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IDEMPOTENT ELEMENTS OF THE SEMIGROUP By (D)
DEFINED BY SEMILATTICES OF THE CLASS ¥,(X,8)

N. Tsinaridze, Sh. Makharadze, and N. Rokva UDC 512.53

ABSTRACT. A complete semigroup of binary relations is defined by semilattices of the class X2 (X, 8).
A description of idempotent elements of this semigroup is given. For the case where X is a finite
set and Z7 N Zsg # @, formulas are derived by calculating the number of idempotent elements of the
semigroup.

1. Let X be an arbitrary nonempty set, D be an X-semilattice of unions, i.e., a nonempty set of
subsets of the set X that is closed with respect to the set-theoretic operation of unification of elements
from D, and f be an arbitrary mapping from X into D. To each mapping f, a binary relation o on
the set X corresponds; it satisfies the condition

ap = J ({z} x f(x)).
reX

The set of all such ay (f : X — D) is denoted by Bx (D). It is easy to prove that Bx(D) is a
semigroup with respect to the operation of multiplication of binary relations and we call it a complete
semigroup of binary relations defined by an X-semilattice of unions D.

We denote by @ an empty binary relation or an empty subset of the set X. The condition (z,y) € «
will be written in the form xay. Further, let

zyeX, YCX, a€Bx(D), TeD, @#DCD, teD=[]Y
YeD
Then we introduce the following sets:
ya={z € X |yaz}, Ya= U ya, V(D,a)={Ya|Y € D},
yey
X*={T|o#+TCX}, D={ZeD|teZ},
Yi={reX| za=T}.
We use the symbol A(D, D;) to denote the exact lower bound of the set D’ in the semilattice D.

Definition 1.1. Let ¢ € Bx (D). If coe =c or voe = a for any a € Bx(D), then ¢ is called an
idempotent element or a right unit of the semigroup Bx (D), respectively.

Definition 1.2. We say that a complete X-semilattice of unions D is an XI-semilattice of unions if
it satisfies the following two conditions:
(a) A(D,Dy) € D for any t € D;

(b) Z = tUZ/\(D, Dy) for any nonempty element Z of D.
€
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Definition 1.3. Let D be an arbitrary complete X-semilattice of unions, a« € Bx (D). If
V(X*, ), if ¢ D,
Via] = { V(X*, q), if &€ V(X" a),
V(X*,a)u{g}, ifa¢V(X* a)and @€ D,

then it is obvious that any binary relation « of the semigroup By (D) can always be written in the
form
a= |J (v#x1).
TeV(a]
In the sequel, such a representation of a binary relation « is said to be quasinormal.

Note that for the quasinormal representation of a binary relation c, not all sets Y (7" € V[a]) may
be different from an empty set. For this representation, the following conditions are always fulfilled:
(a) YANYR = forany T,7" € D and T # T';

(b) X= U Y/
TeV (o]

Definition 1.4. Denote by the symbol X4 (X, D) the set of all XI-subsemilattices of the X-semilattice
of unions D. Every element of this set contains an empty set if @ € D or is the set of all XI-
subsemilatices of D.

Further, let
D,D' € ¥(X,D), vJx1C Z(X,D) x ¥ (X, D).

Assume that D9x;D’ if and only if there exists a complete isomorphism ¢ between the semilattices
D and D'. One can easily verify that the binary relation ¥xj is an equivalence relation on the
set X4 (X, D).

Further, if @ is an XI-subsemilattice of unions, then the symbol QvYx1 stands for the Jx-equivalence
class of the set ¥4 (D), where for each of its elements there exists a complete isomorphism on the
semilattice Q.

