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PREFACE

In 1903, in relation to the summation method for power series, Swedish mathematician Mittag-
Leffler [16] introduced the new entire function
0 Zn

E 2) = E -, > 0,

which is now called the Mittag-LefHer function.

The appearance of this new function did not go unnoticed. It is remarkable that already in first
related publications, many authors were interested in the distribution of its zeros (roots). So, Wiman
(see [44]) proved that for p > 2, all zeros are real, negative, and simple. Later, Pélya (see [21]) by a
different method reproved this fact for the case 2 < p € N.

Later, the function E;/,(2) won new positions in the theory of functions. Along with this, its
definition was modified and generalized by introduction of an additional parameter p:

o Zn
E, (z;pn) = _— : 1
A0 =D Ty P70 #EC @

we also call this function the Mittag-Leffler function; obviously, E/,(2) = E,(z;1). In the literature,
we encounter other names and the notation E,(z; u1); for example, the notation E /,(2; p) and Ey /, ,,(2)
and the terms “generalized Mittag-Leffler function” and “Mittag-Leffler-type” are used. In the present
work, the function E,(z;1) = Ey/,(2) is called the classical Mittag-Leffler function.

In our country, interest in the function E,(z; ) was considerably stimulated by the monograph [6]
of Dzhrbashyan. We use the notation (1) introduced by Dzhrbashyan.

Definition (1) immediately implies the formulas

Ei(z;1) =€, Ey(z;—m) = 2"Tle?, meZy, (2)
Ej/9(z;1) = cosh v/z, Ey/o(z;—(2m — 1)) = 2™ cosh/z, m €N,

inh
Bip(s2) = SBVE) g —2m) = 2 sinh vz, me 2y,

\/2
Ei(z;¢) = (W, c¢ -7y, (3)

where ®(a,c;z) = Fi(a,c; z) is the confluent hypergeometric function. These formulas once more
indicate the breadth of the class of entire function (1).
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In the sequel, we will see that the function E,(z; 1), except for the cases (2), has an infinite set of
Zeros.

One of the important directions related to functions (1) is the theory of Fourier-Laplace-type
integral transforms with Mittag-Leffler kernels. A certain hint on the possibility of construction of
such transforms is contained in the first of formulas (2). The conceptual analytical part of the theory
is based on asymptotic estimates of functions (1). The current state of this theory is represented in
the most complete form in [6].

Recently, the scope of applications of the function E,(z;p) has been substantially extended. For
example, this function is extensively used in the theory of random processes; we indicate here only
the (most typical) papers [1, 5].

The problem on the distribution of zeros of Mittag-Leffler functions is central to the theory. Studies
in this direction stem from the vastness of the class of entire functions (1), which have a remarkable
asymptotic behavior. It is important that the need for this activity is supported by different aspects
of spectral theory, theory of inverse problems, and approximation theory. Let us discuss this briefly.

The most active “consumer” (one can even say “customer”) of the theory of distribution of zeros of
functions (1) is the branch of spectral theory where the differential operators with fractional derivatives
are considered. This is discussed in detail in the paper [17] of Nakhushev, where the problem of the
number of of real roots of function E,(z; i) for p > 1/2 and real p is discussed.

An interesting connection between inverse problems of special type and distribution of zeros of
the function E,(z;pu) for certain values of parameters p and p was established by Tikhonov [41]
whose reports on a special seminar at the mechanical-mathematical department of the Moscow State
University influenced our investigations in this direction.

The second author constructed for the first time, for all 1 < p < oo, systems of exponents e
simultaneously complete and minimal in the spaces LP on the line with rapidly decreasing weight
(cf. [34]). Under certain conditions on weights, the indices \,, of the systems are described as sequences
of zeros of functions (1) (with parameters depending on weights).

Thus, apart from the evident independent importance, the theory of distribution of zeros of Mittag-
Leffler-type functions is quite representatively motivated by important applications in analysis. Our
goal consists in representing the contemporary state of this theory.

In its development, apart form the mentioned authors (see [21, 44]), many mathematicians partici-
pated: Dzhrbashyan and Nersesyan [6] Ostrovsky and Peresyolkova [19]), Pskhu [26], and others. The
authors of the present work have made their own contribution to the problem.

Basically, we consider here the following sequence of problems:

IART
)

e asymptotic behavior of zeros of Mittag-Leffler functions and a consistent method of enumerating
all zeros;

o the number of real zeros of functions (1) for u € R;

e the problem, originally considered by Wiman, of describing the set of parameters (p, ), 0 < p <
1/2, such that all zeros of the functions E,(z; i) are real, negative, and simple, and localization
of zeros;

e the so-called nonasymptotic properties of zeros, for example, their distribution in a given angle,
the multiplicity problem of zeros.

Moreover, we study distributions of zeros of some other entire functions, which are close to functions
(1) in the appropriate sense, namely, the confluent hypergeometric function ®(a, c; z) (see formula (3))
and the Laplace transforms of compactly supported monotonic functions (the indicated closeness con-
sists of the possibility of representing the function F4(z; ) for certain values of y as such a transform).

Chapters 1, 3, and 6 are written by A. Yu. Popov, and Chaps. 2, 4, and 5 by A. M. Sedletskii.
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CHAPTER 1

INTEGRAL REPRESENTATIONS, ASYMPTOTICS,
AND ESTIMATION OF MITTAG-LEFFLER FUNCTIONS

In Chap. 1, we present theorems on complete asymptotic expansions of the functions F,(z;u) as
z — 00. Proofs of these theorems are based on integral representations of Mittag-Leffler functions.
We start with these integral representations. We follow [6, Chap. 3] and [7, Chap. 1, Sec. 5 and
Chap. 4, Sec. 4]. Note that in [7], only the classical Mittag-Leffler function was considered. In
theorems on asymptotics of E,(z; ), we repair errors and drawbacks of [6, 7] and present a more
detailed analysis. A characteristic feature of our theorems on asymptotics of Mittag-Leffler functions
is an explicit estimate of the remainder (without O-symbol), which is valid not only for “sufficiently
large” |z| but for all z # 0 (occasionally for |z| > 2).

1.1. Integral Representations of the Mittag-Leffler function
We denote by (0, a1, as), where 0 > 0, a1 < 0, and ag > 0, the contour
P={C=re” r>0 pcR}
on the Riemann surface of the argument (it is usually called the Hankel loop) oriented towards the

non-decreasing argument Arg( and consisting of the following parts:

(1) the ray Arg¢ = a1, || > o,
(2) the arc |¢| =0, a1 < Arg( < ag,
(3) the ray Arg( = ag, [(| > 0.

Theorem 1.1.1. Foranyp >0, u€C, 2z € C, 0 > |2|?, a1 € (=37/2,—7/2), and as € (7/2,37/2)
the following relation holds:

1 p—nel g
Eplzm) = 5 / ggwizg (1.1.1)

v(o,01,02)

Remark 1.1.1. If Rep > 0, then, by the convergence of the corresponding improper integrals, for-
mula (1.1.1) is valid also for oy = —7/2, a1 = —37/2, e = /2, ag = 3w /2.

Before proving the theorem, we recall the following Hankel lemma.

Lemma 1.1.1. For any o > 0, oy € (—37/2,—7/2), and as € (7/2,37/2), the following identity
holds:

= _— / ¢(%eSd¢, seC. (1.1.2)
v(o,a1,02)

Proof. First, we note that integral (1.1.2) is independent of the numbers o, a1, and s in the boundaries
specified in the lemma since there are no singularities of the integrand ¢ ~*e¢ on the Riemann surface
B (on the “ordinary” complex plane, for the principal branch of the argument, it is holomorphic on
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C\ (—00,0]) and the exponent decreases sufficiently rapidly in the closed angles lying inside the open
domains

3
{(:re ‘r>0 <|<p|<7r}

Here and in the sequel, In(re’?), r > 0, means Inr + ip; following this, we define noninteger powers
of C.
We also note that the integral

¢ dg
7(070517052)
is an entire function of the complex variable s. Indeed, it exists for all s € C and has the derivative
d
/ ey = - / e In ¢ dC. (1.1.3)
s
v(o,a1,02) v(o,01,02)

The last assertions is valid due to the uniform convergence with respect to s on any compact in C
of integral (1.1.3). Therefore, by the uniqueness theorem, is suffices to prove identity (1.1.2) only for
€ (0,1).
We prove (1.1.2) for s € (0,1), a1 = —m, and ag = 7. If s € (0,1), we can pass to o = 0 since

| eeac=o / <71de] | = 0" = 0(1) (o 0+),
I¢|=c
Therefore, for s € (0, 1), the integral

is equal to the difference of the integrals of (~*¢¢ along the lower and upper sides of the cut (—oo0, 0],
where integration is performed from —oo to 0. We obtain

- / e (1) - / e (re ™)~ %d(—r)

+oo
+oo +oo
= i /r_se_re_msdr— /r_se_re_msdr
2mi
0 0
oo TS TS oo
1 o . :
1 / — (e € ) g — sin(7s) / ST g — sm(7rs)F(1 _s). (1.1.4)
m 23 m T
0
Applying the complement formula
sin(ms) 1
= 1.1.5
T [(s)I'(1—s)’ ( )
from (1.1.4) we obtain (1.1.2). The lemma is proved. O
Proof of Theoremuv 1.1.1. By Lemma 1.1.1, for any integer k we have the equality
1 1 “d
B S / cnds (1.1.6)
T(u+k/p) 2mi rtk/p

v(o,a1,02)
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Multiplying relations (1.1.6) by z* and summing over the index k from 0 to N, where N is an arbitrary
natural number, we obtain the relation

