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Representations of solutions and coefficients of differential equations are well presented in the
literature. In particular, the following topics are discussed: construction of functional-invariant
solutions to the hyperbolic equation [1], analytic representations of solutions and coefficients
of the parabolic equation [2], representation of solutions and coefficients of the Sturm—Liouville
equation with application to inverse problems of scattering theory, construction of harmonic and
other potentials for computing solutions (velocity) and coefficients (pressure) of the gas dynamic
equations etc.

In this paper, we propose new representations of solutions and coefficients of parabolic equa-
tions. Such representations are partially used for studying multidimensional inverse problems.

1 Representation of Solutions and Coefficients
of Parabolic Equations

A solution w(z,y,t) to the heat equation

ow 0w 82_w

o o2 T AW

admits the representation [3]

1 e [
_ —x? /4t —At Ndo(\
w= o 0/ Pl N (),
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where p(y, \) is such that

0%
“o2 +q(y)e = Ap.

This representation was used to solve the inverse problem for finding the coefficient ¢(y).

According to [4], the diffusion equation is represented by the parabolic equation
ow
plx,t)— 5 = = div (p(z, t)Vw) — q(z, t)w + F(x,t).
Moreover, the heat equation has the form
ow .
c(x, t)p(z, t)a = div (k(z,t)Vw) + F(z,t),

where w is the temperature, p is the density, ¢ is the heat capacity, k is the heat conductivity,
and F' is the source function. The parabolic diffusion equation with transfer taken into account

0? O*w
u(—w+ >+F(wy,zt)

and applications can be found in [5]:

ow ow ow ow 0 ow
=V1—+V2—+VB§+$ <’)’5>

ot Ox Ay o2 | oy?

An interesting interpretation of solutions and coefficients of the parabolic equation is given
n [6]. Thus, for the equation

68_112] = div (k(z,y)Vw) — q(z,y), (x,y) € D CR? t>0,
the solution w(zx,y,t) and coefficients k(z,y), q(z,y) are interpreted as follows: w(z,y,t) is the
goods cost, k(x,y) is the the goods conductivity coefficient, and ¢(x,y) is the difference between
demand and supply.

We denote by Fj(z,p), j = 1,2, the fundamental system of solutions to the following linear
second order ordinary differential equa‘mon with parameter 0 < p < oo:

F'(2) +b(2) F' (2) + (pa(z) + ¢(2)) F(2) = 0,

where ¢(z), b(z), and a(z) are meromorphic functions. Let a;;(z), a;(z), 4,5 = 1,2,...,n,
x = (x1,...,x,) be fixed continuously differentiable functions in D C R™, n > 1 and let ¢( )
be a solution to the linear equation

Ly = Z aij( 8@'28% + Za (@ )81'3 0-

1,j=1

We introduce a function ¢(x) by the equality

P(x) = 7I)exp ( — jb(z)dz) ds
0 0

assuming that such a function exists [7]. The function ¢(x) satisfies the nonlinear equation [7]

92 b Jp 0
> @) gy +j§;aj(x>a—2 = p(@) 3 ayle) 5o
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We denote by Q(p), R(p), p € R, integrable functions that are rapidly decreasing at infinity (for
example, smooth and compactly supported functions).

Lemma 1. The functions w(zx,t), X\(x), and p(x) defined by

iz, t) = / Q) Fi((),p) + R(p)Fa(p(x),p)] e P'dp,
0
Aw) = alp(@)) 3 ala) o8 OF
i.j=1 B

() = c(p(z)) Z ai; (@ )gﬂi g‘;’;

ij=1
satisfy the first order evolution equation

w - 2’11} ° w
Aoy = 3 o) S ag e

3,j=1 J=

Example 1. Let Fl(y p) and F»(y, p) be the fundamental system of solutions to the Sturm—
Liouville equation F" (y) = (¢(y) — p)F(y) with parameter p > 0, and let u(z) # 0, z € D C R"
be a harmonic function such that Vu(x) # 0. Then the function

[e.o]

w(, 1) = / (Q(p)Fi(u(x), p) + R(p) Fa(u(x).p)] e P'dp

0
satisfies the parabolic equation
ow 1
— = ——Aw — c(u)w.
ot |Vul|? ()

For nonlinear equations the following assertion holds.

