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1 Introduction

Let A = A* > 0 be a compact operator in a Hilbert space H, and let A\t(A) be a nonincreasing

sequence of eigenvalues of A enumerated with taken into account multiplicity. We introduce the

eigenvalue distribution function N(¢, A) o #{k | \e(A) > t~1}. The asymptotic behavior of

the distribution function as ¢t — oo was studied in many works with focus on integral operators
with kernels having singularity on the diagonal. Such operators are traditionally used in the
theory of partial differential equations. Recently, it was discovered that the spectral theory of
integral operators can be also applied to the theory of random processes. Namely, to study
small deviations of Gaussian random processes, it is required to study asymptotic distribution
of eigenvalues of operators whose kernels have variable singularity order on the diagonal.

It is convenient to study integral operators with kernels possessing singularity on the diagonal
by considering such operators as elements of a suitable algebra of pseudodifferential operators.
Suppose that © is a bounded domain in R? and the pseudodifferential operator A = A* > 0
defined by

Aua) = )¢ [ [ ate udyde, e CR@),
Re Q
is compact in Ly(€2). Let the symbol a(z, ) be asymptotically homogeneous at infinity, i.e.,

a(z,§) = ao(z, &) + o(l¢]™™),  [€] = +oo,
ao(w,p§) = p~"ao(x,§), p>0.
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Since A = A* > 0, we have ag(z,£) > 0. For such symbols satisfying certain smoothness
conditions the asymptotic Weyl formula holds (cf. [1, 2] and the review [3])

N(t, A) ~ (27) " volgg{z, & € Q x RY Re a(z,£) > 7'}, t— +oo. (1.1)

Hereinafter, voly is the d-dimensional volume of a set. The asymptotic homogeneity of the
symbol leads to the explicit formula

N(t,A) ~ (2r) " Wolyg{x, & € Q@ x RY ag(x, &) > 1} -t¥™ - +o0. (1.2)
Let the homogeneity order of the symbol depend on x,
a(z, p¢) = p~ " a(z, €)(1 4 o(1), p— +00, (1.3)

and let p(z) € C®(Q), p(z) =0, 2 € Q. Weset I' = {z € Q| p(x) = 0}. If the d-dimensional
Lebesgue measure of I' is positive, then the asymptotic formula (1.2) remains valid. If the
measure of I' is equal to zero, then from the classical results we can only conclude that N (¢, A)
increases slower than ¢"/?, but faster than ¢"/¢—¢ for any € > 0. By perturbation theory [4, 3],
variations of the symbol outside a neighborhood of I' does not affect the asymptotics of the
spectrum.

The traditional proof of the Weyl formula (1.1) is divided into following steps. First, we
verify the formula for model operators on a torus with symbols independent of x (in this case,
the spectrum is explicitly computed). Second, we estimate the distribution function in suitable
classes of symbols. Finally, we “close” the asymptotics. None of these steps remains valid in the
case of variable singularity order.

The goal of this paper is to prove the Weyl formula (1.1) for the class of hypoelliptic pseu-
dodifferential operators including operators with symbols (1.3). For this purpose we use the
method of approximate spectral projection.

2 Method of Approximate Spectral Projection

The method of approximate spectral projection for obtaining asymptotics of eigenvalue dis-
tribution was proposed in [5, 6] and developed by many authors (cf. the reviews [7, 8]). We
note that many results were obtained in [9, 7]. In these works, the spectrum of unbounded
(pseudo)differential operators was studied. The asymptotic behavior of the spectrum of opera-
tors with variable order (1.3) was not studied earlier. In this paper, we modify the method of
approximate spectral projection for spectral asymptotics of compact selfadjoint operators.

