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We study the elliptic problem with p-Laplacian and construct a system of Galerkin ap-
proximations. We estimate the difference between an exact and approzimate solutions
in the case of constant or variable exponent p. Bibliography: 3 titles.

1 Constant Exponent. Estimates
We consider the Dirichlet problem
—div (|[Vu[P2Vu) = f, u‘aQ: 0, (1.1)

in a bounded smooth domain Q@ € R, where p > 1, X = T/VO1 P is the Sobolev space, u € X,
and f is a linear continuous functional on X, i.e., f € X*. The left-hand side of the equation in
(1.1) is called the p-Laplacian and is denoted by Apu. The norm in the space X is defined by

1

P

lully = IVull, = ( / |Vu|pdx> .
(9]

Definition 1.1. By a solution to the problem (1.1) we mean a function u € X such that

/|Vu]p2Vu -Vodr = (f,¢) Ve X. (1.2)
Q

As is known, the problem (1.2) is the Euler equation for the variational problem

my [ (50 -0-4) s
Q
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A solution to this problem exists and is unique.

To prove the solvability of the problem (1.2), it is convenient to write it in the operator form.
For this purpose we consider the operator A : X — X™* from a space X to the dual X™* such that

(Au, ) = / |VulP2Vu - Vodsr Yy € X.
Q

The functional Au is continuous since |Vu[P~2Vu € L” (Q) and Vi € LP(Q). Thus, the problem
(1.2) can be written as

Au = f.

Since the operator A is monotone and coercive, we can apply the method of monotone
operators. We construct approximate solutions by the Galerkin method. Let X1 C Xo C ... C
X, be an expanding sequence of finite-dimensional subspaces of X such that their union is dense
in X. The Galerkin approximations are found as solutions u,, € X,, to the system

Uup, € Xp, /|Vun|p_2Vun Vodr=(f,¢) Ype X,. (1.3)
Q

Similarly, we introduce the operator A,, : X,, = X' by the rule

(Apu, p) = / \Vu|P2Vu - Vodr Yo € X,.
Q

Then the problem (1.3) for Galerkin approximations can be written as
Apuy, = f,

where the operator A,, is monotone.

To solve the problems (1.2) and (1.3), we derive some estimates. Setting ¢ = u in (1.2) and
© = uy, in (1.3), we get

/WVqum=<ﬁu><nﬂuwwmx,

Q
1
lullx < IFI% (1.4)
1
lunllx < IIFI1%-" - (1.5)

Theorem 1.1. The following estimate holds:

= dist (u, X,), p=2,

2—p

lu = unllx § < C(dist (u, X)) 2 [ FI327, 1<p<2,

p—2

< CO(dist (u, X,))7 [ £ 7, p>2,

where C' is a constant depending only on p and d.
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Proof. 1. Case p = 2. In this case, it is obvious that the p-Laplacian is the Laplace operator.
Equations (1.2) and (1.3) take the form

/Vu-Vsodwz (fip) Ve € X,
Q

/Vun-chdx— (fyp) Yo e X,.
Q

Subtracting the second identity from the first one, we get

/(Vu —Vuy,) -Veodr =0 Ve e X,. (1.6)
Q

Since ¢ is arbitrary, we can set ¢ = u, and write

/(Vu —Vuy,) - Vu, dx = 0.
Q

Subtracting / (Vu — Vuy,) - Vudz from both sides of the last equality, we find
Q

/(Vu — Vu,)*dr = /(Vu — Vuy,) - Vudz. (1.7)
Q Q

By the definition of distance, there exists w, € X, such that ||u — wy,|| y = dist (u, X,,). Setting
© = wy, in (1.6) and subtracting from (1.7), we get

/\Vu — Vu,|? dz = /(Vu — Vu,)(Vu — Vuwy,) dzx
Q Q

1
2 2
<</|Vu—Vun]2dx> </|Vu—an|2dx> :

Q Q

where we used the Cauchy—Bunyakowsky inequality at the last step. Therefore,
/ |Vu — Vu,|* de < / \Vu — Vw,|* dr,
Q Q
lu —upll x < dist (u, X5,).

