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We consider new applications of the generalized interpretation method for studying the
decidability of theories of some structures in analysis. We study the algebraic structure
of continuous functions over a perfectly normal space and prove the decidability of the
theory of this structure. Bibliography: 20 titles.

The connection between the decidability of a theory of some structure and the topology of the
space determining the structure was first established in [1] and further studied in [2]. The log-
ical approach to analysis of topological spaces was applied in [3]. Based on these results, the
lattice (C(R), <) of continuous functions from R to R equipped with the pointwise order was
studied in [4]. The choice of this structure is reasonable because, first, some results concerning
the undecidability of elementary theories of lattices and semilattices in classical structures were
obtained in [5] and, second, a similar structure was used in [6]. However, the classical methods
(cf., for example, [2] and [7]-[14]) are not suitable to prove whether or not the elementary theory
(C(R), <) is decidable. The decidability of (C(R), <) was proved by the generalized interpreta-
tion method proposed by O. Kudinov and described in [4]. It is natural to try to generalize this
result. We note that the structure of continuous functions over R can be generalized in various
ways, whereas the proof of reducibility in [4] can be extended with slight modifications to the
case of the lattice of continuous functions over R™, n > 1.

One can consider an arbitrary metric space instead of R™. In turn, metric spaces can be
replaced with perfectly normal spaces [15] and the generalized interpretation method can be
used to establish the m-reducibility of the theory of the structure of continuous functions over
a perfectly normal space to the theory of the structure of open subsets of this space.

The class of perfectly normal spaces, regarded as the class of topological spaces, is of a
special interest [16, 17]. These spaces are the most general among the spaces where the theory
of continuous functions is m-reducible to the theory of open subsets. Using the generalized
interpretation method (Section 1) and some properties of perfectly normal spaces, we establish
(Section 2) the m-reducibility. Using the classical interpretation method, we prove (Section 3)
the inverse m-reducibility of the theory of open subsets to the theory of continuous functions over
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a perfectly normal space. In this case, we extend the signature of the structure of continuous
functions with the relation < defined by the rule

f<ge flz)<g(z) VzeX,

which leads to slight modifications in the proof of the m-reducibility in Section 2. At the end
of the paper, we describe an important example. All necessary facts of mathematical analysis
can be found in [18, 19].

1 Generalized Interpretation Method

Assume that A = (A,0) is a structure of a signature o, 8 = (B,01) is a structure of a
signature o1, and g : A<Y — B<%¥ is a mapping from a finite set of elements of A to some
finite set of elements of B. We write ®(z1,...,x,) if all free variables in ® are contained among
X1y...,Tn. We write (a1,...,ar) C {a1,...,ay) if {a1,...,ax), k < n, is the initial segment. We
denote by T ~ {u} the concatenation of a tuple T and a letter u. Under the above notation, we
assume that there is a monotone computable function m : N — N such that

1) m(0) =0 and ¢g(@) = &,

2) lh(g(a)) = m(n), where @ = (ai, ..., an), i.e., the length of the tuple g({ai,...,a,)) is equal
to the value of the function m of variable n,

3) if k < n, then g((ai,...,ax)) C g({a1,...,an)),

4) there exists an effective procedure of transformation of atomic formulas ®(z1,..., x,) of
a signature o to some formulas ®,(y1,. .., Ym(n)) of a signature o; such that 2 = ¢(a) <
B = ®,(9(a)) for any a = (ay,...,a,) € A",

5) there exists a computable sequence of formulas {¥,,(Z) }new, where Z = (21,..., Zpn)) Is @
tuple of variables of the signature o1, such that

(a) for any b= (b1,...,bym) € B™™)
BE=V, ()= Tag@=>b a=Ial,...,a,) € A",
(b) for any b = (b1,...,bpmi1)) € B™+D from the condition g(@) C b (with some
a={ai,...,a,)) and B |= U, 1(b) it follows that Ju € A g(a ~ {u}) = b.
Conditions 1)-5) are sufficient for the reducibility of the theory of the structure 2 to the
theory of the structure 8 because of the following lemma proved in [4].

Lemma 1. If Conditions 1)-5) are satisfied, then there is an effective procedure of transfor-
mation of arbitrary formulas ®(x1,...,z,) of a signature o to some formulas ®4(y1,- - -, Ym(n))
of a signature o1 such that A = ®(@) & B = @4(9(@)) for any formula ®(x1,...,x,) of the
signature o and any a = {(ay,...,a,) € A"

2 Reducibility of Theory of Continuous Functions
to Theory of Open Sets

For a set X we denote by Ay = (C(X), <, <) the algebraic structure of continuous functions
from X to R equipped with the pointwise order < and the relation < defined by

f<ge flx)<glx) VzeelX.
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We denote by B x the structure (O(X), C), where O(X) is the set of open subsets of X.

We recall some definitions from [15].

A subset A of a topological space X is called functionally closed if A = f~1(0) for some
continuous mapping f : X — R.

