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PROPERTIES OF CONTINUOUS PERIODIC SOLUTIONS OF SYSTEMS OF
FUNCTIONAL-DIFFERENTIAL EQUATIONS WITH SMALL PARAMETER

N.L. Denysenko UDC 517.9

We establish sufficient conditions for the existence of periodic solutions of a system of nonlinear
functional-differential equations with small parameter and linear deviations of the argument and study
the properties of these solutions.

Various special cases of systems of functional-differential equations of the form

Px.t/ D f .t; x.t/; x.�1t /; : : : ; x.�kt //;

where �i > 0; i D 1; k; and f is a vector function of dimension n; were investigated by numerous mathemati-
cians. Thus, at present, numerous problems from the theory of these systems are fairly well studied (see [1–7] and
the references therein). Indeed, the asymptotic properties of the solutions of a linear scalar equation ( n D 1 ) were
comprehensively investigated in [1]. Sufficient conditions for the existence and uniqueness of a solution bounded
on the entire real axis were established for a system of nonlinear functional-differential equations of neutral type in
[3]. In [4], the problem of existence of periodic solutions of systems of functional-differential equations with linear
deviations of the argument were investigated and properties of these solutions were studied. In the present paper,
we continue our investigation of the existence of periodic solutions for systems of functional-differential equations
with small parameter and study the properties of these solutions.

Consider a system of nonlinear functional-differential equations of the form

Px.t/ D Ax.t/C f .t; x.t/; x.�1t /; : : : ; x.�kt //C "F.t; x.t/; x.�1t /; : : : ; x.�kt /; "/ (1)

in the case where �i 2 N; i D 1; k; " is a sufficiently small nonnegative scalar parameter, t 2 R D .�1;C1/;

A is a real constant .n � n/ -matrix, and f WR �Rn � : : : �Rn ! Rn and F W R �Rn � : : : �Rn �R ! Rn

are vector functions continuous in all variables and T -periodic in t; i.e.,

f .t C T; x.t/; x.�1t /; : : : ; x.�kt // � f .t; x.t/; x.�1t /; : : : ; x.�kt //;

F .t C T; x.t/; x.�1t /; : : : ; x.�kt /; "/ � F.t; x.t/; x.�1t /; : : : ; x.�kt /; "/:

Assume that the eigenvalues aj ; j D 1; n; of the matrix A satisfy the condition

Re aj .A/ ¤ 0; j D 1; n:

It is known that, in this case, there exists a nonsingular matrix C that reduces the matrix A to the form

A D C�1diag .A1; A2/C;
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where A1 and A2 are constant matrices of dimensions p � p and .n � p/ � .n � p/; respectively, whose
eigenvalues satisfy the conditions

Re aj .A1/ < 0; j D 1; : : : ; p;

(2)

Re aj .A2/ > 0; j D p C 1; : : : ; n .0 < p � n/:

1. In [5], we studied the problem of existence of T -periodic solutions of the system of equations (1) for
" D 0; i.e., of the system of equations

Px.t/ D Ax.t/C f .t; x.t/; x.�1t /; : : : ; x.�kt //: (3)

To this end, we use the transformation

Px.t/ D Ax.t/C y.t/; (4)

where y.t/ 2 C 0 and C 0 is a space of continuous T -periodic vector functions with the norm

ky.t/k D max
t

jy.t/j:

Thus, it directly follows from (3) that x.t/ is uniquely defined by the relation

x.t/ D
C1Z

�1
G.t � �/ y.�/ d�; (5)

where

G.t/ D

8
<

:
C�1diag .eA1t ; 0/ C for t > 0;

�C�1diag .0; eA2t / C for t < 0:
(6)

It is easy to see that the matrix function G.t/ D .gij .t// satisfies the following conditions:

(a) G.C0/ �G.�0/ D E; where E is the identity matrix of dimension n � n ;

(b) jG.t/j � Ke�˛jt j for all t ¤ 0; where K > 0; ˛ > 0; and

jGj D max
1�i�n

nX

jD1

jgij jI

(c) PG D AG for t ¤ 0:
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As a result of transformation (4), the system of equations (3) takes the form

y.t/ D f

0

@t;

C1Z

�1
G.t � �/y.�/d�; �1

C1Z

�1
G.�1.t � �//y.�1�/d�;

: : : ; �k

C1Z

�1
G.�k.t � �//y.�k�/d�

1

A ; (7)

where G.t/ is given by relation (6).
The following theorem is proved for the system of equations (7):

