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We present an orthogonal basis for discrete wavelets in the case of comb structure of the
spline-wavelet decomposition and estimate the time of computation of this decomposition
by a concurrent computing system with computer communication surrounding taken into
account. Bibliography: 9 titles.

Wavelet decompositions are widely used, which strongly stimulates their further development.
Unlike classical wavelet decompositions [1, 2], the approach proposed in [3] does not require to
construct a wavelet basis. On the other hand, the approach of [3] provides asymptotically optimal
(with respect to an N-diameter of standard compact sets) spline-wavelet approximations [4]. In
the computer realization of decompositions, the knowledge of a basis allows us to diminish the
computation time essentially. We note that the wavelet bases have not been considered earlier for
the above-mentioned spline-wavelets. It turns out that, in this case, to diminish the computation
time, it suffices to know a basis of discrete wavelets.

In this paper, we obtain an orthogonal (in the Euclidean space) basis of discrete wavelets
in the case of a spline-wavelet decomposition of the comb structure [5]. We estimate the com-
putation time necessary to realize this decomposition by a concurrent computing system with
computer communication surrounding taken into account.

The paper consists of eight sections. In the first four sections, we construct the first order
spline-wavelet decomposition. In Section 5, we construct the orthogonal basis for the space of
discrete wavelets, whereas Section 6 deals with continuous basis wavelets. Section 7 is devoted
to the time of computation of the main flow by successive and concurrent computing systems
with computer communication surrounding taken into account. Section 8 contains a similar
study for numerical realization of the wavelet flow.

1 Preliminaries

1.1. The space of first order splines. For any natural m we introduce the notation:
Jn©{0,1,...,m} and J/ <{-1,0,1,...,m}. Let N be a natural number. On [a,b], we
consider a grid

X: a=zx<r1<...<zy o<zxN_1<TN =D, (1.1)
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def .
and denote S;= (xj, xj41) U (Tj41,%j42), J € J n—2,

G U @imin), S (@o,z1), Snoa™(@no1,2n).
i€JN_1

Let AL {aitics,,_ be a complete chain of two-dimensional vectors, i.e., det (a;-1,a;) # 0,
Jj € JIn-q (cf. [5)]).

We consider a two-component vector-valued function ¢(t) with continuous components on
[a,b] which are linearly independent on any interval (a’,b’) C G.

We define the functions wj(t), t € G, j € J'y_;, by the approximate relations

Y ajwi(t) =¢(t) VEEG, wit)=0 VE€G\S;, j€ Ty .

J€IN 1
Thus, the functions w;(t), j € J'\_;, are defined on the set G by

det (¢(t), a0)
() = 4 det(ar,mp)” | € (T m) (1.2)
0, te G\S_q,

det (a1, ¢(t))
det (aj_l, aj)

w;(t) = { det (@(t),a;41)
det (a;,a;41)

0, tc G\Sj,

, t € (T, T541),

L tE (Ti41,Ti42), Jj€ JIn-2, (1.3)

det (aN—27 @(t)) ’ te (:BN_th)’
wy_1(t) = { det (an—2,an—1) (1.4)
O, t e G\SN_l.

Below, we consider the space of first order splines Sy = Sy (X, 4, ¢) et Cly, L{w;}jes - where
ZA{...} is the span of the functions in the curly brackets and Cl,, is the closure in the topology
of pointwise convergence. By assumptions on ¢(t), the functions w;(t), j € J'y_,, are linearly
independent on GG and, consequently, form a basis for the space Sy. Consequently, we have
dim S N =N +1.

Remark 1.1. As is known [6], the functions w;(t), j € J'y_;, can be extended by continuity
to the points of X if and only if a; = p(z;41) for all i € J'y_,.

1.2. Continuous first order splines. We consider the case

ety =(1, 1) aj=a;o(z). (15)
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The functions obtained from (1.2)-(1.4) are denoted by wj(t) so that

Tl — t
" — , L€ (mo,ltl),
O7 t e G\Sfla
t— ij
Tji1— xjv ( R ]Jrl)a
o — .
w;(t) =q G270 , t& (l’j+1,£€j+2), J € JIn-2,
Tj42 — Tjt1
0, te G\Sj,
t—xnN_1
% _77 te (aijlpr)u
wal(t) = TN ITN-1
0, te G\SN,L

Sometimes, we need the uniform grid Yhdéf{xj | j = a+ jh,j = 0,1,2,..., N}, where
N > 5 is a natural number. In the case of the uniform grid X, the objects under considerations
are marked with overline ~. For the uniform grid X, we have w;(t) = w(t/h — I Xab)s J =
—-1,0,1,...,N — 1, where

z, z € (0,1),
wx)E2—z xe(1,2),
0, z ¢ [0,1],

and X([q, is the characteristic function of [a, b].

2 Two-Interval Comb Structure

Let s and 7 be natural numbers, and let s < r < | N/2|. We remove the points

L5415 L2513, L2545 - -+ T2 1 (2.1)
from the grid (1.1) and consider the enlarged grid
),(V': a:%0<.%1<.%2<...<.%N_1<5]\7:b,
WhereN:N—r—Fs,
Ti=uw;, 0<1i<2s,
Tir = Toir_0s, 25 +1<i < s+,
Tin = Tp_gpin, $+T+1<iI" <N —r+s.
We set
S (@, B ) U (Tj41, Tjra), G €T f,
GY | @n7in), Sa%@0d), Sy, Y@y ..7g)

€5y
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and
IME{—1,0,...,2s — 2},
ImMC2s—1,...,s4+r—1},
L' Ys+rs+r+1,...,N—1}.

It is obvious that I)UI™UIY = J IN—l' We consider the chain of vectors 4% {a_1,a0,...,a5 1},
such that the following assumption holds.

