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CONJUGATE POINTS IN NILPOTENT SUB-RIEMANNIAN PROBLEM
ON THE ENGEL GROUP

A. A. Ardentov and Yu. L. Sachkov UDC 517.97

ABSTRACT. The left-invariant sub-Riemannian problem on the Engel group is considered. This problem
is very important as nilpotent approximation of nonholonomic systems in four-dimensional space with
two-dimensional control, for instance of a system which describes motion of mobile robot with a trailer.
We study local optimality of extremal trajectories and estimate conjugate time in this article.
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1. Introduction

This work deals with the nilpotent sub-Riemannian problem with the growth vector (2,3,4). This
problem evolves on the Engel group, which is the 4-dimensional nilpotent Lie group represented by
matrices as follows:

1 b ¢ d

0 1 a a*/2

001 a |a, b, ¢, deR
000 1

The Lie algebra of the Engel group is the 4-dimensional nilpotent Lie algebra L = span(X1, X2, X3, X4)
with the multiplication table

(X1, Xo] = X3, [X1,X3] =Xy, [Xi,Xy]=[Xo, X3] =[Xo, Xy] =0.

We consider the sub-Riemannian problem on the Engel group G for the left-invariant sub-Riemannian
structure generated by the orthonormal frame X7, Xo:

¢ =u1X1(q) + uaXa(q), q€G, (u1,u2)€R?

t1
l—/\/u%+u%dt—>min;
0

see, e.g., the book by R. Montgomery [6] as a reference on sub-Riemannian geometry.
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In appropriate coordinates ¢ = (z,y, z,v) on the Engel group G = R*, the problem is stated as
follows:

T 1 0
. ) 0 1
q= Z =u Y + ug x y 4= (xuyuz)v) €R47 UGR2, (1)
-4 z
o 0 £y
q(0) = qo = (z0,%0, 20,v0), q(t1) = q1 = (x1,y1,21,v1), (2)
t1
l:/ u? + u2 dt — min. (3)
0

Since the problem is invariant under left shifts on the Engel group, we can assume that the initial
point is an identity of the group qo = (x0, Yo, 20, v0) = (0,0,0,0).

The paper continues the study of this problem started in the work [5]. The main result of [5] is
the upper bound of the cut time (i.e., the time of loss of global optimality) along extremal trajectories
of the problem. The aim of this paper is to investigate the first conjugate time (i.e., the time of loss
of local optimality) along the trajectories. We show that the function that gives the upper bound of
the cut time provides the lower bound of the first conjugate time. In order to state this main result
exactly, we recall necessary facts from the previous work [5].

The existence of optimal solutions of problem (1)—(3) is implied by Filippov’s theorem [3]. By
the Cauchy—Schwarz inequality, it follows that sub-Riemannian length minimization problem (3) is
equivalent to the action minimization problem

t1

2,2

/ % dt — min. (4)
0

Pontryagin’s maximum principle [3, 7] was applied to the resulting optimal control problem (1), (2),

(4). Explicit formulas for abnormal extremals were obtained.

Denote vector fields near controls on the right-hand side of system (1):

T
y N\T r % +9?
X :(1,0,—7,0) , Xo=(0,1,%, :
! 2 2 < 2" 2 )

their Lie brackets
X3 =[X1,X5] =(0,0,1,2)T, Xy = [X1, X3] = (0,0,0,1)7T,

and the corresponding Hamiltonians h;(A) = (A, X;(¢)), A € T*M, i = 1,...,4, which are linear on
fibers of the cotangent bundle T*M. The normal extremals satisfy the Hamiltonian system

A=H()\), AeT*M, (5)

where H = § (h? + h3).
Introduce coordinates (6, ¢, ) on the level surface {)\ eT*M | H = %} by the following formulas:

hi = cos(8 + 7/2), ho = sin(6 + 7/2), hs = ¢, hy = a.
On this surface the normal Hamiltonian system (5) takes the following form:
6=c, ¢ = —asinb, a=0, (6)

g = cosf X1(q) + sinf X5(q), q(0) = qo.
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The family of all normal extremals is parameterized by points of the phase cylinder of pendulum
. 1
C= {)\ €T, M|H(\) = 2} ={(0,c,a) |0 €S, c,a R},
and is given by the exponential mapping
Exp: N=CxRy —- M,
Exp(A\,t) = @t = (@, Yt, 2t, vt).

2

The energy integral of pendulum (6) is expressed by £/ = S —acosf. The cylinder C' has the following
stratification corresponding to the particular type of trajectories of the pendulum:

C=U_Ci, CinCj=0,i#j X=(0,c0),
CL={AeC|a+0,E € (lal,]al)},
Co={ eC|a#0,E € (|a],+x)},
Cs3={\eC|a#0,E=|al,c+#0},
Ci={ eC|a#0,E=—|a|},
Cs={\eC|a#0,E=|al,c=0},
Co={NeC|a=0, c#0},
Cr={NeC|a=c=0}.

Further, the sets C;, i = 1,...,5, are divided into subsets determined by the sign of a:

Ct =Cin{a>0}, C7 =Cin{a <0}, ic{l,...,5}.

In order to parameterize extremal trajectories, coordinates (i, k, ) in the domains C7 and Cy were
introduced in [5] in the following way. In the domain C; :

F+a c? 0
\/ 2av 4o +sin 2 €(0.1),

sing = ksn(vayp), cosg = dn(v/ap), g = kvacn(vVayp), ¢ €0,4K].

In the domain C’; :
20 1
k =4/ = € (0,1),
E+Oé 2 - 20 ( )
2
0

k7 2
Here and below dnp, snp, cnp are Jacobi’s functions [15].
In the domains C] and Cj , the coordinates ¢ and k are defined as follows:

90(07 Cy Oé) = 90(9 — TG —Oé), k(ev ¢ Oé) = k(@ —T,C —Oé).

=sgnc

\f YOl e 0, 2kK].

k )

N
N O

Immediate differentiation shows that system (6) rectifies in the coordinates (¢, k, a), i.e., ¢ = 1, k = 0,
& = 0. In [5] these coordinates were used for parameterization of extremal trajectories.

Further, in the work [5] discrete symmetries of the exponential mapping were described. The
corresponding Maxwell sets were constructed. Recall that a point ¢; of an extremal trajectory ¢s =
Exp(A, s) is called a Maxwell point if there exists another extremal trajectory ¢s = Exp(:\, s), 4s # qs,
such that ¢; = ¢;. The instant ¢ is called a Maxwell time. It is known [12] that an extremal trajectory
cannot be optimal after a Maxwell time.
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The main result of the paper [5], given by Theorem 1 below, provides an upper bound of the cut
time along extremal curves

teut(A) = sup{t > 0 | Exp(}, s) is optimal for s € [0,¢]}.

