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ATTRACTORS OF m-HESSIAN EVOLUTIONS

N. M. Ivochkina*

St. Petersburg State University of Architecture and Civil Engineering
4, 2-nd Krasnoarmeiskaia Str. St. Petersburg 190005, Russia
mail@NI1570.spb.edu

N. V. Filimonenkova

St. Petersburg State University of Architecture and Civil Engineering
2-nd Krasnoarmeiskaia St. 4, St. Petersburg 190005, Russia
NF33@Qyandex.ru UDC 517.95

We study the asymptotic behavior of C?-evolutions u = u(z,t) under a given action of
the m-Hessian evolution operators and boundary conditions. We obtain sufficient (close
to necessary) conditions for the convergence of solutions to the first initial-boundary
value problem for the m-Hessian evolution equations to stationary functions as t — oo.
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1 Introduction

The development of the theory of stationary Hessian equations [1]-[4] naturally gives rise to the
study of Hessian evolution equations. Apparently, the first examples appeared in [5], where fully
nonlinear equations, in particular, the parabolic Monge-Ampere equation (cf. also [6])

—updetug, = f >0, (z,t) e Qr=Qx(0;T), QCR", (1.1)

were studied within the framework of the Krylov theory of Bellman equations. Some sufficient
conditions for the existence of admissible solutions to the first initial-boundary value problem
for the equations

1
—u +triugy = f >0, (2,t) € Qr=Qx(0;T), m=1,...,n, (1.2)

were obtained in [7]. Equations (1.2) look like the most natural fully nonlinear counterpart of
the heat equation, m = 1. On the other hand, the first initial-boundary value problem for the
logarithmic parabolic Hessian equations

—up 4 log try jUze = f, oy Uz == 0<l<m<«mn, (1.3)
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was involved in the study of Hessian integral norms introduced in [8], where it was proved that
the first initial-boundary value problem for Equations (1.3) is solvable in the case [ = 0. For
general [ and m the solvability was established in [9], where also the asymptotic behavior of
admissible solutions was studied. Poincaré type inequalities for the Hessian integral norms were
proved in [9]. Further generalizations of Equations (1.3) can be found in [10].

In this paper, we study the asymptotic behavior of the classical solution to the first initial—
boundary value problem for the m-Hessian evolution equation

Em[u] = f7 u|3’QT =¥, 1<m< n, (14)
where 'Qr = (Q x {t =0}) U (09 x [0;T]),  is a bounded domain in R",
Eplu] := —uTy-1[u] + Twl[u], (2,t) € Qr, (1.5)

Tmlu] = Tin(ugy) := trpze, and ug, is the Hesse matrix of w in the spatial variables. If
To(ugy) = 1, then Th[u] = Au and (1.5) is the heat operator, i.e., in this case, the problem (1.4)
is the classical first initial-boundary value problem for the heat equation.

The m-Hessian evolution operators (1.5), including the case m = n + 1, were introduced in
[11]. Sufficient conditions for the solvability of the problem (1.4) in a weak (approximate) sense
were obtained by using a parabolic version of the Aleksandrov—Bakel’man maximum principle
[12, 13, 6]. In [11], the existence of an m-admissible solution was a priori assumed. Suffi-
cient solvability conditions were obtained in [14]. Similar approaches were applied in [6] to the
parabolic Monge-Ampeére equation (1.1).

To illustrate our results, we consider the two-dimensional case, i.e., Q C R?. If m = 1, then
(1.5) is the heat operator and Fs[u] = —u;Au + det uy,. Assume that u € C%1(Q x [0;00)) and
Es[u] > 0. Let u be a strictly convex function of class C? in Q. Then there exists v = v[u] such
that detu,, > v > 0.

Theorem 1.1. Assume that there is a point xo € Q such that Au(xg,0) > 0 and

lim |u(x,t) —u(z)| =0, x€ 09,

—00

lim |Esfu] —detug,| =0, =€ Q.
t—o0

Then limy_yoo [u(z,t) — u(z)| = 0 for all z € Q.