N P 1 ¢ (& 2 \"
_— = — — — dc. 1.1.7
St | @ (Z (%) ) ‘ (L7
k=0 k=0
7(0704170‘2)
Now in (1.1.7) we pass to the limit as N — oco. The left-hand side of (1.1.7) converges to E,(z; ).
For any ¢ € v(0, a1, ), the sequence of sums under the sign of integral converges to

(1—2¢V7)t

since |z| < ¢/P < |¢|'/?, and hence the modulus of the common ratio of the geometric progression
(2¢~Y P)* is less than 1. We prove that the following representation holds:

1 €S d¢ 1 ¢PHet d¢
=g | grwmwm | Cares

v(o,a1,02) v(o,a1,02)

This passage must be justified. As is known, the pointwise (and even uniform) convergence of a
sequence of entire function f,(¢) to f({) on a ray ¢ C C does not imply the limit relation

tim [ £,0dc= [ 1. (1.1.8)
l )4

even in the case where the function f is summable on ¢. By the Lebesgue theorem, relation (1.1.8)
is implied by the existence of a common majorant of the sequence {|f({)|}nen, which is summable
on ¢ (see, e.g., [39, Chap. 1]). In our case, we can take the majorant in the following form (here

= 1 +ip2, p1, p2 € R, and ¢(¢) = Arg():

exp(Re () < 2 k_ exp(Re() > ( |2| >k
¢ kZ:OCl/f’ _|C|“1eXP(—M2<P(C))kZ:0 [eRE

_ exp(ReC + map(C)) _ [¢[V/P7+ exp(Re¢ + 3mpa/2)
<l (1= J2l [ ) = e — 1zl ’

It is easy to prove that the majorant on the right-hand side of (1.1.9) is summable on the contour
~ since the exponent of Re( decreases on the rays this contour faster than any negative power of
|| and the denominator of the last fraction in (1.1.9) is separated from zero due to the condition
|z|? < o < |(|. Therefore, the limit in (1.1.7) is valid and the theorem is completely proved. O

(1.1.9)

For some values of the parameters p and u, we need special integral representations for proofs of
“nonasymptotic” theorems on zeros of E,(z; ).
For p>1and p <1+ 1/p, we set

tsinTu — zsinmw(pu —1/p)

-t = 1.1.10
gp(z3t, ) t2 — 2tz cos(m/p) + 22 ( )
e—T(’iu eﬂiu
folzst 1) = 7~ (1.1.11)
+oo
Fytei ) = 2 [ gyttt exp(-19)ie. (1.1.12)
7T
0

It is easy to prove the identity
fo(zit, 1) = 2igp(23t, ).
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Therefore, in addition to (1.1.12), we have the relation
" 2mi

“+o00
Fy(zp) = 2 / Folz,t, )P0 exp(—t°)dt. (1.1.13)
0

If arg z = +m/p, then integrals (1.1.12) and (1.1.13) are understood in the sense of principal value.

Theorem 1.1.2. For p>1 and u < 1+ 1/p, the following representations hold:

E,(z; 1) = Fp(z; ), % < |argz| <, (1.1.14)
) = : P p(1—n) p .
E,(z; 1) = Fp(z; 1) + 5% exp (2°), argz==+—, (1.1.15)
p
E,(z;p1) = Fy(z; 1) + pz"Mexp (2°), |argz| < T (1.1.16)
p
Proof. Setting in formula (1.1.1) ay = —7 and as = 7 and changing the variable by the formula

w = (/P we obtain the relation

P wP1=1) exp(wP)dw
Ey(zp) = 2m/ w— 2 ) ) (1.1.17)
R

where vp = v(R,—7/p,7/p), R > |z|. If we deform the contour yg by letting R tend to zero, then for
|arg z| > 7/p, the singularity of the integrand lies to the left of the contour. Therefore, representation
(1.1.17) is valid for any R > 0, not only for |z| < R, if |argz| > 7/p. The transition in (1.1.17) to
the value R = 0 is possible only if the integrand is summable on the rays argw = +m/p. This holds
if p(1—p) > —1,ie.,if p<1+1/p. If |arg 2| < m/p, then, deforming the contour, we meet a pole at
the point w = z and, having bypassed it, we must add the residue, which is equal to pz”(lf") exp (z°).
Thus, we obtain the representation

p wP(1=H) exp(w)dw T
2771'1' / w— 2 N | arg Z| > ;,
Y0
E,(z;p) = 1.1.18
o(zin) P w1 exp(wP)dw p(1—p) o T ( )
3 p— + pz exp (2°), |arg z| < s
Y0

If argz = iﬁ, then after deformation of the contour the pole falls on vy and we must add half of

p
the residue to the integral by the Sochocki formula.
To complete the proof of theorem 1.1.2 (see (1.1.13)), we need to verify the relation

wP(1=H) exp(wP)dw

w—z

+o00o
/fp(Z;t,u)t”(l‘“) exp(—t”)dtZ/
0

Y0
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i
The contour ~q is the union of the two rays w = texp (:l:ﬂ), 0 <t < +o00. Therefore,
p

/ wP1=1) exp(wP)dw /0 P71 exp (—mi(1 — pu))dt exp (—%)

w—z _m\ _
70 +o00 texp ( P ) z
-1 exp (mi(1 — p))dt exp (%)
+ ,
e
0 texp <7> —z
+o0 . .
L emi(1—p+1/p) mi(p—1-1/p)
= / P oxp (—tP) ‘ dt
™ _ _m\ _
0 texp(p) z texp( p) z
2o —Ti T
- p(1—p) 4P ¢ __°
/t exp (—t”) (ze"ri/ﬂ—t ze’ri/ﬁ—t> dt.
0
Theorem 1.1.2 is proved. O

To examine the behavior of the Mittag-Leffler functions in a neighborhood of the negative part of
the real axis, we need a special formula for E,(z; i), which is useful for p € [2/5,2/3], but we prove it
for p € (1/3,1).

Theorem 1.1.3. For all p € (1/3,1), p € R, and m € Zy, m > pu — 1, the following identity holds
on the right-hand half-plane Re z > 0:

Ep(—zl/p; 1) = 2pztFexp (zcos(mp)) cos (zsin(mp) — mp(u — 1))
k 1 —k/p

+ + Qn(z;p, 1), (1.1.19
kzl iy e, (1119)
where
_1 mzl_;u'
Q25 0, 1) = ()W
1
X [Il,m(Z;p, 1) sin <7T (u - m+>> + Iom(2; p, 1) sin <7T (M - m))] , (1.1.20)
p p
i tm+1)/p—po—2t gt
Lim(z35 0, 1) =

t2/p + 2t1/P cos(m/p) + 1’

—+00

Iym(z;p, 1) = /
0

tm+1)/p—po—2t gy
t1/p 4+ 2cos(w/p) +t=1/r’

Proof. Tt is easy to see that it suffices to verify representation (1.1.19) only for z = z > 0. Indeed, on
both sides of (1.1.19), we have functions that are holomorphic in the open right half-plane. Therefore,
by the uniqueness theorem, they coincide for Re z > 0 if and only if they coincide for (0, 4+00).

We represent the function E,(—2'/?; 1) by formula (1.1.1) setting ag = —7 and ay = 7. We obtain

the relation Y C
1 CHPTHeS dC
ey —
Ep( T a:u) 27i / Cl/P+$1/P’ r <o.
'Y(o'a_ﬂ-vﬂ-)
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Inside the Hankel loops 7(o,—m,7), * < o, the integrand has exactly two simple poles (+ =
xexp(£mip). All other poles lying on the Riemann surface of argument, namely, {zexp(+(2k +
1)mip) }ken, lie strictly outside the loop since p > 1/3. The sum of the residues of the integrand at
the points (1 is equal to

CUp=rel(¢ — zexp(mip)) ¢V/P=1el (¢ — xexp(—mip))

li li
§~>xel)g)l(7rip) C‘l/p +al/p + (> e)g)r(lfwip) Cl/p + zl/p
= (V/pn C‘ . li ¢ — zexp(mip) z exp(mip)
(=zexp(mip) (—zexp(mip) Cl/p + xl/p
vl S zes(omin

¢=zexp(—mip) (—xexp(—mip) Cl/p + /e

= p¢tr C‘ +p¢tT “ec‘ —2pRe(<1_“6<)‘

(=z exp(—mip) (=z exp(mip)

= 2pReexp (xem” + (1 —p)(Inz+ m’p))

{=z exp(mip)

= 2pz! M exp (z cos(mp)) cos (zsin(mp) + (1 — p)mwp). (1.1.21)

Now we integrate along the contour v(¢’, —m,7), 0 < ¢/ < x, having added function (1.1.21) to the
integral:

Ep(—a'/7; p) = 2p"~# exp(a cos(mp) ) cos( sin(mp) + (1 — p)7p)

1/p—p o€
L / ¢ Thends (1.1.22)
2mi ¢l + x1/p
y(o!,—m,m)
We transform the integrand in (1.1.22) by the identity
q < b1 g, (D)™
— = -1 —_— C -1 N. 1.1.23
1+q;()q+1+q,q€,q#,m€ ( )
We see that for any m € N, the fraction
¢l (¢/)e
CUp 4 zle 14 (¢/z)l/r
can be written in the form
1/p m _1)k-1 k/p —1)ym mtd
ﬁ: ( )k/f S ) S (1.1.24)
Gt =1 7 (1+(¢/x)MP)z v