Theorem 1. Suppose that the following conditions are satisfied:

(i) all eigenvalues aj ; j D 1; n; of the matrix A are such that (2) is true, i.e.,

9K > 0; ˛ > 0 W jG.t/j � Ke�˛jt j

for all t ¤ 0I

(ii) all components of the vector function f .t; y0; y1; : : : ; yk/ are functions continuous in all variables and

T -periodic in t and, in addition,

max
t2R

jf .t; 0; : : : ; 0/j � f � < 1I

(iii)

jf .t; Qy0; Qy1; : : : ; Qyk/ � f .t; QQy0; QQy1; : : : ; QQyk/j � l

kX

iD0

j Qyi � QQyi j;

where t 2 R; Qyi ; QQyi 2 Rn; i D 0; k; and l D const > 0I

(iv)
2Kl.k C 1/

˛
< 1:

Then there exists a unique continuous T -periodic solution � D �.t/ of the system of equations (7).

By using Theorem 1 and relation (5), we conclude that the vector function

Nx.t/ D
C1Z

�1
G.t � �/�.�/ d�

is a unique continuous T -periodic solution of system (3), i.e., of the system of equations (1) for " D 0:

2. We now consider T -periodic solutions of the system of equations (1) for " ¤ 0:
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In the system of equations (1), we perform the following bijective change of variables

x.t/ D y.t/C x.t/; (8)

where x.t/ is a T -periodic solution of the system of equations (1) for " D 0: Then the investigation of the
problem of existence of a T -periodic solution of the system of equations (1) is reduced to the investigation of a
T -periodic solution of the system of equations

Py.t/ D Ay.t/C '.t; y.t/; y.�1t /; : : : ; y.�kt //C "ˆ.t; y.t/; y.�1t /; : : : ; y.�kt /; "/; (9)

where

' .t; y.t/; y.�1t /; : : : ; y.�kt // D f .t; y.t/C x.t/; y.�1t /C x.�1t /; : : : ; y.�kt /C x.�kt //

� f .t; x.t/; x.�1t /; : : : ; x.�kt // ;

ˆ .t; y.t/; y.�1t /; : : : ; y.�kt /; "/ D F .t; y.t/C x.t/; y.�1t /C x.�1t /; : : : ; y.�kt /C x.�kt /; "/ :

In view of conditions (ii) and (iii) in Theorem 1, one can easily show that the vector function '.t; y.t/;

y.�1t /; : : : ; y.�kt // is continuous in all variables, T -periodic in t; '.t; 0; : : : ; 0/ � 0; and satisfies the Lipschitz
condition

j'.t; Qy0; Qy1; : : : ; Qyk/ � '.t; QQy0; QQy1; : : : ; QQyk/j � l1

kX

iD0

j Qyi � QQyi j;

where t 2 R; Qyi ; QQyi 2 Rn; i D 0; k; and l1 D const > 0:

The vector function ˆ.t; y.t/; y.�1t /; : : : ; y.�kt /; "/ is also continuous in all variables and T -periodic in
t:

To study the problem of existence of T -periodic solutions of the system of equations (9), we perform the
transformation

Py.t/ D Ay.t/C z.t/; (10)

where z.t/ 2 C 0 and C 0 is a space of T -periodic vector functions continuous on R with the norm kz.t/k D
maxt jz.t/j: Thus, in view of (10), system (9) immediately implies that y.t/ is uniquely determined by the equality

y.t/ D
C1Z

�1
G.t � �/z.�/d�; (11)

where G.t/ is given by relation (6). As a result of transformation (10), the system of equations (9) takes the form

z.t/ D '

0

@t;

C1Z

�1
G.t � �/z.�/d�;

C1Z

�1
G.�1t � �/z.�/d�; : : : ;

C1Z

�1
G.�kt � �/z.�/d�

1

A
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C "ˆ

0

@t;

C1Z

�1
G.t � �/z.�/d�;

C1Z

�1
G.�1t � �/z.�/d�; : : : ;

C1Z

�1
G.�kt � �/z.�/d�; "

1

A

or

z.t/ D '

0

@t;

C1Z

�1
G.t � �/z.�/d�; �1

C1Z

�1
G.�1.t � �//z.�1�/d�;

: : : ; �k

C1Z

�1
G.�k.t � �//z.�k�/d�

1

A

C "ˆ

0

@t;