(A) A chain vectors A« {&;} is complete, and

aj=a;, jell,

aj =agj 2541, JjE<Il,

gj = &j4r—s; je Ii.

The set {X,A,)N(, Z} is called the two-interval comb structure [5].

We consider the system of functions {w;};c;  obtained from the relations
N-1

S aEM=¢t) ved,

; !
jEJNA

&j(t) =0 Vte é\gj, JjE J{/V—l’
so that

det ((p(t)vao)

@71(1‘:) = det (5—1750)
0, t e G\Sfl,

det (a1, ¢(t))

det (ﬁj_l,ﬁj)

@;(t) = ¢ det (p(t),a;41)
det (aj,a;41)
0, t e G\Sj,

, te (%07%1)7

, tE€(T5,T541),

~ ~ € J5
t € (Tjr1,Tj42), JE N2

det (Bg_y (1))
Oy, () ={det @y pay ) N
0, t e G\Sﬁ,l-

t e (5ﬁ,17§ﬁ)7

Remark 2.1. We assume that all functions under consideration are restricted to the set G.
We introduce the space gdifClp ZL{wj}jes. . It is obvious that dim S=N+1.
N-—1

We will need the following assertions (cf. Theorems 1 and 2 in [5]).
1. Forte G

@;(t) =wj(t), jell,

(j)j(t) = wT_erj(t), je LE.
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2. f0<i<r—s—1, then

det (agst2i—1, (1))
det (ags42i—1, a2s+2i41)

Wasti(t) = t € (Tostir Tastit1)-

If -1<i<r—s—2,then

det (o(t), azsy2i43)
det (a2s+2i4+1, A2s+2i+3)

t € (Tostit1, Tastit2)-

Wasti(t)

3. Under Assumption (A), the inclusion S C S holds.

3 The Embedding Matrix

3.1. The space Cx and matrix of embedding. In what follows, we use the linear space
Cx introduced earlier by the author (cf., for example, [3]).

Let (¢, d) be an interval of the real axis. Denote by C(c,d) the linear space of functions that
are continuous on (¢, d) and have finite limits at the endpoints of (¢, d). We introduce the linear
space of functions as the direct product of the spaces C{x;, z;+1), i = 0,1,..., N — 1, namely,

N-1
CX dif ® C<l’1, l’i+1>.
1=0

It is clear that w; € Cx, j € J'y_;, and ScScCx.

Let {gi}tics ., be arealization of the system of linear functionals over C'x, biorthogonal to
the system of functions {wj}je‘]kf—l7 (gi,wj) = 0; j, such that supp g; C [zj,z; +¢€), j € In_1,
supp g-1 C [xo,xo + €), where ¢ > 0 is an arbitrary positive number (the existence of such
realizations was established in [3]). We consider the matrix P with entries

pig g @), iedG , JeS N (3.1)
We denote supp +@; = [Z;, Ti+2) and consider three groups of the values of j:
Ip<{-1,0,1,...,25 — 2},
IS {2r,2r +1,...,N — 1},
Iy =25 —1,2s,...,2r —1}.

It is obvious that Iy U Ips UIp = J'y_; and I" = I'y. We need the following formulas proved
in [5, Theorem 4]:

piy=0i; ViedJs ., je{-101,...,25 1}, (3.2)
pij = 0ji—sir Vi€ JS |, j €I (3.3)
whereas the remaining elements are computed for g € {s,s+ 1,...,r — 1} by the formulas
Pi2q = Pi2gr1 =0 Vi€ kafl\{s +q—1,5+q}, (3.4)
Pstg—1,2g41 = 0, Pstq2g+1 = 1, (3.5)
Poso_t2g = det (agq, agq+1) Porazs = det (agq—1,a2q) (3.6)

det (agq—1,a2g11)’ det (agg—1,a2g41)
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According to formula (3.2), we have

pij=0i; Vet ,je {-1,0,...,2s -1}
— [pTal; = a; Vje{-1,0,...,2s—1}. (3.7)

From (3.3) we find

Pij :5]‘71;54# Vi € J%Tfl’ J EIT:{QT,2T—|—1,...,N—1}
= [BTal; = ajisr VjE{2r,2r+1,...,N—1}. (3.8)

By (3.4) and (3.5), for g € {s,s+ 1,...,7 — 1} we have

Piogr1 =0 Vi€ G \{s+q—1,s+a}, Porg-120+1 =0, Psg2e+1 =1
— [PTa)ogi1 = asiq Vg {s,s+1,...,7r—1}. (3.9)

By (3.4) and (3.6), for g € {s,s+ 1,...,7 — 1} we have

pizg=0 VieJ% \{s+q¢—1s+aq},

det (agq, a2q+1)

—1,2¢g — )
Psta—129 det (agq_l, a2q+1)
" by = det (agq_l, agq)
ST020 ™ et (agq—1,a2¢+1)
so that [Pl alog = Pstq—1.2¢ Astq-1 + Ps+q.2q Asq 4 € {8,5+1,...,r — 1}. Consequently,
det (agq, azq+1) det (agg—1,a2q)
T qr A2g+1 2q—1,aA2¢q
aly, = Astg—1 a Vge{s,s+1,...,r—1}. (3.10
B2l = 5o (g 1,89411) 0 det (azg1,89411) t o1 (310)

3.2. The embedding matrix of first order splines. The matrix ¥ and its entries are
marked with asterisk = if we deal with first order splines considered in Subsection 1.2.