2. We denote by the symbol ¥5(X,8) the class of all X-semilattices of unions, every element of
which is isomorphic to an X-semilattice of the form

D = {Z77 Z67 Z57 Z47 Z37 Z27 Zl7 D}J

where . y y .
ZgC21CD, Z4CZlCD, Z4CZQCD, Z5CZQCD,

Z6 CZsCZyCD, ZsCZyCZiCD, ZsCZyC ZyCD,
Zi CZyCZyCD, ZyCZyCZoCD, ZiCZsC ZyC D,
Zy\Zy # B, Zo\Z1# D, Z3\Zy#D, Zy\Z3+# O,
Zs\Zs #+ D, Zs\Zs# D, Zy\Zs #3, Z5\Zy# D,
Ze\ Z7 # D, Zi\Zs# .
The semilattice satisfying conditions (1) is shown in Fig. 1. Let
C(D) = {Py, Py, Py, Ps, Py, Ps, Py, Py}

be the family sets, where Py, P1, P», P35, Py, Ps, Ps, and Pr are pairwise disjoint subsets of the set X
and

D Zy Zy Zs Zy Zs Zs Zn
P P P P P P B F
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is the mapping of the semilattice D on the family of sets C'(D). Then the formal equalities of the
semilattice D are written in the form

D=PUPLUP,UP;UP,UP;UP;UP;
Z1=PyUP,UP;UP,UPsUPsU P,
Zo=PyUP,UPy;UP,UPsUPsU P,
Zs=PyUP,UP,UP;UPsU Px,
Zy=FPyUP;UPsUP;U P,
Zs=PFPyUP,UP;UPyUP;U Py,
Zg=PFPyU Ps U Pr,

Z7=PyUPyUP;.

Here the elements Py, P», P3, and P5 are basis sources and the elements Py, P;, Ps, and P; are
completeness sources of the semilattice D. Therefore, | X| > 4 and § = 4.

Fig. 1.

Lemma 2.1. Let D € ¥5(X,8), |X2(X,8)| = s and | X| >0 > 4. If X is a finite set, then
1
3:2-®”—48”+67"—4ﬁ”+yﬁ

Example 2.1. Let n =4, 5,6, 7, 8,9, or 10. Then
s =24, 840, 17760, 147000, 2099412, 27156780, 327284760

and
|Bx (D)| = 4096, 32768, 262144, 2097152, 16777216, 134217728, 1073741824.

We are going to find all subsemilattices of the semilattice D.
Lemma 2.2. Let

D = {Z7, 2, Zs, Z4, Z3, Zo, Z1, D} € o(X,8), Z7N Zs # @.
Then the following sets erhaust all XI-subsemilattices of the considered semilattice D:
(1) {D}, {21}, {Za}, {23}, {24}, {25}, {ZsY, {Z7} (see diagram 1 in Fig. 2);

(2) {Z7,Z5}, {Z77UZ4}; {Z7,Zg}, {Z7721}; {Z77Di}; {26724}} {Zﬁvz%}; {26722}; {Zﬁvz}}} {ZG7D}}
{25722}7{257D}} {Z47Z2}} {Z4,Z]_}, {Z47D}} {Z37zl}} {Z37D}} {Z27D}} {Zl7D} (866 dia-
gram 2 in Fig. 2);

(3) {Z77257ZQ}; {Z77257?}7 {Z7JZ4JZQ}7 {Z7JZ4JZul}7 {Z77Z47ﬁ}} {Z77Z27-?}} {Z7,Zl,.?},
{267247%2}; {Zﬁaz4auD}} {Zﬁvz{%v Zl}) {ZﬁauZ%D}; {ZG7Z3721}; {ZG7Z37D}; {Zﬁysz}}
{Z5,Z5,D}, {Z4,Z5,D}, {Zy4,Z1,D}, {Z3,Z1,D} (see diagram 3 in Fig. 2);
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(4) {Zz,Zs, Z2, D}, {Z1, Z4, Za, D}, {Z1, Z4, 71, D}, {Zs, Z4, Z2, D}, {Zs, Z4, Z1, D}, {Zs, Z3, Z1, D}
(see diagram 4 in Fig. 2);

(5) {27, 25,24, 25}, {Z7,Z5, 21, D}, {Z1, Z9, 21, D}, {Zs, Za, Z3, Z0}, { Zs, Z3, Za, DY}, {Zs, Za, Z1, D},
{Z4,Z5,2Z,,D} (see diagram 5 in Fig. 2);

(6) {Z7, 24, Zo, Z0, DY, {Zs, Z4, Zo, Z1, DY} (see diagram 6 in Fig. 2);
(7) {Z7, Z5, Z4, Zo, DY, {Zs, Z4, Z3, Z1, DY} (see diagram 7 in Fig. 2);
(8) {Z7,Zs, Zs, Za, Z1, DY, {Zs, Z4, Z3, Zo, Z1, D} (see diagram 8 in Fig. 2).
Lemma 2.3. Let
D ={Z7,Z6, 25, Zy, Z3, Zo, Z1, D} € $9(X,8), Z:NZs=0, ZiNZs#D, Z¢NZs+D.