Lemma 2. Suppose that
DyeR, to<t<t, x=(21,...,2,) €D, 2=(21,...,2m) ER™,
2) ¢ = p(x,t) and Y = P(x,t) # 0 are twice continuously differentiable functions such that

)
B|Vpl? —90 +alp =0,

81p2 2 +aA¢—o p="7,
Y

3) F(y,t) = (F1,...,Fn) and a(y,z) = (a1,...,am) are twice continuously differentiable
vector-valued functions such that

8F 82F
Then the vector-valued function w(x,t) = P (z,t)F(p(x,t),t) is a solution to the system

0
BIVI* 5 + adw = o[Vl alp, w/v).
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If F' is independent of ¢, then the following assertion holds.

Lemma 3. Suppose that y € R, tg < t < t1, x = (x1,...,2,) € D C R", u = u(x,t),
F=(F,....,F)),a=(a1,...,am)(y,2), 2= (21,...,2m) € R™. If

0*F
aa—yg = a(yaF(y))v
Bg—? +alAu=0

for some, generally speaking, complex constants a and (3, then the vector-valued function w(x,t)
= F(u(z,t)) is a solution to the system

568—15 + aAw = |Vul2a(u(z, ), w).

oF
Example 2. If 8 = ih, a = h?/(2my), e

speaking, the nonlinear Schrédinger equations

= 0, and ¢ = 1, then we obtain, generally

Ow h2 9
zha + Q—m()Aw = |Vl a(e(x,t),w).

Lemma 4. Suppose that

1) V(z,t), x = (x1,...,2,) € D, t € R, is an arbitrary twice differentiable function such
that VV #£ 0,

2) B and C are constants such that B — CV (x,t) # 0,

3) F(y,t) is an arbitrary solution to the equation

OF 9°F

E—a—yz, yER

Then the functions w(x,t), k(x,t), Al(x,t), i =1,...,n, defined by

wle.t) = =gy PV @) 1)
Kot = o @)
TV ()2
, , 1 2C AV (x,t) oV oV
A = A - - | —
(@0 = 4@ ) ~ Gre e (B "oV, | V(@ DR 8t> d;’
satisfy the equation
ow " ow
T AT
o = k.t)w + ; or
where Al (x,t), i =1,...,n, are functions such that
0%
A =
; 09z, 0
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Remark 1. To the solution w(z,t) we can add any solution w(z,t) to the equation with
the same coefficients, i.e.,
1
w(z,t) = =————=F(V(z,1),t) + w(x,t).
(7) B—CV(.CE,t) ( (7)7)+ (7)
Such a procedure is often required in order to satisfy initial-boundary conditions.

Corollary 1. Let the assumptions of Lemma 4 be satisfied, and let A}(z,t) =0,i=1,...,n.
Then

ow L e 1 20 LAV v “~ Ow OV
ot |VV(z,t)? VV(z, )2 \B—-CV(z,t) |VV(z,t)2 0Ot Ox; Ox;’

i=1
where w(x,t) is defined by (1).
Example 3. In the identity of Corollary 1, we put n =1,
1
F(y,t) = — exp(—(y — yo)?/(4t)),

B =1,C =0, and V(x,t) = a(t)x + b(t), where a(t) and b(t) are continuously differentiable
functions, a(t) # 0. Then we obtain relations similar to the Kolmogorov formulas [2]:

_ L (= P®)?
w(zx,t) = F(V(x,t),t) = e p< 0 >a
ow 0w ow
i C(t)w + (A(t)z + B(t))%,
where
) bt — 30 1 0 R0

Corollary 2. Let the assumptions of Corollary 1 be satisfied, and let V(x,t) be a solution

to the equation

20 AV v
B-CV " |VV2 ot

Then the function w(z,t) defined by (1) satisfies the equation

ow 1
ot |VV(z 1)

which takes the following form in the case n = 1:

ov._ 20 PV [V
ot  B—-CV(z) 02 or )

If T(t) and X (z) are defined by the equalities

=0.

