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ON ASYMPTOTICALLY EFFICIENT STATISTICAL
INFERENCE ON A SIGNAL PARAMETER

M. S. Ermakov* UDC 519

We consider the problems of confidence estimation and hypotheses testing of the parameter of
a signal observed in a Gaussian white noise. For these problems, we point out lower bounds of
asymptotic efficiency in the zone of moderate deviation probabilities. These lower bounds are
versitons of the local asymptotic minimazr Hajek—Le Cam lower bound in estimation and the lower
bound for the Pitman efficiency in hypotheses testing. The lower bounds are obtained both for
logarithmic and sharp asymptotics of moderate deviation probabilities. Bibliography: 23 titles.

1. INTRODUCTION

In the normal approximation zone, lower bounds of asymptotically efficient statistical in-
ference were comprehensively studied. The local asymptotic minimax Hajek—Le Cam lower
bound [1-6] for estimation and the Pitman efficiency [4-7] for hypotheses testing are natural
measures of efficiency in parametric statistical inference. In the large deviation zone, the Ba-
hadur efficiencies [2,6-11] are the most widespread measures of asymptotic efficiency of tests
and estimators. The goal of this paper is to study lower bounds of asymptotic efficiency in the
zone of moderate deviation probabilities for the problem of statistical inference on the value
of the parameter of a signal observed in a Gaussian white noise. Thus, for this problem, we
fill the gap between asymptotic efficiencies given by the normal approximation and Bahadur
asymptotic efficiencies.

For statistical inference on the parameter of the distribution of an independent sample, this
problem was considered in [12-16]. The goal of this paper is to obtain similar results for the
problem of statistical inference on the signal parameter. Lower bounds of asymptotic efficiency
are given both for logarithmic and sharp asymptotics of moderate deviation probabilities of
tests and estimators. The problem of asymptotic efficiency in statistical inference on the
signal parameter both for the zone of normal approximation and the zone of large deviation
probabilities was studied in a large number of papers (see [2,3,17-20] and references therein).

The asymptotic equivalence of various statistical models and the model of a signal in a
Gaussian white noise is a very popular topic of research [4,5,21,22]. These results show a tight
relation between these models and the model of a signal in a Gaussian white noise. From this
viewpoint, the paper helps one to compare different results on moderate deviation probabilities
of tests and estimators for various models.

Usually, coverage errors of confidence sets have small values. Type I error probabilities are
small in hypotheses testing. These problems are prime examples of application of large and
moderate deviation probabilities in statistics. In particular, lower bounds of asymptotic effi-
ciency of estimators in moderate deviation zone admit natural interpretation as lower bounds
of asymptotic efficiency in confidence estimation [13,14,23].

Lower bounds of asymptotic efficiency in the problem of signal detection are easily deduced
from the Neyman—Pearson lemma and are given for completeness. In the case of a one-
dimensional parameter, the proof of lower bounds in estimation is based on lower bounds for
hypotheses testing. The proof of local asymptotic minimax lower bounds for estimation of a
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multidimensional parameter is obtained by a modification of the proof of similar results for an
independent sample [14].

We use the following notation. Denote by C' and ¢ positive constants. For any = € R!
denote by [z] the integer part of x. For any event A denote by x(A) the indicator of this
event. The limits of integration are the same throughout the paper. For this reason, we omit

1
the limits of integration. We write [ instead of [. For any function f € Ly(0,1) denote

0
12 = / £2(t)dt.

Define the function of standard normal distribution,
x
O(x) = ! / exp{—t*/2}dt, =z € R'.
Vor ’
—00
We omit the index of the true value of parameter 6y and write E[-] = Eg [-] and P(-) = Py, (+).

2. LOWER BOUNDS OF ASYMPTOTIC EFFICIENCY

2.1. Lower bounds of asymptotic efficiency for logarithmic asymptotics of mod-
erate deviation probabilities of tests and estimators. Let us observe a realization of a
random process Y¢(t),t € (0,1),€ > 0, defined by the stochastic differential equation

dY.(t) = S(t,0) dt + edw(t). (2.1)

Here S € L(0,1) is a signal and dw(t) is a Gaussian white noise. Parameter 6 is unknown,
6 € ©, and O is an open set in RY.