Then the semilattices from Lemma 2.2 and the following sets exhaust all XI-subsemilattices of the
considered semilattice D:

(1) {Z+,Zs, Z4} (see diagram 9 in Fig. 2);
(2) {Z7,%Z6,Z4,Z2}, {Z7, Zs, Z4, Z1 }, {Z?,ZG,Z4,b} (see diagram 10 in Fig. 2);
(3) {Z7, Zg, Za, Zo, DY, {Z1, Zs, Za, Z1, DY} (see diagram 11 in Fig.2);
(4) {Z7, Zg, Za, Za, Z1, DY (see diagram 12 in Fig. 2).
Lemma 2.4. Let
D ={Z7,Z6, 25, Zy, Z3, Zo, Z1, D} € $9(X,8), Z:NZs=0, ZiNZs=0, Z¢NZs+D.

Then the semilattices from Lemma 2.2 and the following sets exhaust all XI-subsemilattices of the
considered semilattice D:

(1) {Z+,Z3,Z1} (see diagram 9 in Fig. 2);
(2) {Z7, 23, Z1, D} (see diagram 10 in Fig. 2);
(3) {Z7,%Z6,Z4, 73,71} (see diagram 13 in Fig. 2);
(4) {Z7, Zg, Zs, Z3, Z1, DY (see diagram 14 in Fig. 2);
(5) {Z7,Zg, Za, Z3, Zo, Z1, D} (see diagram 15 in Fig. 2).
Lemma 2.5. Let
D ={Z7,Zg, 25, Z4, Z3, Z9, Z1, D} € 59(X,8), ZiNZs=0, ZsNZs=0, ZiNZ3#D.

Then the semilattices from Lemma 2.2 and the following sets exhaust all XI-subsemilattices of the
considered semilattice D:

(1) {Zs, Z5, Zo} (see diagram 9 in Fig. 2);

(2) {Zs, Zs, Zo, D} (see diagram 10 in Fig. 2);

(3) {Z+7,Zs, Z5, Za, Zo} (see diagram 13 in Fig. 2);

(4) {Z7, Zs, Zs, Zy, Zo, DY} (see diagram 14 in Fig. 2);

(5) {Zz, Zs, Zs, Zy, Za, Z1, D} (see diagram 15 in Fig. 2).

Lemma 2.6. Let

D= {27,26,25,24,23,22,21,D} €X9(X,8), ZiNZs=9, ZNZ3s=0, ZsNls=Q, ZsNZ3+ .

Then the semilattices from Lemmas 2.4 and 2.5 are XI-subsemilattices of the considered semilattice D.
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Lemma 2.7. Let
D = {Z7, Zs, Zs, Z4, Z3, Za, Z1, D} € 9(X,8), ZsNZ3= 2.

Then aoll semilattices from Lemma 2.6 and the following sets exhaust all XI-subsemilattices of the
considered semilattice D:

(1) {Zs, Z3, D} (see diagram 9 in Fig. 2);

(2) {Zs, Zs, Z3, Zo, D}, {2z, Zs, Z3, Z1, D} (see diagram 13 in Fig. 2);
(3) {Z7,ZG,Z5,Z4,23,Z2,21,D} (see diagram 16 in Fig. 2).

3.

Lemma 3.1. Let

D = {Z7, Zs, Zs, Z1, Z3, Za, 71, D}.
If the equality Zs N Z3 = @ is fulfilled, then the following equalities are valid:

Py=277, Ps=12s, Py=273\2y, P1=275\2.

Theorem 3.1. Let

D = {Z7, Zs, Zs, 71, Z3, Za, 71, D}.
If the equality Zs N Z3 = @ s fulfilled, then the binary relation

e = (Zr x Z7) U (Zs x Zs) U ((Z5 \ Z1) x Z5) U ((Z3\ Z2) x Z3) U ((X \ D) x D)

is the largest right unit of the semigroup Bx (D).