Aw

1 «
(t) (C1 —2aCt)1/2’ /exp 2X2) Coz + C3
where o, C1, Co, and C3 are constants, then the function
B 1
V==

C  CT@{t)X(x)

s a solution to this equation.
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Lemma 5. Let the assumptions of Lemma 4 be satisfied, and let V(x,t) be a solution to the
equation
n

ov._ av _2C 2 O*V oV oV
ot |[VV]2 T B-CV |VV|4 — 00z, dx; 01‘]

3)

Then the function w(z,t) defined by (1) satisfies the dwergence form equation

ow
ot

where the coefficient k(xz,t) is defined by (2).

=div (k(z,t)Vw),

In the case n = 1, Equation (3) takes the form

v 2¢ AV [(av\?
o0  B-CV(x) 02 oz

If T(t) and X (x) are defined by the equalities

T(t) = £ (6aC% + Cy)*?, /exp <37O‘X2/3> dX = Cyz + Cs,

where «, C1, Cy, and (3 are constants, then the function V = 5 (B—3/T ) is a solution.

Consider the differential operator
L= Zal (r,t) =——— +Zb (z,t)=— 9 + c(z, ),
= J 8 (9xj - 31‘

where x = (21,...,2,), aij(x,t) = aji(x,t), bi(x,t), and c(z,t) are sufficiently smooth functions
of (z,t). Then for the parabolic equation

1 ow
— = 4
or " )
the following assertion holds [8, 9].

Lemma 6. Let o(z,t) and (x,t) satisfy the nonlinear system

where

L o0 ()0 (¢
v = S ateg () g (7):

ij=1
and let F(y,t) be an arbitrary solution to the parabolic equation

or o
ot oy’

Then the function w(z,t) = Y F(@/1,t) is a solution to Equation (4).
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Corollary 3. If the coefficients a;;, b;, and c of the operator L are independent of t, then the
solution to the nonlinear system (5) are functions p(x) and ¥ (x) such that Lo = 0 and Ly = 0.
Moreover, if p(z) # 0 and ¥(x) # 0, then

b S () (2). wen-or (29

i,j=1

and, consequently, the search of A\(x) can be conditioned by the boundary data ¢(x) and (z).

The above formulas can be further generalized, in particular, by simultaneous transformation
of coordinates and solutions [10]-[12]. We give a general scheme.

Lemma 7. Suppose that
1) D C R" is a domain with smooth boundary v = 0D and v is the unit normal vector to v,

2) v(z) is a vector-valued function realizing a diffeomorphism from the domain D onto its
image v(D) C R™,

3) u(w)

= (uij(x)), i,j =1,. > 1, x € D, is a matriz-valued function possessing the
inverse u~ ' (z)

(m the sense of matrm multzplzcatawn)

4) G(2), z = (21,---,2m), is a vector-valued function realizing a diffeomorphism from R™
onto itself,

5) wo(z) = (wo1(x), ..., wom(x)) is a vector-valued function.