By (1.1.24) we have

1 Cl/P—NeC d¢ k L,.—k/p I
% / Cl//’—i—xl/ﬂ Z / < € d<+Qm(x7pau)7 (1125)

7(0,’_7‘-77‘—) "/(O”,—T{',ﬂ')

where »
—1)ym - R —p Cd
Qm(fv;mu):—( A / ek

L+ (¢/x)tP

’y(o—/ 7_71—771—)

(1.1.26)

The power of ¢ in the numerator of the fraction in integral (1.1.26) is nonnegative owing to the
restriction m > pu — 1 imposed in the theorem. Therefore, we can pass to the value ¢/ = 0. Then the
Hankel loop becomes the negative part of the real axis traversed first from —oo to 0 along the lower
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side of the cut (¢ = re~™) and then from 0 to —oo along the upper side (( = re™). Changing the
variables in the integrals we obtain

Qs ppr) = L

P (et o

x/r e 1+(£)1/pexp<*ﬂ') 1+(£)1/peXp(ﬂ)

p T

Further, setting » = zt, we obtain the relation

+oo
—1)ym 1—p mal
Q5 p, 1) = ()Wx / £ e (1 p, )
0
where
Un(t; p, 1)
1 (1L4¢/r exp(%)) exp (m’ (,u - mTH>) — (1 + tY? exp(—mip)) exp (m' (mTH - u))
2i 1+ 2tY/r cos(/p) + t2/P

i1 252) + s e (o )
_ . (1.1.28
1+ 2t1/p cos(m/p) + t2/p ( )
This immediately implies the representation of the remainder Q,,(z;p, ) in the form proposed in
Theorem 1.1.3. Relations (1.1.22) and (1.1.25) together with Lemma 1.1.1 yield the form of the
principal part of the representation of E,(—z'/#; 11). The theorem is proved. O

1.2. Basic Theorems on Asymptotic Behavior of Mittag-Lefller Functions

In this section, we present basic results on the asymptotic behavior of E,(z; 1) as z — co. We omit
proofs; all assertions of this section are consequences of results obtained in Secs. 1.3-1.5 below.

First, we describe the growth of the modulus maximum of Mittag-LefHler functions in terms of order
and type. Recall that the order of an entire function f(z) is defined as the supremum limit

Inl
(7))
lim sup .

R—o0 InR

(1.2.1)

Proposition 1.2.1. The order of the function E,(z; ) is equal to p. Moreover, the supremum limit
in (1.2.1) can be replaced by the ordinary limit.

A more subtle characteristic of the growth is the type under the order p:

i (e 1762

<R

lim sup

o = (1.2.2)
— 00

Proposition 1.2.2. The type under the order p of the function E,(z;u) is equal to 1 for any p € C,
and the supremum limit in (1.2.2) can be replaced by the ordinary limit.

Propositions 1.2.1 and 1.2.2 are trivial consequences of formulas that express the order and type of
an entire function by the coefficients of its Taylor series (see [14, Chap. 7, Sec. 12]).
We formulate a less obvious result.
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Proposition 1.2.3. For any p > 0 and p € C, the following asymptotics holds:

In <|H|1ax B, (2 u)\) = R + O(In R).

The constant in O depends on p and p.

The behavior of an p-order entire function of normal type! on rays in the complex plane is charac-
terized by the growth indicatrix:

Hy(f,0) =

Proposition 1.2.4. For any p € C, the following relations hold:

In|f(Re”)|

R—>+oo Rr , Tm<fs=m

1
H,(E,(z;1),0) =cos(pf), —m<O0<m 0<p< 2

cos(pd), |0 < -

1
Hy(Ey(z;p),0) = 2 - <p.
0, <0 < 7T,
2p

The exception in the last relation is the pairs of parameters p=1, p € Z, u < 1. Then
Ey(zp) = 217He*, H(0) =cosh, —mw<6<m.

Propositions 1.2.3 and 1.2.4 can be easily obtained from the following two theorems on the complete
asymptotic expansion of Mittag-Leffler functions. In the sequel, in the definition of noninteger powers
of z in the complex plane (not on the Riemann surface B!) we choose the principal branch of the
argument: arg(re®®) =0, -7t <0 <7, r > 0.

Theorem 1.2.1. For any p > 1/2, p € C, and m € N, the following asymptotics hold.
If | arg z| < min(, E), then
p

By(z; ) = p2"1 M exp(2F) — er e k/ +0(27™ ) (1.2.3)
as z — oo. -
If p>1 and — < |arg z| <, then
p
m Z_
- — 4 O(|]z™ ! 1.24
> sy O™ (12.4)

as z — Q.

Remark 1.2.1. For p € (1/2,1], formula (1.2.3) is valid for | arg z| < 7, i.e., on the whole plane. The
first term has a discontinuity on the ray (—oo,0)m but this does not lead to a contradiction since in

T
any angle o < |argz| < 7, a > 25 the modulus of the function pz?(!~#) exp(z”) tends to zero (as
r — +00) faster than any negative power of r. In particular, on the negative part of the real axis, for

any p > 1/2 and p € C, we have the relation

m Z_k

4O, zeR, z— —c. 1.2.5
> iz O (1.25)

Ey(zp) = —

! This means “of finite and positive type under the order p.”
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Theorem 1.2.2. For any p < 1/2, p € C, and m € N, the following asymptotics holds:

Ep(z; N) = Z (zp€2m'np)lf,u exp(zpeQﬂ'inp)
| arg z+27m|§i—7;

_ - z —-m—1
Z:: e +O(J2| ), z—o00. (1.2.6)

We discuss Theorems 1.2.1 and 1.2.2.

Theorem 1.2.1 is an improvement of a well-known result of Dzhrbashyan (see [6, Chap. 3, p. 134]).
Dzhrbashyan proved asymptotics (1.2.3) in the angles |arg z| < «, where « is an arbitrary number
from the interval (7/(2p), min(7w/p,)); in the complements of these angles, asymptotics (1.2.4) is
valid. It is unclear why Dzhrbashyan did not consider the value o = w/p. We set

a = min <7r, 7;) (1.2.7)

and thus exclude from the statement of the theorem an unnecessary parameter. However, a thoughtful
reader can ask why the value of « chosen in (1.2.7) is better than, say, ay = min(m,37/(4p)). Only
the remainder of the asymptotics depends on the choice of . In Theorems 1.4.1-1.5.1, we give an
explicit estimate of this remainder (without O-symbols). If anyone, having taken a different setting of
the parameter «, gets a better estimate, we accept his/her choice of a as more successful. Meanwhile,
we are of the opinion that formula (1.2.7) is the most reasonable.

Theorem 1.2.2 is a correction of an erroneous result of Nersesyan [6, Lemma 3.6, p. 137]. This result
is as follows: If0 < p < 1/2, then for any integer m > 1, the following asymptotic formula as |z| — oo
holds:

—k

Byzip)=p 3. (PeXT0) Hexp(s0eT0 Z'Zi O(:"Y;  (128)
=1

\argz+27rn|§% F(:u k/ )

the first sum is taken over the values of n =0, £1, £2,..., for which |argz + 27n| < w/(2p).

Is not easy to detect an error in this statement. Formulas (1.2.6) and (1.2.8) differ only by a
small detail. In (1.2.6), the sum is taken over the values of n € Z for which |argz + 27n| < 37/(4p)
(not w/(2p)). Thus, in (1.2.8), compared with (1.2.6), several terms are missed, and hence asymptotics
(1.2.8) is valid on any ray in C emanating from the point z = 0, but it is invalid as z — ool

We prove this by a simple example. Consider the function

00
UJ

Ey4( w, 1) (e” +e™™ + e 4 e7™). (1.2.9)

k:0

If we accept formula (1.2.8), then, taking into account the relation exp(min/2) = ", we have

Byy(2,1) = % > exp(¥zi")+ 0 <|1’) z — 00. (1.2.10)

| arg z42mn|<27
Now we consider the curve

K={2€C|z=(z—19)* = >3}
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It easy to see that the curve K lies inside the angle —7w/2 < argz < 0. Therefore, in (1.2.10) we must
take the values n = 0 and n = 1 for z € K. Hence from (1.2.10) we obtain?

Eyy((x—i)* 1) = i(e“ +e@) L O™,z = foo. (1.2.11)

Subtracting asymptotics (1.2.11) from (1.2.9) for w = z — i we obtain the relation

i(e_ﬁ'i + e_i(x_i)) =0, z— +oo,

and hence
e 1T = 0@ +e7%) =0(1), z— 4o0.

The last relation is contradictory. This means that formula (1.2.10) (and hence (1.2.8)) is invalid.

Coverage of this by Evgrafov (see [7, Chap. 4, Sec.4]) is incomplete. He considered only the
classical Mittag-Leffler function (1 = 1) and presented an analog of formula (1.2.6) with the condition
|arg z+27n| < w/(2p) +n and a restriction of the range of the summation index |n| < [1/p]. However,
Evgrafov wrote nothing about 7 except that it is positive and did not present a proof of asymptotics.

By virtue of the presence of such defects in the presentation of asymptotics of Mittag-Leffler func-
tions of order p < 1/2, even in works of well-known scientists, we found ourselves obliged to give the
correct result with the maximal detailed proof (see below Secs. 1.3 and 1.5) and the explicit estimate
of remainders without O-symbols.

