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We study the stability of elastic systems with one-sided constraints on displacements.
We analytically solve the contact problem for rods and propose a new method for solving
contact problems with a free boundary. We present numerical results concerning the
stability of elastic systems with one-sided constraints on displacements. Bibliography:
10 titles.

We consider problems related to the following topics:
e free contact between thin-wall elements of constructions,
e stability of elastic systems with one-sided constraints on displacements.

In Section 1, we consider the contact problem for flexible elements of constructions. We
obtain an analytic solution to the contact problem for rods. We also propose a new method
(of generalized reaction) for solving contact problems with a free boundary. This method can
be applied to a large class of problems [1]. Formally, the method is an iteration scheme of
the gradient projection method applied to the energy functional of an elastic system expressed
in terms of the reaction function of obstacle. The contact problem can be formulated as a
problem of convex programming. Using the saddle point theorem for the Lagrange function [2],
we consider the dual problem which can be solved by the gradient projection method [3]. In
mechanics, the variables of the dual problem are interpreted as the reaction forces of contact. To
apply this method, it is necessary to find the inverse operators of the equilibrium equations for
contacting elements. The solution of equations for rods, plates, and shells is a rather complicated
task. However, all classical methods (grids, finite elements, boundary elements and so on) are
available for solving such problems.

The classical stability problem for elastic systems is reduced to finding eigenvalues of linear
operators. The study of stability and supercritical behavior of elastic systems with one-sided
constraints on displacements is reduced to finding bifurcation points of nonsmooth equations
or parameters for which the corresponding variational problems with one-sided constraints can
have not necessarily one solution.

In Section 2, we obtain new results concerning the stability of elastic systems with one-sided
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constraints. We analytically solve the stability problem for rods in an elastic medium provided
that the rods are compressed by a longitudnal force and their bendings are bounded from one
side by a rigid obstacle. We clarify how boundary conditions affect the critical value of the
force. We also study the stability of an annulus supported by elastic threads under the action
of the normal pressure force and a torus-like shell containing an elastic filler such that there is
a one-sided contact between the shell and the filler.

1 Contact Problem for Flexible Elements of Construction

1.1. Contact problem for two parallel beams. We consider the contact problem for
two parallel beams of length ¢. Denote by w;(§), i = 1,2, the beam deflections and by x(&) the
contact reaction force. Assume that the first beam is under the action of a normal load ¢(§)
and the second one is under the action of the first beam, when the deflection of the first beam
exceeds the initial clearance between the beams p = const. In this case, the equilibrium equation
takes the form

d4
dlf“f = q(€) - z(€),
i (1.1)
2
d2d—§4 = (),

where di = EJq, doy = EJo, J1, and Jo are moments of inertia of cross-sections, and E is the
Young modulus.

The deflections w1 (§) and wy(§) and the contact reaction force z(€) satisfy the inequalities

wi(§) < w2(§) +p, x(§) 20, (1.2)

and the equation

(&) [w1(§) — w2(§) — p] = 0. (1.3)

The first inequality in (1.2) is the inpenetrability condition, and the second one is a one-sided
constraint. Equation (1.3) is the complementary slackness condition which means that z(§) > 0
implies wy (&) —w2(§) — p = 0 (there is contact at the point £). Conversely, w;(§) —w2(§) —p < 0
implies z(§) = 0.

The inequalities (1.2) and Equation (1.3) hold if for any a > 0

2(§) = [x(§) + a(wi(§) — wa(§) — )]+ (1.4)

where the subscript “4+” means the positive part of a function, i.e.,

0+(6) = max{0, 0(6)} = 3 (#(6) + #()).

Indeed, from (1.4) if follows that x(§) > 0. If the expression in the square brackets is negative,
then x(§) = 0 which implies w; — ws — p < 0. In the case x(£) > 0, the subscript “4” can be
omitted and (1.4) implies w1 —wg — p = 0. For the sake of definiteness we impose the boundary
conditions of hinged support

wi(0) = w]'(0) = w;(€) = wl'(6) =0, i=1,2. (1.5)
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The variational statement of this problem has the form

E E
J(wy,we) = / (iw'fz + iwgz + qw1> d¢ — min (1.6)

2 2 w1 ,we2

with the condition (1.2).
Introducing the Green function for the boundary value problems (1.1), (1.5),

(t—0) o tl—1)(20—1)
E é g} b

Q@ﬁZE%Pﬁtﬁ+ e

we can write solutions to Equation (1.1) as w;(§) = G;(¢ — =), where

0
Gio = [ Gie.Dp(t), (17)
0
and Equation (1.4) as
2(§) = [2(§) — a(Gaz + p — Gi(q — 2))l4- (1.8)

To solve (1.8), one can use the method of successive approximations:
Tnt1 = [xn — a(Goxy + p— G1(q — xp))]+, n=0,1,..., (1.9)

where zo(§) = 0 can be taken for the initial approximation.
To find a function class where we look for a solution to Equation (1.8), we analytically solve
the above problem in the case ¢(§) = ¢ = const, di = d2 = dp.

Assume that [£p, &1] (§o < &1) is the contact zone. By symmetry of the problem, {; = ¢ — .
The function u(§) = w1 (&) — w2 (&) satisfies

dO% =q—2x(8), (1.10)
and u(§) = p for £ € [£o,&1]. For 0 < € < & we have z(§) = 0. Therefore,
o%%% =q. (1.11)
The general solution to Equation (1.11) has the form
u(§) = a8 + o+ c1€ + 2€” + 3’
24d,

By the boundary condition, ¢y = ¢ = 0. Since the function u(§), together with its first and
second order derivatives, is continuous at the point &y, we have

4
24d,

4 3 _
6d0£0 0, (1.12)

e1éo + c3&f + & = p,

1+ 3c3&d +
4 .2

6 —& =0
c3éo + 2dg o
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which implies

_ 4.5 _ 4 _ (24dop\ !
1= %507 €3 = _Fdogo’ §o = < q > ) (1.13)
and the function u () is represented by
ol 08 + ), n<e<t,
u(§) =4 P ¢ € (€0, ¢ — &, (1.14)
q(ﬁ—ﬁ) 3 A2 A3 _
12d [§6 =& =8+ (=87, £€[l—¢&.1
0
From (1.14) it follows that
W"(§ = 0) = 3-8, u"(§+0) =0. (1.15)
0
From (1.10) and (1.15) we find
2(€) = TE00( — &0) + T60(€ — £+ &) + +qlH(E — &) — H(E — €+ &), (1.16)

where 6(€) is the generalized Dirac o-function. We set v(£) = w1 (§) + w2(€). Then the function
v(§) satisfies the equation

d*v
“gr
which implies
9 13s ope3 | g4
o(E) = 5106 — 206 + &) (1.17)

The deflections are expressed as follows:

W(€) = S(ul(€) +v(E)),  ws(E) =

S (0(6) = u(®)).

