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ON QUASI-NONUNIFORM ESTIMATES FOR
ASYMPTOTIC EXPANSIONS IN THE CENTRAL
LIMIT THEOREM

V.V. Senatov!

Improved asymptotic expansions are constructed in terms of the Chebyshev—Hermite polynomials in
the local form of the central limit theorem for sums of independent identically distributed random
variables under the condition of absolute integrability of some positive powers of the the characteristic
function of a summand. The influence of the requirements to the order of existing moments on
the accuracy of approximation is discussed. Theoretical results are illustrated by the example of a
particular shifted exponential distribution.

Let X1, Xs,... be independent random variables with zero means, unit variances, and common
distribution P. Denote the distribution of the normalized sum (X; + ... + X,,)/y/n by P, and the
standard normal distribution with density ¢(z) = e~*"/2/y/21 by ®. The central limit theorem (CLT)
states that for large n the distribution P, is close to ®. In probability theory there is a traditional
problem of estimation of the proximity of P, to ® as well as of construction of asymptotic expansions
which bring more accurate approximation of P, than ®. We are interested in approximations in the
local form of CLT for densities. It is well known that in this problem it is necessary to impose additional
restrictions to ensure the existence of these densities and the validity of the local form of the CLT. As
such restriction we will use the condition

/ F@dt < oo, 1)

where f(t) is the characteristic function of the distribution P, v is a positive number. This condition
guarantees the existence of continuous and bounded densities p,(z) for n > v and the validity of the
relation p,(z) = ¢(z), n = 00, —00 < x < 00, called the local form of CLT for densities. It should be
noted that from the existence of the density p,(x) for some n it follows that f(¢) — 0, ¢t — oo.

In order to obtain estimates of proximity of p,(x) and ¢(z) and to construct asymptotic expansions

for densities p,(x) it is necessary to impose additional restrictions on the distribution P associated with
oo

o0
the existence of moments o = [ 2¥P(dx), k > 3 is integer, or absolute moments 85 = [ |z|*P(dx),
—00 —00
s > 2. We will assume the existence of moments of the orders 4, 5, or 6.
We need the Chebyshev-Hermite polynomials Hy(z) = (—1)k¢® (z)/p(z), k = 0,1, ..., in particular,
Ho(x) =1, Hi(z) =z, Hao(z) = 22— 1, H3(z) = 23— 3z, Hy(v) = 2t — 622 + 3, H5(x) = 2° — 1023 + 15z,
Hg(x) = 2% — 152* 4 4522 — 15. From the results stated and proved below it follows that the estimate

A 1
i) — ot < @10 (1) ns o )
is valid for the distributions P with finite fourth moment, where
0
A(z) = 35";H3(a;).
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For the distributions P with finite fifth moment we have

AN <oy 40 (1,) no (3

pali) = ola) (1+

where

2
As(z) = ZTH4(;E) + ; (Z?) He(x).

Whereas for the distributions P with finite sixth moment

pal@) — o(2) <1 + Alﬁ) + A2T§m)>‘ < |/:f’3(/m2)‘g0(x) +0 (:2> . n— 00, (4)
where )
Ag(z) = i‘j’Hstv) - ?j; ij‘HAx) + é (?;) Hy ().

In (2)—(4) the first terms on the right-hand sides are equivalent (for n — co) to the left-hand sides for
all x where these terms do not vanish, and their calculation is not difficult. We call these estimates
quasinonuniform due to the fact that the term “nonuniform estimates” is occupied, and some terms on
the right-hand sides of (2)—(4) are uniform over x. The left-hand sides of (2)—(4) change noticeably with
x, and the right-hand sides of (2)—(4) capture these changes. The values 6; can be calculated by formula
(5). Explicit estimates for the values O(---) are given below. All these results were obtained using the
Edgeworth-Cramér expansions of the density p,(z).

Here and below 6, = [ H;(z)P(dz) are the numbers that we call Chebyshev—Hermite moments of

the distribution P; they are finite if and only if moments «; are finite and can be calculated by the

formulas
[1/2]

91 Oél_gj (—1)j
= E . [=0,1,....
(-2 205 0L (5)

In particular, 6y = 1 for any distribution P; for distributions with zero mean and unit variance, we have
91:92:0, 932043, 942044—3, 952045—10@3.

Good estimates of the values O(---) from (2)—(4) are quite cumbersome, but for each distribution
P and for any number n each of them can be brought to numerical values. Below we will present
some numerical illustrations that use the centered exponential distribution with parameter 1 as the
distribution P; its density is p(z) = 0, z < —1, and p(z) = e~@tD) 2 > —1. For brevity we will call
it just the exponential distribution (ED). It has zero mean, unit variance, and for it ag = 2, oy = 9,
as = 44, ag = 265. This distribution is one of the exclusive distributions for which the density p,(x) is
very easy to calculate. For the ED we have

n

pu() =v/n "

nlem

n—1
(1 + \f > e oV, x> —/n,
n

(these are the densities of the centered and normalized Erlang distributions). The explicit form of the
densities allows us to get numerical and graphical illustrations of the results. In order to build graphics
tools that are available on the site ru.numberempire.com can be used. For better understanding of the
essence of matter one can build for n = 100 the graphs of the functions:

1) pn(x), ¢(z), and pn(z) — p(2);

2) pn(x) — 9(z), Ar(z)p(x)/V/n, and pn(z) — p(x)(1 + (Ar(@)p(2))/v/n);

3) pn(z) — (z)(1 + (A1(z)p(z))//n), (A2(z)p(x))/n, and their difference.


ru.numberempire.com
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It is useful to compare the last difference with the function As(x)@(x)/n?/2. In order to build these
graphs the numbers 603/3!, 6,4/4!, 05/5! are needed, which are 1/3, 1/4, 1/5 for the ED, and the number

v/100 IB%?lfgo = 0.39860996. It is possible to obtain the formulas for H;(x) and Hy(x) by differentiating

the function e~*/2; they can be found in [2] and [3].
Now we give the asymptotic values (see below) of the upper bounds of the values O(---) from (2)—(4)
for the ED (the symbol < should read “does not exceed the value that is equivalent to ...”):

1 |A*( )|e(x) 1.9 6 104
<

O<n> 003 n +n3/2+n2+n5/2’ n — 00, (6)

where
A5(z) = Hy(x)/40 + Hg()/18;
| A% (2)|e(z) 114 57 72 1.5

0 <n3/2> 0. 0124713/2 n3/2 T n2 T nb/2 t n3 + n7/2’ n — oo, (7)

where
A5(x) = —Hs(2)/72 + H7(x)/12 + Hy(x)/162;
1 |A ()]e(x) 71 434 736 13 13
<

O<n> 00048 2 +n5/2+ n3 +n7/2+n4+n5’ n — 00, (8)

where

Aj(z) = —0.043651Hg (z) + (1/15 + 1/32)Hg(x) + Hyo(z)/72 + Hi2(z)/1944.