Lemma 3.2. Let
D = {Z77Z67Z57Z47Z37Z27Z17D}

be an XI-subsemilattice of the X-semilattice D. The binary relation o having a quasinormal represen-
tation of the form
a= (Y7 x Z7) U (Ys x Zs) U (Y x Zs) U (Y[ x Zy)
U (Y x Z3) U (Y x Zy) U (Y % Z1) U (YE x D),
where Y2, Y&, Y&, Y ¢ {@}, is a right unit of the semigroup Bx (D) if and only if the binary
relation « satisfies the following conditions:
Y7a D Zy, }/604 D Zg, Y7a U Y5a D Zs, }/604 U }/3& D Zs,
YoNZs #2, Y3INZ3 #@.
Theorem 3.2. Let
D = {Z77 Z67 Z57 Z47 Z37 Z27 Z17 D}
and Egg) (D) be the set of all right units of the semigroup Bx (D). If X is a finite set, then the following
formula holds:
\Egg)(D)| = (21%\Al _ 7). (2%\%2l _ 1) . glX\DI,

We denote by Q;, i =1,2,...,16, the following sets:
(a) Q1 ={T}, where T € D (see diagram 1 in Fig. 2);
(b) Q2 ={T,T'}, where T, 7' € D and T C T" (see diagram 2 in Fig. 2);
(¢) Qs ={T,T",T"}, where T, T/, T" € D and T C T' C T” (see diagram 3 in Fig. 2);
(d) Qu = {T,T', 7", D}, where T,T',T" € D and T ¢ T’ C T” C D (see diagram 4 in Fig. 2);
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e = U where € C C an 1) 1)

(e) Qs = {T,T",T",T' UT"}, where T,T",T" € D, T C T", T C T' and T'\T" # @, T" \ T’ #
(see diagram 5 in Fig. 2);

6 = M 47 ) ) D M w ere e 77 6 ) M e 27 l M See iagram in ig' ;

f) Q T,Z4,2,7Z', D here T € {Z7, Zs}, Z, 7' € {Zy, 71}, Z #+ 7' d 6 in Fig. 2

(&) Qr = {T, T/, 7", T'UT",D}, where T,T',T" € D, T C T, T CT" and T'\ T" £ @, T\ T' # &
(see diagram 7 in Fig. 2);

(h) QS = {TvT/7Z4>Z4 UT/>Zvl§}7 where T' € {Z7>Z6}7 T € {Z5>Z3}7 Z4 UT/> Z € {Z2azl}7
ZyUT £ Z, TCT and T'\ Zy # &, Z4\T/7'é g, (Z4UT/)\Z7'é g, Z\(Z4UT/) # & (see
diagram 8 in Fig. 2);

1 9= , 171U , where 1,1" € D, J, < an N = J (see diagram Y 1n

(i) Qo= {T,T", TUT'}, where T,T' € D, T\T' # @, T'\T # @ and TNT' = & (see diagram 9 i
Fig. 2);

() Quo = {T. T/, TUT, T"}, where T,T',T" € D, T\T' # @, T'\T # &, TNT' = @ and TUT' C T"
(see diagram 10 in Fig. 2);

11 = 147,26, 24, ,u,were € {42, 21} and Z7y N Zg = & (see diagram 11 in Fig. 2);

k) Q VAN here Z € {Z5, 7 dZ;NZ d 11 in Fig. 2

(1) Q2 = {7, ZG,Z4,Z2,Zl,D}, where Z7 N Zg = @ (see diagram 12 in Fig. 2);

(m) Qi3 = {T.T',T UT,T",Z}, where T,T',T",Z € D, (TUT)\T" # @, T"\ (T UT') # 2,
TNT" =@ and (TUT’) CZ, T"CcT'"C Z (see diagram 13 in Fig. 2);

() Qu = {T,T', 24,2, 2", D}, where T,T',Z,7' € D, Z\\Z # @, Z\ Z1 2 @, TN Z = & and
(TUTCZ,T'cZcZ C D (see diagram 14 in Fig. 2);

(O) Q15 = {T> T,,Z4,T”,Z, %ﬁ” U Z4alu)}> where T> T € {Z7>Z6}7 T # T/> T C TH? " € {Z5vz3}7
Zy C Z, ZUT”UZ4 =D, (T”UZ4)\Z7§@, Z\(T”UZ4) #+ O, T”\Z4 #+ O, Z4\T”7é@ and
T'NT" = & (see diagram 15 in Fig. 2);

(p) Q6 = {77, Zﬁ,Z5,Z4,Zg,ZQ,Zl,D}, where Z5 N Z3 = & (see diagram 16 in Fig. 2).