Theorem 3.1. The entries of P* are computed by the formulas

p;=0i; Vie J’KH, je{-1,0,1,...,2s — 1},

p:} = 5j,i—s+’r7 Vi € J;'\“f_p ] € IT7
whereas the remaining entries are computed for q € {s,...,r — 1} by the formulas

Plog =Pizgr1 =0 VieJGo \{s+q—15+q}

* _ * _
ps+q71,2q+1 - 07 ps+q,2q+1 - 17 (3.11)
p* _ T2g+2 — L2g+1 * _ T2g+1 — L2gq
s+q—1,2q — ’ s+q,2q — .
5% pogi9 — Tog D moqyo — Xy

The proof is easily obtained from the relations (3.7)—(3.10) and (1.5).
In the case of a uniform grid X}, formulas (3.11) become simpler: P, 19, = Psiga, = 1/2.
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4 The Extension Matrix

4.1. The extension matrix for the space of first order splines. We consider a system
of functionals {g;};c;/_ , biorthogonal to {&;},c; ,i.e., (gi,w;) = d;;, and such that
N-1 N-1

supp g; C [%;,Z; +¢€) Ve>0, i€ Jg ,, supp g-1 C (To, %o +¢€).

Using the relation (g;, @) = a;, we compute the N 41 x N+ 1-matrix Q with entries Qi = (Gi,wj),
1€ J ’]\7_ pJied 'v_1- We use the following formulas proved in [5, Theorem 6].

1. For all i € J/1\7—1
i J € 1m,
Aea = {6i,j+s—r7 J € Ir.
2. In addition,

Jos—1; = 02s—1,; Vj € J'N_1,

‘ (4.1)
Ustqj =0 Vi€ Jy_\{2¢0—1,2¢}), s<qg<r-—-1
3. Finally,
det (agq,l, a2q+1)

= 0 4.2
qs+q,2q det (8‘2(1_17 a2q) 7é ) ( )

det
Us+q,2¢-1 = det (B2g41, 220) #0, s<g<r—-1L (4.3)

det (aQq_l s agq)

We note that the fact that the expressions (4.2) and (4.3) are different from zero follows
from Assumption (A).

4.2. The extension matrix for first order splines. In the case of first order splines,
the following assertion holds.

Theorem 4.1. The entries of the matriz Q* are computed by the following formulas.
1. For alli € ‘]Iﬁfl

q;‘k,j =065, J€<lm, (4.4)
qzj = 0j jts—rs JEIT. (4.5)
2. In addition,
G25—1; = 026-1,; VJ € o1 (4.6)
Giyg; =0 VieJyn_1\M2¢-1,2¢}, s<q<r-1 (4.7)
3. Finally,
Us4q,2q = Ttz 2 (4.8)

)
Tg+1 — T2q

T2g+1 — T2g+2

* _ q q

Totgg1=—————— sS<qg<r—1L (4.9)
T2g+1 — T2q
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Proof. Formulas (4.4)—(4.7) immediately follow from (4.1)—(4.3), whereas formulas (4.8)
and (4.9) are obtained from (4.2) and (4.3) with (1.5) taken into account. O

In the case of a uniform grid X, formulas (4.8), (4.9) are simplified:

as+q,2q =2, as+q,2q71 =—L

5 Decomposition of Wavelet Flows

5.1. Projection operator. We consider the projection operator P from the space S to the
subspace S given by the formula

Pu™™ > (Gju)@; YuesS (5.1)

o /
Je‘]ﬁfl

and introduce the operator ) = .# — P, where .# is the identity operator in S. As a result, we
obtain the direct decomposition [6]
S=S4+W, (5.2)

called the first order spline-wavelet decomposition of the space S, where S is said to be the main
space and W' QS is referred to as the wavelet space.

Let u € S. Using (5.1) and (5.2), we find v = u + w, where

u = Z CijWj, u= Z CLZ'(T)Z‘, w = Z bjw]', (53)

FISO AN ST J€J N

a; (gi,u), bj,cj € R!. Introducing the main a, wavelet b, and original ¢ flows by the formulas

adif(a_l,...,aﬁil)T, bd;f(b_l,...,b]v_l)T, (54)

def

C = (C_l,...,CN_l)T, (5.5)
we write the decomposition formula [6]

b=c-P"Qc, (5.6)
a=Qc. (5.7)

5.2. Orthogonal basis for the space of first order wavelet flows. We identify the
space € of flows with the Euclidean space RVT! equipped with the standard inner product

N+1
(X7 y) d;f Z TilYi v X,y € ]RN+17

=1

x = (21,22,...,ZN+1), ¥ = (y1,Y2,---,YN+1)- Let o be the N + 1-dimensional space of the

main flows a, and let #Z be the space of all possible wavelet flows b. Each of the systems

{wjtjesr, , and {&;}jes.  consists of linearly independent elements, whereas the flows c, a, b
- N—-1
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are connected with the representation (5.2) by formulas (5.3)-(5.5), we see that the spaces 7,
A, and € are linearly isomorphic to the spaces S, W, and S respectively:

od~S, B~W, €~S, (5.8)
so that ¢ = &/ + A. It is easy to prove [7] that

PB = ker Q. (5.9)

Theorem 5.1. For the spline-wavelet decomposition under consideration the space B of first
order wavelet flows can be represented as

@:{b)b: S agb, Vai € R, i:s+1,s+2,...,r}, (5.10)
q=s+1

where for g =s+1,...,r — 1 the vector by is defined by the symbolic determinant
b et (S ) 511
7 det (agg+1,a2,) det (azg—1,a2g+1) (5:11)
and forq=r
b,« = €e2r_1. (512)
Proof. Taking into account the structure of the matrix 9, we have

r—1

ker Q = {b ’ b = Z g (Us549,20€2g—1 — Us+q,29—1€2¢) + €21
q=s+1

Vo e R, q:s—l—l,...,r—l}.
Substituting the relations (4.2), (4.3) and taking into account the arbitrariness of «; (which
allows us to ignore the appearing denominators), we find

r—1

ker 9 = {b ‘ b = Z Qg (det (agqg—1,a2¢+1))e2g—1 — det (agq1, agq)egq)+arezr,1
q=s+1

Yoy e RY, q:s—|—1,...,r}.
Taking into account (5.11), we obtain the relation (5.10). Formula (5.12) is obvious. O

Definition 5.1. A system of vectors {v;};=1 2 . ar of the space RE is called a system of zero
multiplicity if

Vils[vj]s =0 Vse{1,2,... K} Vi,je{1,2,... M},i#j.

