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We consider the problem for a distributed control with compromise quality functional for
systems whose states are described by evolution equations that are unsolved with respect
to the higher order time derivative. We establish the solvability of the problem for linear
and quasilinear equations. The results are illustrated by an example. Bibliography: 12
titles.

1 Introduction

We assume that 27, %, % are Banach spaces, B € Z(U;Y), L € £(Z;%) are linear con-
tinuous operators such that ker L # {0}, M € €1(Z";%), i.e., the operator M is linear, closed
and densely defined in 27, and N : [to,T] x Z™ — % is a nonlinear operator. We study the
solvability of the control problem

u € Uy, (1.1)
1 12 C 112 .
J(@,u) = Slle =2y 0 1000y + 5 10 = WlT,0,752) — It (1.2)
for a distributed system whose states are described by the quasilinear degenerate equation
La™(t) = Mz(t) + N(t,z(t), 2D @) ..., 2" V(@)) + Bu(t), te (to,T), (1.3)
with the initial conditions
PW® (tg) —2x) =0, k=0,1,...,m—1. (1.4)

Here, u : (to,T) — % 1is the control function, iy is the set of admissible controls, = €
Wi(to, T; Z) and u € La(to,T;%) are given functions, x, € 2, k = 0,1,...,m — 1, are
given vectors, C' > 0 is a constant, and P is the projection along the degeneracy subspaces for
Equation (1.3) which will be introduced in terms of the operators L and M.

Many problems in mathematical physics can be reduced to the problem (1.3), (1.4); more-
over, instead of the Cauchy initial condition, it is more convenient to consider the generalized
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Showalter—Sidorov conditions (1.4) (cf. [1, 2]) if the initial data are given only for the projection
of the sought function onto the subspace im P (cf. [3]).

The solvability of initial-boundary value problems for different classes of quasilinear degener-
ate evolution equations was studied in numerous works. We note that our investigation is close
to the results of [4]. In this paper, to prove the existence of a strong solution to the problem
(1.3), (1.4), we use the schemes of [5]. As in [6]-[10], we use [11, Theorem 1.2.4] for proving
the existence of a solution to the problem (1.1)—(1.4). In Section 5, we describe an example of
an optimal control problems for a model system of partial differential equations unsolved with
respect to the time derivatives.

2 Solvability of Degenerate Equation

To study the degenerate equation, we use the results of the theory of degenerate operator
semigroups (cf. [3] for details).

We assume that 27, # are Banach spaces and .Z(Z";%) is the Banach space of linear
continuous operators from 2" to %. We denote by €l(Z"; %) the set of linear closed operators
with dense domains in the space 2~ acting in %. For % = 2 we write £ (Z") and €1(Z")
respectively. Denote by Djs the domain of the operator M with the graph norm || - ||p,, =
Ml + 1M - o

We assume that L € L (2;%) and M € €lU(2;%). We introduce the L-resolvent set
pE(M) = {p € C: (uL — M)™' € L(#;Z)} and the L-spectrum o*(M) = C\p"(M) of an
operator M. We also denote Rﬁ(M) = (uL — M)~ 1L, Lﬁ = L(puL — M)~L

An operator M is said to be (L, o)-bounded if the L-spectrum o”(M) is bounded, i.e.,

Ja>0 YueC (ju|l>a)= (uept(M)).

Lemma 2.1 (cf. [3]). We assume that M is (L,o)-bounded and v = {u € C: |u| =r > a}.
Then the following operators are projections:

P—L/Rﬁ(M)duez(%), Q= /Lf;(M)due.i”(@).

211 211
v v

We set 29 =ker P, % =ker Q, 2! =im P, and Z! = im Q. Denote by L; (M) the
restriction of the operator L (M) onto 2% (Dyy, = Dy 0 27%), k=0, 1.

Theorem 2.1 (cf. [3]). Let an operator M be (L,o)-bounded. Then

() My € (XYY, My e €1(2%%°), L, e L(2* %), k=0,1,

(ii) the operators My' € L(#° 2°) and LT € L(ZY 2Y) ewist.