By the definition of dist (u, X,,), the last estimate implies the equality ||u — u,|| y = dist (u, X5,).
In the case p # 2, the identities

/IVUI”_2VU Vodr = (f,¢) VpeX,
Q

/\Vun\pZVun Vodr = (f,¢) YoeX,
Q
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imply

(|VulP2Vu — |[Vu,[P"2Vu,) - Vodz =0 ¢ € X, (1.8)

(|VulP2Vu — |[Vu, [P 2Vu,) - (Vu — Vu,) dz

SIS D

= /(!Vu|p_2Vu — VU, [P"2Vuy,) - Vudz. (1.9)
Q

There exists w, € X, such that ||u—w,|y = dist(u,X,). Setting ¢ = w, in (1.8) and
subtracting from (1.9), we find

/(]Vu\pQVu — |V, [P 2Vu,)(Vu — Vuy,) de

Q
= /(|Vu|p_2Vu — |V, [P"2Vu,)(Vu — Vw,,) dz. (1.10)
Q
Denoting
I(a) = |a|P%a, acR? D=D(ab)=(10b)—1a))-(b-a), (1.11)
we can write the identity (1.10) in the form
/ D(Vu, V) dz = / (V) — (V) - (Vu — Vo) da. (1.12)
Q Q
2. Case 1 < p < 2. We use the following inequalities proved in [1, 2]:
1(b) — I(a)[” < D(a,b) =D Va,be RY, (1.13)
b —al?> < CD(a,b)(|a|* P + |b|*"P) Va,beR? (1.14)

By the Holder inequality, from (1.12) it follows that

1

7

/Ddx < ( /(Z(Vu) —l(vun))P’dx> " (1Y — V).
Q Q

By (1.13),

1

/Dd:n < ( /Ddl’) dist (u, Xp), /Dd,a: < (dist (u, Xp))P (1.15)
Q Q Q
By (1.14),

(2-p)p

(2—p)
b= al” < CDE (a7 + o> )% < CDE (|2 + | 73)
which, together with the Holder inequality with exponents 2/p and 2/(2 — p), implies

/]Vu — Vuy|P dz < C’( /de) < /(\Vu!p + ]Vun]p)da:>
Q Q Q
» p(2=p)
< Odist (u, Xn)P2 || £ 3277, (1.16)
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where we used the estimates (1.15), (1.5), and (1.6). It remains to take the pth degree root:

lu — uy| x < Cdist (u, X5, )2 HfHZ(p =y .

3. Case p > 2. In this case, we have (cf. the proof in [1])

Clb—alP < D, (1.17)
1(B) — U(a)| < CD3(la] + [b)) =" (1.18)
From (1.12) it follows that
/de = /(l(vu) —1(Vup))(Vu — V) d C/D% V| + [Vun|)'Z [V — Vi) d.

We apply the Holder inequality with exponents 2, 2p/(p — 2), and p:

p—2

1

2 2p
/Ddac < C< /Ddac) ( /|Vu]p + ]Vunpdac> dist (u, X,,),
Q Q Q

p—2

/Dd:{; < /|Vu]p+ ]Vunpdx> (dist (u, X,,))? =

p—2

p
lu—un |5 < /Ddx < C( /|Vu\p + \Vun\pdx> (dist (u, X,,))? = (1.9)
Q Q

2
lu = unllx < CHfH”“J 2 (dist (u, Xn))?.