To calculate the first terms on the right-hand sides of (6)—(8), we did not use the assumption that we

are dealing with the ED. The polynomials A3(z) and A%(x) are the analogs of As(z) and Az(x), but in

these definitions the values 9(4 e — 4oy — 3 and 9%5’)‘5)

Ak)

= bas /12— 10as are used instead of 64 = ay —3

and 05 = a5 — 10ag (the formal definitions 9( and Ay are given below). The polynomial Ajf(x) is

o) 1 763\ ? 0305 1 (04> 1/65\2 0, 1 /65\*
<6! _2<3!> Hoe) + 3!5!+2<4!> HS(m)+2<3!> o) + 4<3l> Hafe)

where
Héﬁ’)\6) . 30&6/7 (%] + 1
6 6 412 24
Inequalities (6)—(8) follow from Theorems 1 and 2 involving the values By, j, j = 1,2, which are
o
equivalent to [ |z|¥p(x)dx/27. These limit values are used in the calculations of the right-hand sides
—0o0
of (6)—(8).

Let us make some comments about the estimates (2), (6) and give some modifications of (6). Looking
at the graphs of the functions p,(x) — p(z) and A1 (x)p(z)/+/n for the ED for n = 100 it is easy to see
that they are very close to each other (the maximum of the absolute value of the difference between
these functions does not exceed 0.00115). From the well-known results it follows that for distributions
P with the finite fourth moment under condition (1) the following expansion is valid:

1
n

Qs 044—3

2
pala) = plo) = o Eaple) + ¥y Piae)+ ) (7 ) Hawet@) 4o (1) 0o )

The order of decrease of the value o(1/n) in the general case cannot be improved.
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1
+0< >, n — 00.
n

(10)
This estimate cannot be improved at all points x where the first term on the right side does not vanish,
because for these x the first term on the right side is equivalent to

From (9) it follows that

) = pla) = o H)olo)| < |, s (o

2
i Hi@olo) +y (7 ) ool

pa®) = (@) = 3\ Ha(@)(a)

(note that for the ED for n = 100 the maximum value of the last function is close to 0.00115; the
maximum value of the function |p,(x) — ¢(z)| is equal to 0.0193...). The only drawback of (10) is the
presence of the value o (711), which makes it unusable for quantitative computation. Analogs of (10) that
are devoid of this defect can be to obtained from Theorem 1 formulated and proved below. From this

theorem it follows that for all x

pale) = p(0) = 7 M@)oty + P Hiee) + (0

where 0 < A < 1 is a parameter whose choice is at our disposal and

Bs 3 1
<
1Bl < Q4()\)4!n Vo +0 n3/2 )0 T
where ) . . o
(A = sup le — (1 4 iu + (“2‘!) + (Zg!) n )\(ZZ!) )
u>0 u4/4! .

For 0 < A < 0.4 we have the equality g4(A) =1 — \; for A > 0.4 the sum X + ¢a4()) is greater than 1 and
always q4(A\) < 1, g4(1) = 1. Tt is possible to obtain an explicit estimate of O(n31/2) from Theorem 1.
From the last expansion of p,(x) — ¢(x) we obtain the estimate

2
pale) = o(a) = % Eapte) = 4 Hipte) - 5 () Ho)el)| <

for any 0 < A < 0.4. This estimate cannot be improved in the following sense: the multiplication of the
first term on its right-hand side by any constant less than 1 makes the evaluation at x = 0 incorrect for
sufficiently large n.

To make this sure, note that (9) implies the relation

Qs oy —3 1 Qs 2
) = a) ~ o1 Hlleto) + ¥ PHa@e) (0 ) Ha@p), 0o

for those x, where the right-hand side does not vanish or, which is the same,

2
pale) = o(a) = % Eao)pte) = 4 Ha)pte) = 5 () Holaleto) ~
~ (1- )\)a4H4(a:)g0(:c), n — oo, (12)

4In
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for those x where Hy(x) # 0. This is evident if we note that ay = 4 and H4(0)p(0) = \/?;W.

Thus, estimate (10) which cannot be brought to the numerical values cannot be improved at all
points z, with the possible exception of six; estimate (11) which can be brought to the numerical values
cannot be improved only at one point x = 0. For the ED the asymptotic expansion

a3 )\044 -3 1 (0%}
H
3ly/n 4In 1(@)e(z) + 2 <3!\/n

of the difference p,(x) — ¢(x), which is used in (11), for A = 0.4 (this is the maximal value at which
(12) is valid) approximates this difference for a great number of points = worse than the first term of
this expansion. This is easily seen by drawing the graphs of the function p,(z) — ¢(x) — 3!":% Hs(x)p(x)

2
Hy(z)o(z) + ) He(a) () (13)

for the ED as well as the difference between p,(z) — ¢(z) and function (13). In particular, for x = 0
and n = 100 we have p,(z) — p(z) = pp(x) — p(x) — 3!°i'jnH3(:E)g0(a:) = —0.000332..., at the same time
the difference between p, () — ¢(x) and the function (13) is equal to 0.00269.... This disadvantage is
partly offset by the fact that for expansion (13) we have an explicit estimate, but precisely because of
it, we use the inequality

as

pala) — (@) = 1" H(@)o(w)] <

<06 Pa 3
4ln, \/271'

1
o L),
whence follow (2) and (6) ((6) is valid for the ED).