Define the following function ti;,x : C — (0, 400]:

ANeC) = tyax = min(2pl,4K) /o, (7)

ANeCy = tiyax = 2Kk/o, (8)
2

ANECE = thax = ﬁ 9)

AeC3uC,UuCsUC; = tll\/[AX = +4o00. (10)

where 0 = /|,

g
dt
K(k) = / ——
) V1= k2sin?t
pi(k) € (K(k),3K(k)) is the first positive root of the function
f=(p,k) = dnp snp+ (p — 2E(p)) enp,

and

p
E(p) = /antdt.
0

Theorem 1 (see [5, Theorem 3]). For any A € C
teut (V) < taax(V)- (11)

In this article we study local optimality of extremal trajectories and estimate the first conjugate
time. Denote the Jacobian of the exponential map by

T
Ow,y 2wy |00 01
m_ 8:21 ) 8:11

A point ¢; = Exp(\, t) is called a conjugate point for qp if v = (A, t) is a critical point of the exponential
mapping and that is why ¢; is the corresponding critical value:
d,Exp : T,N — T, M is degenerate,

ie.,

0

(:L‘7 y’ Z? /U) (V) — 0.

00, c,a,t)

The instant ¢ is called a conjugate time along the extremal trajectory gs = Exp(],s), s > 0.
As explained in Sec. 3, conjugate times are separated from each other; thus, any normal extremal

contains not more than a countable family of conjugate points (see [14]). The first conjugate time
along a trajectory Exp(\, s) is denoted by

tl . =min{t > 0|t is a conjugate time along Exp(},s), s >0}.

conj

The trajectory Exp(), s) loses local optimality at the moment ¢t = t!__.()\) (see [3]). Our main aim

conj
is to prove the following lower bound of the first conjugate time.

372



Theorem 2. For any A € C
ttltonj ()‘) > tll\/IAX()‘)' (12)

In Sections 4-7 we prove inequality (12), A € C; for all i = 1,...,7 (see Theorems 4, 5, 6, 7).

2. Conjugate Time and Symmetries of Exponential Mapping

The normal Hamiltonian system for the considered problem has the following symmetries (see [5]):
reflection

(97 G Q,r,Y, 2,0, t) = (0 - mC -, =T, —Y, 2, U, t) (13)
and dilations
(9707a7x7y7277)7t) = (07\/07}/737\/7)/'%7\/7}/y77277207 ﬁt> ) fy> 0 (14)

We consider the corresponding symmetries of the exponential mapping and their action on conjugate
points.

2.1. Reflection. Define the action of reflection in the preimage and image of the exponential map-
ping according to (13):

i: N — N, i(v)=1i(0,c,a,t) =v = (0 —m,c,—a,t),

i: M — M, i(q) = i(z,y,2z,v) =q= (—x,—y, z,—v).
The existence of symmetry (13) of a Hamiltonian system implies that the reflection 7 is the symmetry
of the exponential mapping: Exp oi = ioExp. Hence we obtain d Exp odi = diod Exp. The reflection ¢
is nondegenerate (Ker di = 0) and therefore v = (A, t) = (0, ¢, a, t) is a critical point of Exp if and only
ifv=1iv)=(\t)=(0—mc,—a,t) is a critical point of Exp. Hence tionj()\) = tionj()\). Using the
definition of Maxwell time ti;,x (see (7)—(10)), we easily get a similar equality ¢, AX(X) = thax(A).
Therefore it is enough to prove the required inequality (12) only for a > 0.

2.2. Dilations. According to formula (14) define the action of dilations in the preimage and image
of the exponential mapping:

CD’\/ : N_>Na q)’}’(l/) = CD’Y()Vt) = q)7(0>c>a7t) = (5\75) = (07\/07}/)3)\/’?7\/515) ’

- 3
Dy M — M, <I’7(Q)=<I>7(:v,y,z,v)=q=(ﬁx,ﬁymz,’wv), v > 0.

These formulas define the action of the multiplicative Lie group Ry in N and M, such that
Expo®, = ®, o Exp vy > 0.

Thus, there is a one-dimensional symmetry group G' = {®,|y > 0} of the exponential map.
It is easy to see that the symmetries preserve the sets of critical points and critical values of the
exponential mapping.

Lemma 1. (1) Ifq € M is the critical value of Exp corresponding to a critical point v € N, then
., (q) is also the critical value of Exp corresponding to the critical point ®~(v) for any v > 0.

(2) Lety >0, A= (0,c,a), A = (0, <, g) € C. Then tl, (V) = tl (V).

Proof. (1) follows from the equality d Exp od®, = d®., o d Exp.
(2) follows from (1). O
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Let a > 0. Suppose v = «; then from Lemma 1, we get the following:

1 &
7%onj (97 Gy a) = 7atéonj ((9, ﬁ» 1> .

From the definition of Maxwell time tll\/[ Axs a similar equation follows:

1 c
thax (0, c,a) = ﬁtll\/IAX <9, 7o 1> .

Therefore, it is sufficient to prove the required inequality (12) in two cases: for « = 1 and o = 0.

2.3. Transformation of Jacobian of the exponential mapping. For a fixed A = (0, ¢, a),
0
conjugate times are roots ¢ > 0 of the Jacobian M First, we transform this Jacobian by
) c7 a’
using the symmetry group G = {®,|y > 0}. Since Exp o®. (), t) = &, o Exp(\, t), we have
¢ « 3
Bxp - (e, Ty ﬁt) = (VA=) vAy(B)12(8), 730 (0)) (15)

where (x(t),y(t), z(t),v(t)) = Exp(A, t), A = (0, ¢, ). Differentiating equality (15) w.r.t. v for v = a,

we get
cdq Oq togq zy 3
——=|(=,2,2z,=v| =: L.
20c 0a 20t \27272"
Therefore, when o = 1

0(z,y,2,v) :det<8q dq 9q 3q>

_ 9q 9¢ cdq  t0q , Oq
O\ B0 9c 20c T 20t ot

90, c,a,t) 86’ dc’ da’ Ot
Jdr Ox Oz
00 oc ot "
oy Oy Oy
(0 ) Y00 o o
00’ dc’ ot’ 20 0z 0z Oz oy
00 Oc Ot
o o0 oy
00 Oc Ot

3. Conjugate Points and Homotopy

In this section we recall some necessary facts from the theory of conjugate points in optimal control
problems. For details see, e.g., [1, 3, 14].
Consider an optimal control problem of the form

g = f(q,u), geM, weUCcCR™, (16)

q(0) = qo, q(t1) = q1, tq fixed, (17)
t1

J = /(p(q(t),u(t)) dt — min, (18)
0

where M is a finite-dimensional analytic manifold, f(q,u) and (g, u) are respectively analytic in (g, u)
families of vector fields and functions on M depending on the control parameter v € U, and U is an
open subset of R™. Admissible controls are u(-) € Loo([0,%1],U), and admissible trajectories ¢(-) are
Lipschitzian. Let

hu(X) = (N, fq,w)) — (g, u), ANeT*M, q=7(A\)eM, uel,
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be the normal Hamiltonian of PMP for problem (16)-(18). Fix a triple (u(t), A, q(t)) consisting of a
normal extremal control u(t), the corresponding extremal A\;, and the extremal trajectory ¢(t) for the
problem (16)—(18).