Assume that S(¢,0) is differentiable in 6 in Ly(0,1) at a point 6y, i.e., there exists a function
Se(t,0p) such that

/(S(tﬁ) — S(t,00) — (6 — 60)' S(t, 60))> dt = o(|6 — bo|?). (2.2)

Here (6 — 00)'Sp(t, 0) is the inner product of 8 — 6y and Sy(t, 6p).
The Fisher information matrix equals

10) = / Sy(t, 0)Sh (1, 0) dt. (2.3)

We make the following assumption.

A1l. Relation (2.2) holds at the point 6y € ©. The Fisher information matrix I(6p) is
positive definite.

For logarithmic asymptotics, the problem on lower bounds of efficiency for large and mod-
erate deviation probabilities of tests and estimators is usually reduced to the one-dimensional
one. Thus, in this section, we assume that d = 1.

Consider the problem of testing the hypothesis Hy : 8 = 6y versus H, : 0 = 6, := 0y + u,,
where u. > 0, u. — 0, and e lu, — 00 as € — 0.

For any test K, denote by «(K.) and ((K.), respectively, its type I and type II error
probabilities.

Define the test statistics

T = 1712(g) / So(t, 00) Y. (1). (2.4)
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Theorem 2.1. Assume that condition Al holds. Then for any family of tests K. such that
a(K) <e<1land f(K.) <c<1,

limsup(e ™ u I'7?(60)) ' (|2 log a(K)[/? + [21og B(K)['/?) < 1. (2.5)
e—0

The lower bound in (2.5) is attained at the family of tests generated by the test statistics T'.
Theorem 2.2. Assume that condition Al holds. Then

~ 1
lim  sup  u 2T (0p)log Po(|0c — 0] > uc) > — (2.6)
=0 9=09,00+2uc 2

for any estimator 55-

2.2. Lower bounds of efficiency for sharp asymptotics of moderate deviation prob-
abilities of tests and estimators. The case of one-dimensional parameter. Fix A,
0<A<TL

The results are proved in the zone u. = o(e 2i%) under the following additional assumption.
A2. The following relations hold:

/(S(t, 0) — S(t,00) — (0 — 00)' Sa(t, 00))* dt = O(|0 — 6o|*™) (2.7)
and
/(S(t, 0) — S(t,60))%dt — (68 — 00)'1(60)(6 — 6o) = O(16 — 6o|*). (2.8)

In the case of a multidimensional parameter, the lower bound in hypotheses testing essen-
tially depends on the geometry of sets of hypotheses and alternatives. We only consider the
case of a one-dimensional parameter. Usually, in this case, the problem is reduced to the
problem of testing a simple hypothesis versus a simple alternative. Consider the problem of
testing the hypothesis Hy : 0 = 6 versus alternatives H, : § = 0. := 0y + u.. We additionally
assume that e 2u2t* — 0 as ¢ — 0.

Theorem 2.3. Assume that conditions A1 and A2 hold. Let ¢ ‘u. — oo and e 2u2t* — 0
as € — 0. For any family of tests K¢ such that o := a(K¢) < ¢ <1,

B(K) > B2, — € ud?(09))(1 4 o(1)), (2.9)

where x4, is determined by the equation ae = (x4, ).
The lower bound (2.9) is attained at the tests L. generated by the test statistic T
If equality is attained in (2.9), then

lim o "By, [|Ke — Le|] = 0 (2.10)

and
Hm (®(za, — € ucd?(00)) " Eg,[|Kc — L|] = 0 (2.11)

e—0

for the family of tests Le with ae = a(Le).

Remark. For u, = eu,u > 0, the lower bound (2.9) becomes the lower bound for the Pitman
efficiency.
Define the statistic

Ty = 172(6) / So(t,B) du().
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Theorem 2.4. Let d = 1 and let conditions A}\ and A2 be satisfied. Let e 'u, — oo and
e 2u?t — 0 as e — 0. Then, for any estimator .,

Py (|0 — 6
liminf  sup al o |2> ue) 5 q (2.12)
E—>0‘9_60|<Ceu5 2®(_6_ I / (eo)ue)
for any family of constants C¢ — oo as € — 0.
If equality is attained in (2.12) for C. — oo and e 2C? M2+ — 0 as e — 0, then

lim (@(_6—111/2(90)%))_1E96[|X(|§€—96| > 1) — (T2 (00)To — (8 — 60)| >ue)|| =0 (2.13)

e—0

for any family of parameters ., |0. — 0y| < Ceu,.

