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1 Introduction

An important role in the study of properties of a dynamical system with compact phase space
is played by the nonwandering set (cf. the definition in [1]). The nonwandering set of a skew
product of interval maps with a closed set of periodic points of the quotient map was studied in
[2]-]6]. The structure of the nonwandering sets of continuous skew products of interval maps with
a closed set of periodic points was independently studied in [7] and, in a particular case, in [8]. In
this paper, we obtain formulas that explain the mechanism of formation of the nonwandering set
of a C''-smooth skew product of interval maps with Q-stable quotient map having a complicated
dynamics. We introduce some notions which will be used below. Basic facts from topology can
be found, for example, in [9].

We consider a skew product F': I — I of interval maps, i.e. a map of the form

F(z,y) = (f(2),9:(¥), 9(y) =9g(z,y), (2;9) €, (1.1)
where I = I; x I3 is a rectangle in the plane, I; and I3 are segments. By (1.1), for any n > 1
F'(z,y) = (f"(%), 92n(v)),  Gan = gfr—1(z)©---© Gz (1.2)

A map g, where z is a periodic point of f (x € Per(f)) and n is its (least) period, will be
denoted by g.. Introduce the notation:

TO(I) (T*(I)) is the space of continuous (C'-smooth) skew products of maps of I with the
standard C%-norm (C'-norm),

CY(Iy), k = 1,2, is the space of C''-smooth maps of I, to itself,

C})k (I), k = 1,2, is the subspace of C'(I}) of maps ¥ € C'(I}) satisfying the condition of
the ¢-invariance of the boundary 0I} of I, i.e., ¥(01)) C O,
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CL(I}), k = 1,2, is the space of Q-stable in Cék (I) maps of Ij into itself.

Proposition 1.1 (cf. [10]). If f € CL(I1), then one of the following assertions holds:

(a) f is a map of type < 2°° (i.e., the set of (least) periods of periodic points of the map f
coincides with the set {2 zg ={1,2,...,2"} for some 0 < 1 < +00), where the nonwandering
set Q(f) is finite and consists of hyperbolic periodic points,

(b) f is a map of type = 2°° (i.e., there exists an f-periodic point x € Per (f) of period
n(x) ¢ {2'}is0), where the nonwandering set U(f) is the union of finitely many hyperbolic
periodic points and finitely many locally mazimal quasiminimal (i.e., maximal quasiminimal
sets in some its neighborhood) hyperbolic perfect nowhere dense sets.

The set CL(I1) is open and everywhere dense in 051)1 ().

Note that a map f € CL(I1) of type = 2°° has complicated dynamics on any locally maximal
quasiminimal set. In particular, such a set contains an everywhere dense subset of periodic
points with an unbounded set, continuum of other quasiminimal sets, continuum of minimal
sets, etc.

Let T1(I) be the subspace of T"(I) of skew products of interval maps with quotient maps in
Cl(1), equipped with the C'-norm. In this paper, we describe the nonwandering set of a skew
product of maps in T.}(I) with quotient map of type = 2°°. We use the technique developed in
[11]-[13] and based on the following multivalued functions:

the Q-function of a skew product F € T°(I), i.e., the function whose graph in the phase
space I coincides with the nonwandering set Q(F) of F,

the auwiliary function n, : Q(f) — 22 for the Q-function of a map F € T}(I), i.e., the
function defined for x € Q(f) by the equality n,(x) = Q(gsz,n), where Q(-) is the nonwandering
set and 22 is the space of closed subsets of I equipped with the exponential topology,

the suitable function 7, : Q(f) — 22, n > 1, to the Q-function of a map F' € T}(I), i.e., the
function whose graph in [ is the closure 7,, of the graph of the auxiliary function 7,.

Following [13], we represent the iteration F™ of a skew product F' € T°(I) in the form

F"=F,10F,, (1.3)

where
Fu(z,y) = (id(x), gz,n(y)); (1.4)
Foa(z,y) = (f"(x), id(y)) (1.5)

Here, id(x) and id(y) are the identity maps of I; and Iy respectively.

