such that

cov(X;, Xi) = B(X; X)) =v(j — k)

for all j, k € Z. Note that v(—n) = ~v(n).

By the Birkhoff-Herglotz Theorem (see, e.g., Brockwell and Davis [3]), there exists a unique
measure on the unit circle, or, equivalently, a nondecreasing function F, called the spectral
distribution function on [0,27), such that

27
v(n) = /ei”tF(dt) for allm € Z. (1)
0

If F is absolutely continuous with respect to the Lebesgue measure A on [0,27), then the
Radon—Nikodym derivative f of F' with respect to the Lebesgue measure is called the spectral
density; in other words, F'(dt) = f(t)dt and

27
v(n) = /ei”tf(t) dt forall neZ.
0

The most common situation where the existence of the spectral density may be established
is the case of a regular process, cf., e.g. [4, Chap. 7]. Recall that a process (X, )ncz is called
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regular if the tail space
GXo=[)Gx
nez
is trivial, where G5\ is the closed linear span of {Xj}x<p-
The regularity of the process is equivalent (cf. [3, Chap. 5] or [4, Chap. 7, Theorem 13]) to
the existence of the Wold representation, i.e.,

o0
Xy = Z ajMk—j
=0

where {a;};>0 is a square summable deterministic sequence of complex numbers and {7, }nez
is an uncorrelated, zero mean, unit variance sequence of random variables such that G}, = GX.
In this case, (Xk)kez has the same scalar product (covariance) structure in Ly (2, K, P) as the
sequence of functions (zy)kez in La([0,27), A), where

zp(t) == (2m) 72N " a;elFIE = ety (¢);

=0
therefore,
27 2
1) = [zt = [ e a0 dt.
0 0

It follows that X has the spectral density

£ = oo ) = 5= | > e
5=0

2
, tejo,2m),

cf. [4, Chap. 7, Corollary 5]. Moreover, by the Kolmogorov criterion [4, Chap. 7, Theorem 15],
the process (X,,)nez is regular iff it has a spectral density f satisfying the condition

21

/log ft)dt > —o0.
0

It is not clear, however, what can we say about the density existence when a regularity
condition is not necessarily satisfied, as, for example, in the case of functions of a two-sided
sequence of i.i.d. random variables.

More generally, we also study the existence of a spectral density for random fields. For
simplicity, we discuss only Z2-indexed random fields. Extension to the index set Z¢ with d > 2
is easy.

In the sequel, where necessary, we use the standard coordinate notation, e.g., k = (kq, k)
for k € 72 and k -t = k1t1 + koto forkEZQ,tERQ.

We call a collection of complex-valued mean zero random variables (Xy)yxczz weakly sta-
tionary (or second order stationary) if there exist complex numbers y(n), n € Z?2, such that

cov(Xj, Xix) = E(XjXx) =7( — k)

for all j,k € Z?. In the context of weakly stationary random fields, it is known that there
exists a unique measure F on [0,27)? such that

cov(Xy, Xo) = / RCF(dty, dty) for all k € Z2.
[0,27)2
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If F is absolutely continuous with respect to Lebesgue measure A2 on [0, 27)?2, then there exists
the Radon-Nikodym derivative f of F' with respect to A2, i.e., F(dty, dto) = f(t1,t2)dt; dts.
This function f is called spectral density, and we have the equalities

cov(Xy, Xo) = / R F (1), ty) dty dty  for all k € Z2.

[0,27)2

For the sake of clarity, we treat separately first processes and then random fields.

1.1. Results for stationary processes. We start by pointing out a well-known character-
ization of the existence of a spectral density.

Theorem 1. Let X := (Xg)rez be a mean zero, complez-valued, second order, stationary
stochastic process. Then the following statements are equivalent:
(1) X has a spectral density.
(2) There are complex numbers (a;)jez with Y |aj|* < oo such that
JEZ
(k) = cov(Xg, Xo) = Zajaj+k, keZ.
JEZ

(3) There exists a stationary process X := (Xp)pez equidistributed with X and such that X
admits a representation
X = Zaj Nj+k  for all k € Z, (2)
JEZ
where (a;)jez satisfies S |aj|> < 0o and (nj)jez is a sequence of mean zero, unit variance,
JEZ
uncorrelated random variables. In this case, the spectral density is
1 ]2
- . algt
1(t) = 2%‘ Zaje ‘
JEZ
Remark 2. If a second order, stationary stochastic process (X )xez is real-valued, Theorem 1
holds with a sequence (ay,)nez of real numbers and the density f is a symmetric function.