We set Ng = {0} UN and H = Mo_lLO. For p € Ny an operator M is (L, p)-bounded if it is
(L,0)-bounded, HP # Q, HP*! = Q.

We consider a nonlinear operator N : [to,T] x Z™ — % . By a strong solution to the
problem

Lz™(t) = Mz(t) + N(t, z(t), s @), ..., ™D @) + f(¢) (2.1)
Pa®(tg) —25) =0, k=0,1,...,m—1, (2.2)



we mean a function x € Wi (to,T; Z7), q € (1,00), such that (2.2) holds and (2.1) is satisfied
for almost all ¢ € (t9,T). Arguing in the same way as in [5], we obtain the conditions of the
existence and uniqueness of a strong solution to the problem (2.1), (2.2).

In the linear case, the following assertion holds.

Theorem 2.2. We assume that M is an (L, p)-bounded operator, N =0, Qf € Ly(0,T;9),
HkMO_I(I - Q)f € Wgn(kﬂ)(O,T; Z), k=0,1,...,p. Then for any xo,x1,...,Tm—1 € X the
problem (2.1), (2.2) has a unique strong solution on (to,T).

A mapping S(tg,T) x Z™ — % with variables ¢, vg, v1,...,Vm—1 is said to be uniformly

Lipschitz with respect to © = (vg,v1,...,0m—1) if there exists [ > 0 such that for all 7 =
(V0, U1,y + vy Um—1), W= (Wo, W1, ..., wn_1) € Z™ and almost all t € (ty,T)
m—1
IN(t,v0, 01, vm-1) = N(t,wo, wi, . wim-1) |5 <P ok — wil| %
k=0

In the nonlinear case, the following assertion holds.

Theorem 2.3. We assume that p € No, M is an (L, p)-bounded operator, and N : [to, T] X
X™ — Y is such that QN € C™PTD=1([tg, T] x X ™, %) is uniformly Lipschitz with respect
toT = (vg,...,Um—1), HkMo_l(I — Q)N € kN ([tg, T) x ™ X)), k=0,1,...,p, and for
all (t,0) € [to, T] x Z™

N(t,’l}g,’l}l, v ;'Um—l) = N(t, P’Uo,P’Ul, e ,Pvm_l), (23)

Qf € W;n(pH)_l(to,T; %), HkM(;l(I—Q)f € W;l(kﬂ)(to,T; Z) fork=0,1,...,p. Then for
any To,xi,...,Tm—1 € 2 the problem (2.1), (2.2) has a unique strong solution on (to,T).

If the condition (2.3) fails, but im N C %!, the following assertion holds.

Theorem 2.4. We assume that p € No, M is an (L,p)-bounded operator, N : (to,T) x
™ — X for all vy,vi,...,Um—1 € Z is measurable on (to,T), and uniformly Lipschitz
with respect to U for some z € 2™ N(-,Z) € Ly(to, T;%), im N C @, Qf € Ly(to, T;%),
HMGYWI - Q)f € Wén(kﬂ)(tg,T; 2), k=0,1,...,p. Then for any xo,z1,...,Tm-1 € X the
problem (2.1), (2.2) has a unique strong solution on (to,T).

3 Linear Equation

We assume that %, 27, # are Hilbert spaces, L € L(2%), B € L(%;¥%), and M €
CUZ ;% ). We consider the problem for a distributed control

La™(t) = Mx(t) + Bu(t) + y(t), te (0,T), (3.1)

Pa®(tg) —xx) =0, k=0,1,....,m—1, (3.2)

u € Uy, (3.3)
1 C. .

J(z,u) = §H$ — Wi to,m2) T 5““ — Ul 7, (to,ri2) — Inf (3.4)
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Here, the nonempty convex closed subset Uy of the space of controls Lo(tg, T;% ) is the set of
admissible controls, y € La(to, T; %), x € W3 (to, T; Z"), u € La(to,T; % ) are given functions,
and zg, £k =0,1,...,m — 1, are given vectors.