1
2

Thus, if the contact domain is a segment of nonzero length, then w;-, (&), i = 1,2, are contin-
uous, w;/l(g) are piecewise continuous, whereas the 4th order derivatives contain terms of Dirac
d-function type (cf. formula (1.16)). From (1.13) we find the existence condition in the case of
a contact domain of nonzero length (§p < £/2)

384dop
e (1.18)

For 384d,

0p
0
<qg< 5/l
there is no contact between the beams, i.e., wi(§) < p for all £ € [0, /], and for

384dop _ _ 384dop (1.19)

sei SIS T
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the contact domain consists of a single point {y = ¢/2. Then (1.12) takes the form

n 03 qg ¢*
cl=teg—+ —— =
I ATV
02 q /3
3es—+—-——=0
c1 + 3c3 1 + do 48
which implies
ql*  3p gt 4p

03 = —— — L. (1.20)

A= agade T BT T30, B

In this case, the function u(&) is defined by

4
a+erfs + 2L £€0.¢/2)
u(§) = ) -8 (1.21)
-9 +et-f+ I ez,
and v(&) is computed by formula (1.17).
From (1.20) and (1.21) we find
" n 5 g 48
W"(0)2 4 0) — " (£/2 — 0) = —8—30 7;’

which implies

d4
if(f):q—dod—;fz (

5_q€ _ 24pd0
16 03

> 5(6—10/2). (1.22)

For anchorage boundary conditions an analytic solution is found in a similar way.

1.2. Method of generalized reaction. Assume that displacements u; and us of two
elastic elements of constructions (rods, plates, and shells) under certain loads cause contact
between these elements. We assume that a deformation of every element is described by the
linear equations for u; and us:

Liui(§) = fi(§), &€ Qi CR™,

(1.23)
I‘Uuz(é) =0, £€09;, jel:ry, i=12.

With the boundary value problems (1.23) one can associate (nonlinear) operators A; (the
boundary conditions are included in the definition of operators) in Hilbert spaces.

Thus, instead of the problem (1.23), we can study the operator equations
Aiui = fi(§), €€, i€l:2

Suppose that the initial clearance between thin-wall elements of construction in the initial un-
deformed state in a domain of possible contact Qo C €5 Ny is determined by a function p(§),
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& € Qp. Then the contact problem under consideration can be formulated as follows:

Ayur = f1(€) — z(&)H(8),
Asuz = f2(€) + 2(6)H (),

u1(§) —u2(§) — p(§) <0, £ € o,
z(€) >0, €eQo, (1.25)

z(&)[u1(§) — u2(§) — p(§)] = 0.

Equations (1.24) are the equilibrium equations, f;(€), i = 1,2, are the external forces acting on
contacting elements, x(§) is the contact reaction force, and

(1.24)

f] 17 56 QOa
07 §¢QO

The second inequality in (1.25) is a one-sided constraint, the third one is the complementary
slackness condition, i.e., (§) > 0 implies u1 (&) —u2(€) — p(&) = 0 and, conversely, u; (&) —u2(&) —
p(€) < 0 implies z(§) = 0. From (1.24) we find

z(§) = %(A2U2*A1U1+f1 — f2). (1.26)
As above, we prove (1.25) if
£(6) = [£(€) + aur(€) — ua(€) — p(€)]5, € € O, (1.27)
for any « > 0. Thus, instead of (1.24) and (1.25) we can consider the system
Ayuy = fi—z, Ayus=fotz, z=[r—oaluztp—uw)H(E). (1.28)
If the inverses of A; and Aj exist, then from the first two equations of (1.28) we have
up = A7 (fL —x), ug = Ay (fa + ). (1.29)
Substituting these expressions into the third equation, we find
z=[r—a(Ay (fat+2) = AT (AL —2) + )4, €€ Q. (1.30)
Equation (1.30) can be solved by the method of successive approximations:
Te1 = [mx — (A3 (fo + ) — AT (fr — ) + )4, € € Qo (1.31)

To clarify the character of convergence of (1.31), we formulate some assertions related to the
theory of extremum problems (cf., for example, [3]).

1.2.1. Necessary extremum conditions and the gradient projection method. 1t is required to
find u, € M such that

f(uy) = min f(u). (1.32)

ueM
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Assume that M € R™ is a convex set and f(u) is continuously differentiable in R".

Proposition 1.1. For a point u, € M to be a minimum point of a functional f(u) over the
set M it is necessary and, if f(u) is convex, sufficient that

<afa(z*),u—u*) >0 Yue M. (1.33)

Let v € R™. We denote by Pps(v) the nearest point of the set M to the point v. The point
Pyr(v), called the projection of v onto the convex set M, is a minimum point of the functional
¢(u) = 1/2||u — v||? over the set M. From (1.33) it follows that

(Py(v) —v,u— Ppy(v)) 20 Yue M. (1.34)
Denote z(y) = Py (y). Then

(z(y) —y,z—2(y)) =0 Ve M. (1.35)
Let z(y1) and z(y2) be the projections of two points on the set M. Then

I[2(y1) — z(y2)l| < M|y — y2l] (1.36)

(the distance between the projections of points does not exceed the distance between the points).

Let o > 0. Denote by w(u) the projection of u — a%(u“) on the set M:

wu) = Py <u - a%?) .

We assume that v € M. By (1.33),

(w(u) —u+ aagiu),u —w(u) =0

which implies

(5w —u) <~ ltw —ul? (137

Proposition 1.2. The condition (1.33) is equivalent to the condition

Uy = Pyg <u* — aaf(u*)> Y a>0. (1.38)
ou
Proof. From (1.34) we find
(w(us) — uy + aM,u —w(uy)) =20 Yue M. (1.39)

ou
Let (1.38) hold. Then

<aaf(u*),u — u*) >0 YueM,
ou

i.e., (1.33) holds.

Let (1.33) hold. From (1.38) we find
Of (ux)
(w(ug) — gy w(us) —us) < « <T,u* - w(m)) .

From (1.33) it follows that (w(u«) — us, w(us) — uy) <0, Le., ue = w(uy). O
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A point u, € M satisfying the necessary extremum condition (for example, (1.33) or (1.38))
is said to be stationary. We refer the reader to [3] for details.

We formulate the problem of minimizing f(u) over the set M.

1.2.2. The gradient projection method. We fix a number o > 0 and an initial approximation
ug € M. Suppose that ux, € M is already obtained. Then wugi1 = w(ug).

Proposition 1.3. Let D = {u € M : f(u) < f(uo)} be bounded. Then there exists ag > 0
such that for all 0 < o < g any limit point of the sequence {ux}, k =0,1,2..., is a stationary
point of the functional f(u) over the set M.