Let the following hypotheses hold:

2

hy (. , ,
(H1) For all A € T*M and u € U, the quadratic form %u2 (A) is negative definite.

(H2) For any A € T*M, the function u > hy(X), w € U, has a mazimum point u(\) € U:

hﬂ(A)()\) = max hu()\), AeT*M.

uelU

(H3) The extremal control u(-) is a corank one critical point of the endpoint mapping.

(H4) The Hamiltonian vector field ﬁ(/\), A €T*M, is forward complete, i.e., all its trajectories are
defined for t € [0,400).

An instant ¢, > 0 is called a conjugate time (for the initial instant ¢ = 0) along the extremal \; if
the restriction of the second variation of the endpoint mapping to the kernel of its first variation is
degenerate; see [3] for details. In this case the point ¢(t.) = 7()\s,) is called conjugate for the initial
point go along the extremal trajectory ¢(-).

Under hypotheses (H1)-(H4), we have the following:

(1) Normal extremal trajectories lose their local optimality (both strong and weak) at the first
conjugate point, see [3].

(2) An instant ¢t > 0 is a conjugate time iff the exponential mapping Exp, = 7 o et i degenerate,
see [1].

(3) Along each normal extremal trajectory, conjugate times are isolated one from another, see [14].

We will apply the following statement for the proof of absence of conjugate points via homotopy.

Theorem 3 (see [8, Corollary 2.2]). Let (u®(t), \]), t € [0,400), s € [0,1], be a continuous in param-
eter s family of normal extremal pairs in the optimal control problem (16)—(18) satisfying hypotheses
(H1)-(H4).

Let s — t§ be a continuous function, s € [0,1], t; € (0,+00). Assume that for any s € [0,1] the
instant t =t is not a conjugate time along the extremal Aj.

If the extremal trajectory ¢°(t) = w(\Y), t € (0,ty], does not contain conjugate points, then the
extremal trajectory q' (t) = w(\}), t € (0,t1], also does not contain conjugate points.

One can easily check that the sub-Riemannian problem (1), (2), (4) satisfies all hypotheses (H1)-
(H4), so the results cited in this section are applicable to this problem.

4. Estimate of Conjugate Time for \ € (

4.1. Evaluation of Jacobian. We use the elliptic coordinates (¢, k,«) in C1; see Sec. 1. For a
fixed A = (0, ¢, ) € Cy, conjugate times are roots t > 0 of the Jacobian

6(3’;7 y7 Z? /U)

7= At ka)
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a(x7 y? Z7 v)

We transform this Jacobian in the same way as the determinant in Subsection 2.3, then

00, c,a,t)
get
Jr Ox Ox
o dp ok
oy Oy Oy
oo oy ok
2 0: 02 0x |
at  dp Ok
R T
at  Odp Ok

(Here and below we assume o = 1 according to Subsec. 2.2.) Explicit calculation of the function
by parameterization of the exponential mapping obtained in [5] gives the following expression of the
determinant:

J=R-Ji,
32

R=—- 0,
k(1 — k2)(1 — k2 sin® uy sin® ug)2 7

Ji=do+do sin2 U + dy SiIl4 ug,
di:di(ulak)v i:07274>

up = am(p, k), wug = am(t,k), (19)
t t

. — el 2
p=g5 TEeES (20)
do =a - sin ui, (21)
d4 = :ICQCZQ . fZU7 (22)
do + dy = —az - fau, (23)
(24)
1 3
a; = 3 [4(1 — kz) cos Uy (1 — 2k? sin? ul) 1 — k2sin? u1F2(u1) + 4k? cos uq sin® u; (1 — k? sin? ul) 2

+4sinug (1 —k?*sin®up) E*(ug) — 2 (1 — k%) sinwg (1 — &% sin® wy) F3(uy)
+ 2F (uy) (sinwug — 2k* (3 — 2k%) sin® uy + k* (5 — 4k%) sin® uy)
+ B2 (ur) (2 (482 = 5) (1= K sin® w) sin e Fun) + G eosuy (1 2k sin? uy) V1 = K2sin? uy )
+ E(u1) (2 (4k*— 5) cosuy (1 — 2k*sin® uy) V1 — k2 sin® uy F(uy)
+8 (1= k) (1= K2 sin? ur) sinw F2(ur) =2 (14 K + 342 cos(2u1)) sinur (1 - K2 sin?wa) )|,

cm:—mm“QE@Q-F@QV+WF@g@Emg—FwQD

—sinu1 V1 — k2sin® uy (B(u1) — (1 — k%) F(wy)) ,
fow =sinui V1 — k2sin?uy + (F(uy) — 2E(uy)) cosuy,
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where F'(u and E(u / V1 — k2sin?tdt are elliptic integrals of the first and

NE=—

second kinds respectlvely
Denote

x = sin® ug. (25)

4.2. Estimates of functions. In this subsection we present two simple lemmas used in this section
in order to obtain required bounds of functions.

Lemma 2. Let real analytic functions f(u),g(u) satisfy on (0,ug) the conditions

fw) 20, glw) >0, (%) >0, (26)
flw)
lim FOR 0. (27)

Then f(u) > 0 for u € (0,up).

If functions f and g satisfy conditions (26), (27), then we say that g is a comparison function for f
on the interval (0, up).

!/
Proof. The function (f> is real analytic; thus it either has isolated zeros or is identically zero. It
g

/
is not hard to prove that the second case is impossible: if <f> = 0, then i = const, hence i =0

g g g
(because lim M = 0), whence f = 0; this contradiction proves the case.
u=0 g(u)
/
So the function <f> > 0 has isolated zeros, and, therefore, i strictly increases for u € (0, up).
g g

The inequality gézg > 0 follows from the equality (27), so the inequality f(u) > 0 for u € (0,u)
follows from g(u) > 0. O

Lemma 3. If f(0,y) > 0, f(1,3) > 0 and a(y) < 0 for the function f(z,y) = a(y)x?® + b(y)x + c(y)
with ye (anO); then f(xay) >0 fOT Y€ (anO)ax € [07 1]

Proof. We obviously have the inequality f(z,y) > 0 for x =0 and z =1, y € (0,yp). Since a(y) < 0,
it follows that f(x,y) is convex with respect to the variable x (possibly not strictly). Consequently
we get f(x,y) > 0 for y € (0,40),x € [0,1]. O

4.3. Conjugate points as k£ — 0. We show that extremals corresponding to sufficiently small
values of the parameter k£ have no conjugate points for ¢ < tll\/l ax(A).
The function J; has the following asymptotics as k — O:

Ji(ug, k) = k2J9 (w1, ) + o(k?), z = sin® ug,
Iy (ur, ) = di(ur) + dy(ur)z,

1
uy) = = sm U1 (Zul sinu; + 3u1 cosul + uy sin® u1 — 6uq sinuy + 3 cosuy sin?