It is easy to see that a system of vectors of zero multiplicity in R¥ consists of mutually
orthogonal vectors.

Theorem 5.2. The system {b;}i=st1.., is a system of zero multiplicity. This system is an
orthogonal basis for the space B of wavelet flows.
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-1},
(5.13)

Theorem 5.2 follows from Theorem 5.1.
ge{s+1,...,r

We consider a system of vectors {Bl}[:5+1m,7~ of the form
det (agq, a2q+1)
ezq

b, e +
q = ©2¢-1
det (agq—1,a2¢+1)

b, = ey 1.
Corollary 5.1. The system {gl}lzs_ﬂm,r s a system of zero multiplicity and is an orthogonal

5.3. Orthogonal basis in the case of first order wavelet flows. In the condition (1.5),
(5.14)

basis for the space % of wavelet flows.
the objects under consideration are marked with asterisk *; the corresponding flows are referred

to as first order flows.
Theorem 5.3. Under the condition (1.5), the space B* of wavelet flows has the form

%’*:{b‘b: Z agby Vo, € R, z:s—l—l,s—{—Q,...,r},

Tog+2 — T2q

q=s+1
where the vectors by are defined by
b et (Tag42 — Tag)€2g—1 + (Tag42 — Tagt1)€2q, g=s+1,...,r —1, (5.15)
b =eq_1, ¢g=r (5.16)
Proof. Formulas (5.14)—(5.16) are obtained by inserting (1.5) into (5.11). O
From (5.13), (5.15), and (5.16) it follows that the system {‘BZ} of vectors
T2q+2 z2q+1e2q Vge{s+1...,r—1},

BZ f €21+
B: d:ef €or_1
is also an orthonormal basis for the first order wavelet flows. In the case of a uniform grid X,

for a basis for the space of wavelet flows one can take the vectors
Bqd:dqu_l +ey/2, qge{s+1...,r—1},

r = €2r—1.

6 Basis Wavelets

=2l

6.1. Representations of basis wavelets. By the linear isomorphism (5.8), the image of
qgq=s+1,...,7r—1,

isomorphism % — W and find the basis wavelets w, = 1)(bg)
Theorem 6.1. The basis wavelets wy(t) have the form

wq(t) = det (azqg—1, a2q+1)wag—1(t) + det (azg, azgt1)waq (),

Wy (t) = W2r—1 (t)

a basis for the space £ is a basis for the space W. We denote by ¢ the bijection generating this
def
(6.1)



Proof. Using the third equality in (5.3), we find

wg(t) = Y [byljw;t). (6.3)
J€T N1
By (5.11) with ¢ = s+1,...,7—1, only two components of the vector by are different from zero:

[byl2g—1 = det (azg—1,a2q11), (6.4)
[bylaq = — det (azg+1, azq)-

Substituting (6.4) into (6.3), we find (6.1). In the case ¢ = r, we obtain (6.2) from (5.12). O

Theorem 6.2. The basis wavelets wy(t), ¢ =s+1,...,r — 1, can be written as

det (agg—2, ¢(t))
det (agq—2,a24-1)
MQ(t) = q det (Lp(t), a2q+1), te (.%'Qq, x2q+2), (65)

det (agqg—1,a2¢+1) ;b€ (x2g-1,72),

0, t & (T2g—1,T2g+2)-
Proof. By (1.3),

det (azy2, 9(1)

det (agq—2,a24—1)’
(.L)qul(t) = det (So(t)7 a2q)

det (agq_l, azq) ’

0, t & (T2g—1, Tag+1),

det (agg—1,¢(t))
det (agq_l, agq)
waq(t) = ¢ det (p(t), azg41)
det (azq, azg+1)
0, t & (z2g, T2g+2),

t € (z2g-1,T29),

6.6
te ($2q>$2q+1)a ( )

;b€ (T2, T2g+1),

.t € (zag41, T2g42),

We consider the relation (6.1) with ¢ = s+ 1,...,7 — 1 for each of the intervals (22,1, %24),
(2g; T2q+1), and (22q41, T2q+2)-
1. Let t € (z2q—1,224). Then (6.1), (6.6), and (6.7) imply

det (agg—2, (1))
det (agq—2, a24—1)

wq(t) = det (agq_l, a2q+1) YVt € (332q_1, wzq). (6.8)

2. For t € (x9q, x2¢+1) from (6.1), (6.6), and (6.7) we find

wy(t) = [det (agg—1, a24)] " [det (agg—1, a4+1) det (o(£), azy)
+ det (agq, a2q+1) det (agq_l, (p(t))] (69)

For two-dimensional vectors x, y, z, and u we have

det (x,z) det (u,y) + det (y, z) det (x, u) = det (u, z) det (x,y). (6.10)
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We use (6.10) in (6.9) by setting x = agq—1, y = agg, 2 = agg+1, and u = ¢(t). Then, in the
second square brackets in (6.9), we have the product det (as,—1,a,) det (¢(t), azq+1) instead of
the sum. Therefore, (6.9) implies

wy(t) = det (p(t), azq+1) Vit € (T2, T2g+1)- (6.11)

3. Let t € (x2¢+1,24+2). Then (6.1), (6.6), and (6.7) imply
wq(t) = det (p(t),a2g41) VYt € (ag41, T2g+2)- (6.12)
Taking into account (6.8), (6.11), and (6.12), we obtain (6.5). O

Remark 6.1. It is easy to verify that if a; = p(xi41), ¢ € J'\y_, then the basis wavelets
wq(t) are continuous.