Furthermore, if the process (Xj)rez is Gaussian, then the variables (1;);jez in (2) are i.i.d.
standard normal. For this latter statement, see also Varadhan lectures [6, Chap. 6, Sec. 6.6].

Let (§)jez be a strictly stationary sequence of random variables defined on (€2, C,P) and
for g : RZ — C construct

Xo=g(...61.60,6...), Xp=XooT" (3)
where T is the shift operator on R%.
Define
Fe=0(&:j<k), Fooo = () Fr» and F = 0((&)jez)- (4)
keZ
We assume the following regularity condition:
E(Xo|F-x) =0 as., (5)

which implies that E(Xy) = 0.

Theorem 3. Define the strictly stationary sequence (Xx) by (3). Assume that condition (5)
is satisfied and E|Xo|> < co. Then the sequence (Xy)rez has a spectral density.
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Let us mention that condition (5) is satisfied when the left tail sigma field F_, of (&)rez
is trivial. This happens, for instance, when (£x)kez is a sequence of i.i.d. random variables.
Other examples are provided by conditions imposed on mixing coefficients.

The strong mixing coefficient is defined in the following way:

a(A,B) =sup{|P(ANB)—-P(A) P(B)|: A€ A, B e B},

where A and B are two sigma fields.
The p-mixing coefficient, also known as the maximal coefficient of correlation, is defined as

p(A,B) = sup{E(XY)/|| X|l2]|Y ]2 : X € L}(A), Y € L*(B), EX = EY = 0}.

For a stationary sequence of real-valued random variables (;)jez, F" denotes the o-field
generated by &; with indices j > n, and F}, as before, denotes the o-field generated by &; with
indices 7 < k. Then we define the sequences of mixing coefficients

an, = a(Fo, F*) and p, = p(Fo, F").

A sequence is called strongly mixing if o, — 0. It is well known that for strongly mixing
sequences, the left tail sigma field is trivial; see Claim 2.17a in Bradley [2]. Examples of this
type include Harris recurrent Markov chains.

If p, < 1 for some n > 1, then the tail sigma field is also trivial according to Sec. 2.5 in
Bradley [1].

Therefore, the result of Theorem 3 holds for functions of a sequence (&;),cz if it is strongly
mixing or satisfies the condition p,, < 1 for some n > 1.

1.2. Results for stationary random fields. Similar results hold for random fields. Below,
indices are in Z2, but we can easily formulate the results for indices in Z¢ with d integer. Here
is a generalization of Theorem 1 for random fields.

Theorem 4. A second order, stationary, complez-valued random field (Xx)xezz has a spectral
density if and only if there exist numbers (ay)xez2 satisfying the condition Y |ax|? < oo such
kez?
that cov(Xx, Xo) = Y a;Gjk-
jez?

Our Remark 2 can be extended to random fields in an obvious way, just replacing indices
in Z by indices in Z2. The extension of Theorem 3 is more delicate, because, in the multi-
index setting, there is no unique interpretation of past and future. Here we restrict our
considerations to functions of an i.i.d. random field. As the reader will see, this setting
provides some additional useful commutativity properties for the related projection operators.

Let (£k)keze be an ii.d. random field defined on a probability space (2, IC, P) and define a
random variable

Xo = 9((§x)kez2);

2 . .
where ¢ : R — C is a measurable function.
. 2
Moreover, define two translation operators on R%":

Ti((zu)uezz) = (xm-i-l,m)uEZ?
and
Tr((Tu)uez2) = (Turus+1)ueze-
Finally, let
Xu = g(T1" 1572 (&) = 9((Sxctu)wez2)- (6)
Theorem 5. Let the stationary sequence (Xi)ycz2 be defined by (6) and assume that E(Xq)=0
and E|Xo|? < oco. Then the sequence (Xy)xeze has a spectral density.
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This theorem has immediate applications, for example, to Volterra-type random fields, which
play an important role in the nonlinear system theory. For any k € Z2, define the Volterra-type
expansion as follows:

Z bu,v gk—u gk—v ’
u,vez?
where by v are real numbers satisfying
buv =0 if u=v Z bi7v<oo
u,vez?

and (€k)xeze is an ii.d. random field of centered and square integrable random variables.
Under the above conditions, the random field (Xy)xez2 exists, is stationary, zero mean, and
square integrable. By Theorem 5, this random field has a spectral density since it is a function
of an i.i.d. field.

