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LIMIT THEOREMS FOR QUEUING SYSTEMS WITH
REGENERATIVE DOUBLY STOCHASTIC INPUT
FLOW*

E. A. Chernavskaya'

This article focuses on queuing systems with doubly stochastic Poisson regenerative input flow and
an infinite number of servers. Service times have the heavy-tailed distribution. The analogs of the
law of large numbers and the central limit theorem for the number of occupied servers are obtained.
These theorems follow from results for systems with general doubly stochastic Poisson processes [1].
As examples, we consider systems in which the input flow is controlled by a semi-Markov modulated
and Markov modulated processes.

1. Introduction

An extensive literature is devoted to queuing systems with an infinite number of servers. Since there
is no opportunity to mention all of the authors, we note only articles closest to the problem studied in
the article. In this regard, we note that different infinite channel systems are considered, for example,
systems with restrictions [12,13], systems in a random environment [14], infinite network systems [15],
and others. This is due to the wide range of practical issues in which these models are useful, and a
number of emerging interesting mathematical problems.

At first glance, infinite channel systems seem to be unrealistic, but in fact, they can be considered as
models of many real-world objects, for example, in communication theory, in the study of total flow of
impulsesin the description of the formation of queues at the crossroads of unmanaged highways [16], and
in some problems of security (see [17] about the relation between the risk model of Cramer—Lundberg
and the queuing system G/G/o0). In addition, these models can be considered as approximations of
systems with a large number of servers. Note that approaches used for studying such systems are useful
for queuing problems in the case of the high load.

We consider an infinite server queuing system with doubly stochastic Poisson process (DSPP) input
flow and random intensity that is assumed to be a stationary regenerative process. If service time has a
finite mathematical expectation then there exists a proper limit distribution for the number of customers
q(t) in the system at time t as ¢ — oo. But this is not the case when the distribution function of service
times has a heavy tail, i.e., there is no mean of service times. In this situation ¢(t) goes to infinity as
t — oo and the problem of asymptotic analysis of its behavior occurs. This problem was studied in [2]
for queuing system GI/G/oco. Our results are similar to those obtained there, but we consider another
class of input flows.

The main purpose of this work is the asymptotic analysis of the number of occupied servers. Ana-
logues of the law of large numbers and the central limit theorem for the number of occupied servers for
the system with DSPP input flow were given in [1]. Here we consider a doubly stochastic Poisson re-
generative (DSPR) input flow, which is a particular case of the DSPP. Limit theorems for the number of
occupied servers in the system with such flow are obtained. This becomes possible due to the estimation
of the covariance for the intensity of DSRP and basic results from [1].
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2. Previous results

Consider a system with an infinite number of servers. Arriving customers form a DSPP A(t), which
is defined as follows [3]:
A(t) = A*(A(1))

where {A*(t),t > 0} is a standard Poisson process, and {A(t),t > 0} is a stochastic process with
non-decreasing right-continuous trajectories not depending on A*(¢), A(0) = 0.
Condition 1. The process A(t) has the following form:

At) = / Ay, w)dy.
0

where A(y) is a non-negative bounded stationary stochastic process such that
|r(z)| = |cov(A(0), AM(z))| < cx™ for z sufficiently large. (1)

Here o and ¢ are certain positive constants.
We denote EX(t) = A.
The process A(t) is called the leading process and A(¢) is the intensity of A(t).
We assume that service times {n; }5°, are independent identically distributed (i.i.d.) random variables
with a distribution function B(x), B(z) = 1 — B(x). Suppose that this function satisfies the following
Condition 2. For some positive constants ci, co

at ™ < B(t) < et 2 0< A<, (2)

for t sufficiently large.
Denote B(t) = fot B(z)dz. Let us formulate limit theorems for the process ¢(t) from [1].

Theorem 1. If Conditions 1 and 2 are fulfilled and !A — ;! <a-— %, then weak convergence takes

place
Q(%ﬁﬁm “N(0,1) as  — oo, (3)

Theorem 2. If Conditions 1 and 2 are fulfilled and o > 2A — 1 then

q(t)
AB(t)

An essential part of DSPP flows are processes with intensity A(¢) that is a regenerative process. It
includes Markov modulated process (MMP), semi-Markov modulated process (SMMP), and some others
often used in queuing theory. The purpose of this article is to establish conditions for the validity of
the central limit theorem (CLT) and the law of large numbers (LLN), i.e. (3) and (4) in terms of the
distribution function of the regeneration period for such processes.