If the union of X, is dense in X, then dist (u, X,) — 0 as n — oc. O

2 Variable Exponent. The Sobolev—Orlicz Space

We consider the functional

:/f(:l:,Vu) dx, (2.1)
Q

where € is a bounded Lipschitz domain in R, f(z,€) is measurable in x € , convex in ¢ € R?
and satisfies the standard growth condition

c1|€]* — f2,8) < l]*+1 (a>0,c1 >0). (2.2)

. 1 . . . .
The functional F on the Sobolev space W' is convex, lower semicontinuous, and coercive:

Flu] > cl/\Vu]adw 0.
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Consequently, the variational Dirichlet problem (Problem FEj)

Ey = min Flu] (2.3)
uGWol’a

has a solution, which is guaranteed by the left estimate in (2.2). From the right estimate in (2.2)
it follows that the functional F' is locally bounded and, consequently, is continuous on VVO1 “
Therefore, for Problem FE; there exists a smooth minimizing sequence, i.e.,

E, = inf Flu. (2.4)

ueCge

We replace the standard growth condition with the following more general one:
—co(x) + c1l€]* < f(x,€) < co(x) + c2lg)”, (2.5)

where cg € L'(2), 1 < a < B. As above, the functional F is convex, lower semicontinuous, and
coercive on VVO1 "“. Hence Problem E; has a solution in VVO1 "“. However, the functional F is not
necessarily continuous on VVO1 @ and (2.4) is not guaranteed. It can happen that
Ey= min Flu] < inf Flu] = Es. (2.6)
uEWol‘a ueCge
Similar inequalities are referred to as the Lavrent’ev gap. Thus, no sufficiently smooth minimizing
sequence exists for Problem Fj. Therefore, in addition to the original problem, it is necessary
to study the minimization problem, referred to as the relazation problem, over only smooth
functions.
In what sequel, we need the Sobolev spaces with variable exponent: the Sobolev—Orlicz

spaces. We denote by LP(*)(Q) the class of measurable vector-valued functions v : Q — R? such
that

/\v(;v)|p(z) dr < oo
Q

and introduce the Luzemburg norm

ol = inf {)\ >0, /
Q

Let 1 < a <p(z) < B <oo. Then

%pgl}. (2.7)

In the variable LP() Sobolev—Orlicz spaces, the Holder inequality takes the form

/ fadz < 2|l N9l (2.9)
Q

We introduce the Sobolev—Orlicz space

Wol’p(') = {u € Wol’l, / |VulPdz < oo} (2.10)
Q
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equipped with the norm ||u||W5,p(,) = [[Vaull,)-

In what follows, H = Hé’p(') is the closure of the set C§°(£2) in W&’p(').
Definition 2.1. An exponent p(x) is regular if C§°(£2) is dense in the space Wol’p(').

Theorem 2.1 (cf. [3]). If the logarithmic condition

o) =) < wllr—y) = o my e lemuls ;
holds, then the exponent p is regular.
3 Variable Exponent. Estimates
We consider the Dirichlet problem
—div ([Vul'" 2 Vu) = £, uf,g=0 (3.1)

in a bounded smooth domain Q C R%, where the exponent p is a measurable function, 1 < o <
p(z) < B < oo. The right-hand side is a linear functional on H, i.e., f € H*.

Definition 3.1. By a solution to the problem (3.1) we mean a function v € H such that

/|wp<x>2vu Vedr = (f,¢) Vo e H. (3.2)
Q

As in the case of a constant exponent p, one can show that (3.2) is the Euler equation for

the variational problem
: / [Vul?
min < —-g- u) dx
ueH p

Q

which has a unique solution.

To write the problem (3.2) in the operator form, we define the operator A : H — H* from
a space H to the dual H* by the formula

(Au, @) = / [VulP® "2V - Vodr Vo € H.
Q

The functional Au is continuous. Indeed, |[VuP™ =2 vy € LF'()(Q), Vo € LP()(Q). Applying
the Holder inequality, we obtain the estimate

[(Au, 0)| < 2([[Vull,ey - Vel -
Thus, the problem (3.2) can be written as

Au=f.