A topological space X is called a T7-space if for each pair of distinct points x1,x9 € X there
exists an open set U C X such that x; € U and z3 ¢ U.

We formulate one of the equivalent definitions of a perfectly normal space (cf. [15]). A
topological Ti-space X is called a perfectly normal space if closed subsets of X are functionally
closed.

As is noted in [15], the class of perfectly normal spaces is narrower than the class of normal
spaces. In other words, any perfectly normal space is normal. The converse assertion is false.

Finally, we recall the following fact [15] which will be used below: for each pair of disjoint
closed sets A and B of a perfectly normal space X there exists a continuous function f : X —
[0,1] such that f=1(0) = A and f~%(1) = B.

To prove the main result of this section, we need the following assertion.

Lemma 2. Assume that X is a perfectly normal space, A and B are closed subsets of X,
and hi,hy : X — R are two continuous functions such that hi(z) < ha(x) for x € X and
hi(z) = ha(x) for x € AN B. Then there ezists a continuous function h : X — R such that

1) h(z) = hi(x) if and only if x € A,
2) h(xz) = ha(x) if and only if © € B,
3) hi(x) < h(z) < hao(zx) for allz € X \ (AU B).

Proof. By the definition of a perfectly normal space, for closed sets A and B there exist
continuous functions x4 and xp such that x4(x) = 0 for x € A, xa(x) > 0 for the remaining
x € X, xp(x) =0 for z € B, and xp(x) > 0 for the remaining = € X. We verify that

xB(x)hi(x) + xa(z)ha ()
xa(z) + xB(v)
hi(x) 4 ho(x)
2 )
is continuous and satisfies the required conditions. Indeed, let xg € X be an arbitrary fixed
point in AN B such that any neighborhood of x contains points y € X \ (AN B). We fix € > 0.
By the continuity of h; and he, we can choose a neighborhood of the point zy such that for all z
in this neighborhood we have |hi(zg) — hi(2)| < €/2 and |ha(zo) — h2(2)| < €/2. For any point
Yo € X \ (AN B) in this neighborhood

‘M(iﬂo) + ha(zo) — xB(y0)h1(yo) + xa(y0)h2(yo) }
2 xa(wo) + xB(yo)

::%m@wixm%»@ﬂwﬂm@wmwm+xmmxmu@@@m

+ X8 (y0) (1 (0) = b1 (y0)) + X5 (y0) (h2(w0) — b (30)) |

, ©¢ ANB,
f(x) =
r e ANDB,

} XA (o)
“12(xa(wo) + xB(w0))

* ([h1(z0) — h2(yo)| + [h2(z0) — h2(yo)])
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3

xB(Yo) 1 _
Q(XA(yO§+;B(yO)> (b (o) = ha(yo)| + ha(ao) = (w0 ) < 5 (45) =e.

Thus, we proved the continuity at the point zg. The continuity at interior points of the set
AN B and at points of the open set X \ (AN B) follows from the formula for constructing the
function h (we use the composition of continuous functions and the fact that the denominator
does not vanish). Thus, h is continuous.

We verify that h(x) = hy(z) for x € A and h(x) = he(z) for € B. We note that x4(z) =0
for all x € A and xp(z) =0 for all x € B. For points x € A\ B we use the upper formula for
computing h and get h(x) = hi(x). The equality h(xz) = ho(x) for x € B\ A is proved as above.
For x € AN B we use the lower formula for 4 and the assumption hi(x) = ha(z).

Let us prove that hi(z) < h(z) < ha(z) for x ¢ AU B. We have

Thus, the lemma is proved. ]

The following assertion is proved in Sections 2 and 3.

Theorem 1. Let X be a perfectly normal space. The theories of the structures Ax and Bx
are m-equivalent.

In this section, we prove the following lemma.

Lemma 3. The theory of the structure 2Ax is m-reduced to the theory of the structure B x.

Proof. Let us verify that all the conditions of the generalized interpretation method are
satisfied. Then the required result follows from Lemma 1.

According to the generalized interpretation method, we need to construct a mapping ¢ :
C(X)<¥ = O(X)<¥ sending a finite tuple of elements of the set C(X) to some finite tuple of
elements of the set O(X) in such a way that certain conditions are satisfied. We set

9(@) =,
g({(f1,--, fn)) = ({Gi; : 1 <4, <n}),n > 1, where G;; = {x € X|fi(x) < f;(x)}, and the
number of position Gj; in this tuple (denoted by Num (4, j)) is computed as follows:

i+l i<y,

(i—1)2+34, j<i. W)

Num (4, 7) = {

A tuple of open sets G;; ordered by Num (7, j) is written as ({G;; : 1 < 4,7 < n}).

We show that for the monotone computable function m(n) = n? the conditions of the
generalized interpretation method are satisfied.