T”
. TO ? &w z, ui@
5 D
7' VA
A 21&22 T Ulg 5 r UZ“‘
4
T

TT TT1T ZsZs Zg 74 T’
9 10 11 12 13 16

N0~
’«»-‘HH—.

~ N~

Fig. 2.

Let D' be an XI-subsemilattice of the semilattice D. Denote by I(D’) the set of all right units of
the semigroup Bx (D') and take

Q)= Y (D),

D’eQ9x1
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where i =1,2,...,16.
The set all right units of the complete semigroup Bx (D’) of binary relations defined by the complete
X-semilattice of unions D’ will sometimes be denoted by the symbol Egg) (D).

Lemma 3.3. If D € ¥5(X,8), then the following equalities are valid:

(&) [1(@Q) =1

(®) [1(Q2)] = 2T\ — 1) . 2X\T'l

(c) [I(Q3)| = 2T\ —1). (3 \T”\T’\ _olT\Tly L 3IX\T,

() [1(Qa)] = (2T\TI — 1) - (IT"\T'T - 2IT"\T'l) . (4ID\T"] _ gID\T"l) . 4IX\DI,

() [1(Qs)] = 2T\ — 1) 2T\ — 1) - 4IATWTOL,

(£) [1(Qg)] = (278\T — 1) - 202Nl (2| — 92\Z'T) . (312771 — 9l2\21) . 5IX\D,
(2) [1(Qq)| = (2T\T"I —1) . (2T"\T'I — 1) . (5IPNT'UT")] _ 4IDNTUT)] L 51X\D,
(h) [1(Qg)| = (2T"\Zl — 1) . (21Za\T'| 7). (IZ\ZaUT")| _ 9lZ\(ZaUT")]y . 6IX\DI,
(i) [1(Qg)] = 3X\TVTL,

() 1(Qio)| = (4lT"NIVIOL _ gITNTUION . 4 XAT,

(k) [I(Qu1)| = (412\2a] — 312\Zaly . (51D\Z] _ 4ID\Z]) . 5| X\D,

(1) |1(Qu2)] = 3IZNZ0\Zsl (4121\2] _ 3120\ Zel) . (4|Z2\21] _ 322\ 21y . 6IX\D,
(m) |I(Q13)| = 2T"\T'VDI _ 1) . 51X\2l,

() |1(Qu)| = (218\Z1l — 1) . (6IP\Z' — 5ID\Z') . gIX\DI,

(0) [1(Qus)| = (27”2l — 1) . (412\T"WZa)] _ 3IZ\(T"VZ)ly . 7IX\D,

(p) [(Que)| = (2%\A1l — 1) . (220\ 2] — 1) . g X\DI,

4.

Theorem 4.1. Let
DEEQ(X,8), Zr N Zg # O, aEBx(D).

The binary relation a is an idempotent relation of the semigroup Bx (D) if and only if the binary
relation « satisfies one of the following conditions:

(a) a =X x T, where T € D;
(b)
a= Y xT)U(YH xT),
where
T'eD, TcCT, Y Y[ &{o}
and satisfies the conditions
YADOT, YENT #o;

a=(YFxT)UYH xTHYu (YR xT"),
where
T.7"T"e D, TcT cT'", YYR YR ¢{o}
and satisfies the conditions

YADT, YFUYRE DT, YENT #o, YA NT' #o;
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a=YEXT)U(YE xTYU (YR xT" U (YQ x D),
where
T,7'.T" e D, TcT cT'cD, Y& Y& YR YO {o)
and satisfies the conditions
YPOT, YFUYR DT, YFUYRUYR DT,
YANT 40, Y NT' 4@, Y&ND+#o;

a= Y xT)U Yy xTYUYp x T"YU (Y x (T'UT")),
where
T, 7., T"e D, TcT', TcT, T\T'#o, T'\T' #9, Y} YL YF ¢{a}
and satisfies the conditions