Lemma 3.1. Let 2 and % be Banach spaces. Then % = {z € W' (to, T; %) : La(™) —
Mz € Lo(to,T;%)} is a Banach space with respect to the norm |z|% = |z|? o2y T

2
1L — ML, 1)
Proof. It is obvious that the norm axioms hold. We show that the space 2 is complete
relative to this norm. We choose a Cauchy sequence {z,} in 2. Since the space W3"(to,T; Z)
is complete, there exists z € W3"(to, T; 27) such that ||z, — 2wy 1. 1,27) = 0. Furthermore,

there exists z = lim (Lx%m) — Mazy,) in Lo(to, T;%). Since La{™ = La™ in Lo(to, T;%) as
n—oo
n — 0o, we have Mz, — Lz(™) — z in Lo(tg, T; %) as n — oc.
Thus, the set of t € (t9,T) such that z,(t) does not converge to x(t) in 2 or Muz,(t)
does not converge to Lz(™)(t) — z(t) in % has measure zero. Since M is a closed operator, we

can conclude that for almost all ¢ € (0,7) we have z(t) € dom M and Mz = Lz(™ — 2 in
Lo(to, T;%). Hence Lz\™ — Mz = z € Lo(to, T;: %). O

Remark 3.1. If 2" and % are Hilbert spaces, then £ is also al Hilbert space equipped
with the inner product (z,2)» = (2, 2)wy (t,1;27) + (Lz(™) — Mg, Lz(m) — M2z) o075

We introduce the operators v, : Wi (to, T; 2°) — 2, e = w(k)(O), k=0,1,...,m—1. By
the Sobolev embedding theorem, the operators v, : W3 (to,7; %) — 2, k= 0,1,...,m — 1,
are continuous. Therefore, v, : & — 2, k=0,1,...,m — 1, are also continuous.

The set 20 of pairs (z,u) € % X Lo(tg, T; %) satisfying (3.1)—(3.3) is called the set of
admissible pairs for the problem (3.1)—(3.4). The problem (3.1)—(3.4) consists in finding pairs
(Z,u) € W minimizing the cost functional J(x,u):

J(Z,u)= inf J(z,u).
@)= ot To)
We recall that a functional J(x,u) is coercive if for any R > 0 the set {(z,u) € W : J(z,u) < R}
is bounded in % x Lo(to, T; % ).

Theorem 3.1. We assume that M is strongly (L, p)-bounded and ﬂaﬂW?(pH)(to, T:%) #
@. Then there ezists a unique solution (T,u) € Z x Uy to the problem (3.1)—(3.4).

Proof. We use Theorem 1.2.3 in [11]. We set 4 = Lo(to, T;% ), U = La(to, T; %) x ™,
Y =W (to, T; Z), D1 = Z, and Fo = (—y, —x0, =1, ..., —Tm—1) € V. As was already noted,
the continuous embedding of %); into Q) follows from the construction of 2. It is obvious that
the operator £ : )1 x U — U is linear and £(z,u) = (Lq:(m) — Mx — Bu, Y&, V1T, - -, Ym—1T).
Let us prove the continuity of this operator. We have

H(Lx(m) — Mz — Bu, vz, 1, ... 77771—1‘%)”%2(7&0,T;@)><(%’m
m—1
= |La'™ — Mz — Bul}, o 1.9y + D Il
k=0

<2 La™ — M||3, ) 7.9y + 20| BullT, 40 1.9y + Crllz]l

< 2+ Ozl + 20812 a0 1o i) = CN @, ) ooz
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It is obvious that J is strictly convex and continuous. Let us prove that J is coercive. We have

2 2 2 2 2
Hx”ff + HUHLQ(tQ,T;%) = H:Z:szm(to,T;,%f) + ”BU + y”LQ(to,T;@/) + HuHLg(to,T;%)
< ||9U\|12/vgn(to,T;%) + C2||U||%2(t0,:r’;@/) + 2”3/”%2(150,T;‘3?/) < O3 (z,u) + Cy < C3R+ Cy,

where we used the fact that z is a solution to Equation (3.1).