Let M = {u € R": hj(u) <0, j €J =1:N}, where h;j(u) are convex continuously
differentiable functions, and the set M satisfies the Slater condition, i.e., there exists a point w
such that h;(w) <0, j € J. We also assume that the function f(u) is strongly convex, i.e., there
exists a constant m > 0 such that

flu) = f(v) + (agg),u—v> +m|lu—v|*> Vu,v € R"

We consider the Lagrange function

N
L(u,z) = f(u) + Y _ wihi(u). (1.40)
=1

Under the above assumptions, there exists a unique solution to the problem (1.32).

1.2.3. The saddle point theorem. A point u, is a solution to the problem (1.32) if and only
if there exists a Lagrange multiplier * = (27,23, ..., 2} ) such that u, and 2* are saddle points
of the Lagrange function on the set R x X

L(us, ) < L(ug,2¥) < L(u,z*) Yu € R, x € X,

where X = {z € RV : z; > 0, j € J}. If a saddle point exists, the operations of taking
maximum and minimum commute:

min max L(u, x) = max min L(u,z) = L(us,z").
ucR" xe€X zeX ueR™

We consider two extremum problems

P(u) — muin, Y(u) = Iglea)}é(L(u, x), (1.41)
o(z) — :gg, o(z) = muin L(u,x). (1.42)

The problems (1.41) and (1.42) are dual problems of nonlinear programming. If u ¢ M in (1.41),
then we set ¢(u) = oo, i.e., (1.41) is exactly the problem (1.32). We refer the reader to [2] for
details.

We return to the problem (1.24), (1.25). We assume that the operators A; in (1.28) are
positive definite operators defined on the same Hilbert space H of functions in the domain
Q=01 =Q2=Q)

A=Y D(Coi(§)D*u), (1.43)

la|<m
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where

3|al( )
e 0" .. oEn
a = (a1,a9...q,) is a multi-index with length |a] = oy + ag + ...+ a,. With the operators A;
we associate the bilinear forms

D()

ai(u,v) = [ Y (=1)Coi(€) D - D*vde. (1.44)

Q lalsm
The positive definiteness means that
ai(u,u) = 7 |ullf, (1.45)
where ||u|| g is the H-norm. We set
J(u1,ug) = %al(ulaul) + %C@(Uz,uz) = (f1,u1) = (f2, u2).

The contact problem can be formulated as the extremum problem

J(ui,u2) — min (1.46)
U, u2
with the condition
Uy —uUg2 —p § 0. (1.47)

For the problem (1.46), (1.47) we introduce the Lagrangian
L(uy,ug, x) = J(u1,uz) + (z,u1 — uz — p). (1.48)
We also introduce the functionals

®(x) = min L(ug, ug,z), ®(z) = —d(x). (1.49)

uy,u2

The functional ®(z) is expressed by

1 _ 1 _
(I’(.f) - 5‘41 l(fl - -r)mfl - .’L') + 5‘42 1(f2 +x)af2 —i—fL’) =+ (‘rap)
We consider the problem

O(x) — wlél{/[, (1.50)

where M = {z € Ly(Q2) |z > 0}.
The functional ®(x) is bounded from below on M. We set ®* = inf,cpr ().

The quadratic functional ®(z) is continuously differentiable, and its derivative takes the form
O'(x) = Ay (fo+ 1) — AT (fL— )+ p. (1.51)

We temporarily assume that the infimum is attained at a point z*. We write the necessary
minimum condition for the problem (1.50) in the form (1.38)

2" = Py(xy — a®'(2)) = [a:* —« (A;l(fg +x) — Al_l(fl —x)+ ,0)]Jr (1.52)
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(it is obvious that the projection of ®(x) onto the set M of nonnegative functions is the “cut-off
function” of ®(x)). The last equation coincides with (1.30).

In infinite-dimensional spaces, the point £* does not necessarily exist, i.e., there is no square
summable function z(§) such that ®(z) = ®* (cf. 1.16) and (1.22), where the contact force
contains terms of Dirack J-function type).

However, the following assertion holds [1].

Theorem 1.1. There exists ag > 0 such that for any 0 < a < ag the sequence {x,} defined
by (1.31) is minimizing, i.e.,

lim ®(x,) = P., (1.53)

n—oo

and the sequence of functions
uip = Ay (L — k), uak = Ay (fa + 2p) (1.54)

converge to the solution to the problem (1.46), (1.47).

2 Stability of Elastic Systems under
One-Sided Constraints on Displacements

2.1. Statement of the problem. To study the stability of elastic systems, variational
methods are often used. Assume that the potential energy is expressed by the functional

(N, w) = F(w) — A\G(w),

where F'(w) is the elastic energy and G(w) is the external force work. It is required to find A
(interpreted as the critical load in practice) such that the variational problem

®(\,w) — min

has a nontrivial solution. To study the stability of the problem, one usually uses the quadratic
approximation of the potential energy functional, whereas an exact expression for the full energy
is used only for determining the supercritical behavior of the system after loss of stability. In
the case of quadratic approximations, the parameter A can be found by solving the problem

F(w) — min (2.1)
with the condition
G(w) = 1. (2.2)

However, for engineering design, it is actual to study the stability of elastic systems with
one-sided constraints on displacements. The influence of one-sided constraints is expressed by
the fact that the function w in the problem (2.1), (2.2) satisfies some inequalities. Since we deal
with quadratic functionals, we can formulate the variational problem as follows. Let A and @) be
selfadjoint bounded linear operators in a separable Hilbert space H. Assume that A is positive
definite and @ is nonnegative definite and compact. Thus, for any w € H

(Awaw) > C()H'LU||2, co > 07 (23)

(Quw,w) = 0. (2.4)
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We consider the problem
1
flw) = i(Aw,w) — min (2.5)

with the condition .
g(w) = §(Qw,w) =1, wekK, (2.6)

where K is a convex closed cone in H.
Proposition 2.1. The problem (2.5), (2.6) has a solution.

Proof. The set {w € H : g(w) = 1} is weakly closed in the space H. Indeed, let w, € H
weakly converge to w € H. Then Quw, — Qw strongly as n — oco. Further,

) — glw) = 5 (Qun,wn) = 5(Qu, w) = 5(Quwn — w),w) — 5 (wn, Qu = Quin).