It is easy to understand that the drawback of expansion (13) mentioned above, although linked to its
merits, is associated with the “irregularity” of the asymptotic expansions. All the terms of the asymptotic
expansions of the difference p, () — ¢(x), beginning with the second, consist of several summands. If the
distribution P has many moments, then by adding new terms to the asymptotic expansion, in general,
we usually improve the accuracy of the approximation of the difference p, () — ¢(x). However, if we add
terms that make up new terms of expansion, one by one, the picture may change dramatically. Consider
a simple example. The second term of asymptotic expansion of the difference p,(z) — ¢(z) is the sum
of two summands

)2H6<x>go<x>

0.40&4 -3 1 Qs
H
gy Ha@el@) +, <3!\/n

%}
3ly/n

Sketching the graph of this sum and the individual terms for the ED it is easy to see that the maximum
absolute value of the sum is considerably less than the maximum of the absolute values of each term;
moreover, near the local extrema the terms have opposite signs and the summation annihilates each
other. In particular, for the ED for n = 100 at the point = 0 the first of these terms is equal to
0.002992. .., the second is equal to —0.003324, and their sum is equal to —0.0003325.

However, if we have information only about the fourth moment of the distribution P, then in order
to get expansions the accuracy of which cannot be improved at least at one point, we will be able to
include only the value Aay in the main part of the expansion, 0 < A < 0.4.

Expansion (13) can be slightly transformed and written in the form

2
S () + - ( ) Hi (o) ().

4In 2

a3

o Ha@)ola) + A" > (o

2
g1 Ha@e@) + 3!\jn> He(w)p()+

a

2
+(1-X) (jﬂms@(az) 5 (o) H6<x>so<x>> .
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Now it is easy to see that when 0 < A < 0.4, we have

pala) = o(a) = (47 ) o)

Bs 3
4ln, \/271'

as

<=3 3l/n

2
- ) Ho(x) ()

o Hi@e) + )

whence for A = 0.4 we obtain

o)
Ay(z) As(x)

(x) — () — +04 @] <0033 005 () +o( ] (14)
here we took into account the fact that max | Hoy,(x) ¢ ()| = |Hax(0)|@(0) = (2k—1)11/v/27 < 0.4(2k—1)!.

The function o) Aole)
11X 20T
( n +0.4 " >g0(:z)

approximates the difference p,(x) — ¢(z) for the ED better than the function A;(z)p(z)/\/n, estimate
(14) is good enough, but we cannot speak of the unimprovability of (14), since, for example, for the ED
with n = 100 the left-hand side of (14) does not exceed 0.00075, whereas 0.03%l = 0.0027.

It should be noted that the “irregularity” of the asymptotic expansions does not take place for all
distributions. If the “irregular” does not take place, then the expansion from Theorem 1 is acceptable.
Apparently, the second term of the asymptotic expansion of the difference p,(z) — ¢(z) is regular for
the distributions P with a4 < 3.

In order to avoid the hassles associated with the “irregularity” (if there is any), instead of approxi-
mation (13) of the difference p,(z) — p(z) we can use the approximation

%}

o Haao(o) + 4 s (o

2
o Hi@elo) + (7)) Hale)ela), (15)
related to the case A = 1; for this approximation estimate (11) is valid with 1 — X replaced by 1, that is,
the following inequality holds:

pale) = o) = o) - P < D o 5n) o o)

Thus, for approximation (15) we can obtain an estimate that is somewhat less accurate than (11); at
the same time approximation (15) is significantly more precise than all the approximations that were
discussed above. This is easy to ascertain by drawing the graph of the difference between p,(x) — ¢(x)
and function (15) for the ED. In fact, estimate (16) is very rough because approximation (15) is very
precise. In particular, the maximum value of the absolute value of the mentioned difference for the ED
with n = 100 is equal to 0.0001555, the quantity 5‘; \/?;W equals 0.004488, and the ratio of right-hand
and left-hand sides of (16) is greater than 28. Such a large distinction of the right-hand and left-hand
sides of (14) questions the quality of estimate (16). It is hardly possible to consider the quality of
an estimate which cannot correctly reflect the order of the estimated quantity as high. The cause of
roughness of estimate (16) is clear. The quantity under the absolute value on the left-hand side is
equivalent to the third term of the asymptotic expansion of the difference p,(x) — ¢(z), i.e., to the
quantity As(z)e(z)/n3/?, the maximum of the absolute value of which does not exceed 0.000137 for the
ED with n = 100, and on the right-hand side of (16) the moments of order no higher than 4 are used
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so that it cannot decrease faster than 1/n. However, from estimate (16) it is possible to obtain fully
informative results for less precise expansions. So, (16) implies the relation

o) = o) = 0 o)) < Doy 0 w0 1) nee

As it has been mentioned above, the maximum value of the right-hand side approximately equals 0.00115
for the ED in case n = 100. It is easy to check that the maximum value of the first addend on the
right-hand side of this inequality is less than 0.00101, and the ratio of the sum of the first two addends
on the right-hand side to the maximum of the left-hand side is less than 4.8, i.e., the right-hand side of
the last inequality gives at least the right order of the maximum of the left-hand side.

Obviously, the following inequality follows from (16):

o) = < | M)+ 2« B3 Lo L) ww

It is easy to notice that the graphs of the left-hand side and of the first addend of the right-hand side
of this inequality are very close to the ED when n = 100 just by plotting them. Moreover, if we add
0.00156 to the first addend on the right-hand side, then we get a function that estimates the left-hand
side on the real axis. The second addend on the right-hand side of the last inequality for the ED for
n = 100 is almost 30 times greater than 0.000156. However, this estimate is consistent because the
second addend on the right-hand side is less than 25% of the maximum value of the first addend (and
about 6% when n = 1600, it is necessary to take into account that /1600 1%%%?2?230 = 0.398921503 when
counting p,(z), n = 1600).

