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TEMPERATURES OF PHASE TRANSITIONS AND
QUASICONVEX HULL OF ENERGY FUNCTIONALS
FOR A TWO-PHASE ELASTIC MEDIUM WITH
ANISOTROPIC RESIDUAL STRAIN TENSOR
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For a two-phase elastic medium with anisotropic residual strain tensors we compute the
phase transition temperatures t+. We find an explicit expression for the quasiconvex
hull of strain energy densities and obtain all solutions to the relaxed variational problem
and limit points of equilibrium states as the surface tension coefficient tends to zero. We
show that there are no equilibrium states for the initial energy functional if t € (t—,t4).
Bibliography: 18 titles.

1 Introduction

In quadratic approximation, the strain energy density in an elastic medium occupying a bounded
domain 2 C R™, m > 2, is defined by (cf. [1])

F(Vu) = ajjr(e(Vu) = Q)ij(e(Vu) — O, (1.1)

where the displacement field u = u(x), = € €, is an m-dimensional vector-valued function,
(Vu);j = uéj, e(Vu) is the strain tensor with components e;;j(Vu) = 1/2(uij +ul,), and the
symmetric matrix ¢ is interpreted as the residual strain. The elasticity modulus tensor a;;
satisfies the symmetry and positive definiteness conditions
ikl = Qjikl = Qklij = Qijiks  Gijhi&ijSr = V&ij&ij (12)
for all symmetric matrices £ and some v > 0.

We assume summation with respect to repeated indices from 1 to m.

There are elastic media where the crystal structure can be modified under the action of
temperature change and internal stresses [2]. If only two different crystal structures (two phases
labeled by the subscripts + and —) are possible, then for each of them the strain energy density
is defined by

FH(Vu) = ajfy, (e(Vu) = ¢F)ij(e(Va) = (Fp. (1.3)
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In (1.3), afcjkl and C% possess the same properties as in the one-phase case (1.1).

The strain energy functional for a two-phase elastic medium is given by

Tofu, . 1] = / O FH (V) +8) + (1= ) F~ (Va)} da. (1.4)
Q

The parameter ¢, interpreted as the temperature, is responsible for the rise of one “potential
hole” F*(Vu) over the other F~(Vu). The characteristic function x(z) describes the location
of the phase labeled by + in the domain (2.

For the domain of the functional (1.4) we take the set of admissible displacement fields X
and the set of admissible phase distributions Z' by setting

X = W(Q, R™),

7/ is the set of all measurable characteristic functions.

(1.5)

The choice (1.5) of the set X means that we deal with only displacement fields that vanish, in
a certain sense, on 0f) and are continuous through the phase interface boundary.

By an equilibrium state of a two-phase elastic medium with a temperature ¢ we mean the

solution to the variational problem
Io[tg, Xe,t) =  inf  Lofu, x,t], w€X, X €Z. (1.6)

ueX,xezZ’

An equilibrium state is said to be one-phase if X = 0 or Xy = 1 and two-phase in the opposite
case. It is obvious that u; = 0 in the one-phase equilibrium state. We emphasize that the
unknowns of the problem (1.6) is an equilibrium displacement field @; and an equilibrium phase
distribution X;. Therefore, the problem (1.6) is related to the class of problems with a free

surface. We set ]
F™R(0, 1) = min{ (M) + £, F~ (M)}, .

M is a matrix in R™.

Minimizing (1.6) with respect to x € Z’, we obtain the equivalent problem for the equilibrium

displacement field . .
Iy [ug, t] = inf I u, t], u € X,
ueX

i . (1.8)
Iy u, t] = /me(Vu, t)dx,
Q
from which we can restore X; by the rule

1, O(z,t) <0,

N 0, O(x,t) >0,

Xe(x) =
arbitrary characteristic (1.9)
function of z € €, O(z,t) =0,

O(x,t) = FH(Vi(z)) — F~(Vg(z)) + t.