Indeed, m(0) = 0 and g(&) = @. The cardinality of the set {G;; : 1 < i < n,1 <j < n}
is equal to n?, i.e., Condition 2 holds. The position G; is computed by formula (1). Then
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Condition 3 holds. Condition 4 is satisfied since it is possible to construct ®,4(y1, ..., y,2) from
the atomic formula ®(z1,...,z,) as follows:

[z: < 2]y = YNum(ji) = D>
[l‘i < l‘]]g = YNum(i,j) = X.
These effective construction procedures preserve the truth of the corresponding formulas. Thus,

Condition 4 is satisfied.

It remains to construct a computable sequence {¥,,(7")}ne, of the signature Bx such that
Condition 5 holds. Let @ = {(ay,...,a,) € A%. Then g maps @ to b = (by,...,b,2) € B}f.
We extend b to ¥ by adding the sets Gpt1 1, -5 Gnt1 ny Gnt1 nt1s Gn ntls - - -5 G1 nt1 to the
tuple. Thus, [h(V) = (n + 1)2. We see that it is the value of the function m of n + 1, i.e.,
m(n+ 1) = (n+1)% Thereby V/ = ({Gi; | 1 <i,j <n+1}).

For the sake of brevity we denote by Tj; the set {z | fi(z) < fj(x)}. We note that T;; =
X \ Gji. We introduce the sequence {¥,,},c, as follows:

U (7) is identically true,

Un(({Gij : 1 <45 < n}))

= (ANiz1 Gii = D) N NG r=1 Gig N G © Gir) A (NG =1 Tig 0 Tk € Ti)-

We note that the formula W¥,, is a formula of the signature Bx. We show the validity of
Condition 5 which can be written as follows.

(2) Bx = U, (b) & Fa g@) =b, a=(a1,...,an) € A% for any b= (b1, ..., b)) € BE",

(b) for any b = (b1,...,bymi1)) € B;L(HH) from the conditions g(@) C b for some @ =
(a1,...,an) and Bx = V,411(b) it follows that FJu € Ax g(a@ ~ {u}) =b.

It is easy to verify condition (a) from right to left. Using (a), we can prove (b).

Assume that Gy;, 1 < 4,5 < n+ 1, are given open subsets of Bx = ¥V, (({Gi]1 < 4,5 <
n+1})) and fi,..., f, are continuous functions such that

wEGU@fZ(x) <f]({L‘) Vléz,yén
We construct a continuous function f,, 11 such that

g(<f17"'7fn+1>) = <{Gl] l<i,j<n+ 1}>7
i.e.,

T € Gy & filz) < fopa(z) V
A

T € Gpi1 j & fara1(z) < fi(2)

1. Let ¢ ¢ G; p+1 U Gpy i for some i < n. We write z € A;, where 4, = {z € X |z ¢
Gi nt1 UGyt i} Weset frii1(x) = fi(x) at such points z, i.e., for f,11(z) we take the known
value f;(x).

9. Let A and B be fixed disjoint number sets such that AU B = {1,...,n} (the sets A and
B are assumed to be nonempty; the case where one of these sets is empty will be considered
independently). We denote

C= mTinJrlﬂ an+1j.
icA jeB
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We note that C' contains only those points € X where max fi(z) < for1(z) < mig fj(x). For
1€ Jje
x € C we introduce the closed sets

A= ] A, B =] 4
ig€EA jo€B

We note that
A ={reX| fori(x) = r?eaxfi(ﬂf)}v B ={reX| foyi(z) = Ijléigfj(x)}-

We use Lemma 2. We take max;ca f; for hy and minjcp f; for ho. We note that C is a
closed subset of X. Hence all closed sets in C' are also closed in X and, consequently, they are
functionally closed. Thus, C is a perfectly normal space. We have hy(z) < he(x) for all z € C.
It is easy to see that hi(x) = ha(x) & = € A*N B* for x € C. By Lemma 2, there exists a
continuous function A such that

h(z) = hi(z) & x € A*; h(z) = ha(x) & x € B*; hi(z) < h(z) < ha(z)
for all z in the set Ty p = C'\ (A" U B*). We note that this set can be written as
Tap= ﬂ Gint1 N ﬂ Gnyt g
icA j€B
Thus, f,,+1 for all z in Ty p satisfies the inequalities

max fix) < fag1(z) < E,Iéi]glfj(l’)-

For z € Cl(Ta ), where Cl(T4 p) is the closure of the set T4 g, we set f,1(z) = h(x).
If we consider A’U B’ = {1,...,n} instead of A and B, then f,11(z) for x € Cl(Ta p) is
constructed in a similar way.

Assume that A or B is empty. We begin with the case A = {1,...,n}; B = @. We denote
by fmax(z) the continuous function max filx) = max fi(x). As above, A* denotes the set
1€

i€{1,...,n}
where {z € X | fo41(z) = max fi(z) = fmax(z)}. For given A and B we denote
1€

Tap = ﬂ Gi nt1-
i={1,...,n}

We construct f,4+1 on Cl(T4,p) by the rule
fat1(2) = fmax(z) + xa* ().
If A= @ and B = {1,...,n}, then we set fynin(zr) = min fj(z) and B* = {z € X |
frot1(x) = fmin(z)}. In this case, *

Typ= ﬂ Gny1 -
]:{1,,77/}

We construct f4+1 on Cl(T4,p) by the rule
ot1(2) = fmin(x) — xB=(2).
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It is easy to see that

Cl(Tas) \ Ta C | A
i=1
for any A and B such that AUB = {1,...,n}.

