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PROPERTIES OF CONTINUOUS PERIODIC SOLUTIONS OF SYSTEMS OF
FUNCTIONAL-DIFFERENTIAL EQUATIONS WITH SMALL PARAMETER

N. L. Denysenko UDC 517.9

We establish sufficient conditions for the existence of periodic solutions of a system of nonlinear
functional-differential equations with small parameter and linear deviations of the argument and study
the properties of these solutions.

Various special cases of systems of functional-differential equations of the form

x(@) = f(t,x@), x(A11),...,x(Ag)),

where A; >0, i = 1,k, and f isa vector function of dimension n, were investigated by numerous mathemati-
cians. Thus, at present, numerous problems from the theory of these systems are fairly well studied (see [1-7] and
the references therein). Indeed, the asymptotic properties of the solutions of a linear scalar equation (n = 1) were
comprehensively investigated in [1]. Sufficient conditions for the existence and uniqueness of a solution bounded
on the entire real axis were established for a system of nonlinear functional-differential equations of neutral type in
[3]. In [4], the problem of existence of periodic solutions of systems of functional-differential equations with linear
deviations of the argument were investigated and properties of these solutions were studied. In the present paper,
we continue our investigation of the existence of periodic solutions for systems of functional-differential equations
with small parameter and study the properties of these solutions.
Consider a system of nonlinear functional-differential equations of the form

xX(t) = Ax@) + f(t,x@), x(A11), ..., x(Agt)) + eF (1, x(1), x(A12), ..., x (A1), &) (D
in the case where A; € N, [ = I,_k, ¢ is a sufficiently small nonnegative scalar parameter, t € R = (—o0, +00),

A is areal constant (n x n) -matrix, and f:RxR”" x...xR"” - R” and F : RxR" x... xR” xR - R”
are vector functions continuous in all variables and T -periodic in ¢, i.e.,

S +T,x(t), x(A1t),....,x(Axt)) = f(t, x (@), x(A11), ..., x(Ag1)),
F(t+T,x(t),x(A11),...,x(Agt),e) = F(t,x(), x(A11),...,x (A1), €).
Assume that the eigenvalues a;, j = 1,n, of the matrix A satisfy the condition
Reaj(A) #0, j=1,n.

It is known that, in this case, there exists a nonsingular matrix C that reduces the matrix A to the form

A = C™ldiag (4, A»)C,
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where A; and A, are constant matrices of dimensions p x p and (n — p) X (n — p), respectively, whose
eigenvalues satisfy the conditions

Reaj(A1) <0, j=1,...,p,
(2

Rea;j(A2) >0, j=p+1,....n (0<p=<n).

1. In [5], we studied the problem of existence of T -periodic solutions of the system of equations (1) for
e = 0, i.e., of the system of equations

X(@)=Ax(@t)+ f(t,x(@),x(A11),...,x(Ag1)). 3)
To this end, we use the transformation
x(1) = Ax() + (), “4)
where y(t) € C® and C? is a space of continuous 7T -periodic vector functions with the norm
Iy @) = max{y()].

Thus, it directly follows from (3) that x(¢) is uniquely defined by the relation

+00

x (1) = f G(t — 1) y(v) dr. )

—00
where

C~ldiag (e412,0)C  for ¢ >0,
G(r) = (6)
—C~ldiag (0,e42")C for t <O.