After we have introduced the auxiliary functions 7, (the suitable functions 7,,) for all n > 1,
we should move each point (z; y) € 1, or 7,, to the point (f"(x);y) by using the direct product
Fo1 (cf. (1.3)—(1.4)). In the natural way, we obtain the multifunctions 7, 1 : Q(f) — 22
(s : OF) = 25), 0 > 1, 50 that 1a,1(2) = (Fay1(50))(@) (a1 (2) = (Fao1(7,))(x)) for any
x € Q(f), where n, (7,,) is the graph of the corresponding multifunction in I and (F3,,1(n,))(z)
((Fn,1(7,))(z)) is the cut (the projection of the section to the Oy-axis) of the set F, 1(ny)
(Fy,1(7,,)) along a fiber over the point x € Q(f).

Let F € TX(I) be an arbitrary skew product of interval maps with quotient map of type
> 2°°. By Proposition 1.1 (b), the perfect part §2,(f) of the set (f) is nonempty. In this paper,
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we give a description of the nonwandering set of a map F' acting in the fibers over points in
Qp,(f). The possibility to solve this problem is provided by the decomposition theorem for the
space of skew products in T.}(I) with quotient maps of type = 2° in the union of four nonempty
pairwise disjoint subspaces T *1 j(I ), 7=1,2,3,4 (cf. [12, 13]). To describe these subspaces, one
uses the return times for the trajectories of points of the nonempty set €2,(f) in an arbitrary
neighborhood of each of these points. These return times for the trajectories of points of the set
Q,(f) are determined by periods of periodic points of fiq (r). We denote by 7(fq,(s)) the set of
(least) periods of periodic points of fi9,(r)- There are natural numbers m., n., and i, such that
for any i > i,
MMyl € T(f\Qp(f)) (1.6)
(we refer to [13] for details). We set
7 = munyai. (1.7)

Following [13], we introduce the following subspaces:

T*ljl(I ) is the subspace of skew products in T}'(I) with quotient maps of type = 2° that
have continuous auxiliary functions n; for all i > ¢* and some i* > iy,

T} ,(I) is the subspace of skew products that do not belong to T} ;(I) and have continuous
suitable functions 7« for all ¢ > ¢* and some " > i,

T} 3(I) and T ,(I) are the subspaces of maps in T, (I) such that a sequence of suitable
functions {7, }i>0 contains countably many discontinuous functions, but the Q-function of any
map in T*l’3(I ) is continuous, whereas the Q-function of any map in T*{ 4(I) is discontinuous.

Theorems on the structure of the nonwandering set of maps in T*17 1(I) (the result was an-
nounced in [14]) and in T} 5(I) are proved in Section 2. In Section 3, we describe the nonwan-
dering sets of skew products in the spaces T, 3(I) and T} ,(I).

2 Nonwandering Sets of Skew Products in 7} (I) and T} ,(I)

Let F belong to T}, (I) or T}5(I). In both cases, we use the same subsequence {l;};>,
l; = myn,i!, of the sequence of natural numbers {I}};>;« defined by the equality (1.7). The
natural number 3! for ¢ > 1 can be represented in the form

it=20024'() +1), j@) =0, () >1.
To avoid difficulties caused by the possible failure of the identity (cf. [15])

m*n* MM M 1
Qg Gy — gmene2 T kD))

we define the multivalued functions
3() 3()
ﬁ;z = U ﬁZ_'Ylﬂ ﬁ;“ 1= U ﬁ2—wli, 1 (21)
¥=0 ¥=0

on the nonwandering set Q(f) of f. The functions defined by (2.1) should be understood in the
following sense:

J(3)
7 T) = U ﬁrm(x)v 7711,1 U Ma- 712,1 vV x e Qf)
v=0
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Let Per,(f) be the set of periodic points in €,(f) (in view of [10], we have Per,(f) = Q,(f)),
and let Pery(f) be an arbitrary invariant everywhere dense in ,(f) subset of Per,(f) (possibly,
coinciding with Per,(f)). We use the notation (7;,)"" for the restriction of 7, on Per(f) and
its graph I as well. We set

*

@,,1)"" = ﬂi,1|Per;(f)X12((ﬁli)P )- (2.2)

In (2.2), we used the graphs of functions (7j;,)"" and (ﬁli,l)P*- We denote by Pery(f, n)
(Per,(f, n)) a finite set of points in Per,(f) (Per,(f)) whose (least) periods divide n € 7(fin,(s))-
For any ¢ > ¢* we use the restrictions of functions defined by (2.1):

(@)

—/ . _
milPer;(ﬁ L) U n2_7li|Per;(f,2—’Yli)7 (2.3)
v=0
3 (@)
~/ P* o — P*
(nli,l) |Pery (f,li) — U (772,”1_71) [Per(f,2-71,)" (2.4)
v=0

The equalities (2.3) and (2.4) are understood in accordance to (2.1) (cf. also [13, 14]).