Lemma 2.1. Suppose that A is a selfadjoint nonnegative operator in a Hilbert space H,
V(t), t > 1, is a nondecreasing positive function such that V(t) — 400 as t — +oo, E(t),
0 < E(t) < I, is a family of selfadjoint nuclear operators in H with traces satisfying the following
conditions for some c,v >0 :

(1) tr E(t) =V (t) + OW (t,ct'™)) as t — +o0,
(2) tr (E(t)(I — E(t))) = O(W(t, ct'™")) as t — +oo,

where W (t,7) =V (t+71)—V(t — 7). Then the following assertions hold.
(A) If for allu € H and t > 1

(tA — DE(t)u, E(t)u) > —ct " ||ul|?, (2.1)
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then for all sufficiently large t
N(t,A) >V (t) — CW (t,ct' ™). (2.2)
(B) If for allu e H and t > 1
(tA = DI = E@)u, (I = B(t))u) < ct™|ul?, (2.3)
then for all sufficiently large t
N(t,A) <V(t) + CW(t,ct'™). (2.4)

Proof. We follow the proof of a similar assertion for the spectrum of an unbounded operator
(cf. [8, Section 15] and [6, Section 28]). Let L(t) C H be the linear span of eigenvectors of the
operator E(t) corresponding to the eigenvalues A larger than 1/2. Since 0 < \; < 1, we have

trE() —dimLt) = > (-1 + > <2 Y (1-)h <2tr (B — E(1))),

22, >1 22 <1 22,<1
trE(t) —dimL(t) > — > (1-X) = -2 > (1- )k = —2tr (B(H)(I — E(1))).
22 >1 22 >1
By Condition (2),
ltr E(t) — dim L(t)| = O(W (¢, ct'™)), t — +oo. (2.5)

The operator E(t) is a one-to-one mapping from L(t) to itself. For u € L(t) we set v = E(t)u.
By |E(t)ul| > 1/2|ul|, from (2.1) it follows that ((tA — I)v,v) > —4ct™"|v||?, which leads to
(tA—(1—=c1t™")I)v,v) > 0 for ¢; > 4c and for all v € L(t), v # 0. By the variational principle,
N(t(1 —c1t7%)71, A) > dim L(t) and the equality (2.5) implies the lower estimate (2.2).
Further, L(t) is a reducing subspace for E(t). For u € L(t)* we have v = u— E(t)u € E(t)*,
|lu|| < 2||v||, and I — E(t) is a one-to-one mapping from the space L(¢)* to itself. As in the proof
of the lower estimate, from (2.3) it follows that ((tA — (14 c1t7")I)v,v) < 0 for all v € L(t)*,
v # 0. By the variational principle, N(t(1 + ¢1t7%)~!, A) < dim L(t). Then the equality (2.5)
implies the upper estimate (2.4). O

Remark 2.1. If V(¢) regularly varies at infinity with order r > 0, i.e., tV'(t)/V(¢) —
ras t — 4oo, then W(t,ct'™") < Ct "V(t) and the distribution function is estimated by
V() (1 Ct™).

Remark 2.2. The operator A in Lemma 2.1 can depend on the parameter ¢. If A = A(t)
satisfies (2.1) or (2.3), then N (¢, A(t)) satisfies (2.2) or (2.4) respectively.

3 Calculus of Pseudodifferential Operators

It is convenient to verify the inequalities in the assumptions of Lemma 2.1 if the operator A
belongs to a suitable algebra of pseudodifferential operators, where composition theorems hold
and it is possible to prove a Gaou"ding type inequality for operators with strongly elliptic symbols.

We describe some classes of pseudodifferential operators which will be used below. The
operators and symbols depend on the parameter ¢t > 1. Let p(t,x,£) be a positive infinitely
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smooth weight function with respect to z,¢ € R By definition, the class Sp5,5(p) consists of
infinitely smooth functions a(t, x, &) such that for any multiindices o and

10907 a(t, z,€)| < capt PIp(t,z, &)1+ €)1 2 ¢ e RY, (3.1)

0<6d<p<1,%eR. Inthe case pt,z,6) = (1 + |£[*)™/2 and » = 0, we have the known
Hormander class S77.