Using the Schwarz inequality, from the weak convergence of w,, it follows that

9(n) — ()| < (@ — w), w)] + Sl Qu — Quall 50, = o0,

2
which implies g(w) = 1 because of the continuity of ). Since a convex closed cone K is weakly
closed in H, the set of elements w € H satisfying (2.6) is weakly closed, whereas the intersection
of this set with any ball in H is weakly compact. The functional f(w) is convex and continuous
and, consequently, weakly lower semicontinuous. Since f(w) — oo as ||w|| — oo in view of (2.3),
the functional f attains the minimum. O

We consider the problem of nonlinear programming

1
flu) = §(Au,u) — min (2.7)
with the constraints
1
g(u) = §(Qu, u) =1, (2.8)
(bj,u) <0, jeJ=1:m, (2.9)

where A is a positive definite matrix of order n, () is a nonnegative definite matrix of order
n, and b; € R". The problem (2.7)—(2.9) can be obtained by finite-dimensional approximation
of the problem (2.5), (2.6). Denote by I' the cone defined by the inequalities (2.9). Let u*
be a solution to the problem (2.7)—(2.9). By the Kuhn-Tucker theorem, there exist Lagrange
multipliers p; > 0, j € 1 : m, A* such that

Aut — N Qu* + Zujbj =0,
j=1

1 (2.10)

—(Qu*,u*) =1,

2

pi(bj,u) =0, jel:m.

A point u* satisfying (2.10) is said to be stationary.
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We describe an algorithm for solving the problem (2.7)—(2.9). Suppose that ug € T' and
g(up) = 11is an initial approximation. Assume that uy € I', g(uy) = 1, is already known. We set

Tx = {u € T|(Qug, u — ug) = 0}. (2.11)
We find wy, € fk such that
L Atiy, i) = min - (Au, ). (2.12)
2 u€ly,
Then we set
U1 = S, Tk, (2.13)

where s = /g(uy). Since uy is a solution to the problem (2.12), there exist Lagrange multipliers
pk,; = 0 and A\ such that

Aty — M Quy + Zuk,jbj =0,
j=1

(Quy, up, — ug) = 0,

pkj(bj, uk) =0, jeEl:m.

(2.14)

It is possible to show [4] that the sequence {\x} is monotone decreasing and bounded from
below. Consequently, {\r} has limit A, and any limit point of {u} is stationary.

Remark 2.1. The auxiliary problem (2.12) is a problem of convex quadratic programming.
Methods for solving such problems are well developed.

Remark 2.2. If J = @, i.e., ' = R", and @ is the identity matrix, then we deal with the
known Kellogg method for determining a minimal eigenvalue of the matrix A.

Remark 2.3. The problem (2.7)-(2.9) can have several local minima. Therefore, it can turn
out that A\, > A* and the algorithm converges to one of the local minima.

We introduce the matrix B(\) = A — Q. It is easy to see that if A < \*, then (B(\)u,u) >
wl|ul|, where p > 0, for all u € T'. Conversely, for A > \* there is a vector v € I" such that
(B(M)u,u) < 0. Thus, the problem (2.7)—(2.9) is reduced to identifying the conditional positive
definiteness of quadratic forms on cones.

2.2. One-sided constraints on displacements. Consider a rod of length ¢ in an elastic
medium with rigidity C' under the action of a longitudnal force P. We denote by D the rod
rigidity under bending. We consider the functional

J(w) =

N | =

l
/(Dw"2 + Cw? — Pw')da. (2.15)
0

We assume that the rod deflection w is bounded from one side by a rigid obstacle so that
w(z) =20, x€]0,4. (2.16)

Computation of the stability of a rod is reduced to finding a minimal value of P such that the
variational problem
J(w) = min (2.17)

w
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with the condition (2.16) has a nontrivial solution. We consider boundary conditions of three
types:
e boundary conditions of anchorage

w(0) =w(?) =0, w'(0)=w'(f)=0, (2.18)
e boundary conditions of hinged support

w(0) =w(?) =0, w"(0)=w"(¢)=0, (2.19)
e boundary condition of anchorage at x = 0 and free boundary condition at z = ¢

w(0) =0, w(0)=0, w ({)=0, Dw ({)+ Pw (¢)=0. (2.20)

2.2.1. Boundary conditions of anchorage. The problem of finding a critical force is reduced
to the following isoperimetric type problem

l
~ 1
J(w) = 5 /(Dw"2 + Cw?)dxr — min (2.21)
0
with the constraint ,
1
Ji(w) = 3 /w'Qdaz =1 (2.22)

0
and the conditions (2.16) and (2.18).

The extremum problem (2.21), (2.22) with (2.16), (2.18) has a solution since the set of
functions w € W2[0, £] satisfying (2.16) and (2.22) is weakly compact and the functional J(w)
is convex. It is known that a continuous convex functional attains the minimum on a weakly
compact set. Here, W2[0, /] is the Sobolev space of functions that are square integrable, together
with the first and second order derivatives, on [0,¢] (the first order derivative is absolutely
continuous).

We look for a solution to the problem (2.21), (2.22), (2.16), (2.18) among functions that are
strictly positive on an interval (0,¢1), 0 < ¢; < ¢, and vanish outside this interval [5].

Since w > 0 for = € (0, 1), it satisfies the Euler equation on (0, ¢1):
w'V + ww + pPw’ =0, (2.23)

where w = C/D, p?> = \/D, X is the Lagrange multiplier for the constraint (2.22).

In this case, Equation (2.23) is the equilibrium equation for a rod compressed by a longitudnal
force in an elastic medium. We note that (2.23) coincides with the equilibrium equation for a
cylindrical shell compressed by a longitudnal force in the axisymmetric case. It is possible
to show that for the existence of a nontrivial solution to Equation (2.23) with the boundary
condition (2.18) or (2.19) the following condition is necessary:

PP > 2v/w. (2.24)
Under this condition, the general solution to Equation (2.23) has the form

w(x) = ¢y sin(mix) + casin(max) + +c3 cos(mix) + ¢4 cos(max), (2.25)
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where

2 2
my = %+ P my = %_ L (2.26)

Since w(z) > 0 for z € (0,¢;) and w(z) = 0 for =z € (¢1,¢), we conclude that either ¢;
coincides with £ or ¢; is found by solving the problem

0y
1
J(w) = 5 /(w”2 + ww?)dz — mien (2.27)
0 1
with the constraint ,
1
1
Ji(w) = 5 /w'Qdac =1. (2.28)
0

By the minimum condition on ¢; in the problem (2.27), (2.28) and the conditions w(¢;) = 0,
w'(¢1) = 0, from (2.27) we obtain the boundary condition w”(¢1) = 0.