To prove 5 (b), it remains to verify the following conditions:
(a) font1(z) is defined for any z € X,

(b) the function f,,4; is well defined, i.e. if f,4+1(z) for some x € X is defined more than
once, then these values coincide,

(C) for fn—i—l
T € G; nt+l < fl(l') < fn+1($) Vi=1,...,n,
T € Gn+1 j = fn+1(x) < f](l’) V] = 1,... , N,
(d) the constructed function f,41 is continuous.

Indeed if z € A; for some i < n, then f,11(x) = fi(z). If © ¢ A, for all i < n, then for every
i < n either x € G py1 or & € Gpy1 ;. Thus, there are A and B such that AU B = {1,...,n}
and © € (;e 4 Gi n+1 N[ Vjep Gnt1 j (A or B can be empty) and for such z it is indicated how
to construct f,41(x). Thus, we have verified Condition (a).

Let us check that if f,,1(xg) is constructed more than once for some point z¢ € X, then these
values coincide. We consider the case where zg € A; N A; for some ¢,7 = 1,...,n. In this case,
frat1(zo) = fi(xo). On the other hand, fn11(zo) = fj(x0). However, as was already mentioned,
from the condition ¥, 1 (({Gi; | 1 < i,j < n+ 1})); namely, from T; 41 N Tpy1 ; € T and
Tj n+1 N Tn+1 i C T]z it follows that f,(a:o) = fj (xo)

Let zp € A; for some i < n and, at the same time, zg € Cl(T4 g) for some number sets
A and B. We note that xg ¢ T p; otherwise, at least one of the following inequalities holds:
fr+1(zo) > fi(xo) if i € A or frori(xo) < fi(zo) if i € B. However, f,y1(zo) = fi(xo) since
xg € A;. Hence 29 € Cl(Ta,) \ Ta,p. Then zo € A* or xg € B*, i.e., 29 € [cps Ak, Wwhere M
is a nonempty set of indices in 1,...,n. It is known that ¢ € M. If M consists of more than one
i, then we argue in the same way as in the previous case.

It can happen that zg € Cl(Ta,g) N Cl(T4 pr) for some A # A’ and B # B’. We note that
xog € Cl(Ta,g) \Ta,p and zg € Cl(Ta ) \ Tar p since for every = € Ty p the sets A and B are
uniquely defined. Then z¢ € A; and zg € Ay for some i, < n, i.e., g € A;N Ay, The fact that
the values of f, 41 coincide was already shown.

Let us verify condition (c). We first show that the conditions ¥, 1 (({Gi;|1 < 14,5 < n+1}))
imply the inclusion G; 41 NTyy1 j € Gy for some 4,5 < n. Indeed, the following equivalent
transformations hold:

Tot1 i NT5 ST iy TjiN Ty § € Togr iy T © (X \ Tt j) U T i,
Thy1 jNGine1 € Gij,  Ginp1 NIy j C Gy

Let x € G; p41. Two cases are possible: either x € A; for some j #4, j = 1,...,n, or there are
no j =1,...,nsuch that x € A;. In the first case, without loss of generality we can assume that
i < j. We note that the conditions ¥, 1 (({Gi; | 1 < i,j < n+1})) imply Gi ne1NTht1 5 C Gyj.
Consequently, z € Gj, i.e., fi(x) < fj(x) = fat1(x). In the second case, x € T4 p for some
uniquely defined number sets A and B; moreover, i € A. By the construction of f,y1, we
have fr41(x) > maxgea fr(z) = fi(x). Thus, in both cases, the required inequality is proved.
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Further, f;(z) > fnot1(z) for © ¢ G; 41 Thereby we have probed the first required equivalence.
The inequality fr4+1(z) < fi(z) for x € Gp41 i can be proved as above. Thus, z ¢ G; 11, i.e.,
x € Thy1 4. Two cases are possible: x € A; and x € G411 ;. In the first case, fh+1(z) = fi(z),
whereas fn11(x) < fi(z) in the second one. Therefore, in both cases, fi(z) > fn+1(x). The first
equivalence is proved. The second equivalence is proved in a similar way.

It remains to verify Condition (d), i.e., the continuity of f,11. For this purpose we use the
following assertion which can be found in [20].

Proposition 1. Let F} and Fy be two closed sets in X that constitute the entire space X,
and let continuous mappings f1: F1 — Y and fo : Fo =Y from Fy and F> to a space Y coincide
on F1 N Fy. Then the following mapping f : X — Y is continuous:

B fl(ﬂf), JJEFl,
flo) = {f(a:) — hia), weF

This assertion can be generalized to the case where the space X is the union of finitely many
closed sets.