IS

0
ol uy),
g(ul) = —uy sin g — 2cosuq sin® uq + 3uy sin®uy — u‘;’

=9
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4.8.1.  Auziliary lemmas. In the following three lemmas we analyze the sign of the function J{ (u1, z),
which is the dominant term of the asymptotics for the function Jy(u,z, k) as k — 0.

Lemma 4. The function d3(u1) = % sin uq (2u1 sinu (uf — 3) + 3 cosu (uf + sin? u1) + ug sin® ul) <0

for uy € (0,7).

Proof. We show that the function g(u1) = sinu (sinu; —uj cosuy) is a comparison function for —dQ(u;)
for u; € (0, ).

The inequality df(u;) # 0 follows from the expansion df(u1) = — z5=ul! + o(u!?).

If uy € (0,7), then sinu; > 0. Further, ¢(u;) = sinu; — ujcosuy > 0 for uy € (0,7), since
#(0) = 0,¢'(u1) = ug sinuy > 0. Therefore g(u1) > 0 for uy € (0,7).

Finally, we get the equalities

<—d8(u1)>' _ =1+ u? + cos(2uy)) + uq sin(2uy))?

g(uy) 4(sinug — uq cosuq)?
—do(ul) 4

q % _ 7 (o
an o(un) Te7g + o(uq)

So g(uy) is a comparison function for —d(uy); thus, it follows from Lemma 2 that df(ui) < 0 for
ul € (0,7T). O
Lemma 5. Ifu; € (0,7), then

1

dd(uy) + dS(up) = 5( — 2u} — sinug (—2ul sinuy + ugsin® uy + cosup (—3ud + sin? u1))) < 0.

Proof. We check that the function g(u;) = sinwuj(sinu; — uj coswuy) is a comparison function for

—(dg(ul) + dg(ul)) for u; € (O, 7[').
The inequality dJ(u1) + d9(u1) # 0 follows from the expansion dJ(u) + d3(u1) = —%ug + o(u?).
Note that g(ui) > 0 for u; € (0,7) (see the proof of Lemma 4).
Also, there hold the equalities

(—(dg(ul) + dg<u1)))’ _ (=2uq +sin(2u))?

g(u1) 4sin? uy
e () + B(m)
= —uy + o(uy).
g(ul) 45 1 ( )
Finally, g(u1) is a comparison function for —(d)(u1) + d3(uy)) therefore it follows from Lemma 2
that df(u1) + d3(u1) < 0 for ug € (0, 7). O

Lemma 6. For any u; € (0,7), = € [0, 1], we have JY(u1,z) <0

Proof. If u; € (0,7), then J?(u1,0) < 0 (see Lemma 4) and J?(u1,1) < 0 (see Lemma 5), and so it
follows from Lemma 3 that J?(uy,z) < 0 for uy € (0,7),x € [0,1]. O

4.8.2.  Estimate of conjugate time as k — 0.

Proposition 1. There exists k € (0,1) such that for any k € (O,E), up € (0,7), = € [0,1] we have
Jl(ul,x, ]f) < 0.

Proof. Assume the converse. Then there exist sequences {k,}, {u}'}, {zn}, n € N, such that k,, € (0,1),
kn — 0, ut € (0,7), zy, € [0,1], and Jy (uf, zp, kyn) > 0 for all n € N. By passing to subsequences, we
can assume that v} — 4; € [0, 7], x, — 2 € [0,1].

(1) Let @7 € (0,7). From Lemma 6, we get JY(uj,z) < 0 for all u; € (0,7), € [0,1]. Thus
Ji (Ul 2, k) = k2 (JY (uft, 2n) + 0(1)) < 0 for large values of n, a contradiction.

378



(2) Let 41 = 0. As k? + u? — 0 we have

4
do = ~ T3 Eul' + o(k*ull),
4
dy = fﬁk%ﬁ + o(k*u}),
4
dy = ﬁk‘lu? + o(k*ul).
(2.1) If & # 0, then J; = —3zk*ufz + o(k?u}). Therefore Jy(u}, zp, ky) < O for large values of n, a
contradiction.
(2.2) If 2 =0, then
4 4
J = —F%k?u%l + o(K*uf!) — 1—35k2u£1)x + o(K*ulz)

and Jy (ul, T, kn) < 0 as n — oo, a contradiction.
(3) Let 4y = 7. As k? + (7 —u1)? — 0 we get

do = —%77214:2(77 —ui)+o (k:2(7r — ul)) ,

dy = —7%k? + o(k?),

dy = T3k + o(kY).
(3.1) If & # 0, then J; = k? (—73z + o(1)). Whence J; (u}, 2, kn) < 0 as n — 00, a contradiction.
(3.2) If = 0, then

Jy = —gw2k2(w —u1) +o (K (r —w)) — m°k*z + o(kKx).

Hence Ji(uf, xp, kn) < 0 as n — oco. The contradiction completes the proof. ]

Going back from the variables (u1,z, k) to (¢, ¢, k) by formulas (25), (19), (20), we get the following
statement from Proposition 1.

Corollary 1. There exists k € (0,1), such that for any k € (0,k), ¢ € R, an arc of the ertremal
curve Exp(\,t), X = (p, k, ), t € (0,t1;4x(N)), does not contain conjugate points.

4.4. Conjugate points at t = tll\/[ ax- In this subsection we find sufficient conditions that ensure
that the instant ¢ = t};,x is a conjugate time. Let us recall that ti;,y(\) = min(2pl(k),4K (k))
for A € Cy, a = 1, where p = pl(k) € (K,3K) is the first positive root of the function f,(p,k) =
dnpsnp+ (p — 2E(p)) cnp (see [5]).

It is shown in [12] that

ke (0,kg) = pi(k) € (3K,2K),
k=ko = p(k)=2K,
ke (ko,1) = pi(k) € (K,2K),
where ko ~ 0.9 is the unique root of the equation 2E(k) — K (k) = 0. Therefore

o) = {4K(l<:) for k € (0, ko],

2pl(k) for k € [ko, 1) .
Changing the variable ¢t by u; = am (%, k:), we get

m for k € (0, ko],
upax (k) = {

ul(k) for k € [ko, 1),
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where u; = ul(k) = am(pl(k),k) € (%,2F) is the first positive root of the function f.,(u1,k) =
fz(amuy, k).

Lemma 7. The function f3(k) = E(k) + 2(k* — D)E(k)K (k) — (k* — 1)K(k) > 0 on the interval
ke (0,1).

Proof. Let us prove that the function g(k) = 1 — k? is a comparison function for f3(k) on the interval
ke (0,1).

The inequality f3(k) # 0 follows from the expansion f3(k) = %Qk2 + o(k?).