6.2. Basis wavelets of the first order. We consider continuous first order splines (cf.
Subsection 1.2) on a grid X. The objects under consideration are marked with asterisk .

Theorem 6.3. The basis wavelets w (t) have the form

wg(t) = (Tag42 — Tag)wyg 1 (1) = (T2q+1 — T2q2)wiy(t), q=s+1,....,r—1, (6.13)

wy(t) = wip_1 (1) (6.14)

Indeed, substituting (1.5) into (6.1), we find (6.13). The relation (6.14) follows from (6.2).

In the case of a uniform grid X, the basis wavelets w,(t) can be represented as

Wy(t) = 209q—1(t) +Wag(t), ¢g=s+1,...,7—1,
wr(t) = wgr_l(t).

6.3. Connection with the notion of interference. The following relations were proved
in [8: ifge {s+1,s+2,...,r— 1}, then the components of the wavelet flow are expressed as

qu = %qbgqfl, (6.15)
where the constant s, is independent of the original flow ¢ and is defined by

def det (32q7 a2q-&-1)
- det (a2q—17 a2q+1) ’

ge{s+1,s+2,...,r—1}. (6.16)

The linear dependence between the components of the numerical flow is called an interference
and proportionalilty of neighboring components with coefficient independent of the original flow
is called a standing wave [8].

The relations (6.15) and (6.16) show that the generation of first order wavelets on the two-
interval comb structure {X, A, X , ,Z[} is accompanied with appearance of standing waves. Thus,
the dimension of the space of wavelet flows coincides with the number of removed grid points
(i.e., r — s, cf. (2.1)). This result completely agrees with the representation of basis wavelets
obtained in this paper (cf. Theorem 6.1).
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7 Computation of the Main Flow

7.1. Statement of the problem. Realization of the decomposition algorithm involves two
problems: find the main flow and find the wavelet flow. As a rule, the first problem is more
important than the second one since, in the majority of cases, it is the main flow that creates
an impression about the character of the original flow. We begin with the first problem.

We consider the numerical realization of the main flow a. By (4.1)—(4.3) and (5.7),

a;=c;, 1€{-1,0,...,2s — 1}, (7.1)
a; = 0;,2i-25—1C2i—2s—1 + §i2i—2sC2i—2s, 1 € {258,254+ 1,...,5+1r —1}, (7.2)
a; = Citrs, i€{5+r,s+r+1,...,ﬁ—l}. (7.3)

Computation by formulas (7.1) and (7.3) is accompanied with the assignment operations without
index shifting (2s + 1 operations for formula (7.1)) and the assignment operations with index
shifting by r —s (N — (s +7 — 1) = N — 2r operations for formula (7.3)).

The situation is more complicated in the case (7.2). To compute the coefficients q; 2i—25—1
and q;2i—2s, it is required to compute det (ag,—1,a2;), det (azq+1,az,), and det (ag;—1, agq+1)-
By (4.2) and (4.3), formula (7.2) is written as

det (a2q+1, agq)c 2g—1 t+ det (agq_l, a2q+1)c 2q
det (agq,l, agq)

Qgyq = , s<g<r-—1L (7.4)

Formula (7.4) consists of r — s equalities. Each equality contains 3 determinants of the second
order, and the computation of each determinant in the general case requires 2 multiplicative
and 1 additive operations. To gather equalities in (7.4), it is required 2 multiplicative and 1
additive operations. Thus, we need 8 multiplicative and 4 additive operations. We note that
computations in all equalities can be performed parallely (of course, parallelizing is possible
inside each equality, but this case will not be considered here).

We assume that a computing system works synchronously (by cycles). The measured time
is discrete, and for the time unit we take the time required for performing one cycle [9].

Assume that the flows under consideration consist of numbers of type real. The represen-
tation is denoted by f (we do not specify the structure of the representations).

7.2. Successive computations of the main flow in the first order spline-wavelet
decomposition. I Let a function t4(f, p, q) provide the (natural) number of time units') nec-
essary for performing p assignments with index shifting by an integer number of positions from
0 to ¢ — 1. Sometimes, we use the following assumption.

(B) ta(f,p,q) = pqtq, where ty = t4(f) is a natural number.

In the case of a single-processor computer system, we need to perform
(a) 2s + 1 assignments without index shifting, which takes the time tq4(f,2s + 1,1),

(b) 9(r — s) multiplicative operations, which takes the time 9(r — s)t,,, where ¢, = t,,,(f) is
the time required for performing one mulitplicative operation by a computing system,

D Depending on the realization, the function tq(f, p, ¢) can be linear or not (for example, in the case of extracting
an information from the memory by using fragments of a certain length).
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(c) 4(r — s) additive operations, which takes the time 4(r — s)t,, where t, = t,(f) is the time
required for performing one additive operation by a computing system,
(d) N—2r assignments with index shifting by r—s, which takes the time ty(f, N —2r,r—s+1).