Proposition 2. Let Fy,...,F, be closed sets in X such that X = Fy U---UF,, and let
continuous mappings f1 : F1 = Y,.... fp, : F, =Y from Fi,...,F, to a space Y coincide on
all possible pairwise intersections I; N Fy, 4,7 < p. Then the following mapping f : X —Y is

continuous:
f1 (a:), T € F1,
f(z) =
{fp(x), x € F,.

Proof. It suffices to prove that the preimage f~'® of any set ® closed in Y is closed in
X. However, it is easy to verify that f~1® = f1_1<I> U---u fp_ltﬁ. The sets ffl(I), e fp_1<I> are
closed in the closed sets F1, ..., I, respectively and, consequently, in the entire space X. Hence
the set f~1® = ff1<1> u---u fp_lfb is also closed. O

In our case, a perfectly normal space X can be represented as the union of finitely many
closed sets

X=4U---UAUCH(Ta p)U---UCHT g p),

where A, B% i =1,...,l, are all possible disjoint number sets (one of these sets can be empty)
such that A* U B* = {1,...,n}. On each closed set, the required continuous functions are well
constructed (they coincide on the corresponding intersections). By assumption, the function
fn+1 coinciding with the constructed functions on the corresponding closed sets is continuous.

It remains to prove Condition 5(a) from left to right, i.e.,

By li \I/n(<b1, ceey bm(n)>) = E|<a1, R ,an> g((al, R ,an>) = <bl, - 7bm(n)>
We proceed by induction on n. It is easy to prove the base n = 0. We assume that the required
assertion is proved for n = k. Let n = k + 1. By the construction of {¥,,},ey, it is clear that
Bx = Vrr1((b1,- -, bprs1))) implies By = Wy ((b1, ..., byx))). By the induction assumption,
3<a1, e ,ak) g((al, c. ,ak>) = <b1, ey bm(k))
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By Condition (b),
Ju € C(X) g@ ~{u}) = (b1, ..., bygis1))-

We denote by @**! the concatenation of @ ~ {u}. Thus, we have shown that

By }: \I/k+1(<b1, R abm(k+1)>) = Jght! g(ak“) = <b1, ey bm(k+1)>-

Condition 5(a) is proved.
Thus, all the assumptions of Lemma 1 are satisfied. Hence Th (2Ax) <,, Th (B x). O

3 Reducibility of Theory of Open Subsets to Theory of
Continuous Functions

In this section, we preserve the notation 2x and By introduced in Section 2. To complete
the proof of Theorem 1, it remains to prove the following assertion.

Lemma 4. Th(Bx) <, Th(Ax).

Proof. We use the method of relative elementary definability [7]. We note that the theory
B x is undecidable if and only if the theory of the structure ®x of closed subsets of X is
undecidable. In particular, Th (®x) <, Th(Bx). We show that Th (Ax) <,,, Th(Dx).

Since 2y is the lattice of continuous functions, for any two continuous functions there are
the greatest lower bound f N g and the least upper bound f U g.

We define a predicate U2 such that W(f, g) is true if and only if f < g and the set C = {z €
X|f(z) = g(x)} is nonepmty and connected. It is convenient to construct a formula —U(f, g)
that is true if either =g > f, or f < g, or the nonempty set C' is not connected, i.e., there exist
two closed disjoint sets A C X and B C X such that

flx)=g(x) & z€ AUB,

=U(f,g)=-g9g=fVg>[fVIfadfp3gadgp(faU fe=fAgaNgs=g
AN=g > faN—g> fBANga> fBAgs > fa). (1)

If there are functions fa, fB, ga, and gp satisfying all the conjunctions in the above formulas,
then we consider the sets A’ = {z|g(z) = fa(z)} and B’ = {z|g(x) = fp(x)}. Since =g > fa
and —g > fp, both sets are nonempty.

We prove that C = A’ U B’. Indeed, if x € C, then g(x) = f(z). Consequently, at
least one of the equalities g(z) = fa(z) or g(xz) = fp(x) holds since fa U fp = f. Thus,
xe AUB. Letx € AAUB, ie., g(x) = fa(z) or g(x) = fp(x). Then g(z) > f(z) > fa(z)
and g(x) > f(x) > fp(z) imply g(x) = f(z), i.e., x € C.

We prove that A’ N B’ = @. Indeed, if there is zg € A’ N B’, then for such zy we have
g9(xo) = fa(zo) = fe(xo) = yo with some yg. On the other hand, g4(z¢) > fp(zo) = yo and
g9B(x0) > fa(zo) = o, i.e., g(xg) > yo. We obtain a contradiction.

Assume that the set {z € X|f(z) = g(x)} is not connected, i.e., there are disjoint closed sets
A and B such that f(z) = g(x) if and only if z € AU B. We construct functions fa, fg, g4,
and gp satisfying all the conjunctions in formula (1).
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Since X is a perfectly normal space, there exists a continuous function hy p(x) from X to

[0, 1] such that
0, z€A,
hap(z) =
1, xe€B.