For fixed ¢ the classes S, s ,.(p) are included to the general classes of Weyl-Hormander calculus
[10]. These classes are described by a metric (a quadratic form) g in R? and a weight function
p. For our classes the metric

gae(ym) = (L€ 21yl + (L + €7 nf?

is the same as in the standard classes S;}a and, consequently, satisfies all the required conditions
(cf. [10, Section 18]). The following estimates are a rather simple sufficient condition for applying
the calculus of pseudodifferential operators (cf. [9, Lemmas 1.1 and 1.2]):

|02;p(2,6)] < Cp(a, )(L+ [€])°,  10g,p(w, )| < Op(a, )1+ [E) 77, 1<j<d,  (3.2)
p(@,€) < Cply, ) ((1+ DY + (1 + [n)h™). (3.3)
An important example of a weight function p is provided by the function p(z,£) = (1 +

1€)2)¢@®) | where ¢ € C®°(R?), (z) = const with sufficiently large |z|. For this weight function
the inequality (3.2) is satisfied with p = 1 and any § > 0. The inequality (3.3) is obvious.

We introduce the pseudodifferential operator A(t,z, D,) with Weyl symbol a(t, z, &) by

r+y

(A(t,z, Dy )u)x = (27r)_d//€i(x_y)€a(t, ,§)u(y)dyds,

Rd R4

where u belongs to the Schwarz class. We denote by ¥, s ..(p) the class of such operators with
symbols in S, 5,.(p). For classes of symbols with the weight function (1 + |¢|2)™/2 we preserve
the standard notation S;%,% and denote by \IIZ:L . the classes of corresponding operators.

If p = p(t,z,§) satisfies (3.2) and (3.3) uniformly with respect to ¢, then the following
assertion about composition and boundedness in Lo holds (cf. [10, Section 18] and [9, Section 1}).

Proposition 3.1. Suppose that aj, are Weyl symbols of the operators A, € V5 ..(pk), k =
1,2. Then A1As € U, 5..(p1p2) and for any n the Weyl symbol of the operator Ay A is expanded
into the sum

—1)I8l '
> (a'g' (—23)'*P1920] a1 0205 ay + 1,
lal+lgl<n

where T, € Sy s, (P1p2(1 + [€]2)~P—0)/2).

Proposition 3.2. If the weight function p is bounded in R** uniformly with respect tot > 1,
then the operator A € V, 5 ..(p), » > 0, is bounded in Lo(RY) uniformly with respect to t.

We recall that an operator with a real Weyl symbol is formally selfadjoint in Ls.

The following assertion contains the Garding inequality (cf. [7, Section 1, Lemma 5]).
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Proposition 3.3. Suppose that for a real positive symbol a € S, 5..(p), 2 >0, some N € R
andt > 1, x,& € R?

a(t,z,8) > ot (A +[ENTY, >0, (3.4)
020 a(t, 2,€)] < Ca palt, z, &)t P11+ |g])2l1=A81va, g, (3.5)
i.e., a(t,x,§) is an elliptic symbol in S, 5. (a). Then there is to > 1 such that for t > tg

(A(t, 2, Dy)u,u),gay 2 0, u € CGo(RY).

4 Asymptotics of Spectrum

Suppose that Q is a bounded domain in R? with Lipschitz boundary S, ¢ is an infinitely
smooth nonnegative function in R%, T' is the set of zeros of ¢, and I' C . We assume that
o(x) = const > 0 for sufficiently large |z|. We consider a pseudodifferential operator A(x, Dy)
with Weyl symbol a(z, &) € S, 50((1 +|£[2)~m+#@)/2) 0 < § < p < 1, m > 0. We assume that
the real symbol a(z, &) is formally hypoelliptic, i.e.,

(1) for some cp, mp >0

a(x, &) = colé|™™ Ve, ¢ >R, (4.1)

(2)
0207 a(x, )| < cap(1+ €)1 Pla(z,€), |¢] > R, (4.2)

(3) (the nondegeneracy condition) for any 0 < v < (p — 9)/2my

volg{€ € R a(z, ) > t~1} = v(@)t™# @ (1 4+ Ot ™)), ¢ — 4o, (4.3)

uniformly with respect to € Q, where v is a continuous positive function in €.