We assume that F(y,t) = (Fi,..., Fy) solve the evolution equation

oF

with the initial condition

Fle—o =u" (v (y))G(wo(v ' (v))), v €D,

where L is a nonlinear operator. Then the implicit solution w(x,t) to the equation

G(w(z,t)) = u(@)F(v(z),1) (6)
satisfies the evolution equation
ow ~ Bo(w)
ot~ e

and the initial condition
wli=o = wo(x), x € D,

where

-1
Bow) = (G2) @) @)Gw)

oG
here, 0 is the Jacobi matriz of the mapping G(w). Moreover, if
w

ow ou ov
wly = afs, t), = B(s,t), wuly=1, 5‘7 =0, v|y=uz, ol = v, (7)

then

oF 0G
F|’Y = G(a(s,t)), E N = 8_0[6<37t)
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We note that if G(z) = z, then the boundary data «(s,t), 5(s,t) for w(z,t) and F(y,t)
coincide, which is important in applications; moreover, if we additionally suppose that the
leading part of the operator B¢ is selfadjoint or the coefficients at lower order derivatives in the
operator vanishes, then u(x) and y = v(x) satisfy a differential equation (cf. Example 4).

For the first example, we consider the transformed Poisson formula with an essential arbi-
trariness, which can be used in the inverse and some other problems.

Example 4. Let m = 1 in Lemma 7, and let F'(y,t) be a solution to the parabolic equation

oF

— = AF.
ot
Then
1 oV~ 1aV
u(y) = , eR" a;i(x) =
LA I
1 [~ ou oV, 1] 1
ai(x) = — — + u(y)AV;” , a(r)==—=Au ,
i) u(y) [; By By T WAV (o) ) ) lymvi

u(x)/G(fwo(V YV (z )+2§af))) _gd)
),

ow 0*w = ow w G"(w) = & ow G(w)
-—aﬁwm——ﬁzym%aﬁgw+;mm;+m> ,

In the case u(x) =1, G(z) = z, and V(x) = z, we obtain the Poisson formula. We emphasize
some interesting combinations of direct and inverse mappings in the formula for w(z,t).

Remark 2. If it is known that aj(z) = 0 and a(z) = 0, then we obtain the following
differential relations for V(z) and u(x):

Au(y) = 0,u(y) = y € R",

u(V=Hy))’

-1

AV = i=1,...
Z 8yk- ay +u(y) V7 O’ J b 7n7

which can be used for computing a;;(x) in some particular inverse problems, possibly, with (7).

An interesting example of the general scheme of Lemma 7 is obtained by using formulas for
the solution to the Cauchy problem for the parabolic equation with variable coefficients.

Example 5. Following [13], we consider the equation

F
OF _ AF, (®)
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where F' = F(y,t), y = (Y1,...,yn) € R", t € R, A, is the second order differential operator
defined by

A :l_ly‘2<(1_|y’2)§n:a_2_2u§n:yi+u(2—n—ﬂ>>
g 4 J=1 8y]2- J=1 ]8yj |

where |y|?> = y? +... +y2. If u =2 —n, then Ay_,, is the Laplace-Beltrami operator associated
A|dyl?

(1—y[*)?’
We recall that the Gauss hypergeometric function is defined by the formula

with the metric where |dy|? = dy? + ... + dy2.

_ - (@) (b)rs®
gFl(a,b,c, S) = - W,

Il
o

where (a)g =1, (a)y =ala+1)...(a+k—1), k> 1. We define the functions

1—ptid n—14+i\x 1—i\ n
Ba) = (1= )50 (P SR D).

1, n € (2—n,0),

Then the function
F(y,t) = /p(t,y — 2)Fo(2)dz
R
is a solution to Equation (8) and satisfies the initial condition F'|,—¢ = Fy(y).

By Lemma 6, for Fy(y) of the form Fy(y) = u=(v"(y))G(wo(v=1(y))) the function w(z,t)
defined by (6) is a solution to the transformed equation

ow
o= Bg(w)

and satisfies the initial condition w|;—p = wp(x). The arbitrariness of G(y), u(x), and v(x) can
be used in different problems, including inverse ones.