It is easy to see that the matrix function G(¢) = (g;;()) satisfies the following conditions:
(a) G(+0) — G(—0) = E, where E is the identity matrix of dimension n x n ;

(b) |G(1)] < Ke=®!l forall ¢ # 0, where K > 0, « > 0, and
n
Gl = max. Zl Igij
]j=

() G =AG for ¢t # 0.
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As a result of transformation (4), the system of equations (3) takes the form

+o00 +o00
vy =1 | / Gt — Dy(@dr. Ay / GOt — D)y,

+o00
ey Ak / GAr(t—1)y(Arr)dT |, @)

—o0

where G(t) is given by relation (6).
The following theorem is proved for the system of equations (7):

Theorem 1. Suppose that the following conditions are satisfied:

(i) all eigenvalues a;, j = 1,n, of the matrix A are such that (2) is true, i.e.,
AK >0, a>0: |G@)| < Ke™ @/

forall t # 0;

(ii) all components of the vector function f(t, yo, ¥1,..., k) are functions continuous in all variables and
T -periodic in t and, in addition,

max | f(¢,0,...,0)| < f* < oo;
teR
(iii)
k
£t Fo. F1o oo 5k = ST Fre o FOL < 1Y |5i = Fil,
i=0
where t € R, yi,fi eR”, i =0,k, and | = const > 0;
2KI(k + 1
2KIk+ D

o
Then there exists a unique continuous T -periodic solution y = y(t) of the system of equations (7).

(v)

By using Theorem 1 and relation (5), we conclude that the vector function

+o0

x(t) = / Gt —1)y(r)dr

—00

is a unique continuous 7 -periodic solution of system (3), i.e., of the system of equations (1) for ¢ = 0.

2. We now consider T -periodic solutions of the system of equations (1) for & # 0.
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In the system of equations (1), we perform the following bijective change of variables

x(t) = y(r) +x(1), ®)

where Xx(¢) is a T -periodic solution of the system of equations (1) for ¢ = 0. Then the investigation of the
problem of existence of a T -periodic solution of the system of equations (1) is reduced to the investigation of a
T -periodic solution of the system of equations

y() = Ay() + o, y(©), y(Aat), ... y (A1) + (1, y(1), y(A12)..... y(Ak1). €). )

where

(»0(t’y(t)vy(klt)w"?y(kkt)) = f ([’ y(t) +Y(t)’ y(klt) +Y(A1t)v"'vy(kkt) +)_C(Akt))

— f(t,x(), x(A11),...,x(Ag1)),

CD([’ J’(f)’ J’(Alf)’---’y(/\kf)’g) = F(t’y(t) +Y(t)’y(klt) +Y(Alt)""’y(kkt) +Y(Akl‘)’8)'

In view of conditions (ii) and (iii) in Theorem 1, one can easily show that the vector function ¢(¢, y (),
y(A1t), ..., y(Agt)) is continuous in all variables, T -periodicin ¢, ¢(¢,0,...,0) = 0, and satisfies the Lipschitz
condition

k
lp(t, 5o, 71, i) — @, o, 1o, T < 1) 15i = Jil,
i=0

where t € R, )71-,)3,- eR", i =0,k, and /; = const > 0.
The vector function @ (¢, y(¢), y(A1?),..., y(Axt), &) is also continuous in all variables and T -periodic in

To study the problem of existence of T -periodic solutions of the system of equations (9), we perform the
transformation

y() = Ay@) +z (1), (10)

where z(t) € C® and C? is a space of T -periodic vector functions continuous on R with the norm |z (¢)|| =
max; |z(¢)|. Thus, in view of (10), system (9) immediately implies that y(¢) is uniquely determined by the equality

+o00

y(t) = / Gt —1)z(t)drT, (11

—0o0
where G(t) is given by relation (6). As a result of transformation (10), the system of equations (9) takes the form

+o00 +o0 +o00

z(t)=¢ | t, / G(t—1)z(t)dr, / Gt —1)z(t)dre,. .., / GArt —1)z(n)dT

—00 —00 —00
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+o00 “+o00

+o0
+ed|1t, / G(t —1)z(1)dr, / G(At —1)z(v)dT, ..., / GArt —1)z(v)d1,¢
or
+o00 +o00
z(t) =@ |t, / Gt —1)z(v)dt, A / GA1(t —1))z(A11)dT,
400
co Ak / GAr(t —1))z(ArT)dT
400 +00
+ed |1, / Gt —1)z(t)dt, A / GA1(t —1))z(A1)dT,
+o00
co Ak / GAr(t —1))z(Ag)dT, 8|, (12)

where G(t) is determined from relation (6).
The following theorem is true for the system of equations (12):