We may say that, under the assumptions of Theorem 1.1, u = u(z) attracts {u = u(z,t)} if
f = detuy,, € Q, and ® = ulyq attract {f = Es[u}, (x,t) € Q x [0;00), and {p = u(z,t)},
(x,t) € 0 x [0;00), respectively. We note that the function u(z,0) in Theorem 1.1 is not
necessarily convex.

Remark 1.2. In the case Es[u] > 0, (x,t) € Qp, there are no points z € €2 such that
Au(z,0) = 0. Indeed, in the opposite case, the eigenvalues of u,, either have different signs or
vanish. Hence Es[u|(z,0) = det ugy(z,0) < 0, which is impossible.

Suppose that Au(x,0) < 0, x € Q, i.e., there is no point x¢ as in Theorem 1.1. If the
Dirichlet problem det v, = det u,,, v|go = —P possesses a convex solution v, then —v attracts
u(x,t) in view of Theorem 1.1.
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Corollary 1.3. Let 0Q € C*®, o > 0, be strictly conver, and let u € C?(Q x [0;00)).
Assume that Es[u] > 0 and there is f € C*T*(Q), £ > 0, such that lim;_,, |FEa[u] — f| = 0. If
limy_, o0 |u(z, t)| = 0, x € O, then the convex solution to the Dirichlet problem

det ug, = f, u]@Q =0 (1.6)
attracts u or —u.

Corollary 1.3 means that the problem (1.6) has exactly two solutions: a convex solution u
and —u. By Remark 1.2, u(x,t) converges to u if Au(z,0) > 0 and to —u in the opposite case.

The aforesaid can be extended to the case of an arbitrary dimension, but for this purpose
new geometric and algebraic notions should be introduced.

The main result of the paper is formulated in Section 3 and is proved in Section 5. The proof
is based on a comparison theorem which requires construction of barriers. For such barriers we
take solutions of auxiliary first order linear ordinary differential equations (cf. Section 4).

2 Preliminaries

We denote by Sym (V) the space of symmetric N x N matrices and by 7,,(S) the p-trace of a
matrix S € Sym (N), i.e., the sum of all principal p-minors of S, 1 < p < N. We set Tp(S) := 1.
Definition 2.1 (cf. [1]). A matrix S € Sym (N) is m-positive if S € K,,, where

Kp={S:T,(S)>0, p=1,...,m}. (2.1)

The cones K, play an important role in the theory of m-Hessian partial differential equations
and admit different definitions. One of such definitions can be extracted from [15].

Definition 2.2. The cone K, is the component of positiveness of the function 75,(5) in
Sym (N) containing S = Id.

Introducing the scalar product (S!,S5?) := tr(S'S?), we can regard Sym (N) as a metric
space equipped with the norm ||S||? = (S,5). In that sense, the cone (2.1) is an open set and
T:n(S) = 0 for S € 0K,,. According to Definition 2.2, the set of nonnegative definite N x N
matrices belongs to K,, forall 1 <m < N.

Remark 2.3. By [15], the matrix Id in Definition 2.2 can be replaced with an arbitrary ma-

1 —
trix Sy € K,,. By the Garding theory, the function 77" is concave in K, [16] and, consequently,
T, is nonnegative monotone in K ,,, i.e., T}, (S* + S?) > T),(S%), i = 1,2, for S1, 5% € K,,.

We consider the following subspace of Sym (NV):
S = {Sev = (Skl)g, S00 = S, S0i = Si0 = 0, S = (Sij)? S Sym (n)} (2.2)
and denote

En(s,S) :=Tn(S) = sTi—1(S) + Tin(S), 1< m <n, (2.3)
K ={s,5:Ey(s,5)>0, p=1,...,m}.

Denote by S ¢ Sym(N — k) the matrix obtained from S € Sym(N) by crossing out
rows and columns numbered by i1, ..., .
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Then the following assertions hold.
(1) Let 1 < i < N, and let S be (m — 1)-positive. Then S is m-positive if and only if
T (S) > 0.