2 Inverse Problems
We begin to study inverse problems with a general scheme of constructing formal solutions

to linear multi-dimensional inverse problems. Similar schemes of constructing solutions are also
presented for nonlinear inverse problems, but with boundary conditions.
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We begin with a multi-dimensional linear inverse problem for the first order evolution equa-
tion with respect to ¢: find two functions w(z,t), A(z), z € D C R™, t > 0, such that

ow

o2 — au+ 1MW) )
wli=0 = wo(z), x €D, (10)
wlap = ¢(s,t), s€dD, t=0, (11)
Qul _ys,t), seoD, t>0, (12)
ov |sp

where A is a linear second order elliptic operator with smooth coefficients, D is a domain in R"
ow

with smooth boundary 0D, s is the normal derivative on the boundary 0D of D, f(t) # 0 is
v

continuous, « is a constant, and the continuously differentiable functions wo(z), ¢(s,t), ¥(s,t)
are known.

Theorem 1. Let w(z,t) be a solution to the initial-boundary-value problem

ow - ~

O‘E = Aw7 w|t:0 = ’ZUO(.T), w‘aD = 90(87t)7
and let py and ug(x) be eigenvalues and eigenfunctions of the problem
Aug + ppug =0, uk‘aDZO, k=1,2,....

A (s, 1)

If{/;(s,t) = 1/1(5775) - v

, s € 0D, is represented as a formal series

oo

t
(s, 1) Zakauk /f () ap,
0

where ay, are constants, then the solution w(xz,t), A(z) for the inverse problem (9)—(12) is rep-
resented by the formal series

t
Zakuk /f ot pdp+w(wt —aZakuk
0

k=1

The assertion of the theorem is directly verified. We describe the construction of the sought
functions w(x,t), A(x).
I. Solve the first boundary-value problem (look for w(z,t)).
II. Find eigenvalues and eigenfunctions of the operator A (look for py and ug(z)).
ow(x,t)
O |y—scon N
IV. Compute the constants ag, k = 1,2,..., from the expansion of ¥ (s, t):

IT1. Construct the functions (s, ) = (s, ) —

~ t
5 t) Zakauk /f dp,
k=1 0
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which is related to the completeness of the system of functions

t

Oug(s) — Bk (4 _p)

2 [ e E D
0

V. Find the functions w(z,t) and A(z) according to Theorem 1.
Remark 3. If f(t) = §(t) is the Dirac function, then (s, t) is represented as

~ _1 —  Our(s) _m,
w(s,t)—ank o €

duy(s)

14

_ Bk .
e o' is determined

Thus, the question of the completeness of the system of functions

by eigenfunctions and eigenvalues of the operator A.

We proceed with nonlinear inverse problems.

If A=A, then for some special boundary conditions it is to determine not only the function
A(z), but also the coefficient k(x). Let us consider the inverse problem for the parabolic equation:
find three functions w(x,t), k(z), and A(x), z € D C R", ¢t > 0, such that

%—Itv = k(z)Aw + f(t)\(x), (13)

wlap = (s, 1), g—ls =1(s,t), se€ID, (14)
oD

wli=o = wo(x), z € D, (15)

where the continuously differentiable functions f(t) # 0, p(s,t), ¥(s,t), wo(x) are known and
D is a domain in R™ with smooth boundary 0D.

Theorem 2. Assume that the function ¢(s,t) in the inverse problem (13)—(15) admits the
analytic representation

(p<37t) - F(UO(S>7t) + Q(S,t)a
where F(y,t) # 0 is a solution to the parabolic equation
OF 9°F

at_a_yQa t207 yGRa

vo(s) # 0 is a continuous function, $(s,t) is a fized differentiable supplement which can vanish,
and let v(z), © € D C R"™, be a harmonic function such that v|sgp = vo(s) and |Vv| # 0. If

w(x,t) is the solution to the initial-boundary-value problem
ow 1 - ~ ~
T WAW, W= = wo(z) — F(v(z),0), wlop = &(s,1),

ug(x) and py are eigenfunctions and eigenvalues of the problem

1
WAUk+MkUk:0, Uk|8D:0, k:1,2,...,
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and ay, k =1,2,..., are defined by the equalities

o t ~
Zakauk /f D) gy — (s, ) — 8w(§i, t) 8F(vgés),t) 81{;5/3),

then

t
w(x,t) = F(v(z),t) + w(x,t) +Zakuk /f Je e E=P) dp,
0

k=1

1 oo

The proof of this theorem is immediate.