Since the operator A is monotone and coercive, we can apply the method of monotone
operators. Let Hy C Hs C ... C H, be an expanding sequence of finite-dimensional subspaces
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of H such that their union is dense in H. Galerkin approximations are found as solutions
u, € Hy to the system

up € Hy, / Vun P2V, - Vodr = (f,¢) Vo € Hy,. (3.3)
Q

As above, we introduce the operator A,, : H, — H by the rule

(Apu, ) = / IVulP® 2V - Vodr Vo € H,.
Q

Then the problem (3.3) can be written as
Apup = f,

where the operator A,, is monotone. Setting ¢ = v in (3.2) and ¢ = u,, in (3.3), we find

/ VulPde = (f,u) < |fllge lull (3.4a)
Q

/ VunPdz = (frun) < |l lunll s - (3.4b)
Q

Introduce the notation
) = [0PO2 g, U(w) = [pl" Oy,
D(a,b) = (|p® 26— a2 a,b— a) = (I(b) — I(a),b — a), (3.5)
D(a,b) = (b 72b — |2 a,b— a) = (I(b) — 1(a),b — a).

In this problem, the value of p(x) depends on points of 2. We divide 2 into two subdomains
Of = {z | p(z) > 2} and Q= = {z | p(z) < 2}. It suffices to consider the case p > 2 on
QT and use similar arguments with the exponent p’ in the case of Q~. We introduce the flow
z = |VuP1)=2Vu. Then

2—p() f _
Vu = |z]P0-1z = 2|7’ 0722 = ](2). (3.6)

Since p'(x) > 2 on Q, the replacement of gradients with flows leads to the dual relation

/(Z(Vu) —1U(Vuy)) - (Vu — Vuy,)dx = /(z —z) - (1(2) = U(2y))d. (3.7)

Q- Q-
Theorem 3.1. Let o > 1 satisfy (2.8), and let p > 1. Then

/ |Vu — Vu,|Pdx + / |z — 2|V dz

o+ Q-

<2AM + D)L+ FN,. lullg]® + [+ 1] Nl ] )dist (u, Hy),

H*

where z = \Vu|p(')_2 Vu, z, = ]Vun]p(')_Q Vi, M = H2p*2}|p and M = ||2V' 2.

l(_)7
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Proof. For v and wu,, we have

/l(Vu)Vgod:z:Jr/l(Vu)Vgodx: (f,p), ¢€H,
ot Q-

/Z(Vun)Vgod:c+/l(Vun)Vgpdx = (f,¢), ¢ € Hy.
Q+ Q-

Subtracting, we find

(I(Vu) = U(Vup)) - Viodz =0, ¢ € Hy,

D\

/ (Vu) —l(Vuy)) - Vu, dz = 0.
Q
Subtracting / (I(Vu) —l(Vuy)) - Vudz from the last equality, we get

/ (Vu) —l(Vuy)) - (Vu — Vuy,)d / (Vu) = l(Vuy,)) - Vudz.
Q Q

(3.8)

(3.9)

There is w, € H, such that ||u —wy|; = dist (u, H,). We substitute ¢ = w, into (3.8) and

subtract the obtained expression from (3.9):

/(Z(Vu) —(Vuy))(Vu — Vuy,) dz = /(Z(Vu) —U(Vuy))(Vu — Vuwy,) dz.
Q Q

Using (3.5), we can write (3.10) in the form

/D(Vu, Vuy,)dx = /(Z(Vu) —(Vuy))(Vu — Vwy,) dz.
Q
We use the inequalities (cf. the proof in [1])
IVu — Vu,|P < 2P72. D(Vu,Vuy,), p>2.

By (3.11) and (3.7), we have

/\Vu—Vun|pdx+/|z—zn|p dx < /2p 2 D(Vu, Vun)dx—i-/Qp 2 D(z, 2,) da.