Theorem 2. Suppose that the following conditions are satisfied:

(i) all eigenvalues aj, j = 1,n, of the matrix A are such that conditions (2) are satisfied, i.e.,

IK >0, 0 >0: |G(r)] < Ke @Ml
forall t # 0;

(i) all components of the vector functions ¢(t, yo, V1, -

. Vk) and ®(t,y0,¥1,...,Vk,E) are functions
continuous in all variables and T -periodic in t ;

(iii) ¢(t,0,...,0) = 0;

(iv) sup; o |®(7,0,...,0,8)] < A;

~ ~ ~ = = = k ~ =
(V) 1. Fo. .- Fe) =@t Yo Vioe o T <l Yy 1 = Vil

k
D, 50, 51, - ko 8) = P, 0, 1, Tk O < la Y |7 = Jil,
i=0

where t € R, )7,-,):/,- eR”, i =0,k, I; = const > 0, and I, = const > 0;
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2Kk + 1)(11 + €ln) -1
o

(vi)

Then there exists a unique continuous T -periodic solution y = Y (t,€) of the system of equations (12)
such that limg_.o Y (t,€) = 0.

Proof. We construct a solution of the system of equations (12) by the method of successive approximations
given by the formulas

ZO(t’ 8) = 07
+00 +00
ntt.e) = ¢ (1 [ 60 = zma@adni [ 60—z Garerd-
—00 —00
+o0
e AR [ GAr(t —1)zm—1(Agt,8)dt
—0oQ
+o00 +00
+ed |1, / Gt —1)zm—1(t,8)d 1, A1 / GAi1(t —1)zm—1(A11,8)d,
—0oQ —OoQ
+o00
co Ak / GAr(t —1)zm—1(Agt,8)dt, e ), m=12,.... (13)
—0Q0
We first show that, forall m = 1,2,..., t € R, the following relations are true:
|Zm(1,8) — Zm—1(t.8)| < eAG™ 1, (14)

where

2Kk + 1) + el)
. .

0 :

Indeed under the conditions of the theorem, we get
|z1(t,e) — zo(t, )| < |@(t,0,...,0) +ed(z,0,...,0,8)| < ¢e|P(t,0,...,0,¢8)] <€A,

i.e., for m = 1, estimate (14) is true. Reasoning by induction, we assume that estimate (14) is proved for some
m > 1 and show that it remains true if we pass from m to m + 1. Indeed, under the conditions of the theorem, it
follows from relations (13) that

+00
zms1(6.€) — zm(t.6)] < (11 + £la) / Gt = 0)]|zm (v, ) — Zmi (v, )|d T
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+o00

k
#2300 [ 160t = Dllzn(ir.e) ~ zpa (. ld

i=1 _%

+o0
< (h + ) f Ke @t=lgngm14d+
—0oQ

k +o0
+2/\,~ / Ke @tilt=tlgagm=1 g4
i=1  _%
+o00 k +o00
< eAO" V(I + elh)K /e‘“"t_f'dr—l—Z)Li / e hilt=tlg o
AN i=1 _5

2 &2
<A™ (1) + elr)K aJFZA,-

N OM,‘
i=1

20k + 1
= eAO™ (1) + glz)KM = sAO™.
o

This proves that estimate (14) is true for any m > 1.