We note that the sequence of natural numbers {i;, . .. 2_j(i)li}i>i* is a subsequence of {I7 }i>«.
Therefore, for any map F' in T*ll(l ) or T*l,Q(I ) the multivalued functions 7, are continuous
on the set Q(f) for every 0 < v < j(i), i > i*.

In what follows, it suffices to use the natural extensions 7" and 7% of n, and 7,1 on Iy
and f"(I7) respectively (in the case under consideration, Q(f) # I1). Then for all n > 1

sz(x) = Q(gx,n) Vaoel,
Mt (2) = (Fa1(07))(2) ¥ 2 € f(1h),
where 7% (z) means the value of the function n&* at the point z in the first identity and the

graph of the corresponding multivalued function in the second identity, whereas (F}, 1(n5"))(z)
is the section of the set F), 1(n5") along the fiber over the point x.

e
An important role will be played by the following functions defined on the set () f2 % (Iy):
v=0

n* l* 1= U 5= 1r, 10 (2.5)

where i = 270 (27 (i) + 1), 5(i) > 0, j/(z) > 1. The equality (2.5) is understood as follows:
3(3)

U772 V1 () Vae meW(I

=0

Theorem 2.1. Assume that F € T1 1(I) and Pery(f) is an invariant everywhere dense in

Q,(f) subset of the set Per,(f). Then the topological limit le (m, 1)P*|Per*(f ) exists and is
P e

independent of Pery(f); moreover,

ek

C |Q*(F) — LS ’I’]l 1 — LS (772“1)13*

1—+00 1—+00
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= zgligo (771,1,1)P*|per;(f7li) = U {«’L'} X Q(:qvm)a (2.6)
x€Pery(f)

T

where Q5 (F) = Q,(f) x I2, ¢ IO s the graph of the Q-function of the map ﬂgi?*) inl, .,
(7722_71)1)*, (niivl)P*|Per;(f, ) @re the graphs of the corresponding functions in I, z—P—Eoo (+)i is the
upper topological limit of a sequence of sets. Furthermore, the value CF™""" () of the Q-function
of the map F"™™ at any point x € ,(f) is defined by

C-Fm*n* (x) = i LS nf’f*n*iyl\Ulya.(z)’ (27)

1—+00

where Uy ¢, (x) is an arbitrary e;-neighborhood of the point x € Q,(f) in Iy and lim g = 0.

i—+-00
To prove Theorem 2.1, we need some auxiliary assertions.

Since the set Pery(f) is everywhere dense in €2,(f) and the functions 7, 1 are continuous for
i > i*, from (2.2) we obtain the following assertion.

Lemma 2.1. If F € T*171(I) and an invariant set Pery(f) is everywhere dense in Q(f),

then the closure (m;, 1)F" of the graphs of functions (m;,.1)"" in I coincides with the graph of the
function my, 1, 1 > 1%,

From Lemma 2.1, the properties of the closure of a finite union of sets (cf. (2.1) and (2.2)),
and properties of the upper limit of a sequence of sets, we obtain the following assertion.

Corollary 2.1. For an arbitrary map F € T*17 1(I) satisfying the assumptions of Theorem 2.1

the following equality holds:
Ls 771 1=, Ls (nfhl)l .
—+00

1——+00

For any ¢ > 4" we consider the set (7721 1)P i Let x be an arbitrary point in

[Pery (f,1:)°
Per(f, 2771;) for some 0 < v < j(é). Then a unique preimage of x under the map (f‘per;(f))li
commdes with z. Using this property and the identities (2.2), (2.4), we find
/ P* _
O, 1) pers 7, = ey 1. (2:8)
Lemma 2.2. Let the assumptions of Theorem 2.1 be satisfied. Then the topological limit

Lim (0, ) o . exists and is independent of the choice of the set Per)(f); moreover,
1——+00 © |Perp(f7 ll) p

; P _ ~
zglféo (n's,,1) Per’ (f,1:) — U {z} x Q(ga)- (2.9)
x€Pery(f)