Thus, the function w(z) is twice continuously differentiable on the entire interval [0, ¢] and
satisfies the conditions

w(0) =w(l) =0, w'(0)=w'(f)=0, w"({)=0. (2.29)
Substituting (2.25) into (2.18), we obtain the system of equations for arbitrary constants ¢y, ..., cs
and /q

c3+c4 =0,

mici + maca =0,

c1siny + cosinz + czcosy + ¢4 cos z = 0, (2.30)

€1M1 COSY + CaMo COS 2 — c3my siny — cqymasinz = 0,

c1m? siny + com3 sin z + c3m? cosy + c4m3 cos z = 0,
where y = m1¢; and z = mof;. Considering the first four equations for the unknowns cy,...,cq4

and equating to zero the determinant of the coefficient matrix, we see that for the existence of
a nontrivial solution it is necessary that

22y(1 — cos zcosy) — (22 + y*)sin zsiny = 0. (2.31)
Considering the 1st, 2nd, 3rd, and 5th equations of the system (2.30), we obtain the equation
zcoszsiny —ysinzcosy = 0. (2.32)

With the minimal critical force it is associated the solution y = 3w, z = 7 to Equations (2.31),
(2.32), i.e., 3m = m1ly, m = mal;. Using (2.26), we find

10 V3r

PP ="Vw, 0= o (2.33)

3

If ¢1 < £, then
w(zr) = c-sin®(mex)H(l; — ), x€[0,4], (2.34)
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where mo = Vw/v/3 and H(t) is the Heaviside function.

2.2.2. Boundary condition of hinged support. In this case,
w(0) =w(l) =0, w"(0)=w"(¢1)=0, w'({)=0. (2.35)

Then it is necessary to replace the second equation in (2.30) with the equation m%c;e, +m%C4 =0,
which implies ¢3 = ¢4 = 0 in view of the first equation, and (2.30) is replaced with the system

c1siny + cesinz = 0,
c1my cosy + comacos z = 0, (2.36)

clm% siny + @m% sinz = 0.

For the existence of a nontrivial solution to the system (2.36) it is necessary that

det< siny - sinz ):0, )

M1 COSY M2 COSZ

siny sin z
det ( 9 9 ) =0, (2.38)
my

siny mjsinz
which yields

Mg COS Zsin Yy = My cosysin 2,

m3 sin y sin z = m? sin ysin 2.

The second equation implies siny = 0 or sinz = 0. If siny = 0, then from the first equation we
find sin z = 0 (otherwise, cosy = 0, which is impossible). Hence

y:mlélzm', szzﬁlzﬂj, ’i,j=1,2,.... (2.39)
From (2.39) and the second equation in (2.36) we find

1,  (i—j) is even,

mi
Y L
m2 {—1, (i —j) is odd.

From (2.25) it follows that
w(zx) = cl(sinmlaz - B@ sinmgaz), O<mexr <7y, j=12,.... (2.40)
m2
Denote o = mymy " =i-j~'. Then from (2.26) and

1+ a?
A

we obtain the value of the critical force. Choosing i and j such that p> = A\/D is minimal and
w(zx) in (2.40) is nonnegative, we find

5 V2
2_ 2 =
p - 2 \/a? El \4/& .
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If 41 < £, then

2
w(z) =c (2 sin Z—x + sin %) H({y —x), ¢>0. (2.41)
1 1

2.2.3. Free boundary condition. In the case of the boundary condition of anchorage at x =0
and the free boundary condition at x = ¢, we have (2.20). Then the inequality (2.24) is replaced
with p? < 2,/w and the general solution to Equation (2.23) takes the form

w(z) = c1e sin(fx) + c2e™” cos(Bx) 4+ cze” “* sin(fx) + cae” ¥ cos(fzx), (2.42)

1 1
a=g 2y/w — p?, ﬁ:§\/2\/(,_u—|—p2. (2.43)

Assume that there exists a region that is closely adjacent to the wall, i.e.,

() =0,
(x) >0, x€ ({,4].

where

v (2.44)

As above, w = 0, w’ = 0, and w” = 0 for x = ¢1. Thus, we have two systems of equations

1" " I P
wi) =0, W) =0, W' (O=0, WO+ O=0, F=F (245

w(l) =0, w'()=0, w (£)=0, w (£)+p*w (£)=0. (2.46)

For the existence of a nontrivial solution it is necessary that the determinants of the coefficient
matrices at ci,...,cq vanish. It is clear that we can put ¢; = 0 in Equations (2.45) and (2.46)
(it suffices to replace = with x — ¢;). Then /¢ is the unknown which should be found. We set

¢ =0 —{;. The determinant of the system (2.45) takes the form

~ ~ 1 5 1 1
A1 (w,l, p) = cos?(B0)(wp? — Vwp* + 2Vw3) + 56‘% (\/o? — §WP2 - 5\/5;)4)

1 7 1 1 1 1
+ ie*af(\/w?’ — §wp2 - 5\/5,04) + Vw3 — §wp2 + 5\/5,)4,

whereas the determinant of the system (2.46) is equal to

2o, T,p) = 3 sin(BD)B( P — p* v + 2Vi)

1 5 1 =
+ e alpPw + p' Ve — 2V) — e a(piw + pt Vi — 2P,

The determinants A (w, Z, p) and Ag(w, Z, p) were computed with the help of the system MAPLE.
Thus, for ¢ and p? we have the system of two nonlinear equations

Al(wazp) = 07 AQ(“’)ZP) =0. (247)

The system (2.47) was solved by the Newton method. The numerical results are given in Table 1.
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TABLE 1. The values of the critical force depending on the rigidity w.

N| 1 2 3 4 5 6

w | 100 | 200 | 350 | 450 | 550 | 800
¢ | 0.745 | 0.627 | 0.545 | 0.512 | 0.487 | 0.443
p? | 12,6 | 17.8 | 235 | 26.7 | 29.5 | 35.6
p2 | 11.9 | 156 | 195 | 21.8 | 23.8 | 285

In Table 1, the values of p? correspond to the critical load on the rod under one-sided
constraints on displacements with different rigidity w. The last row contains the values of
P = p? in the case where no one-sided constraints are imposed on displacements.

2.3. Stability of annuli under one-sided constraints. We study the stability of an
elastic annulus reinforced by elastic threads which do not react on compression loads. Suppose
that one thread end is fixed at the center and the other is attached at some point of the annulus.
Assume that the thread is inextensible, i.e., the distance between the annulus center and the
attachment point does not increase under deformations. Denote by ¢ the central angle, by w(¥)
the radial displacement (deflection), and by v(¥) the tangent displacement of annulus points.
Since the annulus axis is incompressible, we have

v = —w. (2.48)

Furthermore, the threads are placed so frequently that we can assume that they are continuously
distributed along the annulus. Then the stability problem is reduced to finding values of P such
that the variational problem

2m 2m
B p
J(w) = 5o /(w" + w)*dd — 5 /(w’2 — w?)d¥ — min (2.49)
0 0

has a nontrivial solution such that
w(¥) <0, (2.50)

where B is the bending rigidity of the annulus plane and R is the annulus radius. The first
integral in (2.49) is the elastic energy and the second one is the work of the normal pressure
forces.