Theorems 2.1, 2.2, 2.3, and 2.4 are versions of Theorems 2.2, 2.5, 2.3, and 2.7 established
in [13] for problems of statistical inference on a parameter of the distribution of an independent
sample.

2.3. Lower bound of efficiency for the sharp asymptotic of confidence estimation
of a multidimensional parameter. For a multidimensional parameter, we can derive a
version of Theorem 2.4 under some additional assumptions.

We say that a set Q C R is centrally symmetric if z € Q implies that —z € Q. Denote by
0%} the boundary of €.

We make the following assumptions.

A3. For any v € R?,

V' I(0)v —v'I(0p)v = O(|v]|0 — 6o]*). (2.14)

A4. The set Q is bounded, convex, and centrally symmetric. The boundary 99 is a C?-

manifold. The principal curvatures at each point of 02 are negative.

Theorem 2.5. Assume the conditions A1-A3 hold for all 6y € ©. Let the set Q satisfy
condition Ad. Let Oq be a bounded open set such that 900gC O. Let e ‘u,— oo and e_qufJrA —
0 as e — 0. Then

1/2 o
liminf inf  sup e (Go)(O : b) #udd) 5 (2.15)
€=0 00€00 |9—po|<Ceuc P(¢ ¢ e 1u )

for any estimator 56 with C¢e — 00 as € — 0. Here ¢ is a Gaussian random vector with identity
covariance matriz and E[(] = 0.

Theorems 2.4 and 2.5 can be considered as lower bounds of asymptotically efficient confi-
dence estimation. In confidence estimation, the covariance matrices of estimators are often
unknown. Then the confidence sets are defined on the base of pivotal statistics. Pivotal sta-
tistics are widely applied in hypotheses testing as well. For such a setup, one can modify
Theorems 2.4 and 2.5. The general approach to such a setup is given in Theorem 2.2 of [14].
We do not discuss this problem in detail in order not to overload the paper.

3. PROOFS OF THEOREMS 2.1, 2.2, 2.3, AND 2.4

Proofs of Theorems 2.1 and 2.3 are based on straightforward application of the Neyman—
Pearson lemma and analysis of the asymptotic distribution of the logarithm of the likelihood
ratio. Theorems 2.2 and 2.4 are deduced from Theorems 2.1 and 2.3, respectively, using the
same reasoning as in [13, Theorems 2.3 and 2.7]. In particular, (2.13) follows from (2.10) and
(2.11). For this reason, proofs of Theorems 2.2 and 2.4 are omitted. In [13], similar results
were obtained for the problem of statistical inference on a parameter of the distribution of an
independent sample.
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We prove Theorem 2.3. The proof of Theorem 2.1 is similar. It only suffices to replace
O(Jue|?*t) by of|uc|?) in all the estimates. The correctness of such a replacement follows from
Assumption Al.

Assume that the hypothesis is valid. Then the logarithm of the likelihood ratio equals
(see [2,3])

L(0o + ue, o) == 6_2/(5(75,&)—5(15, b)) dYe(t)—(26%) "1 (IS (2, 00) >~ (IS (2. 60)|?)

(3.1)
- e_l/(S(t, 0) =5 (,00))dw(t) — (26%) |15 (t,0c) = S (2, 6o) |*

Therefore, the test statistics can be defined as follows:

Ty = ¢(00,00) = < [ (S(8,00) = S(t,60)) V(o). (3:2)

By condition A2, to prove the asymptotic efficiency of the tests L, it suffices to estimate the
difference of stochastic parts of T} and (6, — 60)I'/2(60)T defined by the statistics