Proof. By (2.8), it suffices to consider {n’li‘Per*(f l-)}i>i*' Since ; = m*n*i!, from (2.3) we
4 R

find

/ /
n li|Pery (f,1;) cn li+1|1;>er*(f7 lis1)’ (2.10)

which implies the existence of the topological limit le "', (Pers (£,1:) and the equality

Lim n/li‘Per;(f’li) — U {x} X Q(§m>

i—+00
x€Pery(f)
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By (2.8), the topological limit -Li}rn (', )" exists and the equality (2.9) holds. Since
i—4-00 ’

|Pery (f, 1)
Per)(f) is everywhere dense in Per,(f) and Per,(f) is everywhere dense in €,(f) (cf. [10]), from

(2.9) it follows that the topological limit LiJrrn (', )" is independent of the choice of
1—+00 ’

IPer;(fv lz)

the invariant set Per)(f) and coincides with PU (f){:v} X Q(gz). O
xzcPerp

Lemma 2.3. Let the assumptions of Theorem 2.1 hold. Then

/ P _ 1 / P
s O, 07 = Lm0 pes g4, (2.11)
Proof. Since for any ¢ > ¢*
(n;i,l)P \Per;(ﬁ 1) C (n/li,l)P ) (212)
we have
: / P* / *
- .
Lim ()" pers (0 S, 18 (0,0 (2.13)
We prove the inverse inclusion
Ls (0, )" € Lim (n7,)" (2.14)

i—+400 1—+00 [Pery(f,1:)°

Indeed, let (z;y) € Ls (0, ;1) be an arbitrary point, i.e., there exists a sequence of points
i—+ v

(zi,, yi,) € (', ,1)7" (v = 1) converging to (z; y).

Using the compactness of I, we apply the Bolzano—Weierstrass lemma to the sequence of
sets {(n';, | DF Y51 (if it is not converging). From the above sequence we extract a converging
subsequence {(n';, 71)P “1s>1 (the limit of this subsequence can be the empty set). Lemma 2.2
and (2.12) imply w

Lim (g, )" #@, (z;y)€ Lim (o, )7

s—+o0 = Viy(s)’ 1 s—+oo  tu(s)’ 1
We fix ¢ > 0. By the Cauchy criterion, for any € > 0 there exists sg > 1 such that for any
/ !
s, 8" = sg

distr((mg, 07O, )7 <e (2.15)

ZV(S/)71 liy(s//)z
where dist; is the Hausdorff metric in the space of closed subsets of I.
Let s > so. Then (zi,,, ¥i,,) € (n’liu<s>71)P*. By the choice of {l;}i>*,

+oo
Pery(f) = | J Peri(f. ).

Therefore, for any s > sg there exists s’ > s such that
miu(s) € Per;(f’ liu(s/))' (216)

Using the uniform continuity (with respect to the Hausdorff metric disty, in the space of closed
subsets of I3) of the functions 7, 1 on the compact set Q,(f), for any € > 0 we can find

0 < §(s’) < e such that for any 2/, 2" € Q,(f), |2/ — 2" < o(¢),

distra (i, (@), (@) << (2.17)
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By (2.15), there exists a point (2, y') € (7, </)71)13* such that |z;,,, — 2| < d(s') < e and
|Yi,.y —Y'| <e. Using (2.17), we find a point (z;,, ¥") €n;, | such that |y —y'| <e. We set
(s’

=, and y" = Yi - BY (2.16), we have (z;
(s")’ |Per*(

Ly (s)

v(s

o)
(s
s gm (xly( )2 yzy(s/>) and (CC y) € Zle (771 1) |P0r (f l)
view of Lemma 2.2. The inclusion (2.14) is proved. From (2.14) and (2.13) we obtain (2.11). O

Yive) = iy | < 26. Thus, (2,y) =

Lemma 2.4. Let the assumptions of Theorem 2.1 be satisfied. Then

Fm*n* «
Q5 (F) — P
¢ = Lm0 0)™ pers 1,1 (2.18)
Proof. By Lemma 2.2,
: / P* F|TSV2L:ZLF*)
zgl—ll—go (7711-, 1) [Per (f,1:) - C LA (219)
We show the opposite inclusion
F’m:n* .
¢ ¢ Lim (n], 1)P (2.20)

i——400 |Per;‘,(f, L)