The property of perfectly normal spaces was already mentioned at the beginning of Section 2.

The following continuous functions satisfy all the conjunctions in the formula —=¥(f, g):

fale) { f(x), hap(x)>1/2,
f(l‘)—i—QhA’B(:U)—l, hA,B(x) < 1/2,

f (I) _ {f(x)v h’A,B(x> < 1/27
b f(@) — 2hap(a) +1, hap(z)>1/2,
gaz) = {g(x), hap(z) >1/2,
9(@) = 2hap(x)+1, hap(r)<1/2,

o5(@) = { g(z), hap(z) <1/2,
g(.%')+2h,43( ) 1, hA7B(x) 21/2.

Indeed, fa(z) < f(z), f(z) < f(), g

ga\r
are continuous, ga Ngp = ¢, and f4 U fp

98(x) > fa().
Case 1. hy p(x) > 1/2. Then for any z

ga(z) = g(x) > f(x) = 2hap(z) +1 = fp(x),

98(x) = g(x) + 2hap(x) — 1> g(x) > f(z) = fa().
Case 2. ha p(xz) < 1/2. For such z

ga(x) = g(x) = 2hap(x) +1 > g(x) = f(x) = fp(2),

g98(x) = g(x) > f(x) + 2hap(x) =1 = fa(z).

Case 3. ha p(x) =1/2. Then f(x) < g(x) for all such x since f(z) = g(x) only for z € AUB,
i.e., such that hy p(x) = 0 or hy p(x) = 1. Thus, for all x such that hy p(z) =1/2

ga(x) = g(x) > f(z) = fp(),
g98(x) = g(x) > f(x) = fa().

() = g(x), and gp(x) > g(z). All these functions
= f. Tt remains to prove that ga(x) > fp(x) and

The predicate V(f, g) is satisfied for continuous functions f and g such that f < g. However,
it is more convenient to use the predicate W'(f, g) of the same sense as ¥(f, g), but the functions
f and g do not necessarily satisfy the condition f < g

V'(f,9) =¥(fNng, fUg).

This formula is correct since for any two functions in the lattice 2lx we can consider their
supremum and infimum.
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Now, we consider the predicate U*(f,g) that is true if and only if the intersection of the
graphs of the continuous functions f and g consists of a single point:

U (f,9) =V (f,9) AN(Vd = fUg)d > fngVvT¥(fng,d))).

Let us assume that there are two distinct points zg € X and 21 € X such that f(zg) = g(x0)
and f(z1) = g(z1). We show that there exists a function ¢’ > f U g such that =¢’ > fnyg
and ~U'(¢’, f Ng). For this purpose we consider the sets A = {x¢} and B = {z1}. Since X
is perfectly normal, there exists a continuous function h4 g(z) such that 0 < hy p(z) < 1 for
all z € X, h;'3(0) = xg, and h'5(1) = x1. Then the required function g’ can be defined as
follows: 7 7

g'(x) = (fUg)(@) + hap(@)(l - hap(x)).
It is easy to verify that this function satisfies all the required conditions.

Conversely, let (zg,yo) be a unique common point of the continuous functions f and g. We
consider an arbitrary continuous function ¢’ > f U g. Two cases are possible: ¢’ > fNg or
(=g > fng) A(¢ = fUg). In the second case, =g’ > f N g implies the existence of at least
x* € X such that ¢'(z*) = (fNg)(z*). The inequalities ¢'(z) > (fUg)(z) = (fNg)(z) also hold
for all z € X. Thus, ¢'(z*) = (fUg)(z*) = (fNg)(z*) if and only if 2* = x¢. Hence ¥'(fNg,q’)
is true and the formula holds.

We introduce a predicate that is true if and only if the intersection of the graphs of the three
continuous functions consists of a single point, i.e., the graphs of the three functions are pairwise
intersect at unique points and the points of the pairwise intersections coincide:

R(g1,92,93) = V" (g91,92) AN ¥*(g2,93) A ¥ (g1,93) AN V(91 N g2 N g3, 91 UgaUgs).

We denote I3 = g1 NgaNgs and lo = g1 U go U g3. Assume that the graphs of g1, g2, and g3
intersect at a unique point (zg, o), i.e., the graphs of g1, g2 (g1, g3 and go, g3) intersect at a
single point (xg,yo). Hence the graphs of any two functions in the set {g1, g2, g3} have a unique
common point (zg,yp). It is easy to see that the graphs of /1 and 5 also have a unique common
point (xg,yo). Conversely if the graphs of any two functions have a unique common point and
there is only one point (zg,yo) such that l;(xo) = la(xp), then g1(xg) = g2(xo) = g3(xo) and
(0,yo0) is a unique common point of the graphs of the three functions in the above sense.

