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Using scalar functions, we describe flows of incompressible viscous two-velocity fluids in
the case of the pressure balance and substances of constant volume saturation. We derive
a system of differential equations for these scalar functions an illustrate the method by
an example. Bibliography: 5 titles. Illustrations: 1 figure.

1 Equations of Two-Velocity Hydrodynamics
with One Pressure

In this paper, we use the method of [1]. A nonlinear two-velocity model of the fluid flow through
a deformable porous medium was constructed in [2, 3]. The two-velocity two-fluid hydrodynamic
theory with the pressure balance was developed in [4]. In the isothermic case, the equations of
motion of a two-velocity medium in a dissipative system with one pressure has the form (cf. [4]):

N SN

N + div (pv + pv) = 0, N +div (pv) =0, (1)
ov _Vp P o 2

T + (v,V)v = ﬁ + vAv + 2pV(v v)“ +f, (2)
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B V=L oA AVE v 1t (3)
ot D 2p
where v and v are the velocity vectors of subsystems forming a two-velocity continuum with
densities p and p respectively, v and v are the corresponding kinematic viscosities, p = p+p is the
common density and p = p(p, (Vv — v)?) is the equation of state for the two-velocity continuum,
f is the vector of mass force per unit mass. We write Equations (2) and (3) in the equivalent
form

ov 1_, ., _Vp P o o2
B + §V(v ) — Vv X rotv = ; + vAv + 2ﬁV(V V)" + 1, (4)
%+%V(ﬁ2)—5xrot?=—%+§A§—%V(V—v)2+f. (5)

From these equations we can derive other equations describing change of vortex in time. For
this purpose we apply the operator rot to both sides of Equations (4) and (5):

Q ~
o rot (v x Q) = —rot <@) +vA Q +rot <2£V(v - v)2> + rotf,
D

ot D

ot

Using formulas of vector analysis, we find

AL rot <§ X ﬁ) = —rot (@) +UA 2 —rot <£_V(V — V)2> + rotf.
p 2p

86—? —rot(vx Q)= _%(Vﬁx Vp) +vA Q+% <V <%> X V(V—v)2> + rotf, (6)
D

9 Q PSS o= 1 p o
W—ro‘c(vx Q)—?(Vprp)+VAQ—§<V<%> xV(v—v))+rotf. (7)

2 Scalar Description of Three-Dimensional Vortex Flows

In this section, we present a scalar description of three-dimensional vortex flows of two-
velocity hydrodynamics in an incompressible medium under the condition that the volume sat-
uration is constant. If the mass forces are absent (f = 0), then Equations (1)—(3) have the
solution v =0, v =0, p = p°, p = p° p = p° for a mixture of fluids at rest with the uniform
pressure p = p°, partial densities p°, p°, and temperature T'. In the case of homogeneous media,
i.e., pf = const and pf = const, where p/, p/ are the phase physical densities provided that
the volume saturation is constant for substances forming the two-phase continuum, we have
p = const and p = const which implies div v = 0 and divv = 0 which is equivalent to the
relations v = rotA and v = rot.&, where A and A are the corresponding vector potentials of
velocities v and v. In other words, v and v are solenoidal vectors. Because of the gradient
invariance of the vector potential, one of its components can be made zero without loss of gen-
erality. Following [1], we assume that divA = 0 and divA = 0. This assumption restricts the
class of flows under consideration. Then two-component vector potentials are written in terms
of scalar functions o(z,y, z,t) and o(z,y, 2,t) as

Oo. Oco
A_(?_yl_@x‘]?
~ QJo, 0o
A—a—yl—a—x
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Hence the vorticity fields are also two-component ones. Indeed, since
Q = rotv = rotrotA = —AA + VdivA,

Q = 1otV = rotrotA = —AA + Vdivg,

we have
0Ao 0Ao
Q. 980, 0OAho,
Oy rr or
~ OAT O0AT
Q=——i j.
dy 1t ox !