In concluding this section, we note another feature of our approach. We prove Theorem 1.2.1 only
for p > 3/4 and Theorem 1.2.2 for p < 3/4. It turns out that Theorem 1.2.2 is valid not only for
p < 1/2, but also Theorems 1.2.1 and 1.2.2 are equivalent for p € (1/2,3/4]. The reason lies in the
absence of uniformity of asymptotics (1.2.4) with respect to the parameter p € (1/2,3/4]. Adding, by
formula (1.2.6) another term into the asymptotics of E,(z; 1) in the angle |arg(—z)| < 3n/(4p) — ,
we restore the uniformity of the asymptotics with respect to p. This improvement will play a crucial
role in the study of real zeros of E,(z; u) for p € (1/2,2/3] and p € R.

1.3. Complete Asymptotic Expansion of One Integral

This section is of “ technical nature”: we obtain an asymptotics of the integral

gl/pfuec d¢

oz, ps a1, 00) = S— / (U —

271
v(o,a1,02)

(1.3.1)

where z,u0 € C, p > 0,0 < 0 < |2|°, au € (=37/2,—7/2), and ay € (7/2,37/2). This integral
naturally arises in the theory of Mittag-Leffler functions since it differs from their representing integral
(see Theorem 1.1.1) by the value of the parameter o of the Hankel loop by which integration is carried
out; here o is less (and not greater) than |z|?, as in (1.1.1). We assume that z does not lie on the rays

tj = {rexp(ia;/p) | r >0}, j=1,2, (1.3.2)

and in this case, integral (1.3.1) is independent of the choice of o € (0,|z|?). The function
Jyo(z, 1, o1, 00) is an analytic function of the variable z in open angles that are formed after the
removal from C of rays (1.3.2). We denote by £(z) the ray emanating from the origin 0 and passing

2By the choice of the branch of argument in the z-plane (see p. 219 before the statement of Theorem 1.2.1), we have
the relation v/z% = z if |arg 2| < 7/4.
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through the point z and by §(z) the value of the minimal angle between the rays ¢(z) and ¢;. Finally,
we set

_fsinTha(z), 0<é(z) <7/2,
#(2) = {1, /2 < 8(2),
1
COS (g

1

cos o

)

Azmax(

> , o =max(|a]|, ).

The following lemma on the complete asymptotic expansion of the integral J, in the domain C\
(¢1 U £y) is the central result of this section.

Lemma 1.3.1. For any p > 0, p € C, oy € (—37/2,—7/2), s € (7/2,37/2), m € N, and z €
C\ (¢1 U Ly), the following relation holds:

m -k

z

Jﬂ(zauvalvo@) = - § +Rm(27p7,u/7 0[1,062),
— T(u—k/p)

where the remainder admits the estimate
%(z)Ab“F(b +1)(e™ Imp 4 poz Im“)

|Rm (2, p, p, 1, a2)| < Dol (1.3.3)
ifb= m;—l —Rewu >0. If b <0, then for |z| > 2 we have the relation
(crtmn f goaluny [y
|Rin (2, ps 1y 1, 02)] < e 5+ /e“’w de | . (1.3.4)
aq

Remark 1.3.1. Note that estimate (1.3.3) is valid not only for “sufficiently large” |z|, but also for all
z € C\ (¢1 U¥ly). Thus, we have obtained not only an asymptotics of J,(z, i, a1, a2) as z — oo, but
also two-sided estimates of these integrals. Clearly, these estimates are applicable for |z| > 1, and the
greater |z|, the more exact these estimates.

Remark 1.3.2. It is easy to see that for u € R, inequalities (1.3.3) and (1.3.4) are simplified. For
example,

Ab—i—lr 1 1
#(2) G R (1.3.5)
|z|m 1 p

‘Rm(Z,p, My Qg a2)’ <

Proof of Lemma 1.3.1. Similarly to (1.1.23), we have the relation
L —Em ko a eC #1 eN (1.3.6)
— = —_ m . 3.
1 k 1 q 1 ) q ) q )

Setting in (1.3.6) ¢ = ¢'/?/z (¢ # 1 due to the condition z ¢ (¢; U f3)), we obtain

1 1 e (¢le b cmle
‘ 1—(Ur)z 2 Z z +zm(1—C1/P/z)

k=0

N | =

or, equivalently,
1 = k=D e cm/p

(lo—z = F T (e —2)

(1.3.7)
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From (1.3.7) we obtain the representation (for brevity, we denote the contour v(o, a1, as) by 7)

Cl/P—Mec _ S —k k/p—p ¢ —-m Ci_‘u
s _—ij /g e d¢ + 2 Nate —dC.
gt = ¥ v
By Lemma 1.1.1, we have
1 / i 1
¢ /p=h el d¢ = )
2mi / L'(p—k/p)

This and (1.3.1) imply the following expression for the integral J,(z, i, o1, a2):

~

dg. (1.3.8)

The principal part of the asymptotic expansion is found. Now we estimate the remainder

Rm(Z,p,,LL,Oq,OzQ) 27TZ (1/P—z

We estimate from above the modulus of the integrand on the three parts of the contour v = v(o, a1, asz):
the two rays and the arc. For all ( € 3 and s € C, the following relation holds:

€[ = [¢[7°” exp(—(Arg ()T ps).

1
Therefore, taking into account the notation b = mEl_ Re p introduced in the lemma, we obtain
p
‘C 7“‘ = [/ exp(pImp), ¢ = Arg. (1.3.9)

It is also easy to verify that for any = > 0 we have
x
. — 0<90<7/2,
min [re* — x| = { sind /
r=0 z, /2 <0 <.

This and the definition of s(z) stated before the formulation of the lemma immediately imply the
estimate
|C1/p — 27t < %(Z), Arg( =01, Arg(= as. (1.3.10)

2|

The inequality
¢ =2t < (] =0T =0, 0<o <2, (1.3.11)
is obvious. From (1.3.9) and (1.3.11) we obtain that for o > 0, the integrand on the arc

{CePBIIl=0, a1 < Arg¢ <G}

is O(o?) for any fixed z € C(¢1 U £3) (the constant in O depends on z, p, u, a1, and as). Therefore,
the integral over this arc is O(c**!) = o(1) (¢ — 0) for b > —1. By the arbitrariness of o € (0, |z|°),
we can pass (in the case where b > —1) to the limit value o = 0 and integrate in (1.3.1) over the union
of the rays {Arg( = a1} U{Arg( = as}. We perform this for b > 0.

Thus, for b > 0 we have the relation

z~m T THeS
Rulzpmaran) =50 [ S0 S (1.3.12)
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From (1.3.12), (1.3.9), and (1.3.10) we obtain

B / ¢ H] exp(Re €)|dC|

R < d
| m(Z»PaMaalaOQ) = o |C1/p — z| C
v(0,a1,c02)
%(z) m+1l
<ok [T (e
7(0,01,02)
400 +oo
_ 27|{(|/2+1 / eallmurbercosoq dr + / eaglmprbe’rcoscm dr | . (1313)
v
0 0

By the inclusions oy € (—37/2, —7/2) and ap € (7/2,37/2), the numbers cos; and cosay are
negative. Therefore,

+oo

. r'b+1) .
b 1 cos o dr = —— "~ 7/ <« Ab+1I‘ b 1 =1.2 1.3.14
/ re T |COSOéj|b+1 - ( + )7 J ) ( )

(recall the notation A = max(|cosay|™!, |cosas|™t). Relations (1.3.13) and (1.3.14) lead to esti-
mate (1.3.3).

Now let b < 0. In this case, we consider only values |z| > 2 and we set ¢ = 1. On the contour
7(1, a1, ), the parameter r varies on the rays ¢ = re’®, j = 1,2, from 1 to +oo, and the integral over
the arc ¢ = €?, a1 < 1 < a9, appears. Therefore, taking into account inequalities (1.3.9)-(1.3.11),
we obtain the inequality

+oo
|Rm (2, p, p, 1, a2)| < 271_}‘;(;71)4-1 <€a1 b o / rber s gy
1
+00 Qa2
1
azImp b _rcosasz d @In1u+coscpd )
pee [ T)+27r<|z|1>z|m/€ 7
1 [e%1

Since b < 0, we bound 7° by unity from above for 7 > 1 and calculate the integrals

“+00
- cos s eCos @ ]
e ]dr—7<A, j—172

| cos aj| —
1

Then we arrive at the inequality

|Rm(2,p, m, aq, O‘Z)’

a2
max(e® I ea2Imu) [ oxp(cos p) dy

< s(2) A(ermp | eazImpy n o
= 27| 2|t 7|2+
I I @
G LY ETOY Yy g
- 7-‘-|Z|m+1 2
o
Lemma 1.3.1 is completely proved. O
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Remark 1.3.3. As a rule, the case b > 0 is more interesting than the case b < 0 since we can arrive
at it setting m > pu — 1. In view of this fact, we estimated the remainder for b > 0 more carefully,
and in the case b < 0 we made a slight roughening that allowed us to simplify the proof.

In conclusion of this section, we note that we need the integrals J,(z, u1, 1, a2) since they appear
in the study of Mittag-Leffler functions. In the sequel, we choose a; and ay appropriately depending
on the parameter p and the argument of the variable z. As for the “abstract theoretic” problem on
the asymptotic expansion of J,(z, i, a1, ) for z — oo in the domain C\ ({1 U f3), we can make the
following remarks based on Lemma 1.3.1.