Let the predicate % be such that the predicate 0(f1, fo, f3) is true if and only if there exists
a unique element xg such that fi(x¢) = fa(zo) and for this xy we have f3(xg) = f1(zo) = f2(xo)
(in general, the graph of f3 can intersect the graphs of f; and fo at more than one point):

9(f1af27f3) = \I[*(flan) A (Vh > f3)_'R(f17f21h) A (Vh < f3)_'R(f17f2ah)'

Indeed, assume that there exists a unique element x( such that fi(zg) = fao(xo) and f3(xg) =
fi(xo) = fa(zg). By definition, from the first conditions we obtain the predicate U*(f1, f2). Let
h > f3 be an arbitrary continuous function. Then h(xo) > fi(x0) = fa(xo). Since the graphs of
f1 and fo intersect at a single point, there are no points where the graphs of the functions fi,
f2, and h intersect, i.e., = R(f1, fo,h). A similar argument is valid for h < fs.

Assume that the intersection of the graphs of f; and fo consists of more than one point
or there exists a unique element xy € X such that fi(zg) = fa(xo), but fs(zo) # fi(zo). In
the first case, the predicate U*(fi, fo) fails. In the second case, without loss of generality we
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can assume that f3(xg) < fi(xo). Since X is perfectly normal and {z¢} is closed, there exists a
continuous function y such that xz,(xo) = 0 and x4, (x) # 0 for x # x¢. We set ¢z, () = | X, (2)]
and construct a continuous function h such that h(z) = max (fi(z), fo(z), f3(x)) + ¢z (z). By
assumption, max (f1(zo), f2(zo), f3(xo0)) = fi(zo) = fa(zo). By construction, cgz,(zo) = 0.
Hence h(xo) = fi(zo) = fa(wo). If x # x0, then h(z) > fi(x) and h(x) > fa(x). We note that
h(xz) > f3(x) for all z € X. Thus, (3h > f3)R(f1, f2, h) and the predicate 6 is true.

Let the predicate N4 be true if and only if the intersection of the graphs of f; and f» consists
of a single point. The graphs of f3 and f4 also have a single intersection point. The abscissas of
these intersection points are equal, whereas the ordinates are different:

N(f17f27f37f4) = lI/*(flva) N \Il*(f37f4) N _Elg(e(f17f27g) /\e(f37f4vg))'

We assume that the graphs of fi; and fs have only one intersection point. The graphs of f3
and fj also have a unique intersection point. The abscissas of these intersection points are equal
(denoted by zp) and fi(z9) = fa(xo) # f3(xo) = fa(xo). The first conditions imply ¥*(f1, f2)
and W*(fs, fs). Let us verify the last conjunction. Assume that there is a function g such that

0(f1, f2,9) N O(f3, f1,9). By the definition of 6, we have g(zo) = fi(zo) = fa(z0) # f3(wo) =
fa(xo) = g(zg). We arrive at a contradiction which proves the last conjunction.

Let f1, fo, f3, and f4 satisfy one of the following conditions:
1) the intersection of the graphs of f; and fo consists of more than one point,
2) the intersection of the graphs of f3 and f4 consists of more than one point,

3) the graphs of fi1, fo and f3, fs intersect at unique points (x,yo) and (x1,y1) respectively;
moreover, Ty # 1,

4) the graphs of f1, fo and f3, fs intersect at unique points (x,yo) and (x1,y1) respectively;
moreover, o = 1 and yp = y1.

We have listed all the cases where the predicate N(f1, fo, f3, f4) fails. In cases 1) and 2),
the first conjunctions of the predicate N do not hold. In case 4), for any continuous function g
with the graph passing through the point (zg,y0) = (x1,y1) we have 0(f1, f2,9) and 6(fs, f1,9).
In the remaining case 3), we show that there is a continuous function g such that 6(f1, fo, 9)
and 6(fs3, f1,9) hold. Thus, we assume that the graphs of f; and f, intersect at a unique point
(z0,Y0), the graphs of f3 and f; intersect at a unique point (z1,y1), and zg # x;. We first define
the function ¢ in the closed set {xg,x1} by the formula

Yo, T = Zo,
g(x) = {

Y1, T =1T1.
To define g in the whole space X, we use the Tietze—Urysohn theorem on normal spaces.

Theorem 2 (cf. [15]). Every continuous function on a closed subspace of some normal space
X with the range in R is continuously extended to X.

Thus, we proved the existence of the required function g and justified the predicate N.

We note that the predicate N can be easily modified to a predicate N* such that N* is true
for the same collections of functions f1, fo, f3, and f4 as for the predicate N, and for the same
continuous functions fi1, f2, f3, and fy as the graphs of f; and fo have a unique intersection
point (xg,yo), the graphs of f3 and f4 have a unique intersection point (z1,y1); xo = x1; Yo = Y1,
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i.e., the graphs of all functions intersect at the point (zg, yo):

N*(f1, fa; f3, f1) = N(f1, fo, f3, fa) V (O(f1, fa, f3) AN O(f1, fa, fa) N *(f3, fa))-

Indeed if for functions fi, fo, f3, f14 we have a description of the predicate N*, and it is
known that —N(f1, fa, f3, f4), then the graphs of f; and fo have a unique intersection point
xo, yo; the graphs of f3 and f4 also have a unique intersection point xg, 39, i.e., the predicate
U*(fs, fa) holds. Since f3(xo) = yo and fa(xo) = yo, we have 0(f1, fa, f3) A O(f1, fo, fa). Tt is
easy to verify the converse assertion.