Condition (3) holds if a(z,£) = ao(z,€) + O(|¢|7™~ 7)) as [¢| = 400, ag(z, &) is homoge-
neous in & with degree —(m + o(z)) and v(z) = volg{¢ € R ag(z,£) > 1} > 0 in Q.

Let Aq := rAe, where r and e are the operators of extension by zero and restriction on 2.

Theorem 4.1. For the spectrum of the operator Aq with symbol satisfying conditions (1)—(3)
the following asymptotic Weyl formula holds:

N(t, Aq) = (2r) "%volyg{z, & € A x RY| a(z,&) >t 1}1+O(t™)), t— 400, (4.4)
which, in view of (4.3), leads to the explicit Laplace integral
N(t,Aq) = (27r)—d/t—m+i<w>v(x)dx(1 +0(t™)), t— +oo. (4.5)
Q

Conditions (1)—(3) are restrictions on the behavior of the symbol a(z, &) only in Q x R
However, the symbol a can vary outside Q (extend from  x R? to R? x R?) in such a way
that these conditions are uniformly satisfied with respect to R? x R%. If the symbol varies
outside  x R%, then the operator Aq is replaced with the operator Ag + @, where @ is an
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operator with infinitely smooth kernel in © x Q such that the asymptotics of N (¢, Ag) remains
unchanged. Therefore, we will assume that Conditions (1)—(3) are uniformly satisfied with
respect to z, & € R% x R,

Asymptotics of the integral in (4.5) is defined by a small neighborhood of I', where ¢ attains
the minimum. As a rule, this asymptotics is computed with accuracy up to O((Int)~°°), so that
a particular value of v is not essential.

To prove the theorem, we construct approximate spectral projections of the operator A and
verify the assumptions of Lemma 2.1. This will be done in Lemmas 5.1-5.4 below.

The assumption that S is Lipschitz can be weakened in many cases, the asymptotics (4.4),
(4.5) is preserved (possibly with a worse estimate for the remainder) for a larger class of domains.
Slightly modifying the proof of Theorem 4.1, we obtain the following assertion.

Theorem 4.2. Let Aq be an operator such that its symbol satisfies Conditions (1)—(3). Then
the following assertions hold.

1. If Q is an arbitrary bounded domain in RY, T NS = @, and ¢(x) > o for some o > 0
uniformly with respect to x € S, then formulas (4.4) and (4.5) are preserved with the reminder

of order O(t™") for any U < min {'02—;&5, %}
0 o

2. If S is not Lipschitz, but volg{z € RY| dist(x,S) < s} < Cs™ for some 7 < 1 for
s < S0, then formulas (4.4) and (4.5) are preserved with the remainder of order O(t™7) for any

17<p

T.
2m0

5 Construction of Approximate Spectral Projection

We consider parameters v, > > 0 such that (v+ ) < (p—9)/2mg. We set p’ = p— (v+ )my
and 0’ = § + (v + »)mg. We note that 0 < § < ¢’ < p/ < p < 1. We introduce the functions
x+(s) € C*(R), 0 < x+(s) <1, by

(s) 1, s>Ft7",
X+(S) =
0, s< F2Ht7.

The derivatives of x4 are different from zero only for F2¥14" < s < Ft¥

estimate holds: |X$)(s)\ < cept’F. We set
Xt (t,2,€) = xx(ta(z, ) — 1). (5.1)

We introduce three cut-off functions (_(z,t), (o(x,t), and (y(x,t). For all ¢ > 1 we set
(- € C(N), ¢ (x,t) = 1if dist (z,9) > t~¥. Further, o, ¢4 € C(RY) for all t > 1 and

ol 1) 1, z€Q,
o\T, =
0, dist(z,S)>t".