Tie=¢! / (S(t,0.) — S(t,00)) dw(t)

and e 11/2(6y) (0, — 6y)Ty, respectively.
Denote
p2(967 90) = ||S(t7 96) - S(tv 90)||2
Straightforward calculations show that
Eq, [Tle] =0, (3.3)

and it follows from (2.8) that

Eg, [T1] = € ?p*(0e,60) = € *ull(60) + O(e *u™™). (3.4)
For the alternative, we get the relations

Ey[Tid] = ¢ "Eg,[£(6c, 00) exp{e (0, 00) — (2¢) ' p?(6c, 00)}]
— 2020, 80) = €2 (u2I(8) + O(uZ) (3.5)
and
Vary, [T2] = € 2p%(6.,00) = e 2u?I(6y) + O(u?™). (3.6)
The lower bound (2.9) follows from (3.1)-(3.6)

The proof of asymptotic efficiency of the test statistics T is based on the following lemma.

Lemma 3.1. Let 7j. = (n1¢,m2¢)’ be Gaussian random vectors such that E[ni] = 0, E[ng] =0,
E[ﬁ%e] =1 E[i%e] = O(‘ue‘)\)7 and E[nle772e] = O(‘ue‘)\) Then

P(ne > e_lue) =P(n1e + n2e > e_lue)(l + o(1)). (3.7)

Proof. Denote by A, the covariance matrix of the random vector 7j.. Let (; and {5 be inde-
pendent random variables having the standard normal distribution. Define the random vector

— —

¢ = (¢1,¢2). Denote &, = (wie, wae) = Aimc. Then

P (1 + m2e > € tue) = P(wie + woe > € tuy). (3.8)
A straightforward calculation using the identity AL / 2Ai /2 = A, shows that entries of the matrix
AV? = {aeﬂ-j}f’j:l have the following orders: a. 92 = O(|uc|?) and a12 = O(|uc|/?). Hence,
using (3.8), we get (3.7).
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Thus, it remains to verify that the normalized random variables
Me =u_"¢(0,00) and e = u " (€(0e,00) — ueT)
satisfy the assumptions of Lemma 3.1 in the case of the hypothesis and alternative. Here

T =T = /Se(t,90)dw(t)-

Assume that the hypothesis is valid.

By (3.4),
Eni. =T+ O(Juc). (3.9)
‘We note that
E[n1enoe] = uZ?p? (0, 00) — u! /(S(t, Oc) — S(t,00))Sa(t, 6h) dt. (3.10)
By (2.7),
O(uZ™) = ||S(t,0c) — S(t,00) — ueSy(t,00)|” (3.11)

= p*(6.,00) — 2u, /(S(t, 0.) — S(t,00))Se(t,00) dt + u>I(8y).
Hence, by (2.8),
Ue /(S(t, 6.) — S(t,00))Se(t,00) dt = u>I(Ag) + O(Jue|*™). (3.12)

It follows from (2.8), (3.10), and (3.12) that

E[nlen%] - O(|ue|>\) (313)

By (3.9) and (3.13), the assumptions of Lemma 3.1 are satisfied if the hypothesis is valid.
Assume that the alternative is valid. Straightforward calculations using (3.12) show that

Ey, [7] = Egy[r exp{e '€ (0, 60) — (2¢°) 7 p?(6c, 60)}]

3.14
=t /(S(t, 0.) — S(t,00))Se(t,00) dt = e LucI(0y) + O(e L ue'), (3:14)
and, arguing similarly, we conclude that
Ey [£(60,00)] = €' p?(0c, 00) = € 'uZI(60) + O(e Hue ). (3.15)
The same reasoning shows that
Ey.[€%(0c, 00)] = p*(0c, 00) + € 2p* (0, 60) (3.16)
— 2 1(80) + 2 P (0) + Oue P+ Pu ),
ucEg, [§(0c, 00)T] = e /(S(t, 0) — S(t,60))Sa(t,00) di(1 + € p* (e, 6o)) (3.17)
= u2I(00) + e 2ull*(00) + O(Juc ™ + € 2|u*),
and
2
UEEQE [7-2] = u?I(Qo) + 6_2’11,2 </(S(t, 96) — S(t, 90))Sg(t, 90) dt) (3 18)

— G2I(80) + T2 (00) + Ojud ™ + 2u ).
By (3.16)(3.18),
Ey, [77%5] = O(‘u€|>‘ + 6_2|u6|2+>\)
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and

Ey, [11e72e) = O(|u€|>\ + 6_2|u5|2+>‘).