For this purpose we show that for points (z,y) € Q5 (F') such that (z,y) ¢ zglféo (n{i’l)P (Pert (£. 1)
p v Y1

TR

we have (z,y) € ¢ Fiagcr Indeed, let a neighborhood U((w,y)) of a point (z,y) € ,(F) and a

neighborhood U(L*) of the closed set L* = Lim (] )77 . be such that
’l—)-‘rOO v |P6I'p(f7 ll)

U((z,y) (VUL =
Then U((z,y)) can intersect only a finite number of sets of the sequence {(772Z DE Per® (/.1 )}i%*
’ erp 3 bg

Using Corollary 2.1 and Lemma 2.3, we choose a neighborhood U’((z,y)) C U((x,y)) of (x,y)
that does not intersect any set of the above sequence and any set of the sequence {1}, 1 }izi+-

It can happen that Flas( F)fm*”*z(U "((z,y))) = @ for some i >4 for the complete preimage
of order myn.i of a neighborhood U’((z,y)) under the map Fias(r)- Then for all i > i

J

U'((z,y)) N ﬂﬂ;(F)_m*n*i(U/((x,y))) =2, (z,y)€C Flogr)

Let F]Q;(F)_m*"*i(U’((a:,y))) # @ for all i > i*. Then (Fli’l‘Q*(F))*l(U’((x,y))) is nonempty
P
and open in Q(F'). By the choice of the neighborhood U’((x,y)), this set does not intersect 7,
for any ¢ > ¢* and, consequently, consists of wandering points of each map Fj, §|Qx (F)- Therefore,
P

by the continuity of n; , for i > ¢* there is a universal neighborhood U"((z,y)) = U{ (z) x U3 (y),
U'((z,y)) CU'((x, )) of the point (x,y) such that

(Fi s gy)” (0" (@) () Fuagr (B gye) O (@) = 2. (2:21)
We apply the map £, 1,q. g to both sides of (2.21) and use formulas (1.4), (1.5). Then for all
P
2" € Q(f) N fTHUY (2)), 2" = fli(a") (o € Q2 (f) x Ul (x)), i =i,

4 y) ﬂgax,” 2l; (Uél mgx’ l; U2 =

Hence (z,y) € ¢ Fiajee) Thus, we have (2.20) which, together with (2.19), implies Lemma 2.4. [
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Lemma 2.5. Let the assumptions of Theorem 2.1 be satisfied. Then the equality (2.7) holds.

Proof. Let us verify that for any x« € Qp( 1)
61" Fm*n*
S i, L © 6 @) (2.22)

T % TV %

Wehave Ls 5] ; = %5 C ¢F™" . Therefore, we assume that theset Ls 7
i——4oo0 Y 3

ex’ \
* * g
i—too T Z’1|U1,si(gﬁ)

Ls n, ; is nonempty. We prove (2.22) for points

i——+00

(:L’,y)G Ls ﬁﬁf*n*mwl’ai(x)\ Ls n;i,l? (2'23)

1—+00 1—+00

where z € Q,(f) and {¢;};>i~ is an infinitely small sequence of positive numbers. We show that
for any neighborhood U.((x,y)) of a point (z,y), x € Q,(f), in I there exists a natural number
r =r(e) and a point (z,, y,) € Us((x,y)) such that for some j = j(r)

(l'ra yr)a Fm*n*j(xm yr) € UE((Z‘,y)) (2'24)

Indeed, by [10], Q,(f) is a perfect nowhere dense invariant hyperbolic set such that there are
a = a(f) > 0and ¢ = ¢(f) > 1 such that |(f™(x))| > ac™ for any z € Q,(f) and n > 1.
Therefore, there exists ¢ > i* such that

inf {|(f'(2))']} > 1. (2.25)

2€Qp(f)

Using the inequality (2.25) and Cl-smoothness of f, we find a neighborhood Uy (€,(f)) of the
set Q,(f) such that for all & > 1

(i, (0) PO ())) € Ur((f))- (2.26)
By (2.26), for k = m*n*i we have

“+oo

N Ui m) ™ ™ (U (1))

i=*

= Tim (fivso,m) " " (UHQ())) = plf)- (2.27)

i—+00
Using (2.23) and (2.27), we find a sequence {(zi,, ¥i,)}r>1 converging to (z,y) and such that
Zi,. ¢ Qp(f)v

zi, € (fra, ()™ ™ (UL (), wi, € 15 (3,). (2.28)

* *_. .
(m*n Z)/LT71|U1751'7.