2. PROOFS

Proof of Theorem 1. (1) = (2). Let f be the spectral density of X. Since 4/ f(x) is square
integrable, by the Carleson Theorem (cf. [5]), we have an expansion

V() \/_ Za] a.s. and in Lo ([0,27), \)

JEZ

with Fourier coeflicients

/\/ e Vtdt, jez,

aj:

Var

satisfying > |a;|*> < co. Therefore, by (1),

JEZ
2w 1 2
2
_ [ ikt _ ikt ijt
v(k‘)—/e f(t)dt—%/e ‘Zaje]‘ dt
0 JEZ

/(z:a]1 i(J1+k) )(Za] ‘th)dt:Zajm,

J1EZ J2€Z JEL
as required in (2).
(2) = (1). Let

= 5l S|

JEZL
Then
2 2
ikt dt — 1 ikt it 2d
e f(t)dt = o | © Zaje t
0 0 JEL

(Za cild1tk) )(Za e 1JQt)dt Z%%Jrk— k),

J1€EZ JEZ JEZ

as required in the deﬁnltlon of spectral density.
(3) = (2) is obvious.
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For (1) = (3) see [4, Chap. 7, Theorem 10]. O

Proof of Theorem 3. For every £ € Z we define the projection operator P, by letting
P X = E(X|F) — E(X|Fe-1)

for any integrable random variable X € L; (9, IC, P).
Since we assumed that E(X|F_) = 0 a.s., by stationarity, E(Xy|F_o) = 0 for all k& € Z.
Furthermore, since all the X} are F-measurable, we have the representation

Xp=> PeXp.
LeL
Let us compute the covariances. We have the equalities

cov(Xy, Xo) = Z cov (P, Xk, Pe, Xo).

1,00€7
Since the projections are orthogonal,
cov(Xy, Xo) = Zcov(Png,PgXo) = Zcov(PoXk_g,PoX_g), (7)
ez Lel

where, in the last equality, we used the fact that (X}) is strictly stationary.
Let us denote Y, = PyX,. Note that the stationarity and orthogonality of the projections
imply that
SEY? =D EPX =Y E|P_ X’ =E|X|* < oc. (8)
€z ez ez
Consider the function
1 12
=—E ‘ ZY_gelét

el

, tel0,2m).

By the Fubini theorem and (8),

Zf(t)dt; /‘ZY et

Let us now compute Fourier coefﬁments of f. For every k € Z,
2m

/ M p() At = / ( Z Vg, e+ )(Z Ve i)

0

dt—EZ|Yg|2<oo
LeET

= Z E(Y_t, Yop,) Ligyor—ts) = ZE Vi Y_g).
L1 2€Z LEZ

By comparing this expression with (7), we see that f is the spectral density for (Xg)gez. O

Proof. Proof of Theorem 4 is completely identical to that of Theorem 1, and therefore, is
omitted. We only notice that the spectral density for the process satisfying

cov(Xk, Xo) = E aj @1k
jez?
has the form

1] , telo,2m)>?. O

J€Z2
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Proof of Theorem 5. Define the sigma fields
Fkl,kQ = U(éj 2g1 < k1, j2 < k2)-

Next, for k € Z, denote Fj, oo = VioezFk ko and Foo ko = Vi ezF iy k-
We introduce the projection operators by letting

PuooX = E(X|Fyoo) — E(X|Fu-1,00)

and
PoouX = E(X|Foou) — E(X|Foou—1)

for any integrable random variable X € L1(,/C,P). Furthermore, we define the iterated
operator by
Pul,UQX = (PULOO © ,P007u2) X.

Since the variables (i) are independent,
E (E(X|Fpy po)[Furus) = E(X|Fpyinur ponus) 2.8

for all —oo < p1, po,uy,us < co. Using this property and the definition of the iterated operator,
we see that for all ui,us € Z, almost surely,

Pul,UQX = E(X|fu1,u2) - E(X|fm,w—1) - E(X|~7:U1—1,UQ) + E(X|~7:U1—1,U2—1)'

We also obtain the same expression for (Pog .y, © Pui,0o) X; thus, we see that the operators
Pui,00 and Po 4, commute.