YPUYR DT, YpUuYp 2T, YanT #£o, YA NT" + o

a=YEXT)U(YFx Zy)U(YS x Z)YU(YE x Z)U (Y x D),
where
Tel{Z:,Z¢y, Z\Z' #+2, Z'\Z+2, Z7 C D, YR, YO YR Y2 Y & {2}
and satisfies the conditions
YFPOT, YUY DZ,, YFUYSUYZDZ,
YAUYSUYS D Z, YonZy+o, YiNnZ+o, YiNZ +g;

a=(YFxT)U(YH xTHYU YR xT"YU YR x (T"UT") U (Yg* x D),
where
7.7, 7"e D, TCT, TcT', T\T'#o, T'\T' #o, YA YA YR YY¢{o}
and satisfies the conditions

YAUYS DT, YRUYR DT, Y&ENT 4@, YANnT' 4o, YOND+#o;

a= Y xT)U(YP xTYU Y x Zg) UYLz, X (T'UZy) U (YE x Z) U (Yg* % D),
where
Te{Z:,Z¢}y, T €{Zs,Z3}, ZyUT, Ze€{Zy 71}, ZyuT #2Z TcCT,
T'\Zs#2, ZW\T #92, (ZLUTH\Z#o, Z\(Z,UT)+2,
YR Y0, Y YA Y ¢ {9}
and satisfies the conditions

YAUYR DT, YRUYPD Zy, YRUYSUYSDZ, YANT #9, YPNZy#9, YINZ+#D.
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Lemma 4.1. Let D € 35(X,8) and Z7; N Zs # @. If X is a finite set, then the number |I*(Q1)| can
be calculated by the formula
[I(Q1)] = 8.

Lemma 4.2. Let D € ¥9(X,8) and Z7y N Zg # @. If X is a finite set, then the number |[I*(Q2)| can
be calculated by the formula

I1%(Qa)| = (2IP\A] — 1) . 2IX\DI 4 (9lD\Z2| _ 1) . 9lX\DI| 4 (9lD\Za| _ 1) . olX\D|

ol D\Z4| _ 1)- ol X\D| + (Q\D\Zs\ -1)- 9| X\D| + (2\5\26\ -1)- ol X\D|

ol D\Z7| _ 1)- 9l X\D| (214\Zs] _ 1) ol XAA (912Nl ) L 9l
XA (l2\Zrl )y ol (ol 22Nl ) L ol X\Z2

)

2122\%5] _ 1) . 9lX\Z2l  (9lZ2\Zsl _ 1) . 9lX\Z2| | (ol Z2\Z7l _q) . ol X\Z2
-1)- 2l X\Zs| | (2|Z4\ZG\ -1)- 2lX\Za| o (2\24\27\ -1)- 9l X\Z4|
)

.9l X\Zs]

Lemma 4.3. Let D € 35(X,8) and Z7; N Zs # @. If X is a finite set, then the number |I*(Q3)| can
be calculated by the formula

. (3141\%Zs] _ 2\21\23\) 31X\ 21 + (2\24\Z6| -1)- (3\21\24\ _ 2\21\24\) . 3lX\21]

11%(Qs)| = (2191\%s] — 1) . (3\D\Z1\ Q\D\le) 3lX\D| 4 (2170\%l — 1) . (3 3ID\Z1| _ 2\D\Z1\) .3l X\D|
+ (2%\l . (3\D\Z2\ \D\Zzl) 3lX\D| (2172\% _ ). (3\D\Z2\ \E\Zﬂ) .3l X\D|
+ (218Nl 1y (3P D\Z1| _ \ﬁ\le) L 3IX\DI (2122\%| _ 7). (3IP D\Za| _ \D\Z2\) . 3IX\D|
+ (21%8\%l — 1) (3\D\Z3\ olP\Zsly L 3lX\D| (2144\ %6l _ 7). (3\D\Z4\ 2\D\Z4\) .3l X\D|
+ (Q\Zl\Z7| 1)- (3\D\Zl Q\D\le) . 3IX\D| + (Q\Zz\Zﬂ 1)- (3\D\Z2\ Q\D\Zz\) 3l X\ D
+ (2877l . (3\D\Z4\ _ 2\D\Z4|) 3IX\D| (21%\771 _ 7). (3\D\Z5\ _ Q\D\ZS\) 31X\ D|
+( ) - (
+( ) - (