By the uniform continuity of F™ ™" on Ui(Q,(f)) x I with respect to € > 0, there exists a
positive number ¢ such that for any (2/, y/'), (z,” v") € Ur(Qp(f)) X L2, |2/ — 2", |y —y"| <4,

* oo k7 * )k g
|fm " 7’(']“,) - fm " Z($/,)|7 |gz”m*n*;(y/) - gx’”m*n*z(y”” <3

5 (2.29)

For the sake of definiteness, we assume that the first and second inequalities in (2.29) are valid
only for § < ¢/3 (for any € > 0). For 6 > 0 we find ¥ > 1 such that (v;,., y;,) € Us/3((z,y))
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for all » > 7, where Uj/3((,y)) is a §/3-neighborhood of the point (x,y) in I. By the second
relation in (2.28), we have y;, € Q(gz,  k(r)), Where k(r) = 277 (m*n*%)iy, iy = 290025 (r) 4+ 1)
Ger) =0,7(r) = 1), 0 <~(r) <7 (r) (cf. (2.5)). Using (1.6), we choose a sufficiently large
number 7 > 7 such that a J/3-neighborhood Uj 5/3(x) of the point = in I; contains a periodic
point = with the (least) period m(Z) that is a divisor of the number k(r), multiple to m*n*i.
Moreover,

- 2
|z, — 2| < §(5 < 0. (2.30)
By the choice of z, for any y € I» we have Fj, (z,y) = F:l((%/m(f)(x,y) (cf. (1.4)). Since
Yir € UG, k(r)), in any neighborhood Us ¢(y;,) (0 < 6 < 0/3) of the point y;, in I there is a
point y; such that for some ¢ = ¢(0), ¢ > 1,

ggiT,k(r) (y;r) = Yir (2'31)

(cf. [16]). By (2.29)—(2.31) and the inequality 0 < £/3, there exist segments of the negative
semitrajectories of the points (z;,, v;,.) and (Z, y;,) relative to Fj, that consist of preimages of
these points of order up to ¢ and approximate each other up to £/3.

Let a point y;, € Is be such that g%k(r) (%i,) = vi, and |y; — i, | <e/3. Since |y; —y;,| <0
and |y;. — y| < &/3 simultaneously, we have |y;. — y| < e. Thus, (z, y;,) € U:((x,y)) and
Fka(z, ;) = (7, yi,) € Us((2,9)), Le., (2.24) holds for (2, y») = (7, 7;,) and j = 277ii.q.
Consequently, (z,y) € CFm*n* and (2.22) is proved.

As in the proof of Lemma 2.4, we verify that for any « € Q,(f) the opposite inclusion to
(2.22) holds,¢F™ " (x) LsOo nﬁfln*le (@) which implies (2.7). Lemma 2.5 is proved. [

Proof of Theorem 2.1. The equalities (2.6) follow from Lemmas 2.1-2.4 and Corollary 2.1.
The equality (2.7) is established in Lemma 2.5. O

We note that Theorem 2.1 fails for maps in T,}’Q(I ).

We introduce the notion of weakly nonwandering points with respect to the family of fiber
maps, which generalizes the definition in [6].

Definition 2.1. A point (z,y) € I is weakly nonwandering relative to the family of maps
acting in the fibers over points of a set A C Ij of the skew product of F' € T°(I) if z € Q(f) (N 4,
and for any neighborhood U.((z,y)) = Ui, c(x) x Uz <(y) of (z,y) in I there exists a point
(2e, ¥e) € Us((x,y)), z- € A, and a natural number ¢ = i(e) such that g, i(y:) € Us c(y) for
fi(ze) € Uy ().

We note that for any 1 < j < 4 there exists a skew product F; € T, *1 j(I ) possessing weakly
nonwandering points with respect to the family of maps acting in the fibers over points of Iy,
but nonwandering with respect to the family of maps acting in the fibers over points of Q(f).

Theorem 2.2. Assume that F € T*{Q(I) and the set Pery(f) is the same as in Theorem 2.1.