The same reasoning can be given for (3), (7) and (4), (8).

The technique used below is based on the application of the inversion formula for the Fourier trans-
form

plx) + p(a)| +

pn(z) = 2171 / S <\;n> dt, —oo <z < o0, (17)

for all n > v, the repeated application of the equality
k—1 ' '
a" =" =>"a" T (a - D), (18)
j=0

for any complex a,b and natural k the expansion of the multiplication et’/2 f(t) in the segment of a
Taylor series, and modifications of Taylor expansions of characteristic functions, suggested in [7]. We
will say a few words about this.

One of the key roles in application of the method of characteristic functions is played by the expan-
sions of characteristic functions in the segments of a Taylor series. These expansions of the characteristic
functions of distributions P with finite moments of order k usually look like

k
F&) =3 @ty +o(th), t—0, (19)
=0 7"
or
k—1 ) 5
Fy =3 "7ty ++ k’jtk, —00 < t < 00,
2 ) !

where v = 7(t) is a complex function such that |y| < 1. Further on, all such functions (even within one
formula) will be designated as ~, the relation h(t) = yH(t) is equivalent to the inequality |h(t)| < |H (t)],
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therefore, for example, the equalities —y = =y, -y = ~ take place; if A(t), B(t) are nonnegative functions,
then vA(t) + vB(t) = v(A(t) + B(t)) where the functions ~ are different, etc. In [7] modifications of
these expansions were suggested that allow us to write f(¢) in the form

Bk

I th, —oco <t < o0. (20)

LGty + 27 60 + @)

Here ) is an arbitrary number from [0, 1], the definitions of the functions gx()) are the same as that of
the function g4(\) given above. For our purposes it is only important that the equalities gx(A\) =1 — A
and ¢ (1) =1 take place if 0 < A < A\ = 2(I<:k-:i-l)’ The studies on these expansions were continued in [6];
see also [5].

The powers of the variable it in the expansions of the characteristic function f(t) given above are
associated with the moments of the distribution P. For the function /2 f(¢) (similarly to (19)), instead
of the moments o, the Chebyshev-Hermite moments 6; of the distribution P are used. The use of these
moments is justified by the fact that in the expansions of the densities p,(z) by the system of functions
Hi(x)p(x), 1 =0,1,..., the coefficients of these functions are formed by means of the moments and the
Chebyshev—Hermite quasimoments of the distribution P,, and they are related to the moments and the
Chebyshev—Hermite quasimoments of the distribution P in a quite simple way (see, e.g., [3, Chap. 4,
Sections 1 and 4]). We will use this relationship in the proof of the lemmas given below. In this case
it is not necessary to refer to [3]. The expansions of the densities p,(z) are the same as the expansions
of the relation p,(z)/¢(z) in the Chebyshev—Hermite polynomials, and this system of polynomials is a
complete orthogonal system of functions in the Hilbert space La(¢p).

We will use two types of the Chebyshev—Hermite quasimoments of the distribution P. The quasimo-
ments Ql(k), k <1, of the distribution P can be calculated by formula (5) on the right-hand side of which

kA
Nk

it is required to omit terms related to the moments o, j > k, and the quasimoments 6 < I, can

be calculated as HI(k) but instead of oy, the product Aoy is used, where A is the one from (20). In the

estimates of the residuals of the expansions, the Chebyshev—Hermite moments and quasimoments with

the norm sign || - || will be used. The formulas for these quantities will be given at their appearance.
Let us make some comments about the technique of the construction of expansions and introduce

some notation. When n > v, inversion formula (17) yields

w4 [ (r () () e

where ¢(t) = e~t"/2 is the characteristic function of the standard normal law. The right-hand side of
this equality can be written as
Tv/n
1 L t t
itx n _.n dt
oo [ () o ()
—Tv/n
1 it t 1 it t
T £n dt _ wmxr n dt 21
S B A L A O .
[t|>T/n [t|>T/n

where T' > 0 is the parameter, the choice of which is discussed below. It is almost obvious that the
absolute value of the last element does not exceed

1 —T2n/2
22
T/ ; (22)
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and the absolute value of the last but one element does not exceed
n n v
v /|f ()t < /\f . (23)

where
o(T) =sup{|f()|: t =T} <1,

and these terms decrease exponentially as n grows. To prove the last inequality we should notice that
the assumption that the supremum is equal to 1 and the relation f(t) — 0, ¢t — oo, which was discussed
after formula (1), result in that |f(t9)| = 1 for some ty > T, which means that the distribution P is
lattice, contradicting the fact that f(¢) — 0, ¢ = oc.

We will consider the first element in (21). From (18) it follows that

() ()= () o () S = (s () ) e

The arguments of the powers of f(-) and g(-) are t//n, and from now on we will omit them. Using the
expansion of et?/2n f( \/tn), following from Lemma 1, we can think of the first multiplier on the right-hand
side of the last equality as a linear combination of

1t : t : 279
A(P) Jn and ~C(P) Jn et /2,

hence f”(\/tn) - g”(\/tn) is a linear combination of

n—1
A(P)(\;t)Zf”JlJ“ and ~C(P ( )wal (24)

7=0

We need to find the integral of this difference multiplied by e~%* /27 over the interval [—T\/n, T+/n].
The integral of the second term in (24) is bounded by

Tvn
C(P)| 1 Lot _ el
R [t|'nu Jn dt = n(l_szzm,l,
—T\/n
where p(t) = max(|f(t)], g(t)),

Tvn

B . .= 1 / |t I t dt, 0<j<n, (>0

Ing — 2 H \/n ’ = ’ -
—T\/n

For any real t and any fixed j we have "7 (\;n) — e /2 as n — 0. Moreover, with 7' chosen in an
appropriate way,

o0
1
Binj— B = / \t\le_t2/2dt, n — oo.
) bl 27.[.
However, in most cases, good bounds for |f(t)| as well as for u(t), can be obtained only for small ¢ and

this dictates the choice of the parameter T. Also note that for some distributions in the definition of
By ,,,; we can consider the limit as T' — oo, and the last relation remains valid.
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Hence the second quantity in (24) is equivalent to

|C(P)]
n(—2)/2 By.