C1Z

�1
G.t � �/z.�/d�; �1

C1Z

�1
G.�1.t � �//z.�1�/d�;

: : : ; �k

C1Z

�1
G.�k.t � �//z.�k�/d�; "

1

A ; (12)

where G.t/ is determined from relation (6).
The following theorem is true for the system of equations (12):

Theorem 2. Suppose that the following conditions are satisfied:

(i) all eigenvalues aj ; j D 1; n; of the matrix A are such that conditions (2) are satisfied, i.e.,

9K > 0; ˛ > 0 W jG.t/j � Ke�˛jt j

for all t ¤ 0I

(ii) all components of the vector functions '.t; y0; y1; : : : ; yk/ and ˆ.t; y0; y1; : : : ; yk; "/ are functions

continuous in all variables and T -periodic in t ;

(iii) '.t; 0; : : : ; 0/ � 0I

(iv) supt;" jˆ.t; 0; : : : ; 0; "/j � �I

(v) j'.t; Qy0; Qy1; : : : ; Qyk/ � '.t; QQy0; QQy1; : : : ; QQyk/j � l1
Xk

iD0
j Qyi � QQyi j;

jˆ.t; Qy0; Qy1; : : : ; Qyk; "/ �ˆ.t; QQy0; QQy1; : : : ; QQyk; "/j � l2

kX

iD0

j Qyi � QQyi j;

where t 2 R; Qyi ; QQyi 2 Rn; i D 0; k; l1 D const > 0; and l2 D const > 0I
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(vi)
2K.k C 1/.l1 C "l2/

˛
< 1:

Then there exists a unique continuous T -periodic solution e� D e� .t; "/ of the system of equations (12)

such that lim"!0 e� .t; "/ D 0:

Proof. We construct a solution of the system of equations (12) by the method of successive approximations
given by the formulas

z0.t; "/ � 0;

zm.t; "/ D '

0

@t;

C1Z

�1
G.t � �/zm�1.�; "/d�; �1

C1Z

�1
G.�1.t � �//zm�1.�1�; "/d�;

: : : ; �k

C1Z

�1
G.�k.t � �//zm�1.�k�; "/d�

1

A

C "ˆ

0

@t;

C1Z

�1
G.t � �/zm�1.�; "/d�; �1

C1Z

�1
G.�1.t � �//zm�1.�1�; "/d�;

: : : ; �k

C1Z

�1
G.�k.t � �//zm�1.�k�; "/d�; "

1

A ; m D 1; 2; : : : : (13)

We first show that, for all m D 1; 2; : : : ; t 2 R; the following relations are true:

jzm.t; "/ � zm�1.t; "/j � "��m�1; (14)

where

� WD 2K.k C 1/.l1 C "l2/

˛
:

Indeed under the conditions of the theorem, we get

jz1.t; "/ � z0.t; "/j � j'.t; 0; : : : ; 0/C "ˆ.t; 0; : : : ; 0; "/j � "jˆ.t; 0; : : : ; 0; "/j � "�;

i.e., for m D 1; estimate (14) is true. Reasoning by induction, we assume that estimate (14) is proved for some
m � 1 and show that it remains true if we pass from m to mC 1: Indeed, under the conditions of the theorem, it
follows from relations (13) that

jzmC1.t; "/ � zm.t; "/j � .l1 C "l2/

0

@
C1Z

�1
jG.t � �/jjzm.�; "/ � zm�1.�; "/jd�
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C
kX

iD1

�i

C1Z

�1
jG.�i .t � �//jjzm.�i�; "/ � zm�1.�i�; "/jd�

1

A

� .l1 C "l2/

0

@
C1Z

�1
Ke�˛jt�� j"��m�1d�

C
kX

iD1

�i

C1Z

�1
Ke�˛�i jt�� j"��m�1d�

1

A

� "��m�1.l1 C "l2/K

0

@
C1Z

�1
e�˛jt�� jd� C

kX

iD1

�i

C1Z

�1
e�˛�i jt�� jd�

1

A

� "��m�1.l1 C "l2/K

0

@ 2

˛
C

kX

iD1

�i
2

˛�i

1

A

D "��m�1.l1 C "l2/K
2.k C 1/

˛
D "��m:

This proves that estimate (14) is true for any m � 1:

By induction, we show that the approximations zm.t; "/; m D 0; 1; 2; : : : ; are T -periodic vector functions
of t; i.e.,

zm.t C T; "/ D zm.t; "/; m D 0; 1; : : : : (15)