We write the Euler equation for the functional (2.49)

wV + 24+ )" + (1 +k*)w =0, (2.51)

PR3
where k? = 5 The corresponding characteristic equation

MA+EHN+(1+k*) =0
has a solution Aj 9 = £4, Ag4 = £V/1 + k%i. Then the bending function is written as
w = A;sin?Y + Ay cos? + Agsinat) + Ay cos ad, (2.52)

where oo = V1 + k2.
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We fix an angle 5 > 0. As in the case of rods, we assume that w(d) < 0 for ¢ € (0, /)
and w(¥) = 0 for ¥ € (B,2m). The first order derivative w'(¢) is continuous for ¢ € (0, 27).
Therefore, w satisfies the boundary conditions

w(0) =0, w'(0)=0, w(B)=0, w'(B)=0. (2.53)

Substituting (2.52) into (2.53), we obtain the system of linear equations

Ao+ Ay = 0,
A1+ aAs =0,
! ’ (2.54)
Ay sin 8 + Ag cos 8+ Assin(af) + Ay cos(af) =0,
Aj cos 8 — Agsin 5 4+ aAs cos(aff) — aAysin(af) = 0.
Simplifying, we find
As(sin(af) — asin 8) + Ag(cos(af) — cos 5) = 0,
$(5in(@8) — asin §) + As(cos() — cos ) 55,

As(acos(af) — acosB) + Aa(sin B — asin(af)) = 0.
The system of equations has a nontrivial solution provided that its determinant vanishes, i.e.,
d(a)) = —2acos(afB) cos B + 2o — sin(a3) sin 3 — a* sin(a3) sin 8 = 0. (2.56)

Solving Equation (2.56) with respect to «, we obtain the function o = «(3). For a given
the equation has infinitely many roots. It is obvious that o = 1 is a root of the equation for
any 3. Note that o = 1 corresponds to P = 0. Further, we find the bending shape by formula
(2.52). It is easy to see that formula (2.52) with @ = 1 means that the annulus moves like a
rigid body. Consequently, we need to find the minimal root of Equation (2.56) such that a > 1.
The condition (2.50) is also necessary. We see that the greater the angle 3 the less k% and,
consequently, the force P. The values of the critical parameter oo depending on 3 are presented
in Table 2.

TABLE 2. The values of the critical parameter o depending on 5.

T T 3 bm
Bl % 2 T T 7

2
a | 4.9801 | 4.2915 | 3.2136 | 3 | 2.4841

In the case f > m, numerical experiments show that the graph of w changes the sign on
(0,8), i.e., w does not satisfy the nonnegativity condition.
Thus, the minimal critical value of « is 3, which implies k* = 8, which corresponds to the

equality P = 8B/R3. Note that the critical value of P is equal to 3B/R3 for a nonreinforced
annulus.

We consider arbitrarily located and absolutely rigid threads. Suppose that an annulus is
reinforced by M absolutely rigid threads. One thread end is fixed at the annulus point A
corresponding to the angle 1 = £1; and the second end is fixed at the point B corresponding
to the angle ¥ = €95, j € 1 : M. Displacements of annulus points are denoted by w; = w(e;;),
(o :’U(é‘ij), 1=1,2,5€1: M.
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We set aj = e — €1;. Denote by p; the distance between the points A and B before
deformation. Let us compute the distance o7 between A and B after deformation. We introduce
the unit vectors i, j and i/, j/ such that i is directed along the annulus radius at the point
¥ = €15, j is obtained by the anticlockwise rotation of i by the angle 7/2, i’ is directed along
the annulus radius at the point 9 = £5;, and j’ is obtained by the anticlockwise rotation of i’ by
the angle 7/2. The angle between i and i’ is equal to a;. The matrix of transition from (i,j) to

(I",j’) has the form
COS (vj — Sin @
sin o cos o

The displacement vector at ¥ = €2; can be written as
wal + voj’ = (w2 cos a; — vosinay)i+ (wesinay + ve cos a;)j,

"
whereas the distance between the points A and B before deformation is ¢; = 2R sin 7j Then
the distance between these points after deformation is equal to

. _ in Y A - 2 o Y - A 212
0; = —g,sm;%—wgcosa]—vgsma]—w1 ++ QJC087+U)281DOAJ+UQCOSO¢]—’01

or (after suitable transformations)

. Oy Qj
0 = [Q? + 20, (ws +w1)sm?J + (v2 — v1) cos?J

1/2
: 2 : 2
+ (wg cos aj — vasina; — wy)” + (we sin o + vg cos aj — vy)

Under small deformations of the annulus, we can approximately set

. O Qj
0 = 0+ (wa + un)sin = + (va — v1) cos . (2:57)

Denote by Ag; = 0 — o; the lengthening of the jth thread.

Using (2.57), we formulate the stability problem: Find the minimal value of P such that the
variational problem

2T 2T
B 1 2 P / / :
VZZ_R?’/(W + w) d19+§/w(vw)dl9ﬁr{u17151 (2.58)
0 0
with the condition
Agj:(w2+w1)sin%+(v2—v1)cos%<0, jel: M, (2.59)

has a nontrivial solution.

The first integral in (2.58) is the elastic energy of the deformed annulus, and the second
integral is the work of the normal pressure force. We look for v(¥) in (2.58), (2.59) as the partial
sum of the Fourier series

n

v(d) = Z(xk sin k9 + yy cos k) (2.60)
k=2
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(the harmonics with £ = 0 and k£ = 1 correspond to displacements of the annulus regarded as
a rigid body). Taking into account the incompressibility condition (2.48), we obtain, instead of
(2.58), (2.59), the problem

~ 1< B .

V= B kz_% kQ(kQ - 1) [ﬁ(l@? -1)— P] (a:z + y;%) — min, (2.61)

AG; = (erjrk + dijye) <0, jE1: M, (2.62)
k=2

where
Ckj = COS %(sin kegj —sinkeyj) — sin %(k cos kegj + kcos keyj),
dyj = cos %(COS kegj — coskeyj) + sin %(l{: sin keg; + ksinkeq;).

In the case where the threads are located along the sides of a regular M-gon (o = 2m/M,
e1j = oy - (j — 1), e25 = a; - j), for solving the problem (2.61), (2.62) the method of branches
and boundaries was used.

TABLE 3. The values of the critical pressure depending on the number of threads.

M 3 4 ) 6 7 8 9 10
P*R3/B | 4.32 | 3.00 | 4.57 | 5.27 | 6.28 | 6.50 | 7.26 | 7.37

The results of numerical experiments are presented in Table 3. If the annulus is reinforced by
threads fixed at the vertices of the square (M = 4), then the value of the critical force coincides
with the critical pressure for the annulus without reinforcements (P = 3B/R?), i.e., in this case,
the annulus is transformed to an ellipse without increasing the distance between points at the
square vertices.