21 as t — 0. (4)

3. Model description

We consider an infinite server queuing system with DSPP as input flow A(¢) with random intensity
A(t). Suppose that A(t) is a regenerative process. This means that there is an increasing sequence of
random variables {6,},7, such that the sequence {x,},~,, where

{ﬁn}zozl = {)\(t - 071—1)7 071 - 971—17 te (071—17 971)}20:1 )

Ko = {)\(t),eo,t € (0,90)},
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consists of independent random elements and {x,},-, are identically distributed.

Then 7, = 6, — 0,1 is the nth period of regeneration for n > 1 and 79 = 6y. We denote F(t) =
P(rp <t), F(t) =1—F(t), and a = ET1 < oo. In order to use Theorem 1 and 2, in addition, we assume
that A\(¢) is a stationary process. It follows from the renewal theory that in this case

Folt) = Py < 1) = / F(y)dy.
0

Condition 3. sup, A\(t,w) < Ay < oo with probability 1.

We assume that service times are i.i.d. random variables with a distribution function B(x). Below,
we consider the infinite server queuing system .S for which Conditions 2 and 3 are always fulfilled and
we will not specify this fact.

Theorem 3. Let for system S

1) F(t) < ce™™ for some a >0, 0 < ¢ < oo, and t sufficiently large; then convergences (3) and (4)
take place;

2) F(t) < Ct™ for d > 1, C < oo and t sufficiently large; then convergence (3) takes place if
|A - 2‘ <d— 3, and convergence (4) takes place if d > 2A.

Proof. First, we state an auxiliary result.

Lemma 1. Assume that a stationary regenerative process \(t) satisfies Condition 3.
Then
Ir(t)] = |cov(A(0),A(t))] < 4X\3,;P(10 > t) = 4\3,Fo(t) fort > 0. (5)

Proof. For t > 0 we have
r(t) = cov(A(0), A(t)) = EX(0)A(t) — EX0)EA(t) =

= E(AMO)A(t) (I >t + Iro<t) ) — E(MO) (Lryst + Lng<t) ) E(A(E) (Tryst + Inp) ) = 1 — 11

Here I4 is an indicator function of the event A.
Since A(t) is a regenerative process, then A(0) and A(¢) are conditionally independent, provided
{m9 < t}. Therefore
EX0)A®)|m0 <t) = E(A0)[ro < 1) E(A(®)|0 < 1)

Applying the last equality we get
I = B0l > HP(r0 > 1) + BAO) [ < EABIm < )P(mo < 1),
II = P(19 > t) [E(A0)|m0 > t) EX(t) + E(A(0)|m0 < t)E(N(t)|70 > t)P(10 < )] +
+EA(0)|0 < ) EA(t)[10 < )P (10 < ).

So, we have
r(t) = P(m9 > t)[ (AO)A(t) |70 > t) — E(N0)|10 > t)EX(t)—
t

—E\O0)lmo < )EA(t)lTo > t)P(r0 < )]+
+EA0)|70 < )EA()|10 < 8)[P(mo < t) — P*(m0 < 1)].
Thus |r(t)] < P(ro > t) (A3, + A3, + A3, + A3,) = 43, P(70 > t).

If F(t) < ce ® for some a > 0 and 0 < ¢ < oo and ¢ sufficiently large then

Ir(t)] < ere”® for some positive ¢; < oo.
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So, Theorems 1 and 2 hold for any 0 < A < 1 in this case.
If for ¢ sufficiently large F(t) < Ct~? for d > 1 and C < oo then

Ir(t)] < eat!™? for some positive ¢y < 0.

Therefore (3) is valid if |A —}| < d — 5 and convergence (4) takes place if d > 2A.

Now we present an example of the stationary regenerative DSPP. The other examples will be given
in the next sections. We see that the asymptotic behavior of ¢(t) for system S with this input flow is
determined by the asymptotics of 1 — F'(t) as t — oc.

Example 1. Let {z;(t),t > 0}]0.‘;0 be a sequence of independent identically distributed stationary
stochastic processes taking values in the interval [0, A\ps) and {Tj};iQ be a sequence of positive i.i.d.
random variables with distribution function F'(t) and finite mean a. Let 7 be a random variable
not depending on {7;}7%, and P{n <t} = Fi(t) = Clbfot F(y)dy. Moreover, sequences {7;}7°, and
{z;(t),t > 0}72, are independent. We put ¢; = 7 +...+7;, j > 1 and 6y = 0. Denote by N(t) the
counting process for the renewal process {6; };’;0 ie.