Moreover, the velocity fields remain to be three-dimensional

A%

_l’_

2 2 2 2 2 2 2
0%c . 0% . <80’ 30>k 0%c . O%c . (aG—Aa>k,

- (9:6(921 + ﬁyaz‘] -\ 022 + 6—y2 - 8:1:621 8y(92'] + 922
v——828i+ 77 5 _ 82—5+82—5 k——625i+ 625,+ 82—8—A5 k
-~ 0x0z ayﬁz‘] ox? = Oy? - 0x0z ayaz'] 022 ’

Since the third component of the vorticity field is absent, the projection of (4) and (5) on the
z-axis yields rot(v x €2) =0 and rot(v x €) = 0 which implies

0%o ~ 0%c
A _— = AN e =
J( o, 82’2) 0, J< o, 822> 0,

where J(f,9) = fz9y — fy9.. From these relations we find

0o - ~ (0%

where H and H are arbitrary functions. It is convenient to introduce the functions

Jdo =~ 0o
(I)(:Bayv th) - %7 @(:L",y,z,t) - @
Then the velocity fields are represented as
ob, 09 0P 0P 0P
= —i4+—j —+H|— || k=VOo+H|— |k
\% 8x1+6y']+{8z+ (82)} Vo + <8 ) , (8)
_ 9%, 9%, |9® - [0® -~ [0®
= —i+—j —+H|—||k= H|{— ]k
v 8x1+8y']+ 8z+ (82) Vo + (82) 9)

In the special case

the velocity fields are potentials and the functions ®(z,y, z,t), ®(x,y, z,t) are hydrodynamic
potentials. Following [1], we call such functions quasipotentials.
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The vorticity fields are expressed in terms of quasipotentials as follows:

0H, O0OH,. 0 [0 oo
L e A H?(a__a_y> (10)
- OH, OH, ~, 0 (0D, 00
= Ty w(%‘a—y) .

where the prime means the differentiation of H and H with respect to the corresponding vari-
ables. The equations of continuity are written in the form

ao+ 2 g (12)
0z
OH
Ad+ = = 1
+ 5, 0 (13)
or
0P
AP+ H S5 =0, (14)
ad s+ 702 (15)
022 '

In the case of homogeneous media, substituting (6), (7) into (4), (5), for the first two components
we find the motion integrals

o0 (ch

Hiv, = -2 4 vAd — F
5 d p+1/ + R(z,t)
+ %[@x — )%+ (D — )2+ (@, — D, + H—H)?,  (16)
0d (VD)2 - p
5t +/Hd<1> ﬁ+mc1> F + R(z,1)
- %[(q)x - (ix)Q + (q)y - EIv)y)2 + (CI)Z - (iz + H - ];NI)2]7 (17)

where F(x,y,z,t) is the potential of mass forces and R(z,t), R(z,t) are arbitrary functions
defined by the boundary conditions. From these equations we find

Ap® + %) | p(V2)’ +5(VP)

<I>
gD 5 +,0/Hd(I> +p/Hd<I> +p+pl

= vpAD + UpAD + pR(z,t) + pR(z,t). (18)

From the third components of the velocities (5), (6) for quasipotentials we have

9 (0D (vq> R
~, 0 8@ OR
H ( /Hdcb > = DAH — o (20)
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The system (14), (15) is a generalization of the Bernoulli equation for two-velocity hydrody-
namics. It becomes the known Bernoulli equation for potential flows [1] if the velocities and
densities of the phases coincide, R, R depend only on time, and

o ~ (00
H(a—z> 0, H<$):o.

Using (16), we can find the pressure field provided that the quasipotentials are known for given

Bl ~ 0D
functions H (8_> and H (8—> Thus, to find the velocity fields and the corresponding vorticity
z z

fields and pressure, we need to solve the system (10), (11), (17), (18) for quasipotentials and
then apply Equations (6)—(9) and (16).