In this variant, the total time ¢t — ¢ of computation of the main flow a from c is equal to
tacc =tq(f,2s+1,1) +9(r — )ty +4(r — $)ta + ta(fy N — 2r,r — s+ 1). (7.5)

Theorem 7.1. If Assumption (B) is satisfied, then for computing the main flow a from the
decomposition of a flow ¢ by a single-processor computer system, it is required ta — ¢ () time
units, where

taccm = (2s+ 14+ (N —=2r)(r —s+1))tg +9(r — s)ty +4(r — s)ta. (7.6)

7.3. Successive computations of the main flow in the first order spline-wavelet
decomposition. IT Unlike Subsection 7.2, we deal with the differences of grid points:
(T2q+1 — Z2g12)C2q-1 + (T2g12 — T2g)C2g

Usyqg = , s<g<r-—1L (7.7)
T2g4+1 — T2q

In this case, for each ¢ there are 4 additive operations and 3 multiplicative operations. Therefore,
comparing with Subsection 7.2, the number of multiplicative operations changes. Thus, the total
time tj _ ¢ of computation by a single-processor computer system is equal to

tacce="ta(f,2s+1,1) +3(r — s)tm +4(r — s)ta +ta(fy N —2r,r —s+1). (7.8)
From (7.8) it is easy to obtain the following assertion.
Theorem 7.2. If Assumption (B) is satisfied, then to compute the main flow a in the

first order spline-wavelet decomposition of a flow ¢ by a single-processor computer system, it is

*

a<c(B) time units, where

required t
taccem =25+ 1+ N =2r)(r —s+1))tqg+3(r — s)tm + 4(r — 5)ta. (7.9)

If the grid is uniform, then the relations (7.7) take the form
Qstq = —C2g—1 +2C2q, s<q<r—1. (7.10)

Thus, 3 additive and 2 multiplicative operations are removed for each q. Therefore, the following
assertion holds.

Theorem 7.3. Let Assumption (B) be satisfied. If the grid is uniform, then to compute
the main flow a in the first order spline-wavelet decomposition of a flow ¢ by a single-processor
computer system, it is required f*a ~c,(B) time units, where

[ cB)=(2s+1+ (N =2r)(r —s+1))ta+ (1 — s)tm + (1 — s)ta. (7.11)
7.4. Concurrent computations of the main flow in the first order spline-wavelet

decomposition. The parallelizing process is rather varied and depends on options and variants
of the usage of devices. In this paper, we deal with the simplest (in the opinion of the author)
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variant of parallelizing. However, based on this simple variant, it is easy to propose more efficient
(and more complicated) variants of parallelizing.

We consider a concurrent computing system with a sufficiently large number of concurrent
computing modules so that the realization of the algorithm is independent of the further increase
of the number of modules (we refer to [9] for the conception of unrestricted parallelism).

We assume that the distribution p¢q of the data of the same type real with representation
f between p concurrent computing modules (p and ¢ are natural numbers) is performed in
accordance with the directive ALIGN 2) by distributing ¢ data to each concurrent computing
module and this process takes T o7 (f,p,q) time units.

Sometimes, we use the following assumption.

(C) Tar(f,p,q) =pqTar, where Tar, = Tar(f) is a natural number.

We assume that the operation of parallel assignments for simple variables (of type real) takes
Ty = Tp(f) time units. Let T, = T,(f) and T,,, = T,,,(f) denote the time required by a concurrent
computing system to perform 1 parallel additive operation and 1 parallel multiplicative operation
respectively.

Using such a concurrent computing system, we perform the following action.

(1) distribute the variables (of type real) between N + 1 concurrent computing modules as
follows:

(la) map the variables a;, ¢; to the concurrent computing module with the number i + 2,
i=-1,0,...,5s — 1 (cf. (7.1)), which takes Tar(f, s+ 1,2) time units.

(1b) the variables asiq, C29—1, C2q, [A2g+1]i, [A29)]is [A2g—1]i, © = 1,2, are mapped to the
concurrent computing module with the number ¢+ 2 (in accordance with the directive ALIGN),
which takes TAr(f,r —s,9) time units, s < ¢ < r — 1,

(1c) map the variableg a;, Citr—s to the concurrent computing module with the number ¢+ 2,
i=r+sr+s+1,...,N—1 (cf. (7.3)), which takes T4z (f, N — 2r,2) time units,

(2) in formula (7.4), during one action of parallel multiplication, perform 6 multiplications for
computing three determinants; moreover, during this action, perform all these multiplications
for all s < g <r — 1, which takes T}, time units,

(3) in formula (7.4), during one action of parallel subtraction, compute the determinants
det (agq+1,a2q), det (agg41, a2g—1), det (agg—1,a24), s < ¢ < r — 1, which takes T, time units,

(4) during one action of parallel multiplication, compute the product
det (azg+1,@2¢)c2g-1, det (aggi1,a2-1)c2g, s<g<7—1;
which takes T}, time units,

(5) in formula (7.4), during one action of parallel addition, compute the value of the ex-
pression in brackets in the numerator of formula (7.4), s < ¢ < r — 1, which takes T}, time
units,

2 Here, the process performed in accordance with the directive ALIGN (cf. also the interface DVM in [9])
is understood as a process of distribution of available pg variables (initialized or not) between p concurrent
computing modules, with ¢ variables to each module, in order to perform actions with these variables on the
same concurrent computing module (without transferring between different modules). The method for defining
the above relation is involved in the process and is not specified here.
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(6) in formula (7.4), during one action of parallel division, compute the value of the right-
hand side for all s < ¢ < r — 1, which takes T}, time units,

(7) perform the parallel assignments in (7.1)—(7.3), which takes T} time units.

In this variant, the total time Ty — ¢ required for computation of the main flow a from the
decomposition of a flow ¢ is found by the formula?®)

Tacec=Tar(f,s+1,2)+Tar(f,r —5,9) +Tar(f, N —2r,2) + 30, + 2T, +T,.  (7.12)
The following assertion is obtained from formula (7.12).

Theorem 7.4. If Assumption (C) is satisfied, then for computation of the main flow a in
the first order spline-wavelet decomposition of a flow ¢ by a concurrent computing system it is
required Ty — ¢, (o) time units, where

Tacc )= (2N +2+45r = 7s)Tap + 3T + 2T, + Ty, (7.13)

Remark 7.1. In formulas (7.5) and (7.8)—(7.13), one can observe terms connected with the
processing of communication surrounding (cf. the terms tq4(f,2s+1,1), tq(f, N —2r,s —r + 1),
Tar(f,s+1,2), Tar(f,r —s,9), Tar(f, N —2r,2)). As is known, the productivity of a com-
puting system is mainly determined by the speed of processing of communication surrounding
(especially, in the case of a concurrent computing system).