This implies that the assumptions of Lemma 3.1 are satisfied in the case of the alternative. [

Our proof of Theorem 2.4 is based on the following version of Theorem 2.3. In this version,
we treat the problem of testing the hypothesis Hy : § = 6y + Crue versus the alternatives
Hi.:0 =0y + Cou,.

Lemma 3.2. Assume that conditions Al and A2 hold. Then for any family of tests K. such
that ae = a(K¢) <c <1,

B(K) > B(xq, — e 1 (Cy — CLucd ?(00))(1 + o(1)), (3.19)

where x4, is determined by the equation ae = P(x4, ).
The lower bound (3.19) is attained at the tests Le generated by the tests statistics T
If equality is attained in (3.19), then

lim o "By, [|Ke — Le|] = 0 (3.20)

and
lim (®(zq, — € H(Co — C1)ucdY?(6p))) " By, [| K — L] = 0 (3.21)

e—0

for any family of tests L. such that a. = a(L).

The remaining reasoning in the proof of Theorem 2.4 is identical to the proof of Theorem 2.7
of [13] and is omitted.

4. PROOF OF THEOREM 2.5

In Theorem 2.1 of [14], a version of Theorem 2.5 has been proved for confidence estimation
of a parameter of the distribution of an independent sample. The proof of Theorem 2.5 is a
revised version of the proof of this theorem.

In what follows, we assume that 6y = 0.

We divide the proof into the following steps.

1. The Bayes approach. We refer to the fact that the Bayes risk does not exceed the minimax
one and reduce the problem to the problem of calculation of asymptotics of Bayes risks. We
define a uniform Bayes a priori distribution on the lattice A, in the cube K, = (—ve,ve)?,
where v, = Ceue, Cc — 00, and 6_2(C€u€)2+)‘ — 0. The lattice spacing equals d1 = cjce?u_ !

with ¢;. — 0 and cl_e?’e_2u§+A — 0 as € — 0. Denote I = [v¢/d1¢]-

2. We split the cube K, into small cubes,

2, -1 2

- ~17d ,
Die = xei + (—cac€”u, -, coce”u, 1%, 1 <i < my,

with co — 0, caccy,t — 00, and ¢ ¢ 20>t — 0 as € — 0.
Using the fact that a normalized a posteriori Bayes risk tends to a constant in probability
as € — 0, we study the asymptotics of a posteriori Bayes risks independently for each event
Wie: T € e T
3. To narrow down the set of parameters for a posteriori Bayes risk minimization, we split
the lattice A, into subsets Aje, 1 < i < mog;. Each set A, is a lattice in the union of a finite
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number of very narrow parallelepipeds Kjj.. The problem of minimization of a posteriori
Bayes risk is solved independently for each set A;e, and the results are added:

inf sup P9(§E—9§éue >1nf 2l,) dZZP9 9 —0 ¢ uc, Wie)
Oc GGKUE =
1 0eA. (41)

Me M24e

7Y N Tinf > Py(fe — 0 ¢ u), Wie).

i=1 e=1 Ue 0cA;e

4. To estimate the accuracy of a linear approximation of the stochastic part of the loga-
rithm of the likelihood ratio, we prove the following inequalities (see also Lemma 4.2 and, for
comparison, (3.4) and Lemma 5.3 of [14]). For any 6;,60;, € Ac N Kjj. and & > 0,

P (e (€05, 0k) — (Ok — 0,)'10, — pi7o;| > K, Wic)
t]? 2 —2-\, -2 (4.2)
<C — dt — 0, —0;
= /eXp{ selslt o | 4P =

€l

where
pe = pe(0;,6k) = 62H59(75,9j)||_2/59(@93')(5(15,%) — S(t,0;) — (6 — ;)" Sp(t,6;)) dt.
Since 7 € € 1T, it is easy to show that
p'E/Sg(t,O)dw(t) <0 —0 (4.3)

as € — 0.