Since for F*(M) # F~ (M) the function (1.7) is not necessarily convex with respect to the first
variable for all temperatures, the problem (1.6) is related to the class of nonconvex problems
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in Calculus of variations. In our situation (free surface and nonconvexity), the problem (1.6) is
not necessarily solvable for any temperatures and residual strain tensors (cf. [3]).
Regarding the solvability of the problem (1.6), we mention the results of [4, 5] concerning
the existence of phase transition temperatures t_ < ¢, independent of €2 and such that
e for ¢t < t_ a unique solution to the problem (1.6) is the one-phase equilibrium state u; = 0,
Xt =1,
e for t > ¢4 a unique solution to the problem (1.6) is the one-phase equilibrium state u; = 0,
Xt =0,
o for t € (t_,t4) # @ the problem (1.6) has no one-phase equilibrium states,
ottty tt = —(a;;klgggg — ;31165 Cxt)» Where equalities hold simultaneously.

In [4, 5], two-sided estimates of ¢4 were obtained, which allows us to derive sufficient condi-
tions for the coincidence (t— = t4) or difference (¢t_ < t4) of the temperatures. By properties
of temperatures, if for some ¢ € (¢t_,t;) the problem (1.6) is solvable, then the solution is
two-phase. From the physical point of view, it is reasonable to expect the existence of phase
transition temperatures ¢4 for the functional (1.4).

Since the solvability of the problem (1.6) is not guaranteed for ¢ € (t_,t;) # &, we need to
modify the problem by introducing the notion of a weak solution. We discuss two approaches.
The first approach is based on considering a relaxed problem instead of (1.8), and the second
approach takes into account the surface energy of the phase interface boundary.

We construct the quasiconvex hull .% (M, t) of (1.7) by (cf. [6]-[8])

Q17 (M, 1) = inf / F™ (M + YV, t) do (1.10)
ue
Q

and associate the variational problem

I, t] = iggﬁ[u’t]’ € X, Jlu,t] = / F(Vu,t)d (1.11)
Q

The problem (1.11) is the relaxed problem for (1.8). It is known that

e 7 is independent of ),

e the problem (1.11) is always solvable and each solution to the problem (1.8) is a solution
to the problem (1.11); moreover, inf,ex I [u, t] = min,ex J[u, t] for all ¢,

e cvery weakly converging in X minimizing sequence of the functional IT"[. ¢] converges
weakly in X to some solution to the problem (1.11),

e every solution to the problem (1.11) is a weak limit in X of some minimizing sequence of
the functional IF%n[., ¢).

Owing to the above properties of the problem (1.11), we can take the solution to the problem
(1.11) for a weak solution to the problem (1.8). By the relations

Q.7 (0,t) = 1nf Imm[u t] = min J[u, t] = 111111/3Z (Vu,t)d
ueX ueX

the function @; = 0 is a solution to the problem (1.11) for all ¢.
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We restrict the set of admissible phase distributions Z' by setting
Z =17 NnBV(Q), (1.12)

where BV (Q) is the space of functions of bounded variation [9, 10]. For x € Z we define the
area of the phase interface boundary:

Slx] = sup /Xdivhda;z/\Dx\ (1.13)
heCl(Q,R™),|h(z)|<1 J

(for x € Z the right-hand side of (1.13) is finite). We assume that the surface energy of the
phase interface boundary is proportional to its area. The positive proportionality coefficient o
is called the surface tension coefficient. Taking into account the surface energy, we replace the
functional (1.4) with

Ifu,x,t,0] = lu, x,t] + 0S[x], uveX, x€Z te R, o>0. (1.14)

By an equilibrium state of the energy functional of a two-phase elastic medium (1.14) we mean
the solution to the problem

I[at,Ua 5(\15,05 t7 J] = uE%&niezl[u’ X tv U]a ﬂ15,(7 € Xa X\t,U € L. (115)

As is known [11, 12], if © is a Lipschitz domain, then the problem (1.15) is solvable and any
sequence Uy, as o, — 0 is minimizing for the functional Ig“in[., t].
Since the functional (1.14) is coercive, from any sequence Uy, , 0, — 0, we can extract a

weakly converging subsequence in X. It is natural to call its weak limit a weak solution to the
problem (1.8).