Then the topological limit ALi}_n (7, 1)P* exists and is independent of Per)(f); moreover,
i—+00 v

[Pery (f,1:)
Floz (i =/ —1 \P*
¢ " = Ls m,, 1~ . Ls (7711',1)
1—>+00 1—+00
_ . —/ P* _ ~
- zgligo (7712, 1) Per’(f,1;) U {z} x BQp (92), (2.32)

x€Pery(f)
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where CF‘QZ(F)? ﬁi-,l’ (ﬁ;i,l)P*7 (ﬁ;i,l |per;;(f7 1;)
in I, Bq,(gz) is the set of points y € Iz such that any point (z,y) is weakly nonwandering with
respect to the family of maps acting in the fibers over points in Q,(f). Furthermore, the value
¢ (@) of the Q-function of the map F™ ™ at any point x € Q,(f) is defined by the equality
(2.7) for arbitrary neighborhoods Uy ¢, (x) of v € Q,(f) in I, where i lim &; =0.

—+00

)i are the graphs of the corresponding functions

To prove Theorem 2.2, we need a number of auxiliary results.

Lemma 2.6. Assume that F € T, ,(I) and the set Pery(f) is the same as in Theorem 2.1.

Then
Ls 7,1 = Ls ()" (2.33)
1—+00

i——+00

Proof. We verify the identity
(T, ) =1 (2.34)
Since F' € T*17 5(I), the functions 7, ; are continuous for any i > i*. We choose a number i > i*, a
point (z; y) on the graph 7. ;, and a rectangular e-neighborhood U, ((7; y)) = Uy, () X Us, < (y
of (z;y) in I. To prove (2.34), it suffices to verify that

@, )" (U=((z3 ) # 2. (2.35)

Indeed, by the uniform continuity of Fj, 1 (cf. (1.5)), for € > 0 there exists 0 < ¢; < € such that
for any (2/;/), (2";y") € I, |2/ = 2"|, |y — y"| < &,

(") = (2" < e (2.36)

(the inequality |id(y") — id(y")| = |y — y"| < € is valid by the choice of §;).
By the uniform continuity of the fitting function 7;, on the compact set €2,(f), for J; > 0
there exists 0 < 9; < §; such that for any 7, T’ € Q,(f), [z — 7| < 9,

distr, (7, (Z)., 7, (&) < . (2.37)

Since the point (x; y) lies on the graph of the function 7, 1, by the definition of 7;, ;, there is
the preimage (T; y) of the point (z;y) (under the map Fj, 1) such that T € {(f‘Qp(f))_li ()},
y € 7;,(T). Since the set Pery(f) is everywhere dense in €,(f), for the point 7' such that
|T —Z'| < ¥; we take an arbitrary point in Pery(f) lying in the ¥;-neighborhood of the point 7.
Using (2.37), we find a point 3’ € 7;,(Z') such that |y —¢'| < 6;. Weset 2/ =7, 2" =7, y" = 9.
Since ¥; < 6;, from (2.36) it follows that Fj, ;(2’, v') € U-((x; y)). By the choice of the point
7', we have Fy, 1(2/, y') € (1, )" (here, (7;, ;)" is the graph of the corresponding multivalued
function). Thus, the inequality (2.35) and, consequently, the equality (2.34), is proved.

By (2.1)-(2:2) and (2.34), we have (77, 1) =7, ;. Taking into account properties of the
upper topological limit of a sequence of sets, we obtain (2.33). ]

The following assertion is proved in the same way as Lemmas 2.2-2.4.

Lemma 2.7. Let the assumptions of Theorem 2.2 be satisfied. Then the topological limit
Lim (7, ) o . exists and is independent of the choice of the set Per}(f) and
1——+00 v |Perp(f7 ll) p

*

105(F) — 7 ) = Lim (7, )
¢ " = Ls (nli,l) = Lim (nli’l) |Pers(f, 1)

1—+00 1——+00
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Corollary 2.2. Under the assumptions of Theorem 2.2, the following equality holds:

Lim (ﬁlli,l)P*|P0r;(f, 1) = U {IE} X BQP (gx) (238)

i——400
z€Pery(f)