Corollary 7.1. If the processing of communication surrounding is taken into account (i.e.,
taTar # 0), then in Assumptions (B) and (C) in the case of unrestricted parallelism for compu-
tation of the main flow

la «<c,(B) ld
lim —————==(r—s+1)-
N—+o0 Ta <=, (0) ( ) QTAL’

i.e., the asymptotics of acceleration of computations by a concurrent computing system (relative
to the computation speed of a single-processor computer system) is determined by the time of pro-
cessing of communication surrounding. If the time of processing of communication surrounding
is ignored (i.e., we assume that tg = Tar, = 0), then

tacc,(B) _ (r—3s)(%m + 4t,)

In both cases, the growth of acceleration is proportional to the growth of the number of removed
grid points.

7.5. Simplifications in the case of concurrent computation of the main flow in the
first order spline-wavelet decomposition. From (7.7) we see that, unlike the Subsection
7.4, it is not necessary to realize the operations in (2), whereas all the remaining operations
should be performed. Therefore, the total computation time T3 . ¢ is equal to

Tace=Tar(f,s +1,2) + Tar(for —5,9) + Tar(f, N —2r,2) + 2T, + 2T, + T, (7.14)

As was already mentioned, if we can modify the algorithm in a certain way, then formula (7.14)
should be replaced with the formula

Ta=c=Tar(f,r —5,9) + 2Tp + 2T, + T (7.15)

3) If our device allows us to modify the algorithm in such a way that the actions (1a) and (1c) are performed
during the action (1(b), then (7.12) should be replaced with the formula Ta « ¢ = Tar(f,7—s,9)+3Tm+2Ta+Ts.
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Theorem 7.5. If Assumption (C) is satisfied, then for computing the main flow a from c
(of the first order) by a concurrent computing system it is required Ty _ o ©) time units, where

acc )= @N+2+5r—=T7s)Tar + 2T + 2T, + T (7.16)

8 Computation of the Wavelet Flow
8.1. Formulas. By formula (5.6),
bag—1 = c2g—1 — Palog—1 Yge{s+1,s+2,...,7} (8.1)
Taking into account (3.9), we have
bog—1 = C2g—1 — Gs4q—1 Vg€ {s+1,s+2,...,r} (8.2)

Siglce the vector b is an element of the space %, we can decompose b relative to the basis
{bi}i=s+1... . Taking into account that this basis has zero multiplicity and the odd components
of basis elements are equal to 1 (cf. (5.13)), we find

b= > bo_1by. (8.3)

le{s+1,5+2,...,r}
Thus, from (5.13) and (8.3) we obtain the following expressions for the even components of b:

det(ag ag +1)
bog = DT pyy y VgE{s+1,54+2,...,r —1}. 8.4
207 et (A2g—1, A2g11) 2-1 Vg € { } (8.4)

For computations by formula (8.2) we need to perform r — s additive operations and the
same number of operations of assignment with index shifting, whereas for computations by
formula (8.4) we need to compute two second order determinants, divide them by each other,
and multiply the result by the number obtained from formula (8.2). Such computations take
r — s — 1 times.

In the case of the first order spline-wavelet decomposition, formula (8.2) is preserved, whereas
formula (8.4) is simplified:

L2g+2 — L2g+1 b

bay = 2-1 Vge{s+1,s+2,...,r—1} (8.5)

L2q+2 — L2q
Finally, if the grid is uniform, then formula (8.2) remains valid and is completed by the equalities

bag—1
2

bog = Vge{s+1,s+2,...,r—1}. (8.6)

8.2. Successive computations of the wavelet flow in the first order spline-wavelet
decomposition. We suppose that the assumptions on computing systems in Section 7 are
satisfied. To realize formula (8.2) by a single-processor computer system, we need to perform

(a) 7 — s additive operations, which takes (r — s)t, time units,

(b)  — s operations of assignment with shifting in the range from 1 to r — s, which takes
tq(f, 7 — s,7 — s) time units.
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For computations by formula (8.4) we need to repeat the computation of two second order
determinants r — s — 1 times, which requires

(c) 4(r — s — 1) multiplicative operations and 2(r — s — 1) additive operations, which takes
(r —s—1)(4t,, + 2t,) time units.

Finally, to complete computations by formula (8.4), it is required to divide the obtained
determinants and multiply the quotient by bo,_1, i.e., it is required to perform

(d) 2(r—s—1) multiplicative operations with the total time 2(r —s—1)t,, for their realization,
(e) the assignment operations in the last computation (cf. (d)), which requires tq(f,r — s —
1,7 — s — 1) time units.
Thus, the total time for computation of the wavelet flow by a single-processor computer
system is equal to?
th e = Br—3s=2)ty +6(r — s — L)ty +ta(f,r —s,7—5)
+tq(fr—s—1,r—s—1). (8.7)
In the case of the first order spline-wavelet decomposition, to find the wavelet flow it is not
required to perform multiplications in computations of the determinants, whereas the remaining
actions are preserved (cf. formula (8.5)). In this case,
th e =Br=3s=2)la +2(r — s = Dtm + ta(f,r — 5,7 = 5)
+ta(fyr—s—1,r—s—1). (8.8)
Finally, in the case of a uniform grid (cf. formula (8.6)), 2(r — s — 1) additive operations
and 7 — s — 1 multiplicative operations are removed. Hence the time Eb ~ ¢ for computing the
wavelet flow is equal to
fb<:c =(r—98)ta+ (r—s— Dty +tq(f,r —s,7 —9)
+ta(f,r—s—1,r—s—1). (8.9)

From (8.7)—(8.9) we obtain the following assertion.