(2) S is m-positive if and only if there exists a collection of numbers (i1, ...,im_1) C {i}V
such that T;,(S) > 0, Tp,_x(S1-)) > 0.
In the case m = N, (i1,...,in—2) = (N,...,2) assertion (2) is the classic Sylvester criterion.

Using (1), (2) it is possible to specify the description of K¢V as follows:
K ={s,5: En(s,8) >0, Se€Kyu_1} (2.5)

Suppose that Q C R" is a bounded domain, Q7 = Q x (0;T), 8"Qr = 9Q x [0;T], I'Qr =
Qx{0}Hud"Qr, u € C*L(Qr). We introduce functional analogs of (2.2), (2.3), (2.4) by letting
Su] with s[u] = —uy, S[u] = ugy:

Enlu] := T (S u]) = —wiTm—1(tzg) + T (ugz), 1< m<n, (2.6)
K. (Qr) = {u e C*N(Qr) : S*[u] € K, (z,1) € (@)}, (2.7)

where u,, is the Hesse matrix of w.

Unlike (2.5), the cone (2.7) is closed on bounded sets in C*!(Q7). Indeed, let u € C*1(Qr).
Then the set {S®[u],u € C?*(Qr)} is compact in Sym (n + 1), which implies that for u €
K (Qr) there exists v = v[u] > 0 such that E,,[u] > v, (z,t) € Qp.

Definition 2.4. The operator (2.6) is called the m-Hessian evolution operator and u €
K (Qr) is referred to as an m-admissible evolution in Q.

3 The Main Result

We consider the problem (1.4), (1.5) for the operator E,,[u] defined by (2.6):
Enlul = —uiTm-1(use) + Trn(use) = £, ulorgr =9, 1<m<n, (3.1)

and the Dirichlet problem
Tm[u] =f, ze€q, u|39 = o. (3.2)

We formulate the main result of this paper.
Theorem 3.1. Suppose that
(i) f = vm > 0 and there is a point xo € Q where the matric vz.(ro,0) is (m — 1)-positive,
(i) the problem (3.1) has a solution u € C%1 (2 x [0; 0)),
(iii) the problem (3.2) has an m-admissible solution u in Q,
(iv) limyyo0 | f(z,2) — £(2)] =0, © € Q, and limy_,o |p(, 1) — ®(2)| = 0, z € IN.
Then limy o0 [u(z,t) —u(z)| =0, z € Q.

The proof of Theorem 3.1 is contained in Sections 4 and 5.

Theorem 3.2. Let Assumption (i) be satisfied. Assume that there is a point x1 € Q such
that a matriz @z (x1,0) is not (m — 1)-positive. Then there are no solutions of class C*(Qr)
to the problem (3.1) if T > 0 is small.
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Necessary conditions for the solvability of the problem (3.1) were obtained in Theorem 1.2 in
[14]. We formulate a refined version of this theorem. Denote by k;,,—1[0€2] the m — 1-curvature
of 9 (cf. the definition in [18]).

Theorem 3.3. Assume that 0Q € C* Kk, 1[09] > 0, f > 0, f € C*tol+e/2(Q,),
@ € CH2H(JQr), p(x,0) € Kpn_1(Q), and f, ¢ satisfy the compatibility condition

—pi(x,0)T—1(Pzz(2,0)) + Trn(pzz(x,0)) — f(2,0) =0, x € IN. (3.3)

Then there exists a unique solution u € K& (Qr) to the problem (3.1) in C*1(Qr); moreover,
u € C2elta/2(QL).

By Theorem 3.2, the condition ¢(z,0) € K,,_1(Q) is necessary for the solvability of the
problem (3.1) in C%1(Q) provided that n is odd. It is also necessary in a certain sense if n is
even since —¢(z,0) € Ky,—1(Q).