1. In any closed angle £ lying inside any of open angles formed by the union of the rays ¢; U/#s, the
function §(z) is nonzero and hence

su;ﬁ) #(z) =C(L) < +o0. (1.3.15)

Then Lemma 1.3.1 implies the complete asymptotic expansion

o0 —k
z
Jo(2, pt, 01, ) ~ — Z ——— z€L, z— 0, (1.3.16)
= T(n—k/p)
in the sense of the formulas
m —k

z o

Jo(2, 1, a1, ) = 72m+0(|z| D, zeL, z— oo, (1.3.17)

k=1
for any m € N.

2. In fact, Lemma 1.3.1 allows one to prove formulas (1.3.16) and (1.3.17) for a wider class of
domains, for example, for “inner parts” of hyperbolas whose asymptotes are the rays ¢; and /o or
domains bounded by curves each of whose point z is located at a distance not less than C|z|™P from
{1 U ly (here C and p are fixed positive constants). Then s(z) = O(|z[P*!) (z = o0, z € G) and,
taking in the asymptotic series m + p + 1 terms, we obtain (1.3.17).

1.4. Asymptotic Expansions of Mittag-Leffler functions of Order p > 3/4
We denote by £,, p > 1, the angle
L, ={€C 240, |argz| < n/p).

Theorem 1.4.1. For any p > 1, up € C, and m € N, the following asymptotics hold.
(1) If z € L,, then

m —k
_ z
Ey(z; 1) = p2" M exp(29) = ,m + RO (2 p,10). (1.4.1)
1 - \H P
The remainder RE@} admits the estimate
b+2
275 ST
2 T(b+ 1)pexp (25| Im pl) F o= "1 Reuso
1 |zt ’ p ’
Rl (20, 1)| < (6.1 20/) exp (25 Tm ) (1.4.2)
6+ 2p/m)exp (°F| Im p )
Pias , if b<O.

The first of estimates (1.4.2) is valid for all z € L, and the second under the additional condition
|z| > 2.
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(2) If z€e C\ L,, z# 0, then

E,(z; 1) erﬂk/) + Rz p, ). (1.4.3)
(2]

The remainder Ry, admits the estimate

%F(b + 1)pexp (25| Im pul)

if b>0

| z|mHL ’ -
p/m)exp (7 [imp ,

o 4 : if b<O0.

The first of estimates (1.4.4) is valid for all z € C\ L, and the second under the additional
condition |z| > 2.

Proof. First, we consider the case where z € £, and Im z > 0 (the case where Im z < 0 is examined
similarly). Apply Theorem 1.1.1 setting a; = —37/4 and as = 57/4. On the Riemann surface ‘B of
the variable (, the integrand has only simple poles

(n = 2P exp(2minp), n € Z. (1.4.5)

The residues of the function ¢1/#~#e€(¢1/? — z)~1 at these points are equal to

Res <<1/p—ueC> ‘ . CHe=reS (¢ — ) _ (Voign i ¢ —Ca
¢=¢

e — 2 v CHp — 2 C—Cn gl/P—z

1/p—p Cn hm

n 1C1/p 1 = pCI . Cn (146)

By the restriction
0<argz<7/p <= O0<argz’<m, (1.4.7)

only one pole (y of the poles (1.4.5) lies on the part of the Riemann surface
{CeP|—-3n/4 < Arg( < brm/4}
containing the integration contour v(o, —3w/4, 57/4). Indeed, (1.4.7) implies that
Arg () =2mp+argzf > 2mp > 2w, Arg( 1 = 2mptargz’ <7m—2mp <7 —27w = —m.

Therefore, by Theorem 1.1.1 and the residue theorem, we have the relation

. 1 Cl/pfuec d¢ Cl/pfueC
plzip) =5 / 1 =y

37 57
) Pz

7(07—777

1 /o=l g
/ ¢ et de 0<o <|z|’. (1.4.8)

2mi Cl/l)—z ’

2mi
7(0‘/77%7%)

From (1.4.8), (1.4.6), and (1.3.1) we obtain the representation

Ey(z;p) = pzP1" exp(2F) + J, (Z f,— ?ZT 5:)
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The relation obtained and Lemma 1.3.1 immediately imply representation (1.4.1), in which we must
estimate the remainder. The corresponding estimates have been proved in Lemma 1.3.1 in the general
case. To apply them in this situation, we must calculate or estimate from above the constants A,

as 5m/4
I= /exp(cos ) dp = / exp(cos @) dyp,
& —3n/4
and
x =sup{x(z) |z € L,, Imz > 0}.
We have
A =max (| cos™ (=37/4)|, || cos ' (57 /4)|) = V2, (1.4.9)
m ™/2 /2
I= /exp(cos p)dp =2 / cosh(cos ) dp < 2 / (1 + cos? ) dp = 3. (1.4.10)
—r —7/2 —7/2

To calculate the constant sz, we first find the minimum of the angular distance between z € L,
Im z > 0, and the rays

0 = {rexp(—?:;;i), T‘>O}, fzz{rexp<547:), T>0}.

Among the intersection points of the angle £, with the upper half-plane, the closest to the ray ¢; (in
the sense of the angular distance) can be either the points R, for which the angle is equal to 37/(4p),

or the points of the ray
i
{rexp <> , > O},
p

for which the angle is equal to

9 5% > 9 5T 3T St 0w T
 — T > — ===
4p 4 —d4p’ 4p p 4p’
respectively. Therefore, for all z € £, N {Im z > 0}, the angle §(z) is not less than m/(4p) and
b L Mt
- sin(l) T sint
4p

where ¢ = 7/(4p). Since the function ¢/sint increases on (0,7 /4] and is equal to m/+/8 at the point
t = /4, we have

» < pV2. (1.4.11)
From (1.4.9) and (1.4.11) and the estimates of the remainder from Lemma 1.1.1 we immediately obtain
inequalities (1.4.2). For the case Im z < 0, we must set a1 = —57/4 and as = 37/4 and use the same

arguments. The first part of Theorem 1.4.1 is proved.
Now we prove the second part of the theorem. Now

z=re”, 1r>0,
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We apply the integral representation (1.1.1) with a; = —37/4 and as = 37/4. For the considered

values of z, the angle
3T

3
—-—— <A < — 1.4.12

1 SAsCs o ( )
does not contain poles of the integrand since under condition (1.4.12), the variable ¢ 1/p takes its values
in the angle £3,,4 C L,. Therefore, we can arbitrarily change the parameter o of the Hankel loop
(o, =37 /4,37 /4) in integral (1.1.1). Taking o € (0, |z|?), we obtain the representation

3m 37
E,(z;p1) = J, <z;u,—4,4) , 2€C\L, z#0.

The asymptotic formula for the integral J, proved in Lemma 1.3.1 yields expansion (1.4.3) and
estimates (1.4.4) since here, as in the first part of the theorem, A = V2 and » < p\/i. The last
inequality follows from the fact that

sup{é(z) ) ze€ C\ L, 2750} = 41
0
(the definition of §(z) is stated before Lemma 1.3.1). An improvement in inequality (1.4.4) compared
with (1.4.2) is due to the exact relation

3 3 5
exp <_Ilmu> + exp <Ilm,u> = 2 cosh (I Imu) ,

which we used instead of the estimate

3T %8 5%
exp —Zlmu + exp Zlm,u < 2exp Z\Imu!

in the first part of the theorem. Theorem 1.4.1 is completely proved. O

Theorem 1.4.2. For any p € [3/4,1], p € C, m € N, and z € C, z # 0, the following relation holds:
—k

_ G z
Ey(zp) = pzPU ) exp(z”) — Z F(T + R (20, 10), (1.4.13)
k=1

k/p)

in which the remainder R,, admits the estimate

b+2
25 I'(b+1 Sl 1
( )exp(4|m,u|)7 ifb="""1 _Reu>o,
|2+t P

| R (23 p, p1)] < (1.4.14)

5
8|z ™ Lexp <I| Im,u|> , if b<O0.
The second estimate in (1.4.14) is valid under the additional condition |z| > 2.

Remark 1.4.1. The first term of asymptotics (1.4.13) is discontinuous on the ray (—oo,0), but this
does not leads to a contradiction since in the angle 57/6 < |arg z| < 7 it tends to zero as |z| — 400
faster than any negative power of |z| and goes to the remainder.

Remark 1.4.2. Representation (1.4.13) with the remainder
R (230, 1) < Clp, pm) (|2l ™71, 2] = o0,

is valid for all p € (1/2,1]; this was proved by Dzhrbashyan (see [6]), who was not interested in the
dependence of the function C(p, u, m) on the parameters p and pu. We restrict ourselves to the case
p € [3/4,1] since for C(p, 1, m) we cannot obtain an upper estimate better than exp(Ci/(p — 0.5)),
Cy > 0, when p tends to 1/2. For p < 3/4, it is better to use another asymptotics, which will be
introduced in the following section.
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Proof of Theorem 1.4.2. We prove Theorem 1.4.2 for z lying in the upper half-plane. We use the
integral representation (1.1.1) of the Mittag-Leffler function taking a; = —27/3 and ag = 57w /4. If
Im z < 0, then we take a; = —57/4 and ae = 27/3; in other respects, we operate similarly, up to the
symmetry with respect to R.