The first quantity in (24) can be expressed as

. l
A(P) (j;) i

where
Sk — Z fn—jl—...—jk—kgjl-i-...-i-jk-i-k’
Jit.-Fjr<n—k
1 < k < n (here the sum is over all sets of nonnegative integer numbers ji, . .., ji such that ji +...+jr <

< n — k; the total number of sets is C’,’fb) It is easy to see that for any k, 1 < k < n, we have

Sk = Cﬁg" + <et2/2”f <\jn> — 1> Ska1- (25)

—j1—.—jr—k —Jj1——Jk—k\ J1+..+j+k k
Sy = Z (frir—mdnmh _ gneii—eieky gtttk 4 ok gn
Jit..tig<n—k—1

Indeed,

By virtue of (18),

N1 — e —k—1
_ k. n n—Jj1—...—jp—k—j -1 7 ji1+...+je+k _
Sk _Cng + E § f J1 Jk Jk+1 g]k+1(f_g) gjl Jk —
Jite+ip<n—k—1 Jk+1=0
2 t
=CFgn + (e /?ny —1) x
vn
ne—j1—o—jr—k—1
% E E fn_]l_---_]k_]k+1_k_1g]1+---+]k+1+k+1
Jit..Ajr<n—k—1 Jk+1=0

It is not difficult to verify that the last multiple sum coincides with Siy; (more detailed arguments can
be found in [3, Chap. 4, Paragraph 14|, and in [4]). Thus, the first value in (24) can be written as

(o (1) (71 () )

The second addend can be converted more (these transformations depend on [), and the integration of
the first gives the value

TV
—ztz l —t2/2 A(P)
n(l 2/2 27r / dt = n(l_z)/QHl(a:)go(m) + K,
-Tv/n

where -
A 1
‘K| < | ( )| / tle_t2/2dt,

nl=2)/2
Tvn
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this value decreases exponentially as n grows. Here we used the well-known inversion formula
o0
/ e_m(z't)le_tzpdt = H(z)p(z), 1=0,1,....

—00

1
2T

Let us proceed to the exact statements and proofs. Below oy, and ;. are used to denote the moments
of even orders.

Lemma 1. For distributions P with a finite fourth moment, for any 0 < A < 1 the following
representations are true (—oo <t < 00) :

0 o) g3 PICRY o3
€t2/2f(t):1_|_ 3(2'75)3—1— 4 (z't)4—|— 5 (z't)5—|—7q4()\)64t4et2/2—|—7|| 6 ||t66t2/2_|_,y|| 7 ||t7et2/27 (26)
3! 4! 5! 4! 6! 7!
where i 5
16" _ Aaa 1 (15 sl
6! 412 24’ 7! 312221
0 IR o) oA
PRt =1+ 3? (i)’ + ), (it)4+W4(>\)%t4et2/2 +7|| ) 5022 +7” o ”tﬁetm, (27)
where )
16911 _ Jas].
5! 3127
: 2 164l 422 1165711 5 2
e Prt) =1+ " (it)® 4+~ o t1et™ /2 4 o §| toet™/2, (28)
where
104l _ Ba+3
41 4
Proof. From (20) it follows that
2
e 2f(t) = e/ (1 = G @AY (it)4> +764(N) i‘,‘ tet”/2.

It is obvious that

2 2 4 © 2\ J 2 2 0 2\ J
e Y _ L Bt A 2\ 1) _
‘ ( 2> +2+8+jz::32 il 2 +2+j:2 2 ) 4l

S B (o)) S e

12 4 16
e’/ <1—2>: — 1, (29)
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6
By 22 Tl BN L B S

4! 412 24 31222!
The right-hand side of the last equality differs from the right-hand side of (26) only in the symbols used.
The proof of Eq. (27) differs from the previous one only in using the representation

27203 (3 _ X33 O3 -t3OO t? jl_
¢ 3!(2)_3!(Z)+3!(Z); 2) j1 7

+7qa(N)

o

2\ J
_ 03,03 Q3.5 t I b3,..3 Qa3 5 12/2
= 5 7= 50 (0) §<2> Gty g F g te
To prove (28) note that the following analogue of (29) holds:

2 4
t2/2 1_t =1 3 t2/2
e ( 2) +’)/86 R

SO

t2 t
e*12f(t) = /2 <1 -+ g‘;” (z’t)3> + ’y%t‘leﬁp =1+7g /2 4 z‘;” (it)3et’/2 +fyi"*t4et2/2 =

_ a3 3 Bat3 4 2 a3 5 42/9
—1+3!(zt) + Al t"e +’y3!2te .
The right-hand side of the last equality differs from the right-hand side of (28) only in the symbols used.

Lemma 2. For distributions P with a finite fourth moment, for any 0 < A < 1 and any —oo <t < o0
and n = 3 the following representation is true:

t t 03 . .3 94(14)\) N4 n—1 03 & 6 Bi 4 n-1
I <V%> g <¢n> e (B I O e

3) . 5 (4,X) . 7
v 03 Ba,z 1 | Y b3 ? 04[] 10 n—1 , 05 it 030, it
A t t 2
ot e g ) an T T s ) 2 ) 2T

05\° (it \° S | el 11 P [ 1O S
* <3!> <\/n> T 2 TR T asigmsms2 M T am TF T e *

4,1 4,1 3 3
L7 05 165N 0 o YOI o v<eg>ﬂﬂﬂwlwy

+ 3ly/n /) 5In3/2

23 /n T2 2 4in plp32 F 6
Proof. The assertion stated before Lemma 1 entails the following;:

P ()= () )

Using (26) one can easily notice that the right-hand side of the last equation can be represented as

05 [ it \° oM it \* o /it \°
3!<\/n> Sty W) S W) 50T

Ba( t\' oSVt NS 09 1N
Oy () e Lot ) o 100 &) e
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(hereafter we omit argument t//n of the function p). Using Eq. (25) for k = 1, we see that the sum of
the first two terms can be written as