, and the following

The cut-off function {4 covers the cut-off function (p:

17 Co(.’lﬁ,t) 7& 07

£ =
o) {0, dist (z, S) > 2.
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For all these cut-off functions we have 0 < ¢(z,t) < 1, [09¢(z,t)| < cat”l, t > 1. Denote by
¢ = ((t) the operator of multiplication by ((x,t). We note that

<O+ ‘§|)max{(p—p’),(5’—5)} (5.2)

on the support of the derivatives of x4 (¢, x,&).
Lemma 5.1. 1. The symbols x+(t,z,§) belong to the class SS/,&,%' The corresponding op-
erators in Lo(RY) satisfy the estimate

—el < xx(t,z,Dy) < (1+¢)] (5.3)

for any e >0 and t > to(e).

2. Let ¢ be the operator of multiplication by one of the cut-off functions (—, (o, (+. Then
[, x+] = Cxx(t,x, Dy) — x+(t,x, Dy)C is a pseudodifferential operator of class \Il;,i;,’%

3. There exists tg such that for allt >ty and u € Cgo(Rd)
((tA(z, Dy) — I)x—(t, @, Dy)u, X—(t, 7, Dy)u) p,(may = t_VHUH%Q(]Rd)’ (5.4)
(EA, D) — I = x4 (8,0, D)), (T = x4 (2, D)) oty < ¢l e (5.5)
Proof. 1. Let us estimate the derivatives:

10907 X+ (t,2,€)| = 020 X+ (ta(x,€) — 1)

= > Car, ot g T ta(e,6) — 1) T] 0007 ala, )
al+..+af=qa, pt+..+8'=8 1<i<k, 1<l
aZ7BJ>O
< Ca’BtV(IaHIBI)(l + |¢])dlel=rI8l < c’aﬁt_”(‘a'Hﬂ')(l + ,af’lal—p’lb’\’ (5.6)

where the estimate (5.2) was used.

The inequalities (5.3) are the Ggrding inequalities for the pseudodifferential operators el +
X+(t,z,Dy) and (1+¢)l — x+(t,z, D,) with Weyl symbols in 5’2, s/~ The symbols are strongly
elliptic in SS, s/, and satisfy the assumptions of Proposition 3.3.

2. The commutator is a pseudodifferential operator with amplitude x4 (¢, (z+y)/2, &) ({(x, t)—
((y,1)):

(Cxehu) @) = @) [ e o 202 ¢t - Lo uldyds. (57
R4 R4
We have
d
1) = Clst) = D (s — )51,
7=1

where

1
®j(z,y,t) = /(C)xj (y+ s(x —y),t)ds, 05,®;(x,y,1)] < cat”(*F,
0
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Integrating by parts in (5.7), we see that the commutator can be prescribed by the amplitude

d
> @@y, )0, X1 (t, (@ +y)/2,€).

j=1
Estimating the derivatives of the amplitude, as in the proof of Assertion 1, we find that this
amplitude belongs to the class Sp_,%, P

3. We consider only the estimate (5.4) since the proof of (5.5) is similar. This estimate is
the Garding inequality for the operator P_(t) := x_(t,z, Dp)(tA —I)x_(t,x, Dy) +t~*. We set
p-(t,2,€) = (ta(z,€) = Dx—(t,2,6)* + 17",

We show that p_ is the principal symbol of the operator P_(t) and the assumptions of Propo-
sition 3.3 are satisfied. By construction, p_(¢,2,£) > t~. From (4.2) and (5.6) it follows
that

|(ta(z, &) = DITOF((x—(t2,€))*)| < Copt VDA 4 |g)) =PI+ p_(1,2,¢) (5.8)

)

and for |a| 4+ |B] > 0
020 (ta(=, €) — 1)L ((x—(t. 2,))?)]
< Cougort™ s(lo|+[T) (1+ €N~ plB|+dlal— pITHJ’IoIm(x £). (5.9)