N(t)=sup{n>0:6, <t}.

One can easily see that the process A(t) = @) (t—0x(y)) is a regenerative stationary stochastic process.

4. System with Markov modulated input flow

Here we consider an infinite server queuing system S with Markov modulated input flow. The Markov
modulated process is DSPP with intensity A(¢) defined by the relation

At) =) NIUE) = ), (6)
j=0

where U(t) is a continuous-time Markov chain with the set of states {0,1,2,...} [19]. We assume that
U(t) is an ergodic and stationary process. Then A(t) is a stationary regenerative process. As points of
regeneration one may take the moments when U (t) gets into a fixed state, for example, zero. Then F(t)
is the distribution function of the first passage time to the zero state after exit from it.

Throughout what follows, we assume that for the distribution function of service times B(¢) Condition
2 holds. Let 799 be the return time to state (0).

Corollary 1. For a queuing system S with a stationary MMP input flow that has a finite set of
states (0,1,...,N) convergences (4) and (3) hold.

Proof. Let Q = {qij}f\;zo be the infinitesimal matrix for U(t). Since U(t) is ergodic, then

min (—g;;) = g > 0. Therefore, the distribution function G;(t) of the sojourn time in the state i
i=1,N

satisfies the following inequality (see, e.g., [4])
Git) <e ™, (7)

fort > 0,7 =1, N. Let us consider the embedded Markov chain U,, = U(t,, +0), where t,, is the moment
of the nth jump of U(t), n =1,2,.... We denote

vio = min{n : U, = 0} provided that Uy = 1.
It follows from the ergodic theorem [6] that for a Markov chain with a finite set of states

P{viy >n} <cp" forany i =1, N (8)
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for some 0 < p < 1 and ¢ < oo. Taking into account estimates (7) and (8) we have
P(ro0 > t) < coe™ ™"

for some ¢y and go. So, according to the first part of the Theorem 3 this proves (3) and (4) for ¢(¢).

Example 2. Consider a two-phase queuing model. The first phase is a classical system M /M /r/m
with a Poisson input flow with rate A, exponentially distributed service times with parameter u, r
servers, and m places for waiting of service. Customers served in the first phase arrive at the second
phase. which is a system S with an infinite number of servers and B(x) as a distribution function of
service times. To employ our results, we need to describe the input flow for S. It is clear that the output
flow from the first phase is MMP with the intensity

r—1
At,w) = p Yy U ) = j) + pri(r < U(t) < m)
j=1

where U(t) is the number of customers in M /M /r/m.

We note that U(t) is continuous-time Markov chain with the set of states {0,1,2,...,r +m}. It
is ergodic and we assume that it is stationary. So, A(f) is the stationary regenerative process and its
points of regeneration are the moments when U (t) gets into a fixed state, for example, zero. It follows
from Corollary 1 that for the number of customers ¢(¢) in the second phase limit relations (3) and (4)
take place. To employ Theorem 3 in the case of the countable control Markov chain U(t) we need an
auxiliary result.

Consider a Markov chain {X,,,n > 0} with one class of communicating essential states (0,1,2,...).
Denote by vgg the number of steps to return to zero state. Let {aj}jji - be a sequence defining a
probability measure P on the set {0,£1,%2,...} i.e. P(j) = «; such that

“+oo +00
Z Jja; =—6 <0, Z (j+0)%a; = 0 < . 9)
j=—00 j=—00

Lemma 2. If for the probability distribution {aj}+°° condition (9) holds and

Jj=—00
P{Xp—Xn1>j|Xno1=i} < D aj foranyi=0,1,... and j=0,+1,42,... (10)
i=j+1
then for some 0 < 8 <1 and any n > 0
P(vgg >n) < (1 —=p)". (11)

Proof. It follows from (10) that if some random variable £ has the distribution {¢; };:o_ o+ then the
following stochastic inequality holds:
Xn - Xn—l < é-

Let {£,},—, be independent random variables with distribution {«; };:‘ioo and S, =& + &+ ...+ &,
Then
P(voo >n) = P(X1 >0,X2>0,..., X, > 0/Xo = 0) < P(Xp, > 0] Xg = 0) =