. 3 (4,X) . 4 . 3
o () e My () e G () (e () -1) s
(4,2) . 4
() (e () )

Using Eq. (27), one can see that the third term in this expression may be represented as

05 [ it \° (65 [ it 3+9§4’A) it \* o
31 \/n 31 \/n 41 \\Un 2

0561 [ t \" o o1 03 H9§,3)H t\® o a1 s \|9((;4’/\)H t\" s 1
A n n n—
1 gy <\/n> o™ g g ) O T () O

Using Eq. (28) one can see that the last term of (31) can be written as

A . A )
0505 (it \T g OV Nl (N aen OV (N o
34 \n) 72 4 4 \n 4 5 \yn

Summing up the preliminary results, we obtain

() = ()=

O3 .3 n o n 05\° (it \° Ba 4 ne 7, 03 Ba,7 n
23!\/71(“)39 + oy, @' +<3!> (\/n> So 9@V, T (A)3,\/ anE
050 (it \° o L 0a08Y (it 165 6 wer v 05 16711 6 s

2 6 £8m
T 5 <\/n> S+ 29y <\/n> 9247 g TR g et
(4 (40 (4) | 19(3)
79 H94H 8 n—1 H H 7 n—1 Y 93 H96 H 9 n—1 79 HHS H 9 n—1
To dn ot DT Vs T g e TET s (82)

Notice that the third term of the right-hand side of this equation can be written as

(O () e (0 () ()

Then, using (28), we can easily verify the validity of the lemma.

Theorem 1. For distributions P with a finite fourth moment and for which condition (1) is satisfied,
for any 0 < A< Ay =04 and any —oco < x < oo for n > max(3,v) the following representation is true:

(40 . 2
pale) = (a) = ) Halao(o)+ *y in@ipe) + "5 1 () Hateheto) + R4 .

3

6] 165" Bono +

L1 b
3ly/n 4ln 0T g

3ly/n

4,\ 3 4,\ 2
L TS W 1IN 1 [ 0 ’|H94HB (0 )Pl
6ln2 O T 231/ sn32 T T 2 4l 4 3v/n) 4l

By a(\) 6] Ba |9<3>|

+ Bioni +
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3 4.\ 4.\ 3 3
O T S T [P N e [ [ 1( 2 >2|\eé’|\

T2 BTl T g g1 g2 POt Ty prsp Bona o gy ) a2 Pt

and the value K is the sum of the terms that decrease exponentially as n grows; the absolute value of
one of them is no greater than (22), the absolute value of the other is no greater than the right-hand side
of (23), and the others can be bounded by the terms in the main part of the expansion for the difference
pn(x) — @(x) with the coefficients at H(x)p(x) replaced by their absolute values and these functions by

oo

1 / tle=t*/24¢
™

Tvn

where T is an arbitrary parameter.

Proof. With account of the comments made before Lemma 1, it suffices to compare the statements
of Lemma 2 and Theorem 1, if we notice that

Sk < Chp™

After this note the statement of the theorem becomes obvious.

As has been already mentioned above, for some distributions, including the exponential one, it is
allowed to pass to the limit as 7' — oo. If we perform the corresponding calculations (not too complicated,
but quite cumbersome) with the numbers By, ,, o and By, .1 being changed to their asymptotic equivalents
By, we can be certain that for the ED, the bound of |R| from Theorem 1 is equivalent to the sum no
greater than

) 1.31 5. 104 02 1. . 10.4
/6’4+0.032|3|B4+3 5.65 10 0.27 9 565 10

0.03 n vnn o n32 0 n? + w2 S * n3/2 o Tt nb/2

(here A = \y = 0.4).
Now let us notice that in the main part of the expansion from Theorem 1 we can separate the addend

“an <3!9\jn>2 H(w) ().

It appeared quite naturally but “too early.” Its presence in the second expansion from Theorem 2 is
necessary, but in the expansion from Theorem 1 it makes the approximation worse (one can easily make
this sure by plotting), which is why we will “transfer” it to the residuary part of the expansion. Now it
is easy to be certain about (6). The term, which decreases as n=2 as n grows in (6), increased a little

as compared to the same addend on the right-hand side of the previous inequality. This is because we
\(93/3!)2H3(I)@(I)| <

9 312 to the last term mentioned.
n 13

have added max

Similarly, it is easy to ascertain the validity of the following representations.

Statement 1. For distributions P with a finite fifth moment for all 0 < A < 1 the following
representation of the quantity et2/2f(t) takes place for all —oo <t < 00 :

2 03 . Oy . ol ol Bs 5 42
RE) =1+ ) (it)® + i (it)* + 55! (it)® + g! (it)% + vgs(N) 5‘?tset 124
9(5’)\) 2 9(4) 2
+,y|| 77! ||t76t /2+,Y|| §! ||t8et 2,
where . .
1771 _ Mas| |, las| 116570 _ s 1
7! 512 " 3192217 gl 412291 " 128’
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5, 4 5,
If() =1+ g?,’ (i) + Z‘,‘ (it)" + 9‘5’5! )(it)s + 7q5(A)’§? et /2 4 vwé!)ﬂtﬁeﬁ/? + 7\|9§7! )”t7et2/2,

where

16571 _ a1 168V Nas| |, los|

6 4l2 24 7l 512 T 312221

4

eI f(t) =1+ Z?,’ (it)* + Z‘f (it)* + fy”i?“t%ﬁ/z + fy||eé!)||tﬁet2/2,

where

105l _ 85, Jas| 10570 _ a1
5! 5! 3127 6! 412 24"

To construct the first of these representations we used the equality

2 1\4 -1\ 6 8
2/2 (1 _ A 1— (it) (it) 122
‘ ( 2> 8 T oog T

Statement 2. For distributions P with a finite sizth moment for all 0 < A < 1, the following
2
representations of the quantity et /2f(t) take place for all —oco <t < 00