A question arises about connections between solutions to the problem (1.8) (consequently,
the problem (1.6)) and the problems (1.11) and (1.15).

Explicit formulas for ¢ and the quasiconvex hull .# (M, t) are found in [12]-[15]; moreover
the set of all solutions to the problems (1.6), (1.8), (1.11) and the set of limit points of the family
Ut,» in the weak topology of the space X as ¢ — 0 are described in the case of the isotropic
elasticity modulus tensors a;';kl and the residual strain tensors Cf;

a
A = %(5%5]'1 + 6udjk) + b+0ii0k,  ax >0, by >0, (1.16)
(5 = c40i (1.17)

under the additional condition a+ = a.

The goal of this paper is to realize the same program for the coefficients (1.16) under the
additional assumption by = 0 (and, sometimes, ax = a), for the anisotropic residual strain
tensors

(G =cx(A @A)y =cadidj, AER™ |N=1, csxeR" (1.18)

Under the above assumptions, the formula for the strain energy density takes the form

FE(Vu) = ax tr(e(Vu) — cx A @ N2 (1.19)
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2 The Main Results

We formulate the main results. The square brackets mean the jump [3] = 54 — 5.

Theorem 1. For the energy densities (1.19) the phase transition temperatures are given by

2 2
t+:t*+m, t,zt*—m, t* = —[ac?. (2.1)
a4 a_

By (2.1), for ax =1, [¢] # @ the phase transition temperatures are different.

Theorem 2. For the energy densities (1.19), under the additional condition ax =1, c4 # c_,
the quasiconvex hull is given by
F (M, 1) = eij(M)eij (M) — 2*(M) + HI™ (2(M), 1), (2.2)
where z(M) = (e(M)X, \) and H™"(.,t) for every t is the convex hull of H™"(.,t),
H™" (2, 1) = min{ H " (2,t), H (2)}, =z € R, (2.3)
HY(z,t) = (z—cy)?+t, H (2)=(2—c_ )%

Theorem 3. For the energy densities (1.19) and every t the function u; = 0 is a unique
solution to the problem (1.11).

Theorem 4. For the energy densities (1.19) the problem (1.6) is not necessarily solvable for
any t € (t_,ty).

Theorem 5. For the energy densities (1.19) any solution Uy, Xto to the problem (1.15)
satisfies the relation
Ute —0 nXaso—0. (2.4)

In Theorems 1-4, it is assumed that the domain  C R™, m > 2, is bounded, whereas the
domain 2 is Lipschitz in Theorem 5.

Thus, for the densities (1.19) the problem (1.6) (and, consequently, the problem (1.8)) is not
solvable for any ¢ € (t_,t; ), whereas its weak solution vanishes in both approaches (the relaxed
problem and the method of vanishing surface tension).

3 Proof of Theorem 1

(1) One-dimensional model case. In the one-dimensional case, 2 = (0,1), 1 > 0, X = W(0,1),
7! is the set of measurable characteristic functions on (0,1), F¥(M) = ax(M — c4)?, M € R
Since for all M, \ € R!

A2 A2
FEM) = ar (M — <ci - —)) F2eih— 2 — oM,
a+ a+

for any y € Z' we have

XFF (M) + (1= x)F~ (M) = (asx +a_ (1= x)) (M = x(es - %) S - M)



1—x

a_

+ 20 (xes + (1= X)em) — )\2<% + ) —2M.