Notice that g(k) > 0 for k € (0,1).
fa(k)\" _ 2kE?(k) fs(k) _ 7 5 2
) = i g = o

Finally, g(k) is a comparison function for f3(k), hence it follows from Lemma 2 that f3(k) > 0 for
ke (0,1). O

Also, we have the equalities <

Lemma 8. (1) Let uy = m, x € (0,1]; then sgnJ; = —sgn fou(m, k) = —sgn(2E(k) — K(k)), i e.,
J1 <0 for ke (0,ko), J1 =0 if k= ko, and J; > 0 for k € (ko, 1).
(2) Ifuy =m, x =0, then J; = 0.

Proof. From a direct calculation it follows that
J1(7T7$7k) = —4$(1 _k2x)f2(ﬂ-ak)f3(k)7 (28)
f2(m, k) =2E(k) — K(k),

f3(k) = E(k) + 2(k* — DE(k)K (k) — (k* — 1)K (k).
Now the statement of item (1) of this lemma follows from Lemma 7 (f3(k) > 0 for all £ € (0,1)) and
the distribution of signs of the function 2E(k) — K (k) [12] (this function is positive for k& < ko, equals

zero if k = ko and is negative for k > ko).
The statement of item (2) follows from formula (28). O

Lemma 9. Let k € (0,1), k # ko, u1 = ul(k). Then a1(u1,k) < 0.
Proof. From a direct calculation it follows that if us = ul(k), then

a; = (eo +e1F(uy) + 62F2(U1)) / (4(30s3 ul) )

ep = cos®ur V' 1 — k2 sin? ug (1 — k2 (1 — cos? ul)) ,
e1 = —2k? cosuy sinwug (1 — (4 — 5cos? u; + cos’ u1) + (5 — cos? ul) k* sin* u; — 2k% sin® u1),

3
€9 = sin® ug (1 — k% sin? ul) 2 (1 —k? (1 — cos? ul)) .

To estimate the sign of the function a1, notice first that u; = ul € (g, 37“), and therefore cos® u; < 0.

Further, we analyze the sign of the quadratic trinomial h(z) = ey + €1z + e222. Its discriminant is

equal to

D= e% — 4eges = —16k% sin* uy cos* uy (1 — k2 sin? u1)4;
therefore, D < 0 for k # ko. We have h(z) > 0 for k # ko because ep > 0, and therefore a; < 0. O

Lemma 10. (1) Let k € (0,1), u1 = ul(k), x € [0,1); then sgn J; = sgn fo, (7, k) = sgn(2E(k) —
K(k)), i.e., J1 >0 for k € (0,ko), J1 =0 if k = ko, and J1 <0 for k € (ko,1).
(2) If k€ (0,1), uy = ul(k), z =1, then J; = 0.
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Proof. From equalities (22), (23), (21) we get for uy = ul(k), i.e., if fo,(u1,k) = 0:

dy =0,
d2 = _d07
Jy=do(1 — z) = aysinul(k)(1 — z). (29)

It is shown in [12] that the function sinul(k) = snpl(k) is negative for k € (0, ko), is equal to zero if k =
ko, and is positive for k € (ko, 1). Thus, for z € [0, 1), the equality sgn J; = — sgn ar-sgn(2E(k)—K(k))
holds. To finish the proof of item (1) of the lemma we use Lemma 9: for u = ul(k), k # ko the function
ay is negative. Also, for k = ko, u = ul(ko = 7) we have J; = 2E(ko) — K (ko) = 0.

Item (2) of the lemma follows from (29). O

4.5. Global bounds of conjugate time in the subdomain C;. We prove estimate (12) and get
the upper bound for the first conjugate time in this subsection.

Theorem 4. If A € Cy, then tl (A) > thax(N).

conj
Proof. Let A = (p,k,a=1) € C1.
(1) Suppose k € (0, ko). It is required to show that tconJ(A) > 4K (k).
(1.1) Let sn(p, k) # 0. Consider the family of extremal trajectories
¢*(t) = Exp(\°,t), te€[0,t]], s € (0,ko),
A= (' k% a=1) ey,
k*=s, = F(am(p,k),s), t]=4K(s).

For any trajectory from this family

2
= sin? (am (¢*, k%)) = sin® (am(y, k)) = sn?(p, k) # 0,

S
2® = sin? u§ = sn?7° = sn (cp + > = sn? (p° + 2K (k°), k*) = sn? (p°, k°) =

therefore, from Lemma 8 J; (uf,z*, k*) < 0. Namely the endpoint of a trajectory ¢°(¢{), s € (0, ko), i

Bl

not a conjugate point. According to Corollary 1, there exists ke (0, k), such that the trajectory ¢" (¢ )
(0 t ] does not contain conjugate pomts We apply Theorem 3 to the family of the trajectories ¢*(t),
s € [k, k] and see that the trajectory ¢¥(t), t € (0, t}], has no conjugate points, i. e., t'_.(\) > 4K (k).

(1.2) Let sn(p, k) = 0. Consider the family of trajectories e
¢® =Exp(\%,t), tel0,t]], se€(0,¢),
A= (k% a=1) ey,
E=s, ¢ =p+s, t]=4K(s),
where £ > 0 is a sufficiently small number, such that sn(p+s, k) # 0 for s € (0,¢]. For the trajectories

of this family, we have

S

t
% = sn (gps—l— 21> :an(go—l—s,k) #0, s€(0,¢,

uf =,

therefore, according to item (1.1) of this theorem, trajectories ¢*(t), t € (0,¢;], s € (0,¢], have no
conjugate points. Take any ¢; € (0,4K(k)). Since conjugate times are isolated from each other, it
follows that there exists to € (t1,4K (k)) that is not a conjugate time along the trajectory ¢"(¢). Thus
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the instant ¢, is not a conjugate time for all trajectories of the family ¢°(t), s € [0,¢]. Using Theorem 3,
we see that the trajectory ¢°(t), t € (0,t2] has no conjugate points. Therefore the instant t1 is not
a conjugate time. Since t; € (0,4K(k)), we obtain the required inequality tconJ(A) > 4K (k). Note
that the equality is attained in this case: from Lemma 8 it follows that Ji(u1, z, k) = 0, and therefore
£ () = 4K (k).

(2) Suppose that k = ky. Take any ¢t; € (0,4K (ko)) and any ty € (t1,4K(kp)), which is not a
conjugate time for the trajectory Exp(A,t). Applying Theorem 3 to the family

¢’ = Exp(\®)t), tel0,t]], sé€(-¢0),
M= (¢ k% a=1) ey,
B =kts, ¢ =¢, 1=t

where € > 0 is sufficiently small as in item (1.2) of this proof, we see that t._.(\) > 4K (kg). According

to Lemma 8, tgonj()\) = 4K (ko).