It is easy to verify that in the angle on the Riemann surface 8 made by the rays of the chosen loop,
there are no poles of the integrand except for {y = z”. Indeed,

27T~3_37T 51

Arg (1 = Arg 2f + 21p > 21p > CRAVE
3 2
ArgC 1—A1"g2p*271'p<7rp 27TP—*7TP<*Z7T<—§7T

Therefore, adding the residue at the point (y (we have calculated this residue in the proof of the
previous theorem), we pass to integration along the loops 7 (o, —27/3,57/4), where 0 < o < |z|°.
Therefore, we obtain the representation

o 5
Ey(z; 1) = pz"" "M exp() + J, (Z oy — ; I) : (1.4.15)

Relation (1.4.15) and Lemma 1.3.1 yield (1.4.13), and estimate (1.4.14) is obtained after calculating
A and » = sup{x(z) | Imz > 0}. In this case,
A = max (] cos(—27/3)| 7", | cos(57/4)| 1) = 2. (1.4.16)

The minimal angle between the points of the upper half-plane and the rays

YY) 21
{rexp <4,0> , T > O}, {rexp (3,0) , > O}

is equal to
5 5 2
min [ 2L — g, or— L p 20 (1.4.17)
4p 4p 3p
Function (1.4.17) on the segment 3/4 < p < 1 attains the minimal value 7 /9. Therefore,
1
< ———= <. 1.4.18
~ sin(7w/9) m ( )
From (1.4.18), (1.4.16), (1.3.3), and (1.3.4) we obtain inequality (1.4.14). Theorem 1.4.2 is proved.. [
Of special interest are Mittag-Leffler functions of order p = 1:
> P 1 X 2P
Ei(z;p) = Z (1.4.19)
LR 00
where
k—1
(Wr=[Ju+4), keN, (uo=1
§=0
They are not generalized hypergeometric functions
p
0k 1:.[ (aj)k
PFQ(Z;alaOQa" O‘pvﬁlaﬁ% "aﬁq :Z ; (1420)
Hl(ﬁj)k
]:

Indeed, from (1.4.19) and (1.4.20) we see that

Ei(z;pn) = 1F1(z 15 ).

1
D(p)
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Mittag-Leffler functions of order 1 are closely related to the incomplete gamma-function

xT

YA, z) = /t)‘_le_t dt
0
due to the identity

1
Ey(zp) = /1—t“22tdt Repu>1, z€C, (1.4.21)
0

which can be easily proved:

1 1
tH 2t dt = t)H =2k dt
g zw 1/
0 0

NgE
—
™
+
—_

I
=
e
>
=
|
—_
==
+A
\H_\:‘/?r'
+
=

k=0
& k
z
= = El (Z’ M)
= T(u+k)
From (1.4.21) we obtain
1 1
1 1
Ei(z;p+1) = / 3l le#t dt = /T“_lez(l_T) dr
L'(p) (1)
0 0
1
/7‘“ lemm2 qy = /u“_le_“ du,
z“F
0 0
i.e.,
v(p, z) = 2T (w)e *Er(z; n+ 1). (1.4.22)

Thus, the question on zeros of the incomplete gamma-function in the complex plane is equivalent to
the question on zeros of a Mittag-Leffler function of order 1.
Note that the functions Ei(z;m), m € Z, are elementary:

Ey(z;m) = 2177, m<1 meZ, (1.4.23)
m—1

Ei(z;m) m>2, méeZ. (1.4.24)
oL

Formula (1.4.24) seems invalid since its right-hand side has a singularity at the point z = 0. However,
this is a removable singularity; for example,

21 - F-1-2-22
El(z;2):ez L Ei(z3)="" % Ei(z4)=° dnlall

o 3 , etc.
Identities (1.4.23) and (1.4.24) can be proved by calculating the coefficients of power series for both
sides.

In the following theorem, we present an asymptotics of Ej(z;u) for p = 1 outside the negative part
of the real axis with a substantially more exact (outside a small neighborhood of (—oc,0]) estimate

of the remainder than in (1.4.14). It is especially useful if the parameter p is sufficiently close to an
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integer number. Further, we show that this estimate is very close to unimprovable; moreover, this
estimate is closer to the best possible the farther the point z is from (—oo, 0].
We denote by d(z) the distance from the point z to the ray (—oo,0]:

d(z) = |Imz|, Rez <0,
|, Rez > 0.

Theorem 1.4.3. Foranyp € C, m e N, m > Reu—2, and z ¢ (—o0,0], the following representation
holds:

m —k
z
Ei(z; ) = 217 He” — —— + Rn(z; 1); 1.4.25
(2 1) > g+ e (1.4.25)
here the remainder has the form
+oo
L (=1)™sin(mp) pmt2peTT
0

and admits the following estimate:

[Bn (23 )] <

| sinwuT(b + 1) (1 Lot 1) , (1.4.27)

7-‘-|Z‘m—i-1
where b=m + 1 — Re p.
Proof. By Theorem 1.1.1,

1-peC
Eq(z5p) = % / Cc_ezdg7 2] <o
~v(o,—m,m)

Now we can forget about the Riemann surface 8 and assume that the integration variable ¢ belongs
to the complex plane with the cut C\ (—o0,0]. The integrand has a unique singularity (encompassed
by the contour) on C\ (—o0, 0], namely, a simple pole at the point ¢ = z, with residue equal to 21 ~#e?.
Therefore, we can bypass this pole by taking the integral over the loop v(¢’, —m, ) with parameter
o' < |z| and, adding the residue, obtain the representation

_ 1 ¢1Hel d¢
N = 1 ,LL z —_— —_—
Ei(z;p) =2z "He* + 57 / =2 (1.4.28)

y(o!,—m,m)

(for definiteness, we can set o’ = |z|/2). Further, we use the identity

1 m+1 Ck_l Cm—i—l
4_2:—; ey (1.4.29)

From (1.4.28) and (1.4.29) we obtain the relation

mi+l g —m—1 m+2—pcC g
El(z;'u) — lhez L / Ck*,u«e@ d¢ + Z . / <7€<7
27i 27 (—z
k=1 ’\/(0'/7—7'(',71') ’7(0-/7_7‘—771-)

which, together with Lemma 1.1.1 yields

m+1 —k —m—1 m+2—p ¢

_ z z ¢ e

E . — 1—p 2z J——
1(27:UJ) z € ; F(/.L—k') + 20 / C_Z

dc.

’Y(O’l,_ﬂ,ﬂ)
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Introducing the notation

—m—1 —m—1 m~+2—pu Cd
z n z ' / ¢ e d¢ ac.
L(p—m—1) 2mi (—=z

’Y(U/v_ﬂvﬂ)

R (23 1) =

we can rewrite the last relation in the following form:

m —k

—u 2 z
El(zaﬂ) :Zl #6 —ZW
k=1 K

Thus, representation (1.4.25) is proved. Now we show that the remainder R,,(z;u) has the form
(1.4.26) and admits estimate (1.4.27).
We transform R,,(z;p). First, we apply identity (1.1.5):

+ R (2; ).

1 sinm(p—m —1)
= T 2—u).
F(p—m-—1) s (m + 2
Further, we pass from integration over (o, —m, ) to integration over v(0, —m, ), i.e., over the union
of the lower and upper sides of the cut (—oo, 0] (this is possible since m + 2 — Re u > 0). We obtain

the relation

(=1)™sin(mp)L(m + 2 — p)

R (25 1) = o
+00 . 400 .
N Z—m—l / (_T)m+2(re—7m)—,ue—r d(—?”) N / (_r)m+2(re7rz)—ue—r d(—T’)
271 —r—z —r—z
0 0
B (_1)m Sin(ﬂ,u)r(m +92 - 'u) Z_m_l(—l)m +/Oorm+2—uem'u—r dr pM2—p o= mip—" g
N mzmtl 271 r+z r+z
0
[o.¢]
(—1)™sin(7p) / M2 re T dy
=27 2) — — ] . (1.4.30
M+l (m+2) r+z ( )

0

Relation (1.4.26) is proved. Now we obtain estimate (1.4.27). Since |r + z| > d(z) for all r > 0, we
have the relation

+o00 %0
m—+2—p ,—r -
/ . erdr| 1 / b2 Rep g _ L(m+3—Rep) (1.4.31)
T+ 2z d(z) d(z)
0 0

Recalling the notation b = m + 1 — Re 1, we obtain from (1.4.30) and (1.4.31)3

: [ sin(mu)| RN _ |sin(7p)|T(b+ 1) b+1
Rotesn) < R (16 )+ o+ ) = BREEEEED (14 G )

The theorem is proved.

Estimate (1.4.27) is quite exact. We show that if it can be improved for real p, this is only due to
1
the factor 1 + d(+) Indeed, the asymptotic expansion of the function Ej(z;u) as z — oo proved in
z
Theorem 1.4.3 implies
1

R (25 1) ~ T —m— D)ot

3As in (1.4.31), we use the inequality |I'(w)| < I'(Rew), Rew > 0, for an upper estimate of the modulus of the
I-function.
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This equivalence is valid if p is not an integer not greater than m+ 1. In the opposite case, by (1.4.24),
we have the relation R, (z, ) = 0. Since

1 _sin(mp)(=1)"I'(m + 2 — p)
I(p—m-—1) ™ ’
we obtain for u € R
—1)™ si ro+1
Ry (2 p) ~ (=1)" sin(mp) Db + ), z — 00. (1.4.32)

mamt1
Therefore, if we want to replace equivalence (1.4.32) by an estimate valid for all z ¢ (—o0, 0], we get

in the estimate. O

1
the factor 1 + Z?—z)

1.5. Asymptotic Expansion of Mittag-Leffler Functions of Order p < 3/4

Theorem 1.5.1. For any p < 3/4, p € C, and m € N, the following representation holds:

Ey(zp) =p Z (2Pe2TIPYITH oxp (2P 2™ — S —— Ry (z,p,p), z#0. (1.5.1)
or — I'(u—k/p)
|arg z+2mn|< I k=1
The remainder admits the estimate
b+2
22 I'(b+3/2 5T 1
o i)
Ron(23p, )] < I p (15.2)
5
7.1z 7™ Lexp <I] Im,u,\) , if b<O.