On the support of the derivatives of x_(t,z,&), we have %t_” < ta(z, &) —1 < t7%. By the
choice of parameters p, p/, §, ¢, from the inequalities (5.8) and (5.9) it follows that
[020¢ (ta(z, €) = DOTOF (x~(t,2,6))°)|
<C, 5UTt*%(\UIHTHIQIHﬁI)(l + ’5‘)*p’(\5|+|7\)+5’(IaHIUI)p_ (t, z, ). (5.10)
By these estimates and (3.2), p_(t, z, ) is a weight function and p_(t,z,§) € Sy 5 ..(p—(t,,§)).
By Proposition 3.1, the complete symbol of composition x_(¢,z, D;)(tA — I)x—(t,z, D,) is the
asymptotic sum of the series of derivatives estimated in (5.10). By these estimates, the complete

symbol differs from p_ by a summand of class S, 5/ ((1+|€[?) =7 =9)/2p_(t,2,€)). The estimate
(5.4) holds in view of Proposition 3.3. O

We introduce two families of approximate spectral projections. Let &4 (t) := 3(x+(t,x, D,))?
—2(x+(t, 7, D,))? be approximate spectral projections in Lo(R?). We define E () by

E_(t) = C_()&-()C_ (1), E-: La(Q) s (),
Ei(t) = G (0)E(C (1), By i La(RY) = CF°(RY).

Since 0 < 352 — 253 < 1 for —1 < 5 < 3/2, from (5.3) it follows that 0 < &, Ey < I in La(R?)
and 0 < E_ < [ in Ly(Q) for all ¢ and large ty,. We set

V(t) = (2m) ¢ / () .

Q

It is easy to show that ¢tV'(¢t)/V(t) — d/m as t — +oo so that the function V is regular. By
Remark 2.1, we replace W (t,ct!™") with Ct~"V(t) in estimates for traces and the spectrum
distribution function.
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Lemma 5.2. The traces of operators Ei(t) in Lo(R?) admit the asymptotics
trEL(t) =V(E#)(1+0({t™")), t— +oo,
tr (Ex+(t)(I — Ex(t))) = O(t7"V(t)), t— +oo.

Proof. We consider only the operator E_ since E is treated in a similar way. For every ¢
the operator E_(t) is an integral operator with smooth compactly supported kernel in © x Q:

(2) ¢ [ D (mt)e (0. (o + 9) /2.6 (0. )k
Rd
where e_(t,z,§) € 5'2,75,7% is the Weyl symbol of &_(t). The trace of E_(t) is the integral
tr E_(t) = (277)_d//(C_(:E,t))Ze_(t,x,f)dmdf. (5.11)
Q R4
Up to symbols of class 5%  contributing to the integral (5.11) with order O(¢™*), we have

e_(t,z,8) = {1’ ta(i?ﬁ) L+t

> (5.12)
0, ta(z,§) <1+t77/2.

Estimating the integral and taking into account (4.3), we get

/e_(t,x,g)dg = / de + 0( / dé) +O(t™>)

Rd ta(z,£)>1 1<ta(z,€) <1+t~

d d d
= £ () + O (77T (1 — (1 4+ £74) 775 ) 4 Ot ™)

d
=t u(z) + O(tm 7).

Since S is Lipschitz, the measure of the boundary strip of width =" has order t™". Therefore,
integrating over €2, we find

tr E_(t) =V (t) + O(t%—l') + o< / tmﬁmd;p> =V(t) + O(t%‘”).

0<(—(z,t)<1
We consider the operator E_(I — E_). We write
(B-)? = ()2 EC = () (E-)%(C-)? + (- Quc-.
The operator Q; includes the commutators of (_ and &_ :
Q1 == CE-[(¢2), &) — [(¢2), 616 — ([(¢-), 6-])%

Thus, E_(I — E_) = (~Qa(- — (-Q1(_, where Q3 = & — (_(&-)?>¢_. From (5.12) and
Proposition 3.1 it follows that, up to symbols of class S;,Ogi ,» the support of the symbol of Q2
belongs to the set

{t,z, |0 < (_(z,t) <lort "/2<ta(z,§) —1<t7"}. (5.13)
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The trace of (_Q2(_ has order O(t "V (t)).