As in the case of linear problems, the construction of solutions to the nonlinear inverse prob-
lem is connected with the classical problems of the theory of differential equations. Moreover,
the solution w(x,t) is represented as the sum of three functions

k=1

¢
F(V(x),t), Zakuk /f e—hr(t=p) g
0

where the first function F(V(z),t) determines the coefficient k(x), the second function w(z,t)
is responsible for the arbitrariness in the boundary and initial conditions, whereas the third
function determines the source function. The main question is whether it is possible to obtain
and justify a representation of ¢(s,t) in the form F(vo(s),t) + @(s,t). We only note that,
for example, the functions F'(y,t) and vg(s) can be found by using the variational principle
min||p(s,t) — F(vo(s),t)||, where || || denotes the norm.

For a more general parabolic equation and a more complicated representation of the trace of
the solution we can consider the inverse problem for three coefficients and the right-hand side,
i.e. it is required to find a solution w(z,t), coeflicients p(z), k(x), u(x), and A(z), x € D C R,
t > 0, of the problem

()22 = div k() V) + () + M) [(), w € D, 150, (16)

wli—o = wo(x), =z €D, (17)

wlop = p(s,1), 22| = p(s,t), seaD, t>0, (18)
ov oD

where the smooth functions wo(x), ¢(s,t), ¥ (s,t) are known and D is a domain in R” with
smooth boundary 0D.

Theorem 3. Assume that the function ¢(s,t) in the inverse problem (16)—(18) admits the
representation

/ PYFy(Vo(),p) + R(p)Fa(Va(s), p)) e Pdp + 3(s, 1),
0
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where the functions Q(p) and R(p) rather rapidly decrease at infinity (for example, compactly
supported), Vo(s) is continuous @(s,t) is a fived differentiable addition which can vanish, the
functions Fi(z,p) and Fy(z,p) form the fundamental system of solutions to the ordinary second
order differential equation

1

F'(2) +b(2)F' () + (pa(z) + ¢(2)) F(2) = 0,

so that
O*F, 0F, 0%F, 0F,
0 922 0z 022 Oz 0 (0F oF,
- = =2 (iR 2p
a(z) (9p @F ~ @F 3 b(Z) Oz ) 2 Oz 1>
0z 2 0z !
PFLOF,  PFRIR OPF 0F,  9PF0F
o(z) = 022 0z 022 9z .9 | 922 52 0z2 0Oz
%F — @F Pap @F — @F ’
9z 2 9 9z > 0z !

moreover, a(z) > 0.
Let V(x) be a harmonic function in D such that V|pp = Vo(s) and VV # 0. We set

Vi(z) V(z)

plx) = a(V(m))\VVPexp( / b(z)dz), k(x) = exp( / b(z)dz),
0 0

(19)

V(x)

() = C(V(x))|VV|2exp< / b(z)dz).
0

Let ug(xz) and py, k =1,2,... be eigenfunctions and eigenvalues of the operator
1 & 0 0 w(x)

Suppose that w(x,t) is a solution to the first boundary value problem for the equation

ow

T — AW
ot ~ "
with the initial and boundary conditions
W|=0 = wo(x) — / Q) PV (2),p) + R(p)Fa(V (2),p)) e P'dp,  @lop = §(s,1),
0

and the constants ay are determined by

T = (o) - 2L [ (Q@)W ; R<p>w> o Pdp

0

t
ow(s,t) _ auk /b e~ (t=P) g
0

3

ov
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Then the coefficients p(x), k(x), and p(x) are found from the equalities (19) and the functions

wa, 1) = / QW) FL(V(2),0) + R()Fa(V(2).p)) e Pldp + @(z, 1)
0

t (o]
+ Zakuk /b e M UPdp, Ma) = p(x) Y axur(z)
k= , k=1

1

solve the inverse problem (16)—(18).
Example 6. With the trace ¢(s,t) of the solution w(x,t) on the boundary 0D,

o(s.1) = / (Qw) explies Yoo () iew /o (s) — 1)