An analog of Theorem 3.3 for the problem (3.2) was proved in [3, Theorem 1.2]. We formulate
this result in our terminology.

Theorem 3.4. Suppose that 9Q € C4To f € C?*T2(Q), ®(x) € C(99Q). Ifk;y,-1[09] > 0,
f > 0, then there exists a unique m-admissible solution u to the problem (3.2).

As was shown in [3], the condition k,,_1[09Q] > 0 is necessary for the solvability of the
problem (3.2) if ® = const (cf. also [16]). More precisely, if there is a point My € 9 such that
k., 1[09](Mp) < 0, then there are no solutions of class C%(Q) to Equation (3.2) with constant
Dirichlet data. The following assertion extends this result to m-Hessian evolution equations.

Theorem 3.5. Let 9Q € C**, f € C*Hol+a/2(QL), f > v, > 0, ¢ € CHO2H(§Qy),

o(z,0) € Kp;y—1(2), 1 < m < n. Assume that there are g € 99, tg € (0;T), and r > 0 such
that kpm—1[0Q](x0) < 0, pi(xo,to) = 0, @(x,tg) = C = const in B.(xg). Then there are no
C?'-solutions to the problem (3.1), (3.3) fort > tq.

Proof. Assume the contrary. Let there exist such a solution u € C*!(Q;,). Then u is
unique, and belongs to K&(Q,,). Hence u(z,ty) € Kp,—1(€2). However, from (3.1) it follows

that Ty, (ugs) (20, t0) > 0 and, by continuity, u(z,ty) € K, (2) N By, (z¢) with some 0 < 11 < r.
Moreover, 92 N By, (zo) is a level surface of an m-admissible function since ¢p(z,tp) = C in
B, (z0) and, consequently, k,,_1[0Q](z9) > 0. We arrive at a contradiction. O

To prove Theorem 3.1, we need the following assertion.

Theorem 3.6. Let v,w € C(Qr) be such that v € C*Y(Qr) and w € K& (Qr). If
En[v] — Epw] <0, (z,t) € Qr, (w—v)|og, <0, (3.4)
then w < v in @T.
Proof. For w® = w — t, € > 0 we have
T1[w®] = Tho1[w] >0, Epw®] =eTh-1|w] + Epw] > Eynw], (x,t) € Q. (3.5)
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Taking into account that w is an m-admissible evolution and using (2.5), (2.6), we see that
w® € K& (Qr). From (3.4) and (3.5) it follows that

E,[v] — En[w®] <0, (x,t) € Qr, (w° —v)|ag, <O. (3.6)
Assume that
S(}’)lp(w6 - U) = (w€ - U)(l’o, tO), (woa to) € QT\O,QTv (37)
T
and denote S[-](zo,t0) = S§¥[-]. From (3.7) it follows that S§’[v — w®] > 0. Since K¢’ is
a convex set, we have S§'[v] = S§¥[w®] + S§¥[v — w®] € K. Since E,, is monotone in K/

(cf. Remark 2.3), we find Ep,[v] — Ep[w®] > 0 which contradicts the first inequality in (3.6).
Hence the assumption (3.7) is impossible. Therefore, (zg,t) belongs to &'Qr and the second
inequality in (3.6) is valid for all (x,t) € Q7. This is equivalent to the inequality w — v < €T
Letting € to zero, we obtain the required assertion. ]

4 Functions 6, o0, and V

We consider the Cauchy problem for the linear ordinary differential equation

0 +b0+h)=0, t=0, 60(0)=40) b=-const>D0. (4.1)

We have .
0 = exp(—bt) (90 - b/exp(b7)h(7)d7> . (4.2)

0

The following two assertions are obvious.