(6,X) (5)
t2/2 _ O3 .3, 01, .4 b5 .5 96 -\ 6 97 NT /666t2/2
e f(t)—1+3! (it) +4! (it)* + 5l (it)” + 6l (it)” + - (7t)" + vgs(N) 6!t e/t
16N s 2sn . 108710 2
+ v 8| t°e + v ol t’e” /7,
where 6. ©
OO das , ar 1 16PN _ lasl sl |
8! 6!2 412291 128’ 9! 512221 31233!1°
: Os 5 04 4 05 5 00N Bs,6 22 N0 7 20 NI6EVN 5
et /2f(t):1—|—3! (zt)3+4! (275)4—1—5! (it)°+ 66! (it) S +vgg(N) o t9et/2 4~ ;! T2y 88! 18et/2,
where ) 6.)
10011 _lasl sl 1601 _ Mg | au 1
7! 512 3122217 8! 6!2 412291 128’
) 05 . 0, . 05 . 06| « 1 09| .
et /2f(t) =14+ ) (Zt)3+ i (2t)4+ ) (2t)5+’7|‘6!”t6€t /2+’7H ; Ht76t /2’
where
|106]| _ 046+ oy + 1
6! 6! 412 24’

(4)
RFt) =1+ Z?,’ (it)* + Z‘f (it)* +7||§?||t5et2/2 +7”9§, lyoet2r2,

These representations together with (28) yield the following analogs of Lemma 2.
Statement 3. For distributions P with a finite fifth moment, the following representation takes

place for all0 < A< 1 and all —oco <t < oo whenn >4 :

(5:2)

o EN_ (B2 & (it)*g™ + 04 (z't)4”+n_1 s 2(z't)6”+ 5 (it)°g"+
vn g vn)  3lyn I T g g 2n \3ly/n T Binss g

n—1 03 64 .. (m-=1m-2)( 65 \> . 0¥ 7it\°
* n 3!\/n4!n(2t)g * 6n? 3l/n (it)°9" + 6! \vn St
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03 9;5’)\) 04 2 it 8 03 2 N it 10 03 4 ot 12
- (2 3 5 Tl vn 243\ g5 ) vn S+ { g vn St
(5.))
Bs t5,u”_1+7q5()\) 03 Bs ||97 I

5In3/2 2 3ly/n 5In3/2 7Inb/2

4 5,A
+;<|93| 196711, 16a 1165, 110a] 1165 >||>ltgun_1+

+,Yq5()\) tSNn—l _’_,Y tYMn—1+

3ly/n 6ln2  4ln5n3/2  4Aln 5In3/2

Y (o 03] |04][|04]] 03 \* 11051 \ 11 s
9 '
6 ( Siy/ndln 4n T\ 3iyn) smae |UET
3 (4)
v 03 ||94|| 13, n—1 ||98 || 8 n—1
' t
T o4 <3!\/n> i T g TR

5, 4 5,A 3
L (sl 161 ioal 1051 16 IO o
2 \ 3ly/n 7n5/2  4Aln 6In2  5In3/2 51n3/2

3 2 (4 311003
o (o 1051 10l 8 NI praper v (8 N IO
6 \ " 3ly/n 4ln 5n3/2 3v/n) 6ln? 24 \3ly/n ) 5In3/2 '
Statement 4. For distribution P with a finite sixth moment, the following representation takes
place for all0 < A< 1 and all —oco <t < oo whenn >5:

n t n t _ 93 - \3 n 94 - \4 n 9(()‘67)\) n—1 93 2 - \6 n 95 -\ n
/ <\/n> g <\/n> B 3!\/n(lt) g +4!n(lt) g +<6!n2 * 2n \3lW/n (i) +5!n3/2(2t) g+

n—10s 0y, ., (m=0)n-=2)[( 6\ o n—1[_ 6 0 0:\*\ s »
noatynam ™ o svn) 9T o \Paigmsire T lawm ) ) 0

n—1n-2)/ 05 \> 04, 10, m=1...n=3) [ 065 \* 5. 6 /it\"
( 2)752 )<3!\jn> a1 D9 +! )24n3( )<3!\jn> ()" + 4, <\/2;> it

0508 0,05\ (it \° 0:\2 05 05 (0,\2) [ it \ ! 0:\3 0, [ it \ 3
+2<3! 6 a5 \un 253 ((a) 5 T g\ vn St g ) vn St

03\” (it \"° Bo 6 n1, 7 05 Bs o u1 MOV s 0
+<3!> <\/n> 51746 g n P 06N g, g THTT Y g TR
5 6,
L 1es 16 el liesll | Teall el 165 118511 o 0,
2\ 3h/n T2 T 4ln 6n2 T 4ln 6n2 | 53253z )t
2 2
gl fs \" [106l| 03] [64] 1165]] 03] 1164]] [65] 02\ 1104l 12 na
2 2 t
6 <<3'\/n> 6in2 3ly/n 4ln 51n3/2 * 3ly/n 4ln 5n3/2 T\am) am peo
3 2 4 (5)
v (]| O3 |7 115l O3 \“NOal 1104l \ 14 1, v O3\ Oalli6 ne1  _[l057 119 na
T4 (‘3!\/71 5!n3/2 3 3ly/n) 4Aln 4ln e 120 \3ly/n /) 4ln e +79!n7/2t p

6,\ 5 4 3 6,\
ol Lt N 7 I (1 e A W
2 \3lyn 83 T Aln 752 T 5In3/2 6n2 | 5nd/2 6ln? a
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4 3 3
(0 N s a6 165l 16| N6 (04NN pua e,
6 \ \3ly/n/ Tnd/2 3ly/n 4ln 6!n2 3ly/n 51n3/2 5ln3/2 4n ) 5ln3/2

(] 0 PO L g (O NI s sy (s YO
24 \ [3!y/n| 6!n2 3ly/n ) Aln 51n3/2 120 \3!y/n ) 5n3/2 '

With the help of these representations it is easy to prove the validity of the following analogs of
Theorem 1.