The first of estimates (1.5.2) is valid for all z # 0 and the second for |z| > 2.

Proof. We choose the parameters o1 and «g defining the Hankel loop in the integral representation
(1.1.1) depending on 6 = arg z. The problem is to find numbers

5t 3w 3m 57
a1 € [—4,—4] y Q2 € [47 4} (1.5.3)
such that the angles between the rays {rexp(if) | r > 0} and {rexp(ia1/p) | » > 0} and between the
rays {rexp(if) | r > 0} and {rexp(iaz/p) | r > 0} will be as large as possible. These angles are equal
to

min

miy . =12 (1.5.4)

0+27Tp—%
p

To solve this problem, we use the following simple fact. If the 5 runs over a segment ¢ of the real axis,

|¢| < 27, then
: |
maxmin 27p — | = —
paxmin|2mp = B} =5

(we denote by |¢| the length of the segment ¢). The proof of relation (1.5.5) is left to the reader. Since

(1.5.5)

2
in Eqgs. (1.5.4) the variable 6 — a;/p, due to (1.5.3), runs * over a segment of length 21 > % for 0 <
p

p < 3/4, we see that there exist numbers aq(6) and az() satisfying inclusions (1.5.3) such that angles
(1.5.4) are not less than 7/3. Thus, we conclude that for the chosen Hankel loop ~y(o, a1 (), aa()),
we have the following inequality for »(z) (see its definition before Lemma 1.3.1):

1 2

x(z) < Sn(r/3) = 7 (1.5.6)

“Here § and p are fixed and a; vary within the limits indicated in (1.5.3).
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From (1.5.3) we also obtain that
A = max(| cos |71, | cosan| 1) < V2. (1.5.7)

Here the integrand in the angle of the Riemann surface of the argument a1 < Arg ( < ag may have
sufficiently many poles {(,}nen that were indicated in (1.4.4). We denote by A(z, p) the set of all
integers n for which the inclusion Arg(, € [a1, as] holds. Obviously, this set is finite and

a1(0)
P

neAlz,p) <60+ 2mn < OQp(e). (1.5.8)

We transform integral (1.1.1) moving the contour behind the poles and adding the residues at these
poles (they were calculated in (1.4.6). We obtain the relation

Bfzm=p 3 () exp( ) Iz on(0).cx(6)).  (159)
n€A(z,p)
By Lemma 1.3.1 and estimates (1.5.3), (1.5.6), and (1.5.7), we have
m —k
z
Jo(z; 1, a1(0), as(0)) = — ———— + Un(z; p, ), 1.5.10
O 0a(0) = =3 T Ui (15.10)
where
2%1‘(1)%— 1) exp (2] Im p)) m+1
4 ,  if b= ——— —Rep >0,
ﬂ-‘z|m+l P

U (25 p, )| < (1.5.11)

)
6]z ™ L exp (Z\ Imu]) , if b<O.

We explain the appearance of the factor 6 in the second estimate (1.5.11). We apply Lemma 1.3.1
and the inequality
earImp 4 pozlmp — caflmpl o — max(|aq ], |az|).

For b < 0, we obtain the estimate

a2
2 A
U (2: p, )| < = %(;) +/€c036d0 ’Z|—m—lea|lmu| < C|Z‘_m_1€a|IMu‘. (1.5.12)
Y
aq

In our case, a« < 57/4, by (1.5.6) and (1.5.7), we have the inequality »(z)A/2 < \/2/3. Therefore,
inequality (1.5.12) is valid if we take

57
4
2 2
c== \f+/ecosf’d9 < 6.
T 3
5T
-1

To complete the proof of the theorem, we pass from the sum Y~ in (1.5.9) to thesum > .
neA(z,p) |9+27n| <32

By (1.5.3) and (1.5.8), the set A(z, p) contains all values of n € N for which |0 + 27n| < 37/(4p) and
can also contain n satisfying the inequality

3m 5T
— < |0+2 < —. 1.5.13
<10+ 2m| < (15.13)
Therefore, if we pass from one sum to the other, we see that the error does not exceed
Vin(zsp, ) = p Z ‘ (zpe%mp)l_u exp (2™ ‘ (1.5.14)

3 5
£<|9+27m\§£
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and hence the remainder R, (z; p, ) in (1.5.1) admits the estimate

| R (25 05 )| < U (25 p, 1) + Vin(23 p, ). (1.5.15)

Now we estimate V;,R from above. The number of terms in sum (1.5.14) (i.e., the number of
integers n satisfying (1.5.13)) does not exceed

1 |5m 37 1 1
2 — |—— — 1) <2 —+4+1) <24+ —.
<2ﬂ{4p 4p]+)_ <4p+>_ Y.
Therefore, taking into account the relation z” = |z|? exp(iflp), we obtain the inequality

Vin < (0.5 + 2p)|z|P(1-Rew) max

3 5
Iy <|f+2mn|< 37

exp ((2mn + 0)ip(1 — p) + \z\pe(%”w)i”)‘. (1.5.16)

Using the obvious relations
lexpw| =exp(Rew), weC, 05+2p<2, 0<p<0.75,
we obtain from (1.5.16)

Vin(z, py ) < 2027078 max
i—g<|0+2ﬂn|§i—;

exp ((2mn + 0)pIm p + |z|” cos((2mn + 9),0))‘ (1.5.17)

Owing to (1.5.13) we have the inequality
)
cos(2mn 4+ 0)p < —1/v2, (2mn+60)pImpu < Zﬂ| Im pl.
Therefore, from (1.5.17) we obtain

5 P
Vi) < 2l exp (5 ) - )

e S _ |z|P
=9z " lex < Im > zp<zm+1 pRep oy <—>>
2 oxp (2l ) -Jel (14 o(-

o t
=2|z| 7" texp [ = |Im 1 ex <—> , (1.5.18
e (Tl ) e (<) (1518)

where

Vm(zapmu“) S |Z|m+1 ) (1519)

where

By the inequality®

2I'(a + 0.5
a%e™® < W@+05) 45 D(a+05) Va>1
Ve
we have the inequality
2M(b) < 0.9 - 25 (b + 3/2). (1.5.20)

5The inequality
ae”“Vre<2l'(a+0.5) <= H(a)=alna—a—InT(a+0.5)+In(v/7e/2) <0
is proved as follows: H(1) =0, H'(a) =Ina — ¥(a + 0.5) < 0 (see Chap. 3, Sec. 3.4 below).
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From (1.5.19) and (1.5.20) we finally obtain the inequality

b+1
0.9T(b+3/2)2 2 5T
Vinlz 1 1) < ('+/)VQS¥W4'mMX b>0. (1.5.21)

For b < 0, we consider only values of z for which |z| > 2 and hence ¢t > 1. Therefore, t? < 1 and
(1.5.18) implies

I
Vin(2; 0, 1) < 2|27 L exp <5ﬂ|mﬂ|>

t
1 max? exp <_¢§>

2 5m|1 5m|1
\[|z]_m_1 exp <7r\4mu]> < 1.1\27|_m_1 exp (W) . (1.5.22)

From (1.5.22), the second inequality (1.5.11), and (1.5.15) we immediately obtain the second inequal-
ity (1.5.2).

To deduce the first inequality (1.5.2) from (1.5.15), (1.5.11), and (1.5.21), it suffices to verify the
relation

rov+1) N 0.9I'(b + 3/2)
- vz
which can be rewritten in the following equivalent form:

'(b+1) 1 09
-+ —=<1 Vb>0. 1.5.23
r'v+3/2) = 2 ( )
Since the logarithmic derivative of the gamma-function increases, the ratio I'(b + 1)/I'(b + 3/2)
decreases and hence

<T(b+3/2) ¥b>0,

L(b+1)/T(b+3/2) <T(1)/T(3/2) =2//m Vb >0.
This shows that to complete the proof of (1.5.23), it remains to verify the numeric inequality

2m73/2 4+ 0.9-27Y2 < 1. Theorem 1.5.1 is proved. ]

In the following theorem, we obtain a substantially more exact estimate than in Theorem 1.5.1, of
the remainder in the asymptotic representation of the Mittag-Lefller function in the left half-plane in
the case where the parameter is close to 1/2 and the ratio |z/x| is close to 1.