Proof. It suffices to verify that for any x € Perj,(f, l;), i > i*,

M, (x) = Ba, (Jz)- (2.39)
Let y be an arbitrary point of the set Bq, (g:). By Definition 2.1, we have (z,y) € ¢ 'Qi(;). Using
Lemma 2.7 and the results of [13], we find a strictly increasing sequence of natural numbers
{i(k)}r>1 and for every k > 1 converging to (z,y) the sequence of points {(x,(k),yn(k))}n>1
such that (z,(k),yn(k)) € (n’li(k)?l)P*. Moreover, the sequence of (least) periods of points
wy(k) € Perj(f) is not bounded [10] (with respect to n for every k > 1). Using Lemma 2.7, we
find a sequence of natural numbers {i’'(k)}r>1 (¢'(k) > i(k)) and converging (for every k > 1) to

*

(,y) sequence of points {(zn(k), yp,(k))}n>1 such that (zn(k), y, (k) € (0, )" :

|Pery,(f,1;(k))
By (2.8), (zn(k), y,,(k)) € (n,li’(k>)P*|P ) Therefore, Bq, (gz) C 7). (). At the same time,
we have 7 () C Bq,(g). Hence (2.39)pholzds7 which implies (2.38). O

Proof of Theorem 2.2. The equalities (2.32) follows from Lemma 2.6, 2.7 and Corol-
lary 2.2. The equality (2.7) for an arbitrary map F' € T*I’Q(I ) is established in the same way as
in Lemma 2.5 for F' € T*l’ 1(I). Theorem 2.2 is proved. O

We note that Theorem 2.2 fails for skew products in T} 5(I) and T, ,(I).

3 Nonwandering Sets of Skew Products in 7} 5(I) and T} ,(I)

Let F be an arbitrary skew product of interval maps in T} 5(I) T} 4(I), and let {1 }e=1
be a subsequence of all discontinuous functions of the sequence {ﬁl;,l}i2i*~ We derfote by
Sa(M= 1) the set of points of discontinuity (of the first Baire category) of the upper semi-
continuous function M 1 (k> 1) and by Sc(7;=) (Se(Tyx 1)) the set of points of continuity (of
the second Baire categ(fry) of the upper semicontinuous multivalued function iz (ﬁl? 1) (@ =d*).
If a point z € Q,(f) is such that {(fmp(f))*lf(x)} C Se(m:), where {(fmp(f))*lf(x)} is the
complete preimage of the point x under the map (f|q, f))l? (consisting of finitely many points
for any map f € CL(I1)), then = € Se(7; 1)

We construct the set of continuity p(gints of all functions 7 1 (i > *) which is independent

of 4. For this purpose we introduce an everywhere dense in €,(f) nonempty set of the second

Baire category
+oo  +o0

Se.pry = () (N Gioy) ™ PE N Selm))

i=i* r=0

where [ = 0, [T = " = myn., (f|gp(f))7l: (P(f")) is the complete preimage of order [ under
the map fiq,(s) of the set P(f'") of nonperiodic Poisson stable points of the map f!". By the
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definition of the set S p(s), the fV-trajectory of an arbitrary point x € S, p(f) (denoted by
O(z, f'')) belongs to Sc(Myx 1) for any i > i*. We set

Ss= U 0@ M)

TES., p(f)

Theorem 3.1. Let F € T} 5(I) T} 4(I). Then

F * ok
C1BE = Ls 7= Ls 7 U Ls 0«
istoo 1 k—>+oomik’1\sd(ﬁﬁ ) ihoo 01|88
i’

)U U {z} x Bg: (92),

x€Pery (f)

*

Ls 7
koboo Sy
1k

* ok

Fm*’n —
where ¢ 15U ey
k ‘Sd(”h;.*kg)

in I and Bgsx(g.) is the set of points y € Iy such that each point (x,y) is weakly nonwandering

, ﬁ”vHS* are the graphs of the corresponding multivalued functions

with respect to the family of maps acting in the fibers over points of S;. For any point x € Q,(f)

and a neighborhood U, ., (x) such that ‘ligl g; = 0 we have
1—+00

CFm*n* (x) = Ls

: .
istoo MU, (@)

moreover, if F € Tj’3(I), then

¢ = A=} x Buya(ry Ga),
z€Per (f)

where By, (q,(f))(9z) 18 the set of points y € Iz such that each point (z,y) is weakly nonwandering
with respect to the family of maps acting in the fibers over points of an arbitrary neighborhood
Ur(Qp(f)) of the set Q,(f) in I;.

The proof of Theorem 3.1 is based on the same ideas as the proof of Theorems 2.1 and 2.2.
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