Since Uy N ng(pﬂ)(to, T; % ) is nonempty, there exists a control u € {yN WQm(pH)(to, T;%)
such that f = Bu satisfies the assumptions of Theorem 2.2 on the solvability of the problem
(3.1), (3.2). Thus, all the assumptions of Theorem 1.2.3 in [11] hold. O

Remark 3.2. A sufficient condition for the relation Uy N Wgn(pﬂ)(to,T; U) # & is the
existence of an interior point of the set iy in the topology of the space Lo(to, T; % ).

Remark 3.3. The condition that the spaces %, 2", and % are Hilbert spaces was used
only for proving the strict convexity of the quality functional, which sufficient for the uniqueness
of a solution. The existence of a solution in 2 x Lo(to,T; %) can be proved in the same way as
in the case of Banach spaces %, 2", and %'.

4 Quasilinear Degenerate Equation of Higher Order

We assume that %, 2Z°, # are Banach spaces, L € X (2;%), B € L(%;%), M €
CUZL ;Y ), N :[tg, T] x ™ — %, m € N. We consider the optimal control problem

La™(t) = Mx(t) + N(t,z(t), zV(t),..., 2D (&) + Bu(t), (4.1)

PW® (tg) —2x) =0, k=0,1,...,m—1, (4.2)

u € Uy, (4.3)
1 . C o .

J(x,u) = 5”33 — ZlWwge 1,127y + EHU = Ul Ly 0,12y — Tt - (4.4)

Theorem 4.1. We assume that p € No, M is an (L, p)-bounded operator, N : [to,T] x
X = X is such that QN € C™PtD=1([tg, T] x Z™; %) is uniformly Lipschitz with respect
to U = (voy.--yVm-1), HkMgl(I — Q)N € ¢ ) ([tg, T x ™ 2, k= 0,1,...,p, for all
(t,0) € [to,T] x Z™ we have the equality N(t,vo,v1,...,m-1) = N(t, Pvg, Pv1,..., Pvm_1),
Uy is a nonempty closed convex subset of the space La(to,T;% ), ta N Wzm(pﬂ)(to,T; U), xg,
X1, oy Tm—1 € Z . Then there exists a solution (Z,u) € Z X Uy to the problem (4.1)—(4.4).

Proof. By Theorem 2.3, the Cauchy problem (4.1), (4.2) has a unique solution for every u €
UsN W;n (p H)(to, T;%). Therefore, the set 20 of admissible pairs is nonempty. We use Theorem
1.24 in [11]. We set 9 = W3 (to,T52), D1 = Z, U = La(to, T;%), TV = La(to, T;%) x
2™, F(x() = (=N, zt), 2D (¢t),..., 2 D), 20, 21, ..., T_1), L(x,u) = (Lz(™ — Mz —
Bu,yoz, 71, ...,Ym-12). The continuity and linearity of the operator £ : 9 x & — Y are
proved in Theorem 3.1.

Using the Sobolev embedding theorem the joint continuity of IV, we find

2 2
) - M'CEHLQ(tQ,T;?y) + HuHLg(t(),T;a//)

< HxH%/Vzm(tO,T;%) + 2N (2 (), x(l)(')’ T ’x(mil)(‘))ui(to,T;@) - 2HBUH%2(1€0,T;@)

HVEH?@” + ||U\|%2(t0,T;%) = ||$H%/V2’n(to,T;3{) + ||Lflﬁ(m
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+ ||U||2L2(to,T;ﬂzz) < ||$||%/vgn(t07:r;%) + C2Hu||%2(t0,T;%)
+2(T — to) max, IN(t,2(t), 2V (@), ..., 2" D@13 < CsJ(z,u) + Cy.
te(t

0,

From ||vy, — vol|# — 0 it follows that

T
/ IN (8 v0a(£), v (8), ., 07D (1)) = N (8, v0(8), v (), -, 0D (1) 13 dt
to

< Plv, — | 0, n— oo.