Theorem 2. For distributions P with a finite fifth moment under condition (1), the following
representation takes place for all 0 < XA < A5 = 5/12 and for all —oo < x < 00, when n > max(4,v):

0 0 n—1/[( 03 \2 oA
pu(r) — @(x) = 31\jnH3($)90("”) + 4!‘;H4(x)so(:v) o (3!571) He(x)p(x) + 5!;3/2 Hs(z)p(x)+

n—1 65 6, n—1n-2) [ 63 \°

H H, K

N 7(x)e(x) + o2 31 /n o(x)p(x) + R+ K,
where 8 L) 6 B
5 - 3 5

IS Q=N g Bontt g g g gy Ponat

(6", SO0 (00’
n2 | g PEn0 T 2g T Ty 9 31) 4 9 3! 2% 7ins/2 = 0ml

1 (1656 041160 0,11 168V Bo., 1 05 1641 116 0:\2 116s!|\ Biin
<|3|H6H+\4l\|5|\+\|4|\|5 | onl 2|3|\4|H4H+<3> 11651 ot

Bsno _ (95\* 104 Biono | (95" Bizm o>
8,7o+<3> 64 10,70+<3> 127,0>+||7 g

n5/2\ 3! 6! 4! 5! 4) 5! 2 nb/2 31 4! 4! 3! 5! 6
4 5, 4 5, 3
(0N sl Busn , 108711, 1 (10l 6PV tal 10571, 10570571 Buosa
n32\ 31 ) 4 24 lp3 oL T3 g1 7 41 6 51 5l 2
N 1 2|93|\94\H9§3)H N 03\ 1165”11\ Bizn N 1165 %1657 Bians
n3\ 73 4 5 31 6! 6 3|3 5 24

and the quantity K was defined as in Theorem 1.
For distributions P with a finite sizth moment under condition (1), the following representation takes
place for all 0 < X < X\¢ = 3/7 and for all —oo < x < 0o, when n > max(5,v):

CES I 2
palo) — pla) = o) Halao(o) + ) H4<x>so<x>+<96 T Oy ))Hﬁ<x>¢<x>+

6!n? 2n \3ly/n
0 n—1 63 6
top e+ " et

O () i+, (2 (1)) i

(n—l)(n—2)< 05 >2 0,

n—1)...(n—3 05 \*
HT0S T () amotet@ + "I () Haet) + R K
where P L_x 16| 8
6 - 3 6
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1 \955)\ 03 9((56’)\) 64 05 05\ 05 03 (04\*| Biino |603|° |04 Bizno
+n5/2< 7 Broo g e s | Poro T g ) 5 e L 2 st 4 6 T
6, 5 6,
| Browo\ N6V 1 (1sHIEE 1 1eal 186l 110l 165701 18116511 Bromr
310 120 8lp3 oL g 7 41 6! 41 6! 51 5 2

1 1031\* 1661, . 103] 6a] 1165 . 163 164]] 65| 04\* 1164]| \ Bizna
2 2 210y
T (( 3 > 6 T34 o5 T34 s T \a) 6

L (165 10s1 5 (65 101 116a]1\ Buama , 1 (65" 116al] Biowr 11657
+n3<3! st T3 s) a4 o1 Tas\31) ar 120 oy lomtt
6, 5 4 3 6,

L (1s 108N 1oal 102711, 101671, 157111061 Buana
n?/2 \ 3! 8! 41 7! 5! 6! 5! 6! 2
5 4 3 3
L (8NN l0sl 18l 16701 10s 18511165711, (64?6511 Brsna
n7/2 3! 7! 3! 4! 6! 3! 51 5! 4! 5! 6

03
3!

6! 3! 41 5! + 3! 5! 120 7

3||9é4)||+3 05\ 104/ 116511\ Bis,ua 1 (03\" 165 Bizn
24 n’/2

1
+n7/2
and the quantity K was defined as in Theorem 1.

Similarly to the proof of Theorem 1, it is easy to ascertain for ED that in the first expansion of
Theorem 2 the quantity |R| does not exceed the quantity equivalent to

Bs 03| 55 94 56 72 Bs 11 56 72
0.0124713/2 +O'017\/n 32 + n2 T 52 + 3 < 0.0124713/2 + n2 t s s

(here we used A = A5 = 5/12, and 5 < 44.3). The small increase of the term in (7) that decreases as
n~2 with growth of n as compared to the same term on the right-hand side of the previous inequality is

1

25,
because the quantity max |(65/3) QZ‘;(I)CP(”T)‘ , which does not exceed , ,, was added. The small increase of
x

the term in (7) that decreases as n~%/2 with growth of n as compared to the same term on the right-hand
side of the previous inequality is related to the fact that

[(8/31)(04/41) Hr () + 1/2(03/31)° Ho ()| p(x) _ 1

max ns/2 n/2
3
was added. Also, there is a term decreasing as n~7/2, which estimates max |6/ 3!)3£3§z)“0(m)‘.

x
Similarly to the proof of Theorem 1 it is easy to ascertain for ED in the second expansion of Theorem

2 that the quantity |R| does not exceed the quantity equivalent to

Be |03 Be 65 432 734 Be 70 431.3 734
0.0048n2 -+ 0.0081 Jnn? + W52 T + /2 < 0.0048n2 + 52 3 + /2

(here we used A = A\g = 3/7 and (g = 265). The following equality also takes place:

08N 1 65 \? n—1(. 65 0 0 \>
<6ln2 o <3!\/n> Hg(x)p(z) + o 23!\/71 BIn3/2 + <4!n> Hg(x)p(z)+

_ n— 2 n—1)...(n— *
D s D () -
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1 9((56’” 1 /05 2 03 05 1 /04 2 1 /03 294
T n2 (( 6l 2 (3!) Hol@)+{ g5 F 5 <4!> Hy(@) +, <3!> g @)+

4
(1) H12(l’)> plo) + A0 a) Tl

where

2 2 4
mi = (e () ) o5 (%) Gamwtors () o)) o

2 4 4
Ror) = ((Z?) o)+ 5y () H12(33)> o@, Raw) = (1) Hilo)ela)

For ED the absolute value of the maximum of the function R;(x) does not exceed 2.1, and the absolute
value of the maximum of the functions Ra(z) and R3(x) does not exceed 13. And now it is easy to
ascertain the validity of (8).
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