2.4. Stability of rectangular plates. Suppose that a rectangular plate is loaded by the
normal force o for x =0, z = a, 0 < y < b, and by the tangent force 7 on the all boundaries.
Denote by w(z,y), 0 < x < a, 0 < y < b, the plate deflection. The potential strain energy of
the plate has the form [6]

a b
U(w) = g// ((Aw)2 — (1 =v)L(w,w)) dzdy, (2.63)
0 0

?w 0w 2w \ 2
a7 L<w’w)‘2(ax2 e (e%:ay) >

The work of the external force is expressed by [6]

where

a b

1 ow\ > ow Ow
V(iw) = 5//(0(%) + 2T%8_y> dxdy. (2.64)
0 0
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We assume that the plate is located over two rigid edges along the z-axis in such a way that
w(z,bp) 20, w(x,b) >0, (2.65)

where 0 < by < by < b. The study of the plate stability is reduced to finding the forces o and 7
such that the variational problem

U -V — min (2.66)
weP

has a nontrivial solution. Here, & is the set of functions w(z,y) satisfying (2.65). Assume that
the boundary conditions of hinged support

O*w(z,0)  O*w(z,b)

w(z,0) = w(z,b) =0, oy 92 =0, (2.67)
*w(0,y) _ 0*w(a,y)
w(0,y) = w(a,y) =0, 52— gz " (2.68)
or the boundary conditions of anchorage
ow(z,0)  Ow(z,b)
w(z,0) = w(z,b) =0, oy oy 0, (2.69)
w(0,y) = w(a,y) =0, Quly) _ dulay) _, (2.70)

oxr Oz
hold. Then the expression for the plate energy is simplified because, in this case,

a

b
/ 0/ L(w, w) dady = 0.

0

The critical loads ¢* and 7* can be found as follows. We fix ¢ and 7 and solve the problem

a b
D
U= 5//(&1{1)2 dzxdy — min (2.71)
0 0

weP

with the constraint

a b
1 ow\ > Oow w
0 0

Let w* be a solution to the problem (2.71), (2.72), and let A = U(w*). Then the critical loads
are computed by

o =Xo, TF=AT. (2.73)

In the domain [0,a] x [0,b], we introduce the uniform grid T = T, x T, and denote by N
and K the number of grid points along the z— and y—axes respectively. In the case of arbitrary
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boundary conditions for the finite-dimensional approximations of the problem (2.63)—(2.65), the
plate deflection w(x,y) will be approximated by interpolation cubic splines in two variables.

Let wi; = w(z4,y;), i € 0: N, j € 0: K, be the values of w at grid points. Replacing w(z,y)
with an interpolation cubic spline and computing the integrals (2.63) and (2.64), we obtain the
potential energy f(w;;) and the work of the external forces g(w;;). The functions f(w;;) and
g(w;;), are quadratic forms of the variables w;;. Thus, instead of the problem (2.71), we obtain
the problem of nonlinear programming (2.7)—(2.9). Table 4 contains the numerical results for
a=1b=02, N =20, K =10, D = 1. The 3rd row contains the values of A\ for the plate
that is hinged around the contour without any restrictions on the plate deflection. The 4th row
contains the values of A\, under the restrictions on deflection given by two rigid edges (by = b/3
and by = 2b/3). The 6th and 7th rows present the corresponding results for a plate which is
rigidly fixed over all the edges.

TABLE 4.

1 1 0 1 2 3 4 )

3 2 1 1 1 1 1 1
313.0 | 444.6 | 988.4 | 723.6 | 492.1 | 366.1 | 290.3 | 240.1
357.4 | 515.7 | 1107 | 871.0 | 599.6 | 443.2 | 351.0 | 288.7
951.0 | 775.7 | 1757 | 1237 | 827 | 611.5 | 482.5 | 399.2
750.2 | 1049 | 2384 | 1640 | 1079 | 790.5 | 623.6 | 513.7

27>l

2.5. Stability of a torus-like shell with one-sided reinforcement.

2.5.1. Definition of the elastic energy and external force work. Assume that a shell with
a median surface S takes the shape S under a deformation. We denote by gij, hijs Gij, Eij,
1,7 = 1,2, the coefficients of the first and second quadratic forms of nondeformed and deformed
surfaces respectively.

We assume that a deformation is axisymmetric. By [7], the strain energy caused by transition
from a state S to a state S is expressed as

U= // @1(61,62,%1,%2)d8, (274)
where
_ ER Eh
C24(1 — v?) 2(1 — v2?)
FE is the Young modulus, v is the Poisson ratio, €1 and o are the extremum values of the ratio

2
'Zl(gij — 9ij)duidu;
lhj:

2
Z gijduiduj

4,j=1

D, (56 + 365 + 2use1309) + (63 + €3 + 2ue162), (2.75)

, (2.76)

whereas 21 and 2 are the extremum values of the ratio

2 .
Z (hl] — hl])duzduj

2,j=1

2
Z gijduiduj

ij=1

(2.77)
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As a result, under an axisymmetric deformation, the surface S becomes a surface of revolution
of the curve v about the z-axis in the XOZ-plane, given by the equations z = (), z = ().
The point (¢(6), 0, 1(0)) of the curve v goes to the point (¢(0)cos A, p(#)sin A, ¥(6)) under
rotation by the angle A\. Hence the equations of the surface of revolution take the form [§]

x = @(0)cos A,
y = p(0)sin A, (2.78)
z =1(0).

We consider a torus under the action of a normal pressure force. Then, in (2.76) and (2.77),
u1 = 6 is the polar angle in the meridian plane and us = A is the angle in the plane of parallel
disc. Denote by w(f) and u(6) the normal and tangent displacements of points on the torus
surface. The Cartesian coordinates of points on the torus-like surface before deformation are as

follows:
x = (R+ acosf)cos\,
y=(R+acosf)sinA, 0<0<2m0< A< 27, (2.79)
z =asinb,

ie., p = R4+ acosf, 1 = asinf in the case of an undeformed torus. After deformation, the
equations take the form (2.78), where

0(@) =R+ (a+w(0)) cosf — u(f)sin,

P(0) = (a +w(0))sinf — u(f)cosb. (2.80)

We study the case where the axisymmetric form loses stability in small when the obtained
buckles have the form of annulus folds directed along the A-coordinate (displacements are in-
dependent of \). For surfaces of revolution the first and second quadratic forms are written as
8]

I— (cpIQ +1/)/2) 462 + p2d)2,

1= <7¢”¢’ - w'«#') w08 2
Ve +y? V24
For the undeformed surface we have
Iy = a®d0” + (R + acos 0)*d)\?,
(2.82)

I1y = adb? 4 cos O(R + a cos )d)>.