2
Wi (t0,T;%) -

Therefore, the operator § : 2 — Lo(tg, T;%) x Z™ is continuous. We choose 91 =
Wi (to, T; 2°) and verify the assumptions of Theorem 1.2.4 in [11]. The conditions (1.2.20),
(1.2.21) in this theorem are satisfied by the compactness of the embedding of W3 (to, T; Z) into
W (tg, T; 2°) and the continuity of the embedding of 2 into W3*(to, T; Z°).

To verify the condition (1.2.22) in [11], we consider the dense subspace S = La(to,T; %) of
Wszl(to, T; Z). Since N is uniformly Lipschitz with respect to v, for w € La(to, T; %) we have

<N('7 Un(')a cee ’Uﬁlm—l)(‘)) - N('7 U(')? ce 7U(m_1)('))> w(')>L2(t0,T;6’/)

< l”wHLg(to,T;%an - UHWQ’"(to,T;%)a
which implies the continuity of the extended functional (F(-),v) from 2 to Wi"(to, T; 2°). O

Theorem 4.2. We assume that M is (L,p)-bounded, N : (to,T) x ™ — % for all
VO, Vs -y Um—1 € 2 is measurable on (to,T) and uniformly Lipschitz with respect to T for
someZ € ™ N(-,Z) € La(to, T;%), im N C ¥, Uy is a nonempty convex closed subset of
the space Lo(to, T; %), o N WQm(pH)(to,T;%) £ @, 0,21, .., Tm1 € Z L. Then there exists
a solution (,u) € Z x iy to the problem (4.1)—(4.4).

Proof. By Theorem 2.4, the set of admissible pairs is nonempty, The remaining part of the
proof differs by only the arguments concerning the coercivity of the functional J.

For almost all ¢t € (t9,T) and all T = (zg, z1,...,ZTm-1) € Z™ we have
IN(t, D)5 < 2(IN(t,T) - N(t,2)[5 + 2Nt 2)[15

<
<287 = Z%m + 2N ()5 < CL1 + |[Z5m) + 2N 2)I15 -

Hence N(-,z(-), (), ..., 2"V ()) € Lo(to, T; %), € Wy (to,T; Z°). Using this inequal-
ity, we obtain

2l1% + 1wl 0o 752) = Nl o2y + ILe™ — M|}, 40 mary + 16l 00 72
< N2l 91,2y + 2IN(,2(), M), 2™V, o9
+ 2||BUH%2(150,T;@/) + HUH%Q(tO,T;”Z/)
< Hxﬂ%/vgn(to,T;% + CollullZ, 1o 1) + 2C1((T — t0) + HxHIQ/VQm(tO,T;%)) + 4N (2T, 10 799
< CsJ(z,u) + Cy.

The theorem is proved. ]
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5 Example

Let Q C R™ be a bounded domain with boundary 02 of class C*°, and let v € R. We
consider the initial-boundary value problem

8k
wm(s,to) =ah(s), s€Q, k=0,1,...,m—1, (5.1)
2i(s,8) =0, (s,¢) €9 (to,T), i=12,3, (5.2)
om 0 o1
(%—mwl =1+ g1 <Sata T1,T2,T3, Exlv ceey Wx?)) ) (87t> €0 x (t07T)7
om o am—l
Aat—ml‘g :.’L‘2+g2 S,t,xl,IQ,Ig,aZEl,...,Wng s (S,t) c Q X (t(),T), (53)
o amfl
0=Axs+gs|s,t,x1,x9,x3, 5.0 =1 ¥3 | (s,t) € Q x (to,T),

where the functions g;, i = 1,2,3, depend on the sought functions x; = x1(s,t), x2 = za(s,t),
x3 = x3(s,t) and on their derivatives with respect to t of order up to m — 1.