It remains to show that tr ((_Q1(_) is estimated in the same way. Since [(_,x_] € \I/;,%,’%
and x_ € \1’2/ s, (Assertions 1 and 2 of Lemma 5.1), the commutator [(_, X" ] belongs to the
class \I/;,‘is,’%, k € N, and, consequently, [(_,&_] € \IJ;,%,%. Up to symbols of order —oo, the

support of the symbol of this commutator, together with the support of the symbol of Q1,
belongs to the set (5.13) and, consequently, tr ((_Q1(-) = Ot "V (1)). O

Lemma 5.3. There exist C' and ty such that for all t > tg
(tA = DE_(t)yu, E_(t)u) = —Ct"|[ul|®>, u € La(N). (5.14)
Proof. Taking the commutator of &_(t) and (_, we find

((tA = D E_(t)u, E_(t)u) = ((tA = D)E_ ()0, & (1))
+ 2Re (b4 — I)C_E- ()¢, [, E- (D)) + (LA — D¢, E-(1)]¢_u, [, E-(B)]¢_u). (5.15)

We represent &_(t) = x(t, 7, D;)Q(t), where Q(t) := 3x(t,z, D.) — 2x(t,x, D,)? is a bounded
operator in Lo. The inequality (5.4) yields the lower estimate for the first term:

((tA — DE- ()R u, 6 () u) >~ QW > —Ct|lul™

Let us prove that the moduli of the last two terms in (5.15) are estimated by C’t"’||u||%2.
Since the Lo-norms of the operators &_(t) € \112,75/’% (Assertion 1 of Lemma 5.1) and (_ are
bounded uniformly with respect to ¢ > 1, it suffices to verify that the Lo-norm of the operator
(tA—1I)[¢-,&_(t)] does not exceed Ct~. For this purpose we prove that t¥(tA—1I)[(_,&_(t)] €
\Pg,ﬁ,’%. Let k_(t, x, &) be the Weyl symbol of the commutator [(_, & (¢)]. In the proof of Lemma

5.2, we found that k_(t,x,§) € S;is',%- The Weyl symbol of the composition (tA—1I)[(—, & (t)]
is represented by the asymptotic sum (cf. Proposition 3.1)

> ca p020; (ta(w, €) — 1)0800k_(t, 2,€). (5.16)
o,

The modulus of the term with a = 8 = 0 is estimated by Ct7(1 + |¢|) ¢ since, up to symbols
of order —oo, the support of k_ belongs to the set (5.13)

We consider the term with |a| 4+ |5| > 0 in (5.16). By Assertion 2 of Lemma 5.1 and the
inequalities (4.2),

020 (ta(e, &) — 10Ok (t,,€)| < Cagt ™I (L 4 J¢]) =0~ W =OIPI=(o=0led

<c 5t—y—%(\a|+\6|)(1 + ‘£|)—5—(p’—5’)(\a|+\ﬁl).

The last inequality is valid because of the estimate (5.2) and the choice of p, §, p/, ¢'.

The derivatives of the series (5.16) with respect to z, £ are estimated in a similar way. Thus,
t'(tA—-1)[¢C-,8-()] € \112, s/, and we obtain an estimate for the last two terms in (5.15). O

We set Ag(t) := Co(t)A(x, D;)Co(t), where (p(t) is the operator of multiplication by (o(z,t)
in Ly(R%). For the sake of brevity we write ¢y instead of (y(t).
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Lemma 5.4. There exist C' and ty such that for all t > tg
((tAo(t) = D)(I = E4())u, (I — Ex(t))u) < Ct™"|[ul?,  u € Ly(RY). (5.17)

Proof. As in the proof of Lemma 5.3, we consider the commutator of (y and &4 (¢). Taking
into account that the norm of (j is equal to 1 and (y(z,t)(+(z,t) = (o(z,t), we have

((tAo(t) = (I — E4(t)u, (I — E4(t)u) < ((tA = I)Co(I — (+E4 ()¢ )u, Co(I — (4 &4 ()¢ )u)
= ((tA = I)(I — &1(t))Cou, (I — &4(t))Cou) — 2Re ((tA — I)[Co, &+ (B)]C+u, (I — E4(t))Cou)
+ ((tA = I)[Co, &4 (1)]C1u, [Co, E4 (B)]C ). (5.18)