Theorem 8.1. Let Assumption (B) be satisfied. Then for computing the wavelet flow a from
the flow ¢ by a single-processor computer system, it is required ty, _ o (B) time units, where

th —c(B) = (3r =35 — 2)tq +6(r —s — Dty + [(r — 5)> + (r — s — 1)?] L.

*

Under the same assumptions, for the first order spline-wavelet decomposition we need tb ()

time units, where
th - e(B) = (3r — 35 — 2)tq +2(r — s — Dty + [(r — 8)* + (r — s — 1)?] L.

If, in addition, the original grid is uniform, then it is required ty, = c(B) time units, where

thc(p) = (r—8)tat (r—s— Dty +[(r—s)%+(r—s—1)"t,

4 If the results of computations of determinants are preserved at the step of constructing the main flow, then
it is possible to diminish the number of operations since it is not necessary to perform the operation indicated in
(c). As aresult, we have ty, _ o = (r — s — D)ta +4(r — s — Dt +ta(fy7 — 5,7 —8) +ta(f,r —s—1,r —s—1).
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8.3. Concurrent computations of the wavelet flow. For concurrent computation of a
first order wavelet flow by a concurrent computing system, we perform the following actions:

(1) map the variables asiq—1, bag—1, bag, c2g—1 (of type real) to a concurrent computing
module with the number g € {s+1,s+2,...,r}, which requires to use r — s computing modules
and takes Tar(f,r — s,4) time units,

(2) perform the parallel additive operation in (8.2) by using the concurrent computing mod-
ules mentioned in (1), which takes T time units,

(3) perform the parallel assignment operation in (8.2) by using the same concurrent com-
puting modules as in (1), which takes T} time units,

(4) map the components of the two-dimensional vectors asq—1, asq, azq+1 (6 numbers of type
real) to the concurrent computing module with the number ¢ € {s+ 1,5+ 2,...,r} by using
the same r — s concurrent computing modules as above, which takes Tar,(f,r — s,6) time units,

(5) compute the determinants in (8.4) by performing 4 parallel multiplicative and 2 parallel
additive operations with the use of the same computing modules, which takes 47, + 2T, time
units,

(6) complete the computations in (8.4) by performing 2 parallel multiplicative operations

and 1 parallel operation of assignment, which takes 27}, + T} time units.

Thus, the computation of the wavelet flow takes Ty, . . time units® , where
Ty o ¢ = Tar(fir — 5,4) + Tap(f, 7 — s,6) + 3T, + 615, + 2T

In the case of the first order spline-wavelet decomposition, the actions (4) and (5) should be
replaced with the following.

(4*) map the numbers zaq, Tag+1, Tag+2 (3 numbers of type real) to the computing module
with the number g € {s+ 1,5+ 2,...,r} by using the same r — s computing modules as above,
which takes Tar(f,r — s,3) time units,

(5%) instead of computation of the determinants in (8.4), compute two differences in (8.5),
i.e., perform 2 parallel additive operations by using the same computing modules, which takes
2T, time units.

Thus, to compute the wavelet flow in the first order spline-wavelet decomposition, we need
Tf; e time units®, where

Ty oo =Tac(fir = 5,4) + Tar(f,r — 8,3) + 3Ta + 215, + 215,

Finally, computing the wavelet flow in the first order spline-wavelet decomposition on a
uniform grid, we can replace (8.5) with (8.6) so that it is not necessary to perform 2 parallel
additive operations and 1 parallel multiplicative operation. Hence it is required only Tb cc

% If the results of computation of determinants are preserved at the step of constructing the main flow, then it
is possible to diminish the number of operations since it is not necessary to perform the actions described in (4)
and (5). In this case, Tt, ce=Tar(f,r— $,4) + Ty + 2T, + 2Ty.

6 If the results of computations of differences are preserved at the stage of constructing the main flow, then it
is possible to diminish the number of operations since it is not required to perform the actions described in (4*)
and (5*). In this case, Tf) ec= Tar(f,r —s,4) + To + 2T + 2Ty.
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time units, where
Tb<zc = TAL(f’T - 3,4) +TAL(f7T - 573) +Ta +Tm +2Tb
From the above consideration we obtain the following assertion.

Theorem 8.2. If Assumption (C) is satisfied, then to compute the wavelet flow a in the first
order spline-wavelet decomposition of a flow ¢ by a concurrent computing system, it is required
Ty ¢ ©) time units, where

Ty o ¢y = 10(r — 8)Tar + 3Ty + 6Ty, + 215

Under the same assumptions, in the case of the first order spline-wavelet decomposition, it is

required Tf; ¢ time units, where

Ty, oy = 70 = 8)Tap + 3Tu + 2L + 2T

Finally, if the grid is uniform, then it is required Tb =) time units, where
Tb =c, )~ T(r —s)Tar + To + T + 2T5.

Corollary 8.1. Let the processing of communication surrounding be taken into account (i.e.,
we assume that t4Tar, # 0). In the case of unrestricted parallelism, if Assumptions (B) and (C)
are satisfied, then for computation of the wavelet flow we have the asymptotics

tb<:c,(B) — (r—s)

+o(r—s), r—s— +oo.
Tb¢c,(0) 5TarL

If the time of processing of communication surrounding is ignored (i.e., we assume that tyTar, =
0), then the asymptotics has the form

6t + 1o

th < ¢, (B)
6T, + 3T, + 2T, | o(r = s),

=(r—-s)

r— s — 400,
Tb<=c,(C)

i.e., the asymptotics of acceleration is proportional to the growth of the number of removed grid
points.
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