We denote by A the Laplace operator with the domain W3,(Q) = {z € WF(Q) : z(s) =
0,s € 09} C Lo(2) and by {pr} the orthonormal in Lo(f2) system of their eigenfunctions
corresponding to the system {\;} of the eigenvalues of the operator A enumerated in non-
ascending order with taken into account their multiplicity.

We reduce the problem (5.1)—(5.3) to the problem (4.1), (4.2). For this purpose we set
= W22,0(Q) x Ly () x WQ%O(Q), W = (L2(Q))3,

A
L:

0 0 1 0 0
0O A, M=]01 0
0 0 00 A
It is easy to verify that
(uL—M)"' =" 0 1 —p | oR)aer € LD X)
k=1 0 0 —1/X

for || > |A1]71, and the projections take the form

P=Q=

S O =
o O O
o O O

Hence 271 = W2,(2) x {0} x {0}, 270 = {0} x La() x W2,(Q), #' = Ly(Q) x {0} x {0},
@0 = {O} X LQ(Q) X LQ(Q),

/0 A
H=>Y" ( 0 Ok ) (5 Pk) Lo () Pk

k=1
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Consequently, H? = Q and the operator M is (L, 1)-bounded. It is clear that (5.1) implies (4.2).
In this case, Theorem 4.1 can be used for control systems of the form

m o am—l
Aat—mxl =T1+ag1 <Sat7xl7ax17"')wfpl) +u1(5’t)7 (S’t) € x (tO)T)a
m o amfl
Aat—mxg =T+ ¢o s,t,xl,aml,...,le +us(s,t), (s,t) € Qx (to,T), (5.4)

8 8m_1
0= Ax3+ g3 <s,t,a:1, —x

ot 17’-'7W$1> —I—U3(S,t), (Sat) € x (t()aT)v

if its nonlinear part depends only on the function x; and its derivatives with respect to t of order
up to m — 1. We consider the optimal control problem

3
2 2
Z ||ui||L2(t0,T;L2(Q)) < R ’ (55)
i=1
5 22 Nz =Tl o mwziay) + 51122 = 22l o 11 ()
1=1,3
C 3
i=1

In this problem, & = W3 (to, T’; W2270(Q) X Lo(€2) x W220(Q)) We denote by Br(vo; ¥) the ball
of radius R and center vg € ¥ in the Banach space 7.

Theorem 5.1. We assume that n = 1, g; € C°°(Q x [to, T] x R™;R) is uniformly with
respect to (t,x) € Q x [to, T] and Lipschitz with respect to v = (vo, ..., 0m_1) € R™, i =1,2,3,
zh, € WZQ,O(Q), k=0,1,...,m — 1. Then there exists a solution (Z1,T2,Ts3, U1, U2, U3) € Z X
Br(0, La(to, T; (L2(2))3)) to the problem (5.1), (5.2), (5.4)—(5.6).

Proof. It suffices to prove the assumption of Theorem 4.1 concerning the smoothness of the
operator N defined by the functions g;, i = 1,2, 3. Since the last m arguments of these functions
belong, at least, to W2 (Q), from [12] it follows that N € C*([to, T| x (W4 (2))™; (W4 (2))?). O

Remark 5.1. If ¢g;, « = 1,2,3, are independent of the derivative of order m — 1, then
N € C%®([to, T] x (W2(Q2))™; (W2(Q))?) for n < 4. If g;, i = 1,2,3, are independent of the
derivatives of the (m — 2)th and (m — 1)th order, then N € C>®([to, T] x (W3(Q))™; (W3(Q))3)
for n < 6 and so on.

Similarly, using Theorem 4.2, one can study the optimal control problem (5.5), (5.6) for the
distributed system described by the equations
om 0 om—1
Aat—ml‘l =1+ g1 <87t>$1,9€2,$3, FTRGERRRE Wﬂf?,) +u1(s, t),
m

9]
Aat—mflfg =9 + U2(87t),

0 = Axs + us(s,t).

The nonlinear function is contained only in the first equation (corresponds to the condition
im N C #1), but depends on w1, 72, x3 and their derivatives of order up to m — 1 with respect
to t.
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