+ R(w) exp(—iw /uo(s)) (iw Y/ uo(s) + 1)) e dw + (s, 1),

up(s) > 0, s € 9D, we associate the equation

ow
()2 = A+ A@) (1)
where p(z) = &(u(z))~*/3|Vu|? and u(z) is a harmonic function such that ulop = uo(s), s € 9D.

Thus, in this case, the problem of finding p(x) is reduced to the Dirichlet problem for the
Laplace equation. The remaining functions are found in the same way as in Theorem 3.

If the coefficients and source function in the parabolic equation are independent of time, we
can obtain an additional information for the linear inverse problem.

Lemma 8. Let w(x,t), z € D CR", a <t < f, be a solution to the parabolic equation

5 = o (40

where the k(x), p(x), and A(z) are independent of t. Then

0 (5) =2 5 (ke S;‘j%f)—%%(k(m)é(j;:f)%wx)w). )

0
Proof. Multiplying Equation (20) by 8—1: and using the identities

) ow\ ow 9 Ow Ow 10 ow \ 2 ,
dz; (k@)&ci) ot oz (k( ) o, at> T 20t (k(“) (em) ) o t=heom

we prove the required assertion. O

) + A(z), (20)

’L

Corollary 4 (uniqueness). Suppose that k(x) > 0, p(x) > 0, and
wlpp =0, W|t=q = w|=p = 0. (22)
Then AN(z) =0 and w(z,t) =0 forz e D, a <t < S.
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Proof. Integrating the identity (21) and taking into account (22), we find

[ [ oo (2 =0
D o

0
We have 8—1;) = 0 since p(z) > 0 and w = 0 since w|i—o = 0. Then A\(z) = 0 in view of (20). O

Corollary 5 (formula for \). If wlsp = ¢(s), s € ID, i.e., ¢(s) is independent of t and
Wi=q = W|t=p = wo(x), then

Az) = — i ai- <k(x)%l;?> .

i=1

Proof. Integrating the identity (21), we obtain the equality

//Bp(x) (%)2dxdt =0.
D o
ow

Since p(z) > 0, we have 57 = 0, i.e., the solution w(x,t) is independent of ¢. Substituting t = «
(or t = (3) into (20), we obtain the required formula for A(z). O

Now, we consider inverse problems for parabolic equations consisting in finding a solution
and two dependent coefficients. Explicit formulas for solutions are obtained up to a solution to
the Cauchy problem

0*F OF oF
a—yQ ot Fly—o =a(t), ——

Thus, the inverse problem for the parabolic selfadjoint equation consists in finding w(zx,t), A(x),

and C(z) such that
ow 0 ow
% = o (A“”)%) + Cla)w,

ow

z=0

Wl=o = wo(x), w|z=0 = aft),

where wo(z) > 0, a(t) > 0, B(t) > 0, wo(0) = a(0), wy(0) = B(0) are given twice continuously
differentiable functions for 0 < z < oo, t € R.

Theorem 4. Let F(y,t) be a solution to the Cauchy problem with respect to the variable y :

O*F  OF OF
E " ot Fly=o = a(t), ——

and let
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Then

wle) = V@RV .0, Aw) =Ly o = L2

where V(x) = g0_1< /w%(p)dp).

0

For the non-selfadjoint equation

ow 0*w

and the initial-boundary conditions (23) the following assertion holds.