(3) Suppose that k € (ko,1). We claim that for any = € [0,1] the set {(uy,k)|Ji(u1,z, k) =0} is
contained between the curves u; = m and u; = ul(k) in a neighborhood of (uj,k) = (7, ko); it can
easily be checked that these clurves are smooth and meet at the point (uj, k) = (m, ko) at the right

angle, i.e., ul(kg) = 7 and %(ko) = oo. At the point (uj, k) = (7, ko) we have the following Taylor

conj (

‘ dk
expansion:
S8E3(k
Ji(up,z k) = —4F%*(ko)(m —u1) 4+ x [—(O)Q(k — ko) + 4E? (ko) (7 — uy)
ko(1 — k2)
8k
+x2ﬁE3(k50)(k: — ko) + O((k — ko)? + (7 — w)?).
- M
Thus we get
r#1 = 0% = 4F%(ko)(z — 1) # 0,
Ouy ur=m,k=kyg
3
v=1 = N 8E(k0)7é0
8k uy=m,k=ko

Therefore for any = € [0, 1] the equation Ji(u1,x, k) = 0 defines a smooth curve in a neighborhood of
the point (u1, k) = (7, ko). From Lemmas 8 and 10 it follows that for any = € [0,1], k € (0,1) there
exists u; € [r,ul(k)] such that Jl(ul,x k) = 0. Therefore the curve {J; = 0} is contained between
the curves {u1 =7} and {u; = ul(k)} near the point (u1, k) = (7, ko). Hence for any z € [0,1] there
exists a neighborhood of the pomt (u1,k) = (m, ko), which satisfies the inequality Jy(u1,x, k) # 0 for
ur < min(r, ul(k)) = ulgpy (8).

(3.1) Let sn%(p + pl(k), k) # 1. For x = sn? (gp + tll‘/‘%) =sn?(¢ + pL(k)), in a neighborhood O of
the point (u1, k) = (7, ko) the function Jy(u1,z, k) does not vanish for k > ko, u; < ul(k). Applying
Theorem 3 to the family of trajectories

¢*(t) = BExp(\',t), te€[0,5], s € [ko,kl
A= (k% a=1) ey,
B =s, ¢ =F(am(e+pl(k),k),s),
= 2F (u (k), s),
we see that the trajectory (j(t) =gq ( ) = Exp(\,t), A = AF = (@ k,a=1),te(0,d], ; = tl, has no
conjugate points.
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Finally, applying Theorem 3 to the family

¢’(t) = Exp(A\°,t), te€[0,t]], se€ [k k|,
A= (¢° k%, a=1) € Cy,

k=5, ¢°=F(am(p +p;(k), k), s),

T =2pi(s),

we see that the trajectory ¢*(t) = Exp(\,t), t € [0,t;ax(A)] has no conjugate points, Q.E.D.
(3.2) In the case sn?(¢ + pl(k), k) = 1, the proof of t!__.(\) > 2pl(k) is obtained as in item (1.2).

conj

The theorem is completely proved. O

Remark 1. The lower bound in estimate of conjugate time (12) is attained. From Lemmas 8 and 10
and Theorem 4 we get

ke (0,ky), sinp=0, a=1 = t! i(\) =4K(k) = 7511\/IAX()\)7

conj

k= k‘o, a=1 = tl ()\) = 4K(k0) = tMAX()‘)7

conj

ke (k(]v 1)7 SiHQ(QO +pz(k)) - 17 a=1 = t:clonJ(A) - 2]?;(]{) = tll\/[AX()‘)

In addition to the lower bound from Theorem 4, we get the upper bound of the first conjugate time
in terms of the second Maxwell time

tirax(A) = max(2p,4K) /o, A€ Cy.
For @ = 1 we obtain

ke (k) = #ax(A)=2p:(k),

k=ky = ax(A\) = 2p;(ko) = 4K (o),

ke (k1) = tax(A) =4K(k).
Proposition 2. If A € Cy, then t! .(\) < t3,x(N).

conj

Proof. Let A = (¢, k,a) € C1. Also, in the proof of the lower bound of conjugate time we can assume
that a = 1.

If k € (0, ko), then for any x € [0, 1] we have Ji (7, z,k) <0 (see Lemma 8) and J;(ul(k),z, k) >0
(see Lemma 10), i.e., the function Ji(u1,x, k) changes sign in the segment u; € [, ul(k)]. Therefore,
the corresponding segment ¢ € [4K (k), 2pL (k)] = [tiiax(N), t3gax (A)] contains the first conjugate time.

If £ = ko, then for any = € [0,1] we get Ji(m, x, ko) = 0 (see Lemma 8), and thus téom()\) =
4K (ko) = tyax (M) = tiax (M-

Finally, if k& > ko, then for any x € [0,1] J(ul(k),z,k) < 0 (see Lemma 10), J; (7, z, k) > 0 (see
Lemma 8); therefore . .(\) € [2pL(k),4K (k)] = [tMAX()\),tﬁ/IAX()\)]. O

conj

Remark 2. One should not think that the segment [thiax (N, tiax (A)] contains exactly one conjugate
time. Computational experiments in the system Mathematica show that for ¢ =0 and k € (0,999; 1)
this segment contains two conjugate times.

5. Estimate of Conjugate Time for A € (5

The aim of this section is to prove estimate (12) in the domain Cy for a = 1: t(l:onj()\) > 2Kk,

A € Cy. Using parameterization of extremal trajectories [5] for A = (¢, k, ) € Cy, as well as in the
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domain C7, we get the expression of the Jacobian J = % for a = 1:

J=R-Ji,
32
R=— 0,
k(1 — k2)(1 — k2 sin® uy sin® ug)2 7

Ji=dy+ds sin® Uo + dy sin? u2,

u; = am(p, k), wug =am(r,k),
t 20 +
2k 2k
1
do =7 sinuy cos u1 (4% (uy) sin(2u1) — 4(1 — k?) cos(2u1) V' 1 — k? sin® uy F?(uy)

p:

+ (8 — 8k + k* + k(2 — k?) cos(2u1)) sin(2u1 ) F(u1) + 2(2 — 3k? + k*) sin(2u1) F3(up)
+ 2k2msin2(2u1) + 2E2(u1)(6 cos(2u1)m - (2- k2) sin(2uy)
X F(u1)) — E(u1)(4(2 — k%) cos(2u1) V1 — k2 sin® uy F(uy) + 2(4 — 2k?
+ 3k? cos(2uq)) sin 2uy + 4(1 — k?) sin(2uy) F2(uy),

do = — 2k2(1 — kg) cosuy sin® uy\/1 — k2 sin? u1F2(u1) — 2k* cos® uq sin® ulm
—2(1 — k%sin® up) B3 (u1) — (2 — 3K% + k) (1 — E? sin? uy) F3(u)
+ E%(u1)(6k? cosug sin® u1v/1 — k2sin® ug + (2 — k%)(1 — k% sint uy ) F(uy))
+ E(up)(k? cos® uy sin® uy (4 — 3k* + 3k? cos(2uy))
— 2k?(2 — k) cosuy sin® ug /1 — k2 sin® uy F(ug) + 2(1 — k)(1 — k? sin® uy) F2(u))
- §k2(8 — 8% 4 Kkt + k(2 — k%) cos(2uy)) sin® (2u1 ) F (uy),

dy =2(1 — k? sin® ul)E3(u1) — Ez(ul)(3k2 cos uq sin ul\/m

1
+ (2 - k) — k?sin® uy) F(up) + Z(l — k) F?(u1)(2(2 — k) (2 — k2 + k% cos(2u1)) F(uy)
1
+ 2k*\/1 — k2 sin® uy sin 2up) + Z]E(ul)(élk:4 cos? uy sin® uy

—8(1 — k*)(1 — E?sin® up) F%(uy) + 2k%(2 — k%) sin(2u1) V1 — k2 sin? ug F (uy)).