Using (2.76), (2.77), (2.79), (2.81), and (2.82), it is possible to express €1, e2 and s, 5. Under
an axisymmetric deformation, the quadratic forms I and 11 take the diagonal form. Therefore,

(p/2+w/2_a2
e

©? — (R+ acosf)?
Eog =
? (R+acosf)2 ~’

"o roon (283)
— 1

%FM__,

a2\ Q2 +y? a

W' — cos (R + acos )/ 1 2
o = .

cos2 O(R + acos )2/ p'2 +'2
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By the Euler—Bernoulli theorem, in the case of the external normal pressure force, the external
force work is equal to A = PAV, where AV is the change of shell volume under deformation.
It is known [9] that the volume of a body with surface z = z(0, ), y = y(0,\), z = z(0,\) is
found (up to the sign) by

21 27 xT z
1 /
g//det x(, yg ze dfd . (2.84)

In the case of an axisymmetric deformation, the determinant in (2.84) is independent of A.
Using (2.78)—(2.80), it is possible to compute the shell volume under deformation by

21

2’/T ’ /
V= 3 /<I>2 (w,u,w , U ) do, (2.85)
0

where
a1 = R+ acos® + w(f) cosd — u(f)sin b,
a3 = asinf + w(6) sin @ + u(0) cos 0,
ag1 = —asinf +w (0) cos § — w(0) sin 6 — ' (A) sin @ — u(f) cos b,
ag3 = acos + w () sin 6 + w(f) cos O + u (0) cos § — u(0) sin 6,
asy = R+ acos® + w(f) cosf — u(f)sinb,
asy = R+ acos® + w(f) cosh — u(f)sin b,
a2 =0, ax=0, a3 =0, a3zz3=0.

Assume that, inside the shell, there is an elastic filler serving as an elastic base with rigidity
C. Then the full strain energy takes the form J = J; + Jo — PJs, where

2
J = 27r/<1>1(51,52, w1, 79)a(R + acos 6)do,
0

s (2.86)
Jy = 27r/ nga(R + acosf)db,

0
Js = AV.

In the stable equilibrium state, the full energy takes the minimal value. Thus, we arrive at
the variational problem
J — min, (2.87)

w,u

where the functions w and u satisfy the periodicity condition.

2.5.2. Numerical method. The displacements w(f) and u(#) will be approximated by inter-
polation splines. Denote

w; =w(;), vi=wv(;), i€[0.n—-1], 0;=— (2.88)
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and introduce the vector z € R*™: z; = wg, 23 = Wi,..., %0 = Wn_1, Znil = UQ, Znt2 =
Ul,. .., 290 = Un—1. Thus, using finite-dimensional approximation of Ji, Jo, J3, we obtain the
functions f1(2), fa(2), fa(2), F(z P) = fi(2) + fa(2) — Pfa(z) respectively.
The necessary extremum condition is written as
Of (2, P)
—— =0. 2.89
P (2.89)

To solve the stability problem for a shell, it is required to find the minimal value of P such
that the solution to the system (2.89) bifurcates. The necessary bifurcation condition is the
singularity of the matrix of second order derivatives, i.e.,

Of (2, P)
= (. 2.
det [ 9.2 } 0 (2.90)
We introduce the matrices
9% f1 (0) 9% f2(0) 9 f3(0)
@= 022’ @ = 0z2 G = 022
By (2.90), the system of equations
Qz 4+ Q2z = uGz (2.91)

has a nontrivial solution, where u = P is a generalized eigenvalue. Note that

fal2) = 5 (G2, 2).

The problem about a generalized eigenvalue of the system (2.91) can be formulated as the
extremum problem

(Qz,2) + % (Q22,2) — min (2.92)

DO | =

x(z) =
with the constraint

£(2) = % (Q2,2) = 1. (2.93)

Assume that the shell can deflect from the filler for w > 0, i.e., the reaction force of the filler

has the form c
Cw_ = Cmin{0,w} = D) (Jlw] —w), (2.94)

whereas the energy connected with the elastic filler is computed by

21
U, = W/C(w_)2a(R + acosf)ds. (2.95)
0

We introduce a 27-periodic function v(6) and the functional

2
Uy = 271'/ %zﬂ(a)a(}z + a cos 0)df.
0
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We consider the extremum problem

J=J,+ Uy — PJ; — min (2.96)

w, U,V

with the conditions
v(0) —w(f) <0,

(2.97)
v(0) < 0.
The problem (2.96), (2.97) is equivalent to minimizing the functional
v =J +¥ — PJs. (298)

Under finite-dimensional approximation of W1, we have fy(z) instead of fo(z). Therefore,
Equation (2.91) fails because the matrix Qo does not exist. Note that fo(z) is a positive ho-
mogeneous function, i.e., f;(az) = a2fg(z) for any « > 0. Therefore, instead of the problem
(2.92)-(2.93), we have the problem of minimizing

D(z2) = % (Qz,2) + fa(z) — min (2.99)

with the constraint (2.93). The function ®(z) is continuously differentiable, but does not possess
continuous second order partial derivatives.

For (2.93)-(2.99) the method of successive approximations (2.11)—(2.13) can be used.

2.5.3. Results of numerical experiments. Based on the linear theory of thin shells, a formula
for the critical normal pressure for a torus-like shell is given in [6]:

YEh
= 2.1
a(l —v?)’ (2.100)
where
42 (12 + 552022 4 (140K + (14 0))
v= 4+ k%) (n* 2+ K2) + (1 + v) k2n2)
2h2 <n2 -1+ ﬁf) <n2 (1 + k;) + k2> h2k2
T3z ar R 22+ (o) 2 sz ar Ry
k=a/R,n=1,2,3..., and n is chosen from the minimum condition for ¢ in (2.100).
Table 5 contains the values of ¢ = #:IQ)P and the parameter ¢ computed by formula

(2.100). The numerical results agree with the theoretical results.

TABLE 5. Comparison of results with a given critical pressure.

0.346 | 0.346 | 0.346 | 0.489 | 0.489 | 0.489
20 15 15 10 15 20
5 5 4 2.5 5 )

0.012 | 0.017 | 0.021 | 0.036 | 0.014 | 0.022

0.012 | 0.012 | 0.019 | 0.037 | 0.017 | 0.017

Qe |
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TABLE 6. The values of the critical pressure for a torus-like shell

with an elastic filler inside the shell.

h | 0.346 | 0.346 | 0.346 | 0.346 | 0.489 | 0.489
R | 20 20 15 15 20 20
a 5 5 5 S ) 5
C 1 3 1 3 1 3

*10.017 | 0.026 | 0.022 | 0.030 | 0.034 | 0.058
g« | 0.015 | 0.021 | 0.021 | 0.026 | 0.029 | 0.041

Q

In Table 6, C is the filler rigidity, ¢* is the value of the critical parameter in the case where
the shell and elastic filler are rigidly connected (cf. (2.86)), and ¢, is the value of the critical
parameter in the case where the shell can deflect from the filler (cf. (2.95)).

Thus, a contact between shell and filler should be taken into account if we are interested in
the study of stability. Note that stability problems for elastic systems with one-sided constraints
were considered in [5, 4, 10].
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