Further arguments repeat the proof of Lemma 5.3. We write I — &4 (t) = (I — x+(t, 2, D3))Q(1),
where Q(t) =1+ x4+ — 2)& is a bounded operator in Lo. The first term on the right-hand side
of (5.18) is estimated with the help of the inequality (5.5):

((tA = I)(I = Ex(8)¢rus (I = Ex(8)¢ru) < EVIIQECul* < Ol

The moduli of the remaining two terms are estimated by Ct~”|lu||? since the La(R%)-norm of
(tA —I)[C+, &4 (t)] does not exceed Ct™ (cf. the proof of Lemma 5.3). O

Proof of Theorem 4.1. The required assertion follows from Lemmas 5.1-5.4 which verify
the assumptions of Lemma 2.1. From Lemma 5.3 and Assertion (A) of Lemma 2.1 we obtain
the lower estimate for the spectrum distribution function of the operator Aqg : N(t, Aq) >
V(t)(1 — Ct™") with t > tp. Lemma 5.3, Assertion (B) of Lemma 2.1, together with Remark
2.2, and the obvious inequality Aq < Ag(t) in L2(R?) yield the upper estimate N(t, Ag) <
N(t,Ao(t)) V()1 +Ct™). O

6 Examples

We describe the simplest example of a situation where the assumptions of Theorem 4.1 are
satisfied. Let A be a pseudodifferential operator with Weyl symbol a(z, &) in the Hérmander
class S} 5. (m > 0) with any § > 0. The symbol a is asymptotically homogeneous at infinity,
ie., a(z, &) = ao(x, &) + O(|E|~mF9) as |¢] — +oo for any 6 < 1, and the function ag(z, ) > 0
is homogeneous with respect to & with degree —(m + ¢(z)). Let the symbol a(z, &) be formally
hypoelliptic, i.e., (4.1) and (4.2) hold with parameters p = 1 and any § > 0, whereas the function
v(z) = volg{€ € R ag(x,£) > 1} is positive in Q. Then the assumptions of Theorem 4.1 are
satisfied and the spectrum distribution function of the corresponding operator Aq admits the
asymptotic formula (4.5) for any v < 1/2mq.

The order of spectrum asymptotics essentially depends on the behavior of ¢ near I'. We
mention some simplest examples of applying the Laplace method (cf., for example, [11]) to
computations of asymptotics of the integral in formula (4.5).

6.1. Let I" be a set of positive measure. Since ¢(x) = 0 on I', we have 0%p(x) = 0 on T,
and the spectrum asymptotics is of purely power character. However, the remainder converges
to zero slower than any negative power of logarithm:

N(t, Ag) = (27r)d/t#¢<~'v>v(x)dx(1 o)) = (2m) " n /v(x) de(1+ O(r(t)),
Q r
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where r(t)(Int)¢ — +o0 as t — +oo for any € > 0.

6.2. Suppose that the measure of I' is equal to zero and I' is a smooth surface of codimension
k, 1 <k <d (T is apoint if k = d). We denote by ny(z),- - ng(x) the orthonormal basis of
normals to I at a point « € I'. In the situation of a general position, the k x k-matrix of second
order derivatives ¢y, () := (¢n;n,; (7)) is nonsingular. Then we have the asymptotic series in

powers of (Int)~L:

N(t, Ag) = (Qw)—d/t#wv(x)dm +Ot™)) ~ tm(Int)"2 ipj(ln £)J.
Q 7=0

The leading term of the asymptotics is expressed as

po = (27)"T+5 / (det " (x)) % v(x) dT(),
T

for k < d and . )

po = (2m)72 (det g, (a7)) % v(a")
for k =d, e, I' = {z*} € Q. In the case I' = {z*} € Q, in the general case, the asymptotics of
the integral (4.5) is determined by the asymptotics of the volume of {x € Q| p(z) < s} as s — +0
(cf. [11]). In the degenerate case det ¢! (x*) = 0, it is possible to obtain the asymptotics of
this volume in terms of the Newton polyhedron for the function ¢ (cf. [12]).
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