:P{i(Xk—Xk_l) > 0] X :0} < P(S, > 0). (12)
k=1
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According to the CLT we have
0
P(Sn>0)~1—CI>< \U/">

for n sufficiently large. Here ®(x) = \/1% ffoo e y22 dy. Using the estimation [6]
1 . 22
1-®(x) < a:\/27re 2,
we obtain the asymptotic inequality
1 2n
P(S,>0) < c\/27rne_ 2 (13)

as n — oo, where ¢ = g. It follows from (12) that for some ¢; > 0

1 C2TL (22 n
P(vgo > n) < P(S, >0) < e 2 < <e_2>
V/2mn
for n sufficiently large. So, (11) holds for 0 < 8 < 1 and any n > 0.
Remark 1. Let the transition probabilities for X,, be given by the relations

Djj+1 = Dj, Pjj—1 = 1 —Dpj, po1 = 1 for j > 0.

If for some € > 0 and 5 > jg
1
pj 9 €
then (11) holds. Here jy is some positive integer.
Denote by v;; the number of steps of the embedded Markov chain X, to get into the state (j)
provided that Xy = ¢. Then

Vjojo = Vjo+1jol (transition from state jo to state jo + 1)+

+15,—1jo1( transition from state jo to state jo — 1) + 1.

So,
P(Vjojo > n) = pjoP(Vjo-i-ljo >n— 1) + (1 _pjo)P(Vjo—ljo >n— 1)'

According to Lemma 2 there exists some 0 < 81 < 1 such that P(vjo+1j, >n—1) < (1 — )" In
view of (8) there exists some 0 < B2 < 1 such that P(vj,—1;, >n—1) < (1 — B2)""L. So,

P(vjojo > 1) < (1 = B)",

for some constant ¢ and f = min(81, f2).

Example 3. Let U(t) in (6) be a birth and death process with infinitesimal parameters g;;+1 = a;,
oo 1
Gii-1 = bi, i =2 0, and by = 0. If 3 [T “' < oo then U(t) is ergodic and we assume that it is a
i=1j=1 "
stationary process. Then A(t,w), defined by (6) with A\; = b;, is also a stationary one. Moreover, it is a
regenerative process. As points of its regeneration one may take moments 6,, when U(t) gets into any
fix state (ip).

Let {t,},-; be moments of jumps U(t). We consider the embedded Markov chain U,, = U(t,, + 0).
Everywhere below we denote by v;; the number of steps of the embedded Markov chain U, to get into
the state (j) provided that Uy = i.

Here we assume that the following conditions are fulfilled.
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1. For all j > 0 there exists v > 0 such that a; +b; > v > 0.
2. There exist jo > 0 and § > 0 such that aﬁbj < % — 9 for j = jo.
Choosing ig > jo according to Remark 1 we get that
P(viyi, > n) < (1= )" for some 0 < 5 < 1.

The first condition provides 1-Gj;(z) < e ?*. In view of the first part of Theorem 3, convergences (3)
and (4) hold.

Example 4. Consider a two-phase queuing model as in Example 2 but, in this case, we assume that
m = oo. So, output flow from the first phase is MMP with intensity

r—1
At,w) = p Y U E) =)+ prIU(t) > )
j=1

where U (t) is the number of the customers in M /M /r/occ.

We notice that U(t) is a continuous-time Markov chain with the set of states {0,1,2,...}. Assume
that a < ru; therefore U(t) is ergodic. In addition, we suppose that U(t) is a stationary process. Putting
bj = min(j,r)pu and a; = a, j > 0, and ip = r in Example 3, we obtain that conditions 1 and 2 are
fulfilled and convergences (3) and (4) take place.

5. Systems with semi-Markov modulated input flow

These flows form an important subclass of regenerative DSPP. In this case a random intensity is
given by (6) where {U(t),t € [0,+00)} is a semi-Markov modulated process with values in {0,1,2,...}
and {A\g, A\p < C,k > 0}. It is known (see, e.g., [7]) that the distribution of U(t) is defined by two
matrixes P = (p;;) and G = (Gy;(x)). The first matrix consists of transition probabilities from state
(1) to state (j), and the second one consists of distribution functions of the sojourn time in the state
i =0,1,2... provided that the following state will be j. Let {¢,},~, be moments of jumps U(t) and
U, =U(t, +0). Then P is a transition matrix for the Markov chain U,,.