It is easy to verify this equality by comparing with the above equality for x(z) = 1 and x(z) = 0.
We fix A by the condition

!
/ +—— +(1—X)(C——ai))d$:0-
0

After some transformations, for all u € X, xy € Z' we find

Ip[u, x, t] /{XF+ Y+ 1)+ (1—x)F~ (u)} dx
l

/?ux+a C ) — a(Q)(x — @))% de 1 1G(Q, ),
/ (3.1)

l

/xdw a(Q) =

0
G(Q,t) =tQ+asciQ+a—c’ (1 - Q) — [aca(Q)Q(1 — Q).

By (3.1), the set of all solutions to the problem (1.6) in the one-dimensional case has the form

lad]

0= « Qra(1-Q)

Nl.—l

l
ulz) €7 %/A (x)de = O(), =< (0,0),
(3.2)
Uy (x —a@ @ ) dy, x€(0,1),
) fiwo
where Q(t) is found from
G(Q(t),t) = min G(Q,t), Q(t) € [0,1]. (3.3)

Q€[0,1]
Analyzing the problem (3.3), we obtain the following result (we use the notation (2.1)):

1, t<t,
07 t = t+>
fort- <ty QU= 150, @] =0, te (t-ty),
ar+a_ 1 1 (3.4)
+2[a] +§—M, [CL] 7&0, te (t_,t+),
tr—1t h(t 1—h(t
h(t) _ t++_ = (t) _ a(Q_) ai( )’
~ 1, t<tr,
fort_ =t (=1t): Qt) = {0 - (t*) € 10,1] (3.5)
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From the equalities (3.4), (3.5) it follows that ¢+ defined in (2.1) are the phase transition
temperatures for the energy densities (1.19) in the one-dimensional case.

Here, we used some methods of [16].

(2) Lower estimate for the energy functional. Since the phase transition temperatures are
independent of €2, we consider the cylinder Q = B x (0,1), where B is the unit ball in R™L.
The cylinder axis and the coordinate x,,-axis are directed along the vector A. We denote by 2’
the remaining coordinates x1,...,Zm_1. Since

tr(e(M) — cz A ® N2 = (emm(M) — c1)? + X je1.moitj<ameij(M)ei; (M),
we have

Io[U, Xvﬂ = Jl[“vXaﬂ + J2[u7 X]a

Bl ot = [ (el (emm(T0) = €24 0)+ (1= - (emn(Va) = -} d,
Q (3.6)

Q

where u € X, x € Z'. Consequently,

1
h%mﬂ>LWMﬂ=/</MMA%QwH%ﬂ+O—maWQ—CVM%J@ﬁQW
B 0

m

where x = x(2/, ), u™ = u"™ (2!, x1,).

For almost all 2/ € B the function y(z',.) is measurable and characteristic on (0,1), whereas

the function u™(z’,.) belongs to the space W1(0,1). Since the internal integral on the right-hand
side of (3.7) coincides with the one-dimensional energy functional, it is bounded from below by

~

IG(Q(t),t). Therefore, R
Iolu, t,x] > |QG(Q(?), 1) (3.8)

for allu € X, y € Z/, t € R'. Thus,

i(t,Q) = inf Iofu,x,t] > [QG(Q(t),1). (3.9)
ueX,xEZ

(3) Computation of i(t,Q2). In fact, we have equality in (3.9). Indeed, let us consider the
pair of functions

() = Ue(xm)er(@)em,  X(2) = Xe(Tm), (3.10)

where e, is the unit vector directed along the z;,-axis and the cut-off function ¢, (") possesses
the properties

pr € CP(B), 0<gr(a) <1,
pr(@) =1, J2|<ref1/2,1), [Ve (@) <Cl-r)7,

whereas the pair U (zy,), X¢(zm) is an arbitrary equilibrium state for the one-dimensional prob-
lem in (3.2). We note that u € X, y € Z'.
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For the pair (3.10) and a fixed ¢ we have

I X ] = R1GQ(0), )] < L(L = r)(L+ 13417 o)+

o L o (3.11)
| J2lu, X]| < m”utué[o,z]a 0 < L # L(r, ue, Xt)-

Consequently,

. . 5 @ léro. 2

i(t,92) < Dolu, X, 1] < [QIG(Q(1), 1) + L(ﬁ + @ =)+ HutHLoo(O,l))>' (3.12)
Weset r=r, =1—1/n, n=2,3,.... In this case, the second factor of the last term on the

right-hand side of (3.12) takes the form
all@l? + Y1+ 132 o)