5. Estimates similar to (4.2) and (4.3) and the “chaining” method allow us to apply to
terms of the right-hand side of (4.1) the technique of the proof of the multidimensional local
asymptotic minimax lower bound [2] based on the same reasoning as in [14].

For clarity, we define parallelepipeds K;; in the case where x;. is parallel to the first ort e;
of the coordinate system. Consider the subspace II; orthogonal to e;. Define in the lattice
A.NII; asublattice A} = {0 }1<j<my,. With spacing 2c3cd1c, where csc is such that csc/cae — o0,

c301e = o(€2u7 1Y), and 3 c; e 2ult — 0 as e — 0.
Set
K;j=K(0;j)= {a: = A2je+ ut Oi5, u={up}_ 1, uldn;, [ug| <czndin, AERY, uERd}ﬂKve,

1 S] < Mije-

We define the sets A;. for the most simple geometry in which the distance from the set 92 to
zero is attained only at two points. Each set A;. consists of subsets K (6;;) N A¢ such that

9,']' S eie = @i(kh ... ,kd_dl) = {9 10 = Qij + (—1)t22k2636(51662
+ -+ (—1)td2kd636(5166d; tg, e td = 0, 1},

where ko, ..., kg are fixed for each A;e and 0 < ko, ..., kg < Cie with Cieczecie — 00 and
_2016036016 f”‘ — 0ase— 0.
Denote K;e = |J K(0).
96@1‘5
For an arbitrary geometry of 0€), the definition of the sets A;. is more complicated, and,
moreover, the indexation becomes cumbersome (see [14]). However, the reasoning remains

almost unchanged.
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Fix § > 0. For all # € A;. define the events 4;(0,0,8) : e 1(£(0,0) — 6'7) > 6. Denote
Aie = [\ Ai(0,0,6). Denote by Bj. the event additional to Aje.
0€O;,.
Arguing similarly to (3.8) and (3.9) in [14], we conclude that

inf > Pyl — 0 ¢ u, Wi)

Oc QEAZ'C
>inf Y E[X(@ — 0 ¢ u)exple ' — (2¢2) 1 p2(00,0)},  Wie, Ai(0,0, H)}
0, (4.4)
€ QEAZ'C
>E [irtlf Z X(t—0 ¢ u)exp {6_19'7' — (2371016 + o(1)}, WiE,Aie} = R,
QEAZ'C
if § = 6, tends to zero sufficiently slowly as € — 0.
Denote A, = exp{7/7/2} and y = yg = ¢ '0 — 7. Since ¢ 2u;c — 0 and e 2u2t — 0 as
€ — 0, we see that
1
(21)7¢R. > (21)9E Aeirtlf Z X(t—yg—T ¢ e tu ) exp{—ngIyg},WiE,Aie (14+0(1))
QEAZ'C
_ —d : -1 L, . (4.5)
= (20) “E|A, ngf X(t—y&e u)exp — oY Ty ¢ dy, Wie, Aie | (1 + 0(1))
EilKie_we

= (200) e (1 + 0(1)).
For k € (0,1) denote
K (0i5) = {:1; F = AT +u+ 05, u= {uk}‘f, lug] < (c3e—Cleae)O1e, uLlmic, A ERl}ﬂK(l_ﬁ)ve
and
Kieﬁ - U Km(e)
0€0;¢
Here ul x; indicates that the vectors u and x;. are orthogonal.
If 7 € €T, then e ' Kj.,, C € 'K;. — 7, and, therefore,
[iee > Uieejiee(l + 0(1)), (46)

where
Uiee =E [Aea Wiea Az’e]

and
Jioe = ngf Jice(t) := lIilf
-1

1
/ x(t—vy ¢ e u)exp {—lely} dy.
Kiem

By Lemma 3.1 of [14],

Jiee = Jiee(o)- (47)
We note that
E[A., Wi ] = mes(T;e)(1 + o(1)). (4.8)
Thus, to prove Theorem 2.5, it only remains to prove that
Usiee := E [Ac, Wic, Bie] = exp{e2|zi|?/2}P(Wic, Bie) = o(mes(L';)). (4.9)