To illustrate the above approach, we consider the case of linear functions H(®,) and H ((fz),
ie., H(®,) = A®, and H(®.) = A®,. Then Equations (12), (13), (17), (18) take the form

A + )\‘bzz = 0, (21)
ob (V@2 A, 9?’®  R(z1)

A‘% + X%zz - 07 (23)
00 (VD) Xz 0% Rzt 5

oty TR @S NS =T Q) (24)

where Q(z,y,t) and @(az, y,t) are arbitrary functions.
In [1], for the system (19)—(22) solutions of three type were constructed:

I. Solutions of the form
O(x,y,2,t) = e_”Akzt(Ae_kZ + Be*) sin(ax + By),
O(x,y,2,t) = e_ﬁpt(ge_%z + EeEZ) sin(az + By)
with A >0, A > 0, a2 4 82 = (1 + p)k?, a2 + 2 = (1 + VK2, and
A
R(Z,t) — _§(a2 + ﬁQ)e—QV)\th(Ae—kz + Bekz)Q’

Q(z,y,t) = —2AB(a® + %) 2 M sin®(ax + By),

R(z,t) = —%

Q(z,y,t) = —2AB(a% + 52)672;;}%% sin?(ax + By).

(&2 + 52)672§X’E2t<g6775z + §6E2)27

I1. Solutions of the form
O(x,y,2,t) = e”Ath(Ae_(ax+By) + Be“tPY) sin kz,

(I)(.I‘, Y, z, t) = €;XE2t(AV€_(&$+By) + §€&x+§y) sin %Z
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with —1 <A <0, =1 <X <0, a®+ 82 = (14+Ak2, &%+ 3% = (1+ Ak, and
R(z,t) = —2)\AB(a* + 52)62'/)‘k2t cos? kz,

Q(x’yﬂf) = %(QQ + 52)621//\];215(146—(0490—%,37;) + Beax+ﬁy)2,

R(z,t) = —2Xﬁ§(5¢2 + 52)62;%% cos® kz,

~ 1 o o3 T2~ e T =
Q(:U,yﬂf) = 5(&2 + 62)€2y/\k2t(A€—(aac+ﬁy) + Bea$+ﬁy)2,

III. Solutions of the form

Q(x,y,2,t) = Akt sin(ax + By) sinkz,

O(x,y,2,t) = APkt sin(azx + ﬁy) sin kz
with A< =1, A< —1, a2 + 82 = —(1 + Nk, a2 + 52 = —(1 4+ M)k, and

A
R(z,t) = —§A2(a2 + 52)62”>‘k2t sin kz,

2
Qz,y,t) = —A?(oz2 + B2l sin? (o + By),

R(z,t) = —322@2 + §2)€2§XE% sin? kz,

2
Q($7y7t) = _A_

. (&2+§2)625XE2t sin2(az + By).

A solution of type III can be regarded as a doubly periodic Kolmogorov flow [5]. Rotating
the coordinates about the z-axis, we can assume that the solution depends only on z in the
x, y—plane. Therefore, without loss of generality we set 8 = 0. Moreover, the velocity fields
contain two components x and z:

_ . -

v = aAe® Mt | cos ar sin kzi + ————— sin aw cos kzk ,
i —(1+X

I T 1 . =

V = QAW | cos @ sin kzi + —————sinazcoskzk|,
L —(1+X) _

whereas the vorticity fields have only one y-component:

2 . .
Q = —AaAe® M7 cos ax sin kzj,

Q = —AaAP W cos dsin Ezj.
Ignoring the external forces, setting F(x,y, z,t) = 0, and using (16), we find the pressure

A)? SA)2
p= p(o‘ ) MG — (14 \)sin? k2] + ﬁ(agl)

: eQDXEQt[sinQ ar — (1+ X) sin? %z]
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The figure presents the flow fields in the viscous case for v = 0 and A = —1,25. The opposite
flow fields are colored by black and white. Since the solution is periodic in the x, z-plane, we
can extract an elementary cell such that its lateral boundary can be assumed to be solid. In the
case of the absence of viscosity, it is required only that the normal velocity components vanish
on the walls, which is valid for solutions of type III.

More complicated examples of flows can be constructed by matching solutions of type I-1IL.
Other classes of flows can be constructed by choosing suitable nonlinear H(®,) and H(®,).
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