Lemma 4.1. Let 0 be a solution to Equation (4.1) with h = h* >0, (h*)'(t) <0, hy < 1/m.
If 6o + hg <0, then
O(t) +hT(t) <0, O(t)>0. (4.3)

If, in addition, limy_ee Kt (t) = 1, then limy_e0 0(t) = —h" and limy_s0 0'(t) = 0.
Lemma 4.2. Assume that h=—h~ <0, (h7)'(t) <0, o —hy > 0. Then
O(t)—h=(t) >0, &) <O0. (4.4)
If, in addition, limy_,oo h™(t) = h™, then limy 6(t) = b~ and limy_,o, 0/ () = 0.
We introduce the function o = o(t) by
(1+o0)m=1+mb, 1<m<n. (4.5)

Denote by 61 the function 6 from Lemma 4.1 and by o™ the corresponding solution to Equation
(4.5). Since h§ < 1/m, the function ot is well defined, and (4.5), (4.3) imply

mit(t) <ot (t) <O(t) <0, (at(t) >0. (4.6)

Denote by 6~ the function 6 from Lemma 4.2 and by o~ the corresponding solution to
Equation (4.5). Then an analog of (4.6) in the case 0y > 1 is written as
1

(1+mby)m —1,_

0< = 0~ (t) <o (t) <0 (t), (o= (t)) <O. (4.7)
0
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To prove Theorem 3.1, we use Theorem 3.6 with barriers of the form
V=cu-A) +u, (x,t) €QqQr, (4.8)

where o = o(t) and a positive constant A > 0 are to be chosen, whereas u = u(x) is a given
C?-function. The following identity plays a crucial role in the further considerations:

EplV] = (A — w)Th_1[u]0 + mTy[u](6 + 1). (4.9)

We will assume that u is an m-admissible solution to the problem (3.2) in © and there are
parameters vp,, ui such that

0<vy<f, Tpu<u,, k=m-1m, zxecq. (4.10)

5 Asymptotic Behavior of m-Hessian Evolutions

We obtain an upper bound for m-admissible evolutions in a bounded cylinder Q.

Lemma 5.1. Suppose that u € K&(Qr) N C(Qr) and Eyfu] > v > 0. Assume that there
exist nonincreasing functions h;" = h;‘(t) >0, i=1,2, such that

(= logr <hf. o (1-2) <np @woear. (1)
Then
u(z,t) —uu(r) < m(2mhi (0) + osc Qu) (=07 (1)), (x,t) € Qr, (5.2)

where 017 = 0 is given by (4.2) with

b mvm,
~ (2mhi (0) + osc qu) i1 (5.3)
o max{l — v/pm; 1/2} o '
—h=h —max{ i 0) hi(t);hy () ¢,

the constants v, pg, k =m — 1,m, satisfy (4.10), and 0f = ho.

Proof. Applying Theorem 3.6 with w = u, we reduce the proof to construction of an upper
barrier V. = V*t (cf. (4.8)). We begin by constructing the function ¢ = o* in (4.8). By the
inequalities 0 < hg < 1/m and (4.3), we have —1 < —mfT < 0. Hence the function o = o is
uniquely defined by (4.5) and the relation (4.6) holds. By (4.3), 0 < —ot < h{ ().

We define the constant A in (4.8) by

A=A = A + sgp u, A =2mhi(0). (5.4)

By (5.3), u — VT < 0 on the parabolic boundary of Q7. Thus, the second inequality in (3.4)
holds. To prove the first inequality in (3.4), we use (4.9) and represent E,,[V1] — E,,[u] as

BulV*] = Byl = (A= w07 + = u@%;ml[u] (o + T2 )
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By (5.3), the relations (4.3), (4.1), and (5.5) imply
En[VT] = Eplu] < (A —w)T,_1[u] ((0%) + (0T + 1)) =0,

i.e., the first inequality in (3.4) holds. Thus, w = u, v = V7 satisfy the assumptions of Theorem
3.6. Hence u — VT < 0 in Q. The inequality (5.2) is verified by a direct computation. O

Theorem 3.6 provides lower bounds for C*!-evolutions under certain conditions that are
weaker than (5.1).