5.1. Conjugate time as k — 0. The asymptotics of the function J; as kK — 0 has the form

8
8 2
1024J1 (u1,x) + o(k%), T = sin” us, (30)

JP (1, ) = dy(ur) + d3(ur)z + dg(u)z?,

J1(uy, x, k) =

1
up) = g cosu1 sinu ((—48ui — 3) cos(2uy) + 3 cos(6u1) + (42u; — 64uf) sin(2uy) + 2uy sin(6uy)),
uy) = —d(u1) = —(sin(4uy) — 4uy) (4u? + sin(4ug)ug + cos(duy) — 1).

First, we prove several auxiliary lemmas that give an estimate of the functions d?.

Lemma 11. The function fi(u1) = 8u1 + 4uy cos(4uy) — 3sinuy > 0 on the interval uy € (0, ).
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Proof. We show that the function g(u;) = 2 + cos(4uq) is a comparison function for fi(u1) on the
interval uy € (0, §). The inequality fi(u1) # 0 follows from the expansion

filuy) = 21—556115 + 0(u5).

Note that g(uq) > 0 for any uy. Finally we get the equalities
/ .4
1 2 2
() _ tostm) 230y
g(u1) (2 + cos(4u1)) g(ur) 45

So g(up) is a comparison function for fi(up); thus it follows from Lemma 2 that fi(u1) > 0 for
Uy € (0, g) ]

Lemma 12. The function fa(u1) = —1+4uf + cos(4u1) + uq sin(4u1) > 0 on the interval uy € (0, %).

Proof. Let us show that the function g(u;) = 4u; + sin(4u;) is a comparison function for fo(u1) on
the interval u; € (0,%). The inequality fo(u1) # 0 follows from the expansion fo(u1) = 22215 4 o(uF).
If u; > 0, then w; +sinu; > 0, and therefore g(u1) > 0 for u; € (0, 7). Finally we have the equalities

fa(ur) ,_ (—4uy + sin(4u1))?  fo(u) 16 4 s
<g(m)> = fem{@u)Z glay)  ast1 ot

So g(uq) is a comparison function for fo(u), and thus it follows from Lemma 2 that fo(u;) > 0 for
Uy € (O, g) ]

Lemma 13. Ifu; € (0,5), then the function
1
dy(uy) = g cosu1 sinuy ((—48ui — 3) cos(2u1) + (42ug — 64u?) sin(2u1 ) + 3 cos(6uq) + 2uq sin(6ur)) > 0.

Proof. We now prove that the function g(u;) = 4uj+sin(4u; ) is a comparison function for dj(u;) on the
interval u; € (0,%). The inequality dfj(u;) # 0 follows from the expansion df)(u) = %uu + o(ull).
If uy € (0,%), then g(u1) > 0. In the equation

dg(u1) ,_ 1
(9(U1) > ~ 8ud cos? uy sin®uy fi(ur) fa(ur),

we note that fi(u1) = 8uy + 4uy cos(4uy) — 3sin(4uy) > 0 on the interval u; € (0, 5) (see Lemma 11)
and fo(u1) = —1 + 4uf + cos(4uy) + uy sin(4uy) > 0 on the interval u; € (0,%) (see Lemma 12).
Meanwhile

dJ(u1) 4096 - 7
() 1705 + o(uy).
So g(u1) is a comparison function for d3(u;), and therefore it follows from Lemma 2 that d3(u;) > 0

for u; € (0, 5). O

Now we estimate the function JJ.
Lemma 14. For any uy € (0,%), x € [0,1] the inequality J{ (u1,z) > 0 holds.

Proof. 1t follows from Lemma 13 that J{(u1,0) = J{ (u1,1) = d(u1) > 0 for all uy € (0,%). Further,
it follows from Lemma 12 that df(u;) = %(sin(élul) — 4uy) fa(ur) < 0 for up € (0,%). Therefore the
statement of this lemma follows from Lemma 3. ]
Proposition 3. There exists k € (0,1), such that for any k € (0,k), wy € (0,3), = € [0,1], the
inequality Jy(ui,x, k) > 0 holds.
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Proof. This proposition is proved in exactly the same way as Proposition 1, with the use of Lemma 14,
expansions (30), and the following expansions:

4
S= gt + otk + 1—35/9%195 +o(kujz) - ﬁkgulx +o(K*uiz®), K +uf =0,

Ji =2k (2 —wi) +o (K (5 —w)) + EkSz +o(kSx) —
3 2
T 8.2 8 2 2y (7_ )
f512k‘ x“ 4+ o(k°z%), k 5 ) = 0.
O

From Proposition 3 we get the following statement in the variables (t, ¢, k).

Corollary 2. There exists k € (0,1) such that for any k € (0,k), ¢ € R, the trajectory Exp(\,t),
A= (g, k,a) € Ca, t € (0,t3;ax(N)), does not contain conjugate points.

5.2. Conjugate time for ¢t = t};,. The instant of time ¢i;,x(A\) = 2Kk corresponds to the value
of the variable u; = 5. We have

i (gxk:) = diz+d a2, (31)
di = —di = 1= g.(K, k) fa(k), (32)
9:(p. k) = (K* —2)p+2E(p)) dnp — k*snpenp, (33)

fa(k) = E*(k) — (1 — kK*) K (k). (34)

In the paper [12] it was proved that g.(p, k) < 0 for any p > 0, k € (0, 1); therefore ¢.(K, k) <0
Lemma 15. The function fi(k) = E*(k) + (k* — 1)K (k) > 0 on the interval k € (0,1).

Proof. We show that the function g(k) = 1 — k? is a comparison function for f4(k) on the interval
k € (0,1). The inequality f4(k) # 0 follows from the expansion fy(k) = g—;k"l + o(k*). Note that
g(k) > 0 for k € (0,1). Finally, we have the equalities

<f4(/<>)>’ _ 2Bk + (K~ D)
a(k) R(k2 — 12

nd 220 _ T + o(kY).