By induction, we show that the approximations z,,(¢,¢), m = 0,1,2,..., are T -periodic vector functions
of 7, ie.,

Zm(t +T,e) = zpu(t,e), m=0,1,.... (15)

Indeed, according to the conditions of the theorem, we find

zo(t + T,8) = zo(t, &) =0,

i.e., relation (15) is true for some m = 0. We now assume that relation (15) holds for some m > 0 and show that
it remains true if we pass from m to m 4+ 1. Thus, it follows from (13) that

+o00 400
Imr1(t + T, e)=¢ | t+T, / Gt +T—1)zm(t,8)dt, A / GA(t+T—1)zm(Ar11,8)d,
—oQ —o0
400
e Ak / GAr(t+T —1)zm(Agt,8)dt
—0o0
+o00 +o00
+ed|t+T, / Gt +T—1)zm(z,e)dT, Aq / GA(t+T—1))zm(Ai1,8)dT,
—OoQ

—00
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+0o0
e Ak / GAr(t+T —1)zm(Agt,8)dt, €
—00
400 400
=¢|t, / G(t —8)zm(s,e)ds, Aq / GA1(t —8)zm(A1s, e)ds,
—0o0 —0o0
+o00
co Ak / GAr(t —8))zm(Ars, e)ds
—o0
+00 +oo
+¢e® t,/ G(t —8)zm(s,e)ds, Ay / GA1(t —5))zm(A1s, €)ds,
—00 —00
+o00
e Ak [ GAr(t —s))zm(Ags,e)ds, e | = zm+1(2, €).
—0o0

Hence, relations (15) are true for all m > 0.

Thus, all approximations z,(¢,&), m = 0,1,2,..., are meaningful. They are continuous 7 -periodic vector
functions satisfying estimates (14). In view of condition (vi) of the theorem and estimates (14), we conclude that
the series

+o00
D Gmlt,8) = zmo1(t,6))
m=1

uniformly converges for any ¢ € R to a certain continuous 7 -periodic vector function Y = 7y (¢,¢&) which is
a solution of the system of equations (12) [this can be easily proved by passing to the limit as m — 400 in (13)].
Moreover,

1

+o0 +oo
Y (t,e)] < Zm(t, &) — zm—1(t,8)| < sAO™ Tl = cA—— |
|7 (¢ )|_m;|m( )= Zmi( >|_m§1 —

and, hence,
lim ¥y (¢,¢) = 0.
e—>0

We now show that system (12) does not have any other continuous 7" -periodic solutions. Indeed, assume that
there exists one more continuous 7 -periodic solution 7(z, €) of the system of equations (12) such that Y (z, &) #
n(t, e). Then we find

+o00
7t &) = n(t. o) < (h + el) / Gt —0)|[F(r.e) — n(r.e)ld
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k +oo
+Z/\i / IGAi(t — DIV (Ait. &) —n(Ait, e)ldT

i=1 _%

+o00

< (Iy +¢la) / Ke™® 5 (e. &) - n(r.e)ld <
—oQ

k +o00
+Z)Li / Ke_“ki“_r'r)?'(/\it,s)—n(kif,8)|df
=1 _
2K(k + 1)

<+ Slz)T max [v(t, &) —n(t, &)l

Hence,

17 (&) =n@. o)l <61V ¢.e) —n. el
The obtained relation holds only for 6 > 1, which contradicts the condition (vi) of the theorem. Thus, it is
proved that the vector function Y (z,¢) is a unique continuous 7 -periodic solution of the system of equations

(12).
The theorem is proved.

By using Theorem 2 and relation (11), we conclude that the vector function

+o00

Y (t,e) = / Git—1)y (t,e)dt

—00

is a unique continuous 7T -periodic solution of the system of equations (1) for & % 0 such that
lim y (t,e) = 0.
e—>0

Thus, by virtue of relation (8) and Theorems 1 and 2, we conclude that the system of equations (1) possesses
a unique 7 -periodic solution

X (te)= 7y (t.e) +x(1)
such that
lim X (¢,¢) = x(¢),
e—>0

where Xx(t) is a T -periodic solution of the system of equations (1) for ¢ = 0 and Y (¢,¢) is a T -periodic
solution of the system of equations (1) for & # 0.
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