Theorem 5. Let F(y,t) be a solution to the Cauchy problem with respect to the variable y :

0*F  OF oF

9E " o Fly—o = a(t), Bl B(t),
and let y

o(y) —/ il
) F5(p)

where Fy(p) = F(p,0). Then

1 1 V"V —3(v")?

w(z,t) = ——F(V(x),t), Ax)= , C(x)= y ,
(2.0 =~ FV @D, A@ = 1 O = o

where V(x) = g0_1< /%)
0

Similar results for one-dimensional inverse problems for finding three connected coefficients
can be found in [14].

Acknowledgments

The work is supported by the Russian Foundation for Basic Research (project No. 09-01-
00422a), the interdisciplinary Integration Project of Basic Research of Siberian Branch of the
Russian Academy of Sciences (project No. 81), Division of Mathematical Sciences of the Russian
Academy of Sciences (project No. 1.3.8), the program of fundamental research of the Siberian
Branch of the Russian Academy of Sciences (project No. 93), the Ministry of Education and
Science of the Russian Federation (project No. ZN-24.10).

References

1. S. L. Sobolev, “Functionally-invariant solutions of wave equations” [in Russian|, Tr. Fiz.-
Mat. Inst. im. V. A. Steklova 5, 259-264 (1934).

769



10.

11.

12.

13.

14.

A. N. Kolmogorov, “On analytic methods in probability theory” [in Russian], Usp. Mat.
Nauk 5, 5-41 (1938).

M. M. Lavrent’ev, K. G. Reznitskaya, and V. G. Yakhno, One-Dimensional Inverse Problems
of Mathematical Physics [in Russian], Nauka, Novosibirsk, (1982).

V. S. Vladimirov, Equations of Mathematical Physics [in Russian]|, Nauka, Moscow (1981);
English transl.: Marcel Dekker, New York (1971)..

G. I. Marchuk, “Mathematical modelling in a problem of environment” [in Russian], In:
Mathematical Modelling. Modern Problems of Mathematical Physics and Numerical Mathe-
matics, pp. 238-254, Nauka, Moscow (1989).

A. S. Malkov, G. G. Malinetskii, and D. S. Chernavskii, “Modelling of development of
agrarian societies in the light of nonlinear dynamics” [in Russian|, News in Synergetics. A
New Reality, New Problems, New Generation, pp. 134-148, Nauka, Moscow (2007).

A. V. Bitsadze, Equations of Mathematical Physics [in Russian|, Nauka, Moscow (1982).
Yu. E. Anikonov, Formulas in Inverse and Ill-Posed Problems, VSP, Utrecht (1997).

Yu. E. Anikonov and S. G. Pyatkov, “On certain representations of solutions to inverse prob-
lems for second order equations” [in Russian], In: Nonclassical Equations of Mathematical
Physics, pp. 108-111, Novosibirsk State Univ. Press, Novosibirsk (1993).

Yu. E. Anikonov and N. B. Ayupova, Formulas for Solutions and Coefficients of Second
Order Differential Equations and Inverse Problems [in Russian|, Preprint No. 165, IM SB
RAS, Novosibirsk (2005).

Yu. E. Anikonov, “Constructive methods of studying the inverse problems for evolution
equations” [in Russian|, Sib. Zh. Ind. Mat. 11, No. 2, 3-20 (2008).

Yu. E. Anikonov and M. V. Neshchadim, Analytic Representations of Solutions of a Series
of Inverse Problems in Mathematical Physics [in Russian|, Preprint No. 218, IM SB RAS,
Novosibirsk (2009).

C. Liu and L. Peng, “Generalized Helgason—Fourier transforms associated to variants of
the Laplace—Beltrami operators on the unit ball in R™,” Indiana Univ. Math. J. 58, No. 3,
1457-1491 (2009).

Yu. E. Anikonov, Yu. V. Krivtsov, and M. V. Neshchadim, Nonlinear Problems of Control
Theory [in Russian], Preprint No. 227, IM SB RAS, Novosibirsk (2009).

Submitted on June 11, 2010

770



	Abstract
	1 Representation of Solutions and Coefficientsof Parabolic Equations
	2 Inverse Problems
	Acknowledgments
	References