Q+ Q-
Let us estimate the integral over Q:
/ 2P=2 D(Vu, Vu,) dz = / 2P=2 (1(Vu) — I(Vun))(Vu — Vuy,) dx
Qt Qt
_ / P2 (1(Vu) — (V) (Vi — Vo) dar
O+
< 212772 (U(Vw) = (V)|

(3.10)

(3.11)

(3.12)
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Setting M = H2p’2|

p() Ve get
2M ||(I(Vu) — l(Vun))Hp,(,) dist (u, Hy) < 2M ||(I(Vu) + l(Vun))Hp/(,) dist (u, Hy,)
< 2M(HZ(VU)H],/(,) + ||Z(Vun)|’p/(,))dist (u, Hy).

By (2.8), we have
1Ty - 1< [ 1907 de = [ [Fupdz <171, g
Qt Q+
1
Ty < 1L+ Tl (3.130)

Similarly, )
Un || gl (3.13b)

1V un)llyy <L+ /]

H*

We have

— 1 1y .
/2p ? D(Vu, Vun) dz <2 M([L+ I f],,. lullg]= + [+ 1F1,. lunllg)e ) dist (u, Hy).  (3.14)
O+

For the integral over 2~ the required estimate is proved in a similar way. Namely, setting
0, = I(Vwy,) and M = ||2¢' 72|, we find

/2p/_2 D(z,2,)dx = / "2 (2 — 2,)(1U(2) — 1(6y)) do < QM(Hsz,(.) + [[znll .y )dist (u, Hy)
Q+ Q-

LM+ A1, Null ) + 10+ IF] . Nl ) %) dist (u, Hy). (3.15)

Adding (3.14) and (3.15), we obtain the required estimate. O

4 Estimates in Anisotropic Case

The above results can be extended to a larger class of elliptic problems. Let us consider the
Dirichlet problem

—div ([Vu’ 2 AVu) = f,  u,q=0 (4.1)

in a bounded smooth domain  C R?, where p > 1 is a constant and A = A(z) is a measurable
bounded positive definite matrix. The right-hand side f is a linear functional on X = VVO1 Pie.,
fe X

Definition 4.1. By a solution to the problem (4.1) we mean a function u € X such that

/\Vu]p_2 AVu -Vodr = (f,¢) Yy e X. (4.2)
Q

‘We denote )
La(y) = [P 2 Ay, 13(C) = [¢F2A7Y,

Da(h, Q) = (la(¢) = 1a(C)) - (¥ = Q) (4.3)
D4, Q) = (a(¥) = 14(0) - (¥ = ).
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Then a solution to the problem (4.1) is a function u € X such that

/lA(VU)'V(,Dd$: (f,¢) Ve X.
Q

Let 14 satisfy the boundedness and coercivity conditions

14(¢)] < Col¢P! (4.4)
1a(Q)-¢ = Cil¢lP, p>1, (4.5)

To prove the uniqueness of a solution to the problem (4.2), we need the monotonicity of [ 4:
Da(¢,m) = (la(¢) — la(m)) - (¢ —n) = 0. (4.6)

To provide these properties, we impose additional conditions on the matrix A.

Lemma 4.1. Let A be a positive definite symmetric matriz, and let

Ax
wld) = |§cl|1:pl (1|490a9’0)'
If p(A) <p/(lp —2|), then
1a(b) — la(a)|” < CDA(bya), 1<p<2; (4.7a)
Clb—al’ < Dy(b,a), p>2, (4.7b)
la(b) = la(a)]> < CDa(b,a) - (Ja] + [b)P72, p>2, (4.7¢)

where C' = C(A,p,d) >0 (cf. [2]). Furthermore, the relation (4.6) holds.

The coefficient C' in Lemma 4.1 depends on the maximal and minimal eigenvalues of the
matrix A and on u(A), which allows us to deal with flows of the form [4 with a bounded
measurable symmetric positive definite matrix A such that u(A) < p/|p — 2|.