. (3142\%a] _ 2\22\24\) 3lX\Z2| (2\24\Z7| -1)- (3\21\24\ _ 2\21\24\) . 3lX\21]
+ (212\Z7] 1y . (3lZ2\Aal ol Ze\Zaly L glX0NZal (ol Zs\Zal _qy L (3122\Zs _ 9lZ2\Zsly . gl X\ 22
Lemma 4.4. Let D € ¥9(X,8) and Z7y N Zg # @. If X is a finite set, then the number |I*(Q4)| can
be calculated by the formula
(@) = @7\ 1
9lZ\Z7| _ 1

(3122\%5] _ 9l22\Zs]y . .41 X\D|

31%2\Za| _ 9|Z2\Z4] . 4IX\D|

)

)
AD\A _ 3\1“7\21\) 4lxX\D|

). 4lX\D)

)

L 4IX\D|

9lZa\Zs| _ 1

) -
)
9lZa\Z7| _ 1)-
) -
) - (31412l _ 9lZi\Zd]

)
) -
3121\ 24| _ 2|Z1\Z4\)
) -
) -
3121\ Zs| _ 2|Z1\Z3\)

( (
( (
|Za\Zs| _ |Z2\Z4| _ o|Z2\Z4]
(2 1)-(3 2
( (
(2|Z3\Z6\ 1) - ( 4\D\Zl\ 3\D\Z1\) 4\X\b\_

Lemma 4.5. Let D € ¥9(X,8) and Zy N Zg # @. If X is a finite set, then the number |I*(Qs)| can
be calculated by the formula

II*(Q5)] = 3- (2172\A — 1) . (21P1\22l _ 1) 4X\D| (21%5\2a _ 1) . (2lZa\Zsl 1) . 4l X\22
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+ (21%\A] 1) . (2lZ\Fs] ) 4X\D| (2124\Zs] _ 1y . (2lZs\2al _ 1) . 4IX N2l
+ (21%3\%2] _ 1) . (2l%\%l ) 4IX\D|
Lemma 4.6. Let D € 35(X,8) and Z7; N Zs # @. If X is a finite set, then the number |I*(Qg)| can
be calculated by the formula
II*(Q¢)| = (2|Z4\Z7\ -1)- ol(Z1NZ2)\Z4] | (3\Zl\Zzl — 2\Z1\22|) . (3|Z2\Zl\ — Q\Zz\Zl\) . 5IX\D|
+ (218Nl _ 1) . ol(AnZ2\Zal | (3120\ 2] _ ol Zi\Z2]y L 3122\ %] _ glZ2\Aly 51 X\D|
Lemma 4.7. Let D € 35(X,8) and Z7; N Zs # @. If X is a finite set, then the number |I*(Q7)| can
be calculated by the formula
IT%(Qr)| = (21%8\%s| _ 1) . (21%:\Zl _ 7). (5ID\2%2| _ 4ID\Zaly . 5|X\D)|
+ (21%3\2al 1y . (2l4a\%sl 1) . (5If)\21| _ 4\13\Z1\) . 5IX\D|.
Lemma 4.8. Let D € 35(X,8) and Z7; N Zs # @. If X is a finite set, then the number |I*(Qg)| can
be calculated by the formula
11" (Qg)| = (2\23\Zz| ~1)- (2\24\Z3| —1)- (3\Zz\le — 2|22\le) . gIX\D
+ (2\25\le —1)- (2\24\Z5| —1)- (3\22\Zl| _ 2\22\Zl|) . glX\DI.

Let us assume that .

k=3 I(Q).

i=1
Theorem 4.2. Let D € Y9(X,8) and Zy N Zg # &. If X is a finite set and Ip is the set of all
idempotent elements of the semigroup Bx (D), then |Ip| = k1.

Number of
elements | idempotents
of the of the
semigroup | semigroup
Bx(D) Bx (D)

No. Set X Semilattice D

D = {{1,4},{1,5}.{1,2,4},
1 | X =1{1,23,4,5} {1,4,5},{1,3,5},{1,2,4,5}, 32768 164
{1,3,4,5},{1,2,3,4,5}}
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