Next, we borrow an idea from Volny and Wang [7, Lemma 2.4(ii)] by claiming that (u1, u2) #
(p1,p2) yields the equality

COV(PuhuzX’ PPLPQY) = E[(PULUQX)(PPLPQY)] =0

for all mean zero X and Y in Ly(Q2, K, P). Indeed, assume, without loss of generality, that
p1 < up. For any X, the variable P, X is orthogonal to the space H = La(€Q, Fy,—1,00, P).
Hence, Py, 4, X is also orthogonal to H, while Pp, ;.Y belongs to H due to the assumption
p1 < uj.

Note that for all u € Z, the corresponding tail sigma fields defined as F, —oo = [ Fuuo»
U2 €L
Fooonw= () Furu and F_oo —oo = [ Fu —oo are trivial. Therefore,
u1EZL UEZ

E(X|Fu-x)=0as., EX|F_xu) =0as., and EX[F_x _o)=0as.

It follows that for any mean zero X in La(€2, K, P) we have the following orthogonal represen-

tation:
X = Zpul,ooX = ZPULOO(ZPOQUQX) = Z Pul,ng a.s. (9)

u1EZL u1EZL U2EZL ul,ug €L

Let us compute the covariances of Xy and Xg. By using the above projection decomposition
written for both Xy and Xg, together with the orthogonality of the projections and stationarity,
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we see that

cov(Xk, Xo) = cov(ZPijsz,ZPuhuzXo)

jez? uez?
- Zcov(le,ngkapjl,jaXO)
jez?
= Zcov(Po,oXk—jaPO,OX—j)
jez?
= Y cov(Yiey Yoy) (10)

jez2

for all k € Z2, where we used the notation Y, = Po,0Xu. Observe also that, by taking into
account (9) and stationarity, we have the relations

S EYyl* = D E|Py,u,Xol* = E[Xo|* < . (11)
uez? ucz?
Consider the function

1 .
f(t) = W E‘Zy_je‘]t
jezz

2 2
, te][0,2m)“.

By the Fubini theorem and (11),
Se ]2
/ f(t)dtydty = ( ) / ‘ Z Y_; e”'t‘ dt;dt; = E Z |Y_j|2 < 00.
[0,27)2 (0,2m)2 JEL° jez?
Let us now compute the Fourier coefficients of f. For every k € Z2,
~ 1
ikt
t)dt1dts = —= E Aq1(t)As(t) ditg dt
/e f(t)dty ditg @) / 1(t)A2(t) dt; dig,
[0,27)2 [0,27)2

where

Z Y S KFDt and  Ay(t) = Z Y , e iut,

jez? ucz?

By using the orthogonality of the exponential functions, we obtain the equalities

/ ekt f(t)dirdta = Y B (Y YV 0) Lpjeuy = Y B (YeuYou)

i 2 2
[0,27)2 J,uez uez

By comparing this expression with (10), we see that f is the spectral density for (Xx)yezz. O

Acknowledgment. We are grateful to Dr. Yizao Wang for a useful advice.

Supported by the RFBR (project 13-01-00172), by SPbSU (project 6.38.672.2013), and
partially supported by a Taft research center grant and NSF grant DMS-1512936.

796



e

REFERENCES

R. C. Bradley, “Basic properties of strong mixing conditions. A survey and some open
questions.” Probab. Surv., 2, 107-144 (2005).

. R. C. Bradley, Introduction to Strong Mixing Conditions, Vols. 1-3, Kendrick Press, Heber

City, UT (2007).

P. J. Brockwell and R. A. Davis, Time Series: Theory and Methods, Springer, New York
(1991).

A. V. Bulinski and A. N. Shyriaev, Theory of Random Processes [in Russian], Fizmatlit,
Moscow (2003).

L. Carleson, “On convergence and growth of partial sums of Fourier series,” Acta Math.,
116, 135-157 (1966).

S. R. S. Varadhan, Probability Theory, Courant Lecture Notes, 7, Amer. Math. Soc. (2001).
D. Volny and Y. Wang, “An invariance principle for stationary random fields under Han-
nan’s condition,” Stoch. Proc. Appl. 124, 4012-4029 (2014).

797



	Abstract
	1. Introduction
	1.1. Results for stationary processes
	1.2. Results for stationary random fields

	2. Proofs
	REFERENCES