With each closed subset of V' we associate a pair pari of continuous functions in the following
sense. We say that two continuous functions f and g represent a closed subset V of the perfectly
normal space X if f < gand V = {x € X | f(z) = g(x)}. We note that for every closed
subset V' C X there are continuous functions f and g such that f < g and f(z) = g(z) &
x € V. Indeed, since V is functionally closed, there exists a continuous function xy such that
xv(z) =0« x € V. Then for f and g we can take f(x) = —|xv(x)| and g(x) = |xv(z)|. These
representations are not unique. Therefore, we will write the congruence relation on the set of
pairs of continuous functions.

Thus, we introduce the following formulas of the signature 2 x:

U(f.9)=f<y,
S(f17f27f37f4> = (Vh > fQ)(\II*(fhh) — (Hg 2 f4)(\1}*(f3ag) A N*(flvha f3ag)))’
W(f1, fo, f3, fa) = S(f1, fos f3, fa) N S(f3, fa, f1, f2)-

It is easy to verify that the set L = {(f,9)|f, g € Ax,Ax = U(f, g)} is not empty.

The formula 20 defines the congruence relation n on the structure £ of the signature 2Ax
with the universe L, whereas the predicate C is defined by the formula S(f1, f2, f3, f1). Indeed,
we show that if fi; and fo are closed subsets of V', whereas f3 and f; are closed subsets of T,
then

Dx BV T e Ux b S(fi, fo fo fo):
Suppose that f1 < f2 and {z € X|fi(z) = fa(2)} =V, f3 < fa and {z € X|fs(z) = fa(z)} =T,
Dx EV CT. Assume that h is an arbitrary continuous function such that h > fo and U*(f1, h).
By condition there exists a unique point xg such that fi(xg) = fa(xg) = h(zg). We construct
the required function g as follows: g(z) = fa(x) + | Xz (z)], where, as usual, x(x) is a continuous
function such that xu,(zo) = 0, Xz,(z) # 0 if  # x9. We note that g(zg) = fa(zo) = f3(z0)
since xg € T; g(x) > fa(z) > f3(z) for © # x¢. Hence the predicate W*(fs3,g) si true. Further,
from the conditions W*(f1,h), fi(zo) = h(zo), ¥*(f3,9) f3(x0) = g(xo) we obtain the predicate
N*(f1,h, f3,g). Consequently, 2Ax = S(f1, f2, f3, f1)-
Let ®x = -V C T, i.e., there is g € V such that xo ¢ T. We show that

Ax = (Fh = fo) (Y (f1,h) A (Vg = f1) (=" (f3,9) V ~N*(f1,h, f3,9)))

We define h(z) = fa(z) + |xzo(x)|. It is easy to see that ¥*(fi,h). Let g be an arbitrary
continuous function such that g > f4 and ¥*(f3,g). Then g(z*) = f3(z*) for unique z* € X.
For f1 and h we have f1(x¢) = h(xo). We note that xg # x* since xg ¢ T. Thus, ~N*(f1, h, f3,9).

Two pairs of continuous functions are congruent if they represent the same closed subset.
For such pairs of continuous functions the formula 20 holds.
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It is easy to verify that the quotient structure ©y is isomorphic to the structure £/..
Thereby all the assumptions of the method of relative elementary definability [7] hold, which,
in particular, means Th (D x) <;, Th (2x). The lemma is proved. O

Thus, the theorem is proved. In fact, we proved a more general result: Tho(Dx) <p
Th (2x ), where Tho(Dx) is the theory of the second order of closed subsets of X such that the
values of the variables over sets are closed subsets of X. An element zg € X, regarded as a
closed set, can be represented by a pair of continuous functions f and g such that {x € X|f(x) =
g(z)} = {zo}. Let functions f; and f present an element z, and let f3 and f; present a closed
set in V. Then with a formula x € V of the signature ® x we associate the formula

P(f1, f2, f3, fa) = 3 3ha(h1 < fs A hg = fa AW (hi, ho) A N*(f1, f2, h1, ho))

of the signature 2Ax. It is easy to verify that

WAx Fx eV & Dx | P(f1, f2, f3, fa).

The further proof of the m-reducibility is the same as in the theorem.

Thus, the (un)decidability of the theory of open subsets in theories of open subsets of some
spaces in the class of perfectly normal spaces implies the (un)decidability of the theory of
continuous functions over this space.

For an important example one can consider R™. The decidability of the theory of open sets
in R™ is established in [4]. Consequently, the following assertion holds.

Corollary 1. The theory of lattices of continuous functions over R™, n > 1, is decidable.
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