So g(k) is a comparison function for fy(k), and thus it follows from

g(k)
Lemma 2 that f4(k) > 0 for k € (0,1). O
Lemma 16. (1) Ifk: E (0 1), u € (0,1), then J; > 0.
(2) If ke (0,1), u , x € {0, 1} then J1 =0.
Proof. 1t follows from formula (31)-(34), inequality g,(K, k) < 0, and Lemma 15. O

5.3. Global bounds of conjugate time.

Theorem 5. If A € Ca, then tl (\) > tiax (V).

conj

Proof. This theorem is proved in exactly the same way as Theorem 4 based on the homotopy invariance
of the index of the second variation (the number of conjugate points); see Theorem 3. The last theorem
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is applied to the family of extremal trajectories
¢*(t) = Exp(\®,t), tel0,t]], selk k],
A= (% k%, a=1) € Cy,

¥/2
o’ =sF (am (4,0-1';1/7k> ,s) —t31/2,

K =s, t8=2K(s)s, ke(0k).
O
Remark 3. It follows from Lemma 16 that the lower bound from Theorem 5 is attained: if ¢ = Kkn,
n € 7Z, thentl .(\) = 2Kk, A= (p,k,a=1) € Cs.

conj

Remark 4. Using the homotopy invariance of the index of the second variation, we can prove the
upper bound of conjugate time:

feonj(V) < Biax(V), A€ s,
tiiax(\) = 4kK, X € Co.
Note that the segment [tiax (M), 2iax (N)] contains ezactly two conjugate times (with account of mul-
tiplicity).
6. Estimate of Conjugate Time for )\ € (3

Theorem 6. If A € C3, then the extremal trajectory Exp(\,t), t € (0,+00), does not contain conju-
gate points.

Proof. Let A = (p,k =1,a = 1) € C5 and t; > 0. We show that the trajectory Exp(A,t), t € (0,t4],
has no conjugate points. Choose a time to > t; that is not a conjugate time. There exists k1 € (0, 1),
such that k1 K (k1) > 2t3. According to Theorem 5, all trajectories

¢°(t) = Exp(A\%,t), te€(0,t]], sé€ ki),
A= (p° k%, a=1) € Cy,
1
=9, k=s, t]= §K(S)S’
have no conjugate points. Applying Theorem 3 to the family of trajectories ¢*(t), t € (0,t2], s € [k1, 1],
we conclude that the trajectory ¢!(t) = Exp(\,t), t € (0,t2], does not contain conjugate points. [
7. Estimate of Conjugate Time for A € U_,C;

7
If A € | Cj, then the conjugate time (and cut time) can be located by projecting the original
i=4
problem (1)—(3) into simpler problems of a lower dimension using the following proposition.

Proposition 4. Let us consider two optimal control problems:
¢'=f(¢"\u), ¢eM, uel,
¢'(0) = a5, ¢'(t1) =i,

t1
J = /@(u) dt — min,
1=1,2.
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Suppose that there exists a smooth map G : M* — M?, such that if ¢*(t) is the trajectory of the first
system corresponding to a control u(t), then ¢*(t) = G(q*(t)) is the trajectory of the second system
with the same control.

Further assume that ¢*(t) and ¢*(t) are such trajectories. If q*(t) is locally (globally) optimal for
the second problem, then q'(t) is locally (globally) optimal for the first problem.

Proof. Assume the converse. Suppose ¢*(t) is optimal and ¢!(¢) is not optimal. Then for the first
problem there exists a trajectory ¢'(t), such that the value of the functional J for this trajectory is
less than for ¢!(¢). So the value of J is less on the trajectory ¢*(t) = G(G'(t)) than on ¢?(t). This
contradiction proves the proposition. O

Theorem 7. (1) If A€ CyUCsUCy, then t(ljonj(/\) = teut(N) = +00 = tiax(N).
(2) If A€ Cs, then tl,,5(A) > teur(A) = typax (M)

Proof. (1) Consider the mapping
G:Ryy ., = R (9, 2,0) = (2,9),

x’y?'z’v z7y’

and the Riemannian problem in the Euclidean plane Rf/,,y:

T=wuy, Y=ug, (ﬂ?,y)(O) = (l’o,yo)» (xvy)(tl) = (‘/Elayl)v (35)

t1
l:/wu%+u%dt—>min. (36)
0

The mapping G sends trajectories of system (1), (2) to trajectories of (35), with the same control.
Let A € C4 UC5 U Cr, and let Exp(A,t) = (24, Yt, 2t,v¢). As was shown in [5], the curve (x4, y)
is a straight line. Since straight lines (z4,y:), t € [0,400), are globally optimal for the Riemannian
problem on R?, then, by Proposition 4, the trajectories (x¢, y, z¢,v¢), t € [0, +00), are globally optimal
for the sub-Riemannian problem on the Engel group.
(2) The mapping
G: Ri,y,z,v - Ri,y,zv (‘T’y7 Z,’U) = ($,y, Z),

sends trajectories of system (1), (2) to trajectories of the sub-Riemannian problem on the Heisenberg

group Rijyyzz
i':Uh Q:U2a z= _%ul+gu2, (37)
(.fC,y, Z)(O) = (x())yOaZO)? (a:,y,z)(h) = (xlvthl)a (38)

t1
l:/\/u%+u§dt—>min. (39)
0

Let A € Cg, and let Exp(A,t) = (24, y¢, 2, v¢). As was shown in [5],

cos(ct + 6) — cos sin(ct 4+ 6) — sin 6 ct — sin(ct)
Tt = c Yt = c y At = T 92

It is well known that the curve (zy,yq, ;) is globally optimal for problem (37)—(39) at the segment
t € [0,27/|cl|], i-e., up to the first turn of the circle (x¢,y:) (see, e.g., [6]).
It follows from Proposition 4 that t:;onj()\) > teut(A) > %r = tll\/[AX(/\) for A € Cg. By Theorem 1, we

have t,,i(A) > teu(N) < 25 = tyax(A) for A € . O

Remark 5. Passing to the limit o« — 0, k — 0, it can be shown that for A = (0,c,a) € Cg, 0 = a = 0,
the equality !, .(\) = 2% =t} (\) holds. But for X € Cg this equality does not hold in the general

conj |
case.
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8. Conclusion

Theorem 2 follows from Theorems 4, 5, 6, 7.

Using the estimate of cut time obtained in the work [5] (Theorem 1) and the estimate of conjugate
time proved in this work (Theorem 2), we can get a description of the global structure of the exponential
map in the sub-Riemannian problem on the Engel group. So we can reduce this problem to solving a
system of algebraic equations. This will be the subject of another paper.

The method for estimating the conjugate time used in this paper was successfully applied earlier
to Euler’s elastic problem [8] and the sub-Riemannian problem on the group of rototranslations [13].
There is no doubt that this method is also valid for the nilpotent sub-Riemannian problem with the
growth vector (2,3,5) [9-12].

The method can be used for other invariant sub-Riemannian problems on low-dimensional Lie groups
integrable in non-elementary functions. The first natural step in this direction is investigation of the
invariant sub-Riemannian problem on 3D Lie groups classified by A. A. Agrachev and D. Barilari [2].
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