Indeed, according to the conditions of the theorem, we find

z0.t C T; "/ D z0.t; "/ � 0;

i.e., relation (15) is true for some m D 0: We now assume that relation (15) holds for some m � 0 and show that
it remains true if we pass from m to mC 1: Thus, it follows from (13) that

zmC1.t C T; "/D'

0

@tCT;

C1Z

�1
G.t C T � �/zm.�; "/d�; �1

C1Z

�1
G.�1.t C T � �//zm.�1�; "/d�;

: : : ; �k

C1Z

�1
G.�k.t C T � �//zm.�k�; "/d�

1

A

C "ˆ

0

@t C T;

C1Z

�1
G.t C T � �/zm.�; "/d�; �1

C1Z

�1
G.�1.t C T � �//zm.�1�; "/d�;
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: : : ; �k

C1Z

�1
G.�k.t C T � �//zm.�k�; "/d�; "

1

A

D '

0

@t;

C1Z

�1
G.t � s/zm.s; "/ds; �1

C1Z

�1
G.�1.t � s//zm.�1s; "/ds;

: : : ; �k

C1Z

�1
G.�k.t � s//zm.�ks; "/ds

1

A

C "ˆ

0

@t;

C1Z

�1
G.t � s/zm.s; "/ds; �1

C1Z

�1
G.�1.t � s//zm.�1s; "/ds;

: : : ; �k

C1Z

�1
G.�k.t � s//zm.�ks; "/ds; "

1

A D zmC1.t; "/:

Hence, relations (15) are true for all m � 0:

Thus, all approximations zm.t; "/; m D 0; 1; 2; : : : ; are meaningful. They are continuous T -periodic vector
functions satisfying estimates (14). In view of condition (vi) of the theorem and estimates (14), we conclude that
the series

C1X

mD1

.zm.t; "/ � zm�1.t; "//

uniformly converges for any t 2 R to a certain continuous T -periodic vector function e� D e� .t; "/ which is
a solution of the system of equations (12) [this can be easily proved by passing to the limit as m ! C1 in (13)].
Moreover,

j e� .t; "/j �
C1X

mD1

jzm.t; "/ � zm�1.t; "/j �
C1X

mD1

"��m�1 D "�
1

1 � �
;

and, hence,

lim
"!0

e� .t; "/ D 0:

We now show that system (12) does not have any other continuous T -periodic solutions. Indeed, assume that
there exists one more continuous T -periodic solution �.t; "/ of the system of equations (12) such that e� .t; "/ ¤
�.t; "/: Then we find

je�.t; "/ � �.t; "/j � .l1 C "l2/

0

@
C1Z

�1
jG.t � �/jje�.�; "/ � �.�; "/jd�
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C
kX

iD1

�i

C1Z

�1
jG.�i .t � �//jje�.�i�; "/ � �.�i�; "/jd�

1

A

� .l1 C "l2/

0

@
C1Z

�1
Ke�˛jt�� jje�.�; "/ � �.�; "/jd�

C
kX

iD1

�i

C1Z

�1
Ke�˛�i jt�� jje�.�i�; "/ � �.�i�; "/jd�

1

A

� .l1 C "l2/
2K.k C 1/

˛
max
t

je�.t; "/ � �.t; "/j:

Hence,

k e� .t; "/ � �.t; "/k � �k e� .t; "/ � �.t; "/k:

The obtained relation holds only for � � 1; which contradicts the condition (vi) of the theorem. Thus, it is
proved that the vector function e� .t; "/ is a unique continuous T -periodic solution of the system of equations
(12).

The theorem is proved.

By using Theorem 2 and relation (11), we conclude that the vector function

ey .t; "/ D
C1Z

�1
G.t � �/ e� .�; "/d�

is a unique continuous T -periodic solution of the system of equations (1) for " ¤ 0 such that

lim
"!0

ey .t; "/ D 0:

Thus, by virtue of relation (8) and Theorems 1 and 2, we conclude that the system of equations (1) possesses
a unique T -periodic solution

bx .t; "/ D ey .t; "/C Nx.t/

such that

lim
"!0

bx .t; "/ D Nx.t/;

where Nx.t/ is a T -periodic solution of the system of equations (1) for " D 0 and ey .t; "/ is a T -periodic
solution of the system of equations (1) for " ¤ 0:
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