Lemma 5.2. Let u € C*1(Qr) N C(Qr). We assume that there exists a nonincreasing
function h= > 0 such that

m—%m%>—h,;%Q—§%ﬂ>>4u (2,1) € Qr. (5.6)

Then
hy
(14 mhg)m = 1)

u(z,t) —u(zr) > —(A] +oscou)f(t), A] = . (z,t) € Qr, (5.7)

where 0~ = 0 is given by (4.2) with

my,
b_ e m 5 9_ = h_, 58
(A] + oscu)fm—1 0 0 (58)

Um, Ik, kK =m — 1,m, are the constants in (4.10).

Proof. We apply Theorem 3.6 to w =V~ = 0~ (u — (A] +supgu)) + u, v = u, where
o~ satisfies (4.5) with # = 6~, which requires the inclusion V7~ € K& (Qr). To ensure this
inclusion, we note that V,, = (0~ + Dug, € K, C Kpp—q for all x € Q, ¢ € [0;7] in view of
the inequality o~ > 0 and the choice of u (cf. Remark 2.3). By (2.5) and (2.7), it suffices to
verify the inequality E,,[V "] > 0. Indeed, the relations (4.9), (4.1), (4.4), (5.8) and the second
inequality in (5.6) imply

EnV7] > (A] + Sup U — Wl 1[u)(07) +b707)>b"h™ >0, (x,t)€Qr. (5.9)

In a similar way, we obtain the first inequality in (3.4) in Qr, i.e., E,,[V™] — Epfu] > 0.
By (4.4), (4.7) and the choice of A (cf. (5.2)), we have

1
1 hg )m
(u—=V)]oQr = —h" + AI%Q = 0.
0
By Theorem 3.6, u — V= > 0 for all (x,t) € Q7 and, consequently, we obtain (5.7). O

If the assumptions of Lemmas 5.1 and 5.2 are satisfied for all T' > 0, then u attracts all
solutions to the problem (3.1) with data subject to Assumptions (i)—(iv) in C(Q), @ = 2x][0; 00).

Lemmas 5.1 and 5.2 lead to the following more general assertion.
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Theorem 5.3. Let u € C*1(Q)NC(Q). Assume that there is a point (zo,t) € Q such that
Uga (X0, to) s an m-positive matriz, 0 < v < Epfu] < pin Qo = Q X [to;00), and (5.1), (5.6)
are satisfied in Qo. Then |u|q is bounded independently on t. If, in addition,

lim h(t) =0, h=max{h";h™}, > to, (5.10)

t—o00

then u = u(x) attracts u = u(x,t) in C(Q).

It is obvious that Assumption (iv) of Theorem 3.1 guarantees the existence of a function
h in (5.10). Moreover, Assumptions (i)—(iii) are sufficient for the validity of the remaining
assumptions of Theorem 5.3 with tg = 0. Hence Theorem 3.1 is a special case of Theorem 5.3.

To conclude the paper, we consider the heat operator Fi[u] = —u; + Au. In this case, u is
a solution to the Poisson equation

Au=f, uecC?*(Q)nCc). (5.11)
Corollary 5.4. Suppose that u € C*1(Q) N C( x [0;00)) and |f| < p1. We assume that

tlggo Eq[u](z,t) = f(x), =z €,

| (5.12)
tliglo u(z,t) =u(x), =€ .
Then
lim u(x,t) =u(z), z€Q. (5.13)

t—o00

Proof. The equality (5.13) does not follow from Theorem 5.3 with m = 1 since it is not
assumed that f > v > 0 in (5.11). Therefore, we represent u as

w+v
on -’

1 1
u=u +uy, u= §(u+0x2), uQ:§(u—Cx2), C= (5.14)
with some v > 0. It is obvious that u; and —uy are solutions to problems similar to (5.11) with
fi > v/2,1=1,2. With (5.14) we associate the evolutions u;, i = 1,2, u = u; + ug, satisfying
some relations similar to (5.12). We see that all the assumptions of Theorem 5.3 with m =1
hold for u;, —ug, which leads to the required relation (5.13). O
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