We assume that the matrix P is ergodic, i.e., the Markov chain U, is irreducible, aperiodic, and has
a proper limit distribution. In this case, the process U(t) has a stationary distribution, provided that

aij = /(1 — GZ](ZL‘))dI‘ < 00
0
for all 4, 5 [7].
Further we assume that U(t), and hence A(t) are stationary processes. As before, let {t,}, -, be

moments of jumps U(t). We also note that A(t) is a regenerative process with moments of regeneration
{60:}2, when U(t) gets into a fixed state, for example, zero. We assume that

Qi:iI;fi{tn>9i_1ZUn:O}, Qozlnf{tZOU(t):O}, 1=1,2,...,

Tizei—ei_l, TOZHO, 121,2,

Our aim is to find conditions for convergences (3) and (4) for infinite channel system with semi-Markov
modulated input flow. In view of Theorem 3, it is necessary to find the asymptotic behavior of the
probability

1 o0
P(rp >t) = o /P(Tl > y)dy
t

as t — 0o. Note that the period of regeneration 7;, j > 1, consists of the time that the process U(t) is
situated in the zero state and the return time to the zero state after exit from it.
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Theorem 4. Let the following conditions be fulfilled.

1) There exists a distribution function G(x) with a finite mean such that for x sufficiently large

1—-Gij(zr) <1-G(x), fori,j=0,1,.... (14)

2) There are 8 € (0,1), constant C' < oo, such that
Plvgo>n)<C(1-=p8)", n=0,1,....
Then for any h € (0,1), some constants C1, Ca, and x sufficiently large, the following inequality holds:
P(r > 1) < Ci(1 = Ga'™)) + Che ™", (15)

Here v = —1In(1 — j).
Proof. For the Markov chain U, let vy be the number of steps before return to zero state. Let, for
U(t), {77]}” % be the sojourn times in the relevant states. Then

Too =M1+ M2+ ... F Nugg-

For any M < co we have

00 voo
P(rp >z) < an>x1/00 M+PZ77]>ZL‘I/00>M)
7=0

S (1-6 (%)) Ploso =) + Pl > a0 < (1~ G ( 7)) B+ (1 - .
n=1

Since Evgy < oo, putting M = [z"] for h € (0,1) and v = —In(1 — 3), we obtain (15). Here [z] is
the integer part of x.

Corollary 2. Let the conditions of Theorem 4 be satisfied. Then for a queuing system with input
flow of intensity \(t) defined by (6), where U(t) is a semi-Markov modulated process, we have

1) if 1 — G(z) < e for some q > 0, then convergences (3) and (4) hold,

2) if 1 — G(z) < cx™0 for 6 > 1, then (3) is fulfilled for ‘A ‘ < 4§ - , and (4) is fulfilled for
0 > 2A. Here c is some positive constant.

Proof. It follows from Theorem 4 that in the first case the asymptotic behavior of the correlation
function r(t) as t — oo is exponential, so (3) and (4) are fulfilled.
In the second case, from (15) for h € (0,1) and any e > 0 sufficiently small, we have

P(Tl > a:) § Eyoom_a(l_h) + Cle_yxh < ng_(l_h)6
as x — oo. Here C, Cy are some constants. Therefore, we obtain that
r(t)] < Catt=(=h0 (16)

as t — oo and Cj3 is a constant.
Hence, the first part of Theorem 3 is true in this case for any 0 < A < 1. Similarly, we establish the
validity of the second part of Theorem 3 for § > 2A.
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Remark 2. Function G(z) should be chosen sufficiently close to the family {G;;(z)}. For example,

if G(z) = qu]n Gij(z) is a distribution function, then G(z) should be taken equal to G(x).

Example 5. We assume that the semi-Markov process U(t) has a finite set of states, and P an is
ergodic matrix. Matrix G = (G;j(x)), as before, consists of distribution functions of the sojourn time of
the state i = 0,1,2,... provided that the following state will be j.

We take G(x) = rrilin Gj(z) as the dominating function, which is the distribution function for a finite
N. !

So, according to Corollary 2, if 1 — G(x) < cx™® for = sufficiently large then (3) holds for |A—3] <
§ — 5 and (4) holds for § > 2A. However, if 1 — G(z) < e~ for some ¢ > 0 and z sufficiently large,
then Theorem 3 is fulfilled for any 0 < A < 1.

The author is deeply grateful to Professor L.G. Afanasyeva for her constant interest in this work and
valuable suggestions and guidance, which significantly contributed to the writing of this article.
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