If we can construct the sequence ﬂgn), X\En) of solutions to the one-dimensional problem such
that

nl| @ 2 + 0 A IN@Y N2 op) =0, n— oo,

then, passing to the limit in (3.12) and using (3.9), we conclude that
i(t,2) = |GQ(1), 1). (3.13)

For any pair ug, x; in (3.2)
[ L 0.0y < (Q(2)) (3.14)

(n)
t

We divide [0,!] into n equal intervals I, k = 1,...,n. For X; ’ we take a measurable character-

istic function on (0,[) such that

1 (n ~
m/xikwdy:cz(tm k=1,....n.
Uk

This function satisfies the condition (3.2) and the constructed function ﬂgn) vanishes at the

endpoints of every interval I, of length In~!. Taking into account (3.14), we conclude that

~(n ~
Il < (@)

(4) Computation of imin(t, Q). We set
i, Q) = inf Io[u,x%,t], xT=1, x =0,
ueX
(3.15)
imin(t, Q) = min{i* (¢, Q),i~(t,Q)}.

Since the infimum in (3.15) is attained only for w = 0, the function imin (%, §2) can be explicitly
found, which implies that the function iy, (¢, (0,7)) in the one-dimensional problem and the
function imin(t, B x (0,1)) in the multi-dimensional problem are connected by

| Blimin (£, (0,1)) = imin(t, B x (0,1)). (3.16)
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By (3.1), (3.2), and (3.13), a similar connection holds between i(t, (0,1)) and (¢, B x (0,1)):
IBlit, (0,) = i(t, B x (0,1)). (3.17)

(5) Proof of Theorem 1 (continued). As was established in [4], the interval (¢_,¢) coincides
with the interval, where the difference iy, (¢, 2) — i(t, ) is positive. From (3.16) and (3.17) it
follows that this interval is the same for the one-dimensional problem on the interval (0,[) and
the multi-dimensional problem in the cylinder B x (0,1). Therefore, the phase transition tem-
peratures also coincide. It remains to recall that for a fixed m the phase transition temperatures
are independent of the domain Q) C R™.

4 Proof of Theorem 2

(1) Computation of % (0,t). Since Q.7 (0,t) =i(t,Q2), from (3.13) with ax =1, ¢4 # c_ we

find N N R R R
=tQ(t) + AAQ(t) + 2 (1 — Q(t)) — [*Q(t)(1 — Q(1)),
1, t<t_. (4 1)
be =0 ey, te=t L[ = '
ty —t’
0, t>ty,

(2) Formula for % (M,t). Using the obvious relations

tr(e(Vu) — caA @ X + e(M))?
= tr(e(Vu) — ceA @ N\)? + 2tre(Vu)e(M) + tre? (M) — 2c4 2, (4.2)
z=z(M)=tre(M)A®@ X = (e(M)X,N)

(the last parentheses denote the inner product in R™), we find
/{X(tr(e(Vu) —c AN Fe(M)2+1)+ (1 —x)tr(e(Vu) — c A @ X+ e(M))?} dx

= Io[u, x, t(2)] + |Q|(tr (M) — 2¢_2), t(z) =t — 2[c]z. (4.3)
Consequently,
F(M,t) = F(0,t(2)) + tre?(M) — 2c_z = tre*(M) — 2% + H(z,t),

H(z,1) = 22 4+ 1(2)0(t(2)) + 2 Q(t(2) (4.4)
& (1- Q=) — [2Q(tH=))(1 — Q(t(2)) — 2¢_=.

(3) Function H(z,t). We set

(4.5)

It is obvious that z; (t) — z_(t) = —[c]. A direct analysis of (4.4) leads to the conclusion that
H(.,t) is continuously differentiable with respect to z € R!,
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H*(2,t), 2> z2(t),
Hiy = | @ 2520, [d>0,
) H*(z,t), 2< z_(t), (16)
H(z), z2z(t), [d<0,

H(-,t) is linear on the remaining part.

Since H(.,t) is continuously differentiable and H*(.,t), H~(.) are convex, from (4.6) we see
that the derivative H,(.,t) is monotone increasing, which implies the convexity of H(.,t). It is
obvious that we cannot place between the graphs of H™"(.,t) and H(.,t) the graph of some
other convex function. Hence H(.,t) = H™"(.,t).