It is important to note that even a simple monotonicity condition (4.6) for flows {4 can fail
if the above conditions on the matrix A are not satisfied. Indeed (cf. [2]), let A = diag (A1, \2),

n(t,0), ¢(1,1). Then DA(C 17) =M% > (1 —t)+27 )\2 It is easy to see that the first

term is negative for ¢t € (220=2 T ,1)if p< 2 and for t € (1, 2% 2) if p > 2. Dividing the expression
by Ao, we find D4(¢,n) < 0.

By the coercivity condition (4.4), we have

1 1
[ 1vurdo < & [ 1a(90) - Vuds < -l Jul .
Q ! Q !

1 :
IValk < & 11 (4.8a)
1

Let X1 C X9 C ... C X, be an expanding sequence of finite-dimensional subspaces of X such
that their union is dense in X. The Galerkin approximations are found as solutions u,, € X,, to
the system

up € X, /ZA(Vun) -Vodr=(f,¢) Yye X,. (4.9)
Q
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It is obvious that the solvability of the problem (4.9) can be established in different ways.
Furthermore,

1 /
Vel < 5 I (48)
1

For the sake of brevity we write z instead of [ 4.

In the case 1 < p < 2, we estimate the norm with respect to the flow z and conjugate
exponent p’. Therefore, we have

Al v
AT = | < 4.10
WA= I s S o 1o
and the monotonicity property in p':
[ = (PP < O (Ta(W) = Ta(0), v = ©), (4.11)
where C* = C(A~L, 9/, n).
We note that for conjugate exponents p and p’
/
p p
— = 2.
> 53 0 P #
We show that p*(A~!) = sup (‘Atzz) can be expressed in terms of the matrix A.
|2|=1 ’
Lemma 4.2. Under the assumptions of Lemma 4.1,
1
* —1
wW(A ) = sup ———.
A7) ej=1 (Az, 7)
Proof. In the above notation, z = |z|’)"? Az and z = [2/")"2 A"1z. Then A~lz =
“1(|2PO72 Az) = [2PO 2 Iz = 2P "2 2 and |[A~ 12| = |2[PO~1. We write the denominator
in the expression for (A1) as follows:
(A2, 2) = 2P 2 2 2P 72 Az = [22PO 2 (Az, 2).
Thus,
A~lz |z|P()—1 1
* Afl — | — — .
AT S (A7Tz,2) T D R0 (Az,2) oy [oPO3(Ax, z)
For |z| = 1 we get u*(A~!) = sup (ATlxy which is required. O

|z|=1
There is wy, € H,, such that ||u — wy||; = dist (u, Hy,). Arguing as above, we find
/ (14(Va) — La(Vin)) - (Vi — Vi )da = / (1a(Va) — La(Van)) - (Vi — Vop)dz.  (4.12)

Q Q

Theorem 4.1. Under the assumptions of Lemma 4.1 on the matriz A,

2
7

—2
/!z—zn]pdx < O AT (dish (X, 1<p <o,

IVu— Vully < C AR (@ist(w. X)), p>2
where C(A,p,d), C*(A=Y ', d), z = |Vu[P72AVu, and z, = |Vu,|[P"2AVu,.
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Proof. 1. Case p > 2. Without loss of generality we can apply estimates in Lemma 4.1. We
can verify the following estimate of type (1.19):

p—2

P
[Vu — V|5 < /C Dydx < C( / |Vul? + |Vuy,|P d:c) (dist (u, X,))?,
Q Q

where C'= C(A,p,d). By (4.8a) and (4.8b),

p—2

IV = Vil < CF [|F12 7 (st (u, X,))5.

2. Case 1 < p < 2. From Lemma 4.1 for the exponent p’ and flows z, 2z, we have

P/ -2
7

p
/ |z — zn |V da < /C* DY dzx < U( / 127 + |zal” d:z:) (dist (u, X,,))?,
Q Q Q

where C* = C(A™1,p/,d). By (4.7a) and (4.7b),

/
p —2 2
7

/'Z — P o < (€ || FIFTD (dist (u, X))
Q

The theorem is proved. O]
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