Then Theorem 2.5 follows from (4.1) and (4.4)—(4.9).
Thus, it remains to estimate P(W;., B;e). For this estimation, we implement the “chaining”
method.
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To simplify notation, we assume that [, = 2™. Fix 6 € ©;.. Definesets ¥;, j = 0,1,2,...,m,
by induction. We put ¥y = {6}. Set

\Ifj = {9 10 = 9j—1 + v62_ja:i€,9j_1 S \I/j—l}, 1<7<m.

m
We put W, 11 = Ajee \ U ¥;. For each 6; € ¥; denote by 0;_; the nearest to it point 6 € ¥;_
j=1
that lies between zero and 0;.
We have the equalities

S(05,0) = £(05,0) — (0; — 0)'T = S1(0;,0;-1) + S(0;-1,0) + S2(6;,0;-1), (4.10)
where
S1(05,05-1) = &(05,0,-1) — (0; — 0j-1)'70,_, (4.11)
and
S2(05,0j-1) = (05 — 0j-1)'(79,_, — 7). (4.12)
Then

(Wi, Bi) < C ( 3 (%(90) Y we +v2<e>>)) , (4.13)
(60)

00€O ;e 01516
where A1 (00) = Aie(00) \ Oje,

Vo(bo) = P(|S(0,60) > 6/4, Wie),
and
Vi(6;) = P(5°|S:(05,0,-1)| > 6/4,Wic), s=1,2.
Lemma 4.1. The estimate
Vo(0) < Cexp{ — C|0| 2 26% 2} P(W;) (4.14)

holds. For 0; € V¥,

Vi(0;) < Cexp{ — C|0; — 0,1 2u}d% e 2} P(Wi) (4.15)
fors=1,2.

Substituting (4.14) and (4.15) into (4.13), we get (4.9).

The proofs of (4.14) and (4.15) are akin to the proofs of (5.6) and (5.7) in [14] and are based
on the same estimates of Lemmas 5.4-5.8 of [14]. The proofs of these lemmas for the setup of
this paper do not differ from those in [14]. We omit the proofs of versions of Lemmas 5.4-5.6
of [14] for our setup. We only give versions of Lemmas 5.7 and 5.8 of [14] and their proofs.

Denote h = 9j — Qj_l, h = Qj, and h1 =Uj—1.

Lemma 4.2. For any u € R?,

E[(v (1 — 7)) = O(lu*|n]"). (4.16)
Lemma 4.3. Letv L h,v € R%. Then
E[(h'(mh, — 7)) ('7)] = O(Ju||h[|h|*/?). (4.17)
If v || h, then
E[(h(th, — 7))(v/7)] = O([v||h][h]*). (4.18)
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Proof of Lemma 4.2. Using (2.7), we conclude that
J(h,u) := E[(€(h, h+u) — £(0,u))*] < C(E[(€(Bo, h +u) — (h +u)'7)?]

+ E[(£(0g, h + u) — u'T)Y] + E[(£(0o, h) — h'7)?]) < C(|h + u)* + B + |[u]7).

(4.19)

At the same time,

E[(/ (1 — 7))%] < C(E[(&(h, h +u) — u'ty — §(0,u) +u/'T)?*] + J(h, u)))
< C(E[(&(h,h +u) —u'm,)?] + E[(£(0,u))? — u/'7)?] + J(h,u)) (4.20)
<C

(|h+u|2+)\ + |h|2+)\ + |’LL|2+)\).

Putting |u| = C|h|, we get (4.16). O

Proof of Lemma 4.3. Applying the Cauchy inequality and Lemma 4.2, we see that

(R (13, — 7)) (@D < (BI((W (75, — 7)))*DV2(E[(0'7)?)2 = O(Jv]|h|[h1[V?).  (4.21)

Let us prove (4.18). Note that

Hence,

O([vY|hY) = E[(W' (1 — )] = v'I(0)v + v'I(h)v — 2BE[(v/7)(v'13)]. (4.22)
Hence, using (2.8), we get the relation
E[(v/7)(v'm,)] = v'I(0)v + O(Jv2|h}). (4.23)
E[(h (4, — 7)) (v'7)] = C(B[(W'7,)(h7)] — E[(R'7)(h7)]) = O(Jv||hl|ha|*). (4.24)
O
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