5 Proof of Theorem 3

As was established in Section 3, for a cylindrical domain Q = B x (0,1)
Q7Y inf  Iou, x, 1] = G(Q(t),1). (5.1)
ueX,x€Z’
Since ((1.7), (1.8), (1.10)) the left-hand side of (5.1) coincides with the function .% (M, t), M = 0,
independent of €2, the equality (5.1) holds for all Q@ C R™.

We choose coordinates with the z,,-axis directed along the vector A and denote by z’ the
remaining coordinates. The intersection of the line {2’ € R™~! is fixed, z,, € R' is arbitrary}
with Q is open in this line and, consequently, it either is empty or consists of at most countably
many open intervals [; (depending on z’), j =1,2,.... For each pair u € X, x € Z’ and almost

o
all 2/ the restriction of u on /; belongs to W3(l;) and y is a measurable characteristic function
of z,, on these intervals. By (3.1),

for a.e. 2’ and all l;

St = e 40+ (1= 0, ) don > 1516Q0). 0, 52)
Lj
X =x@ zm), u=u(a, ).
Using (3.6) and (5.2), we find
Jiu,x,t] = [QGQ), 1), Jafu,x] =0, YueX, xyeZ. (5.3)

Let @; be a solution to the problem (1.11) for the energy densities (1.19). Then there exists
a minimizing sequence u,, of the functional I{)nin [u, t] such that w, — 4 in the space X. Using
the rule (1.9), we restore for u, a function x, such that the pair u,, x, is minimizing for the
functional Iy[u, x,t]. From (5.1) and (5.3) it follows that

Ja[tn, Xn] = 0, n — 0. (5.4)

By (5.4), €;;(Vig) =0,4,j =1,...,m—1, and €,,;(Vily) = 0,4 =1,...,m—1. Hence @}(z) = 0,
i=1,...,m—1,and @}*(x) = v(z,,) with some scalar function v. Consequently, @;(z) = Av(xy,).
Such a function can belong to the space X only if v = 0.
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6 Proof of Theorem 4

As was mentioned in Section 1, for one-phase equilibrium states 4, X the equilibrium
displacement field vanishes. Let us prove the converse assertion for the strain energy densities
(1.3). Suppose that t— < t; and u; = 0, X is a solution to the problem (1.6). Then this
equilibrium state is one-phase. Since for u; = 0

ol Rivt] = (6= £7) [ Redo -+ 1905656 A
Q

only one-phase equilibrium states are possible. We note that for u; = 0 (cf. (3.9) and (3.15))

’L(ta Q) — IO[ab)/(\tat] — Xlgé’ IO[ata X?t] — imin(tv Q)

Since t* € (t_,t4) for t_ < ty4, we have i(t*,Q) < imin(t*,§2). Consequently, ¢ # t* for the
equilibrium state i, X¢ with u; = 0, which means that the state is one-phase.

Let for t € (t_,t4+) # @ the problem (1.6) have a solution 4, X;. By properties of the
phase transition temperatures, this equilibrium state is two-phase. Since u; is a solution to
the problem (1.8) and, consequently, the problem (1.11), from Theorem 3 it follows that for
the densities (1.19) this function vanishes. It remains to note that for _ < ¢, there are no
two-phase equilibrium states with zero equilibrium displacement field.

Here, we used the observation from [17] that the uniqueness of a solution to the relaxed
problem can imply that the initial problem has no solutions.

7 Proof of Theorem 5

We assume that for fixed ¢ and some sequence o, > 0, o, — 0, there are solutions 4, ,
Xt,0, to the problem (1.15) such that |{(U;s,)| > € for some linear bounded functional ! in X
and a positive number e. Passing to u, ,, we can reach the weak convergence in X to some
function v € X. Since u is a solution to the relaxed problem, from Theorem 3 it follows that
u = 0 contradicts the assumption.

Remark. For details of results in the above-cited works of the author we refer to [18].
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