Theorem 1.5.2. For any p € [2/5,2/3], p € R, m € Zy, m > pu—1, and z € C, Rez > 0, the
following representation holds:
Ep(—zl/p; 1) = 2pz' " exp(z cos mp) cos (zsin(mp) — wp(p — 1))

m k’ 1,—k/p
+ + Qn(z;p, 1), (1.5.24
;;FM o+ e, (1520

in which the remainder admits the following estimate (z = Re z):

(I2]/2) 7T (1= p+ =) (

| (25 p, )| < ST

T P

| sin (m(p— )| + [sin(rly ~ 7;)”) . (1.5.25)

P 4 cos?(g;

1
If the numbers sin <7r <,u — m+>> and sin <7r <,u — m)) have opposite signs, then for z=x >0
P p

the following inequality holds:

[sin (w(u — )|

1
| (25 0, 1) < Pt —p %) max | [sin (7(p — ZH))|, . (1.5.26)
B meT_H p 40052(2%)
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Proof. Representation (1.5.24) was obtained in Theorem 1.1.3, where we have obtained a formula for
the remainder €2, through the integrals I ,, and I5,,. To obtain an upper estimate for the moduli of
these integrals, we first deduce lower estimates for the denominators (note that they are positive) of
the integrands.

We have the inequalities

/P £ 9cos T 4 ¢~ 1r > 2+ 2cos & = 4cos? 21,
P p P (1.5.27)

1+2t1/pcosz+2t2/p > 1.
p

In the last inequality, we have used the nonnegativeness of cos(w/p) for p € [2/5,2/3]. From (1.5.27)
we obtain
400

400
mil_ mtl_ _{_m+l 1
BCipl < [0 et = [ resta = e (1o M) s
p
0

and

1 m+4l
oz, 10)| < 7 cos™ <2”) [ 5ty
P
0

1 _q_m+l 1
= ZCOS_Q (27;) T (1 —p+ m/—)i—) . (1.5.29)

From (1.5.28), (1.5.29), and (1.1.20) we immediately obtain (1.5.25). To prove inequality (1.5.26), we
note that the integrals I;,, (2, p, ) are positive if x > 0 and for the sum as; + bsa, where a > 0, b > 0,

and sgn s; = — sgn So, the following estimate is valid:
las1 + bsa| < max(alsi], b|sa]). (1.5.30)
From (1.5.28)—(1.5.30) we obtain (1.5.26). The theorem is proved. O
Theorem 1.5.3. For any p € [2/5,2/3], u < 1/p, and x > 0, the following representation holds:
x“_lEp(—xl/p; w) = 2pexp (zcos(mp)) cos(zsin(mp) — wp(p — 1)) + w(z; p, p), (1.5.31)
where the remainder w admits the estimates
lw(z; p, )] <0482 °T'(s), s=1+ L Ly (1.5.32)
S
lw(z;p,1)] < ET(;//Z), sgnw(x;p, 1) = ’ ? =0 3’ (1.5.33)
—1, B <p< 3
lw(z; p, p)] < (2 min(p, 1 — p) + [1) - 2) xz°T(s), O0<pu<l, % <p< %, (1.5.34)
lw(z; p, )| < (; - 2> %, x> /1), % <p< %, l<p< ; -1, (1.5.35)
‘w (x; P, ;) ‘ < w (1.5.36)

Proof. We set m = 0 in Theorem 1.5.2 and use the fact that

4 cos® <7T) > 2.
2p
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From (1.5.25) we obtain the inequality

slaipl < 1 (

From (1.5.37) we immediately obtain (1.5.36) since s = 1 in the case where = 1/p. Setting p =1
in (1.5.37), we obtain (1.5.33). From (1.1.20) we also see that

sin <M - ;) ‘ + W) . (1.5.37)

sgnw(z; p, 1) = sgnsin(n/p).
Since the moduli of sines are not greater than 1, we have from (1.5.37) the inequality

lw(z; p,p)| < (1.5/m)x™°T'(s) < 0.48 z°T'(s),

(5|
sin| — ||,
p

we obtain from (1.5.37) for 0 < u < 1 and 0.4 < p < 0.5 the inequality

r 3 r 3 1
w o ml < 2 (Bginmursin D) < B (B i1 -y + 2 - 2).
s \ 2 p 5 P

2

which yields (1.5.32). Applying the inequality

. 1 .
sin (M - p)‘ < |sin (wp)| +

Inequality (1.5.34) is proved.

In the case where
2 1 1
—<p< =, 1<pu——1,
2 p

5 S
the numbers sin(7p) and sin7 (u — 1/p) have opposite signs:
3 1 1
sin(mp) <0, —=-<1l—--<p——-<-1,
2 p p

this implies

1
sin 7 <,u — ) >0,
P

and the modulus of each of these sines is not greater than sinw(1/p — 2). Therefore, by (1.5.26), we

have the inequality
r 1 1
lw(z; p, )| < () sin <7r ( - 2)) < < - 2) x°T(s).
mx’ p p

Now we note that 2 < s < 1/p and the function g(s) = x7°I'(s) decreases on this segment for z > 1/p
since (Ing(s)) = ¢ (s) —Inxz < 0 (recall that ¥(s) < Ins for s > 0). Therefore, g(s) < g(2), and we
arrive at (1.5.35). The theorem is completely proved. O

In the final theorem of Chap. 1 we obtain an estimate of the remainder in the asymptotic expan-
sion (1.5.1) for z € R, z < 0, in the particular case where m =0, 0 < p < 2/5,and 0 < pu < 1/p.
The obtained estimate of the remainder is worse than in Theorem 1.5.1 for large |z| but is better for
“non-large” values of |z|, which is convenient in some applications.

Theorem 1.5.4. For any p € (0,2/5], € (0,1/p], and = > 0, the following representation holds:

By(—z'; 1) = Sp(a, ) + wp(z, ), (1.5.38)
where
N(p)
Sy, p) = 2pz' Z exp (x cos ((2k — 1)7T,0)) cos (w sin ((2k — 1)mp) + (2k — 1)mp(1 — u)), (1.5.39)
k=1
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and

1
N(p) = [2] v wp(z, p)] <0.7427H Vo > 0.
p
Proof. By (1.1.1), for z = —z'/? we have
1 ¢Vp—rel d¢
ey = — > %
EP( € nu) 27i / Cl/p +$1/p7 (1540)
"{(U,*O{,a)

where 0 > x and « is an arbitrary number from the interval (7/2,37/2). We take

TP 4 << 2

2 5-"%5

8mp 1 4
_ _ ) 8m 1 4 1.5.41
a=ap) 3 1<P<1p ( )

1
Then on the rays {¢ = rexp(+ia) | r > 0} the integrand
CYp=mel

Fo(z,¢p) = m (1.5.42)

does not have singularities and « is contained in the semi-interval (7/2,7]. Taking into account the
definition of N(p) and (1.5.41), we easily verify the inequality

(2N(p) — Dmp < a(p) < (2N(p) + 1)mp.
Therefore, in the angle |arg (| < a(p), the function F'(¢) has as singularities only simple poles at the
points

zp = zexp ((2k — 1)mwip), Zp=wmzexp(— (2k—1)mip), keN, k< N(p). (1.5.43)

We transform integral (1.5.40) passing to integration over the loop v(o/, —a,a), 0 < ¢/ < z, and
adding the residues at the points (1.5.43):
_ N(p)
1 Vel d¢
ey = ST % i
B(-atri = [ i 717 2 (RS FyorCollems, + Res Efo G i) (1548

’Y(Uv_ava)

Since, due to the inclusion p € R, the function F is such that

Fy(a,C 1) = Eylar, G, u) V¢ € C\ (~o,0], (1.5.45)

the sum of its residues at two complex conjugate points x exp(+(2k — 1)7ip) is equal to twice the real
part of the residue at one of these points. Therefore, we obtain

B . CYrreS(¢ — zexp((2k — 1)mip))
Res F'(¢)|¢=x, + Res F({)|¢=z, = 2Re Cllg,lk CYe 4 g1/

=3p Re(gl_uec)‘szexp((Qk—l)m'p) =2pRe (xl—ﬂ exp((Qk - 1)7T2p(1 - /,L)) exp(ac eXp(Qk - 1)7T2p)>
= 2pz' " Reexp (xe(%_l)m’) + mip(1 — p)(2k — 1))
= 2pz'Hexp (a: cos((2k — 1)7rp)> cos (:z: sin((2k — 1)mwp) + (2k — D)7wp(1 — ,u)) (1.5.46)

(in the calculation of the limit we apply the L’Ho6pital-Bernoulli rule).
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Substituting the values of the sums of two conjugate residues (1.5.45) in (1.5.44), we obtain

1
Ep(—wl/p;,u) b / Fp(x, ¢, p) d¢ + Sp(x, p),
y(o!,—a,a)

where the function S,(x, ;) is defined in (1.5.39) and the function F,(z,(,u) is defined in (1.5.42).
We have obtained representation (1.5.38) in which

1
1) = 5 / Fo(x,C,p)d, 0<o <. (1.5.47)

7(0—/7_a7a)

Since the function F,(x, (, 1) is bounded with respect to the variable ¢ in the disk with cut

{gec‘0<|<|<‘;7 —77<arg§<7r}

(we have used the condition 0 < p < 1/p), we can pass to the value ¢/ = 0 in (1.5.47). The loop
7(0, —a, @) is the union of the rays (4, (g = {re?? | r > 0}). Using this fact and property (1.5.45),

we find
l/p—pe’r’COSDé dr
lwp(z, )| < = /‘F z, C, p)| || = / [ri/peialp 4 g1/p|’

Performing the change of variable r = xt in the integral, we obtain the inequality

l—uI
lwpl(a, p)| < T2l ;(x’“), (1.5.48)

where

+oo
I () t1/P=H exp(xt cos ) dt
HHI= |1 + tl/peia/p|

In correspondence with (1.5.41), we consider the following three intervals of values of p.

4 2
1. — <p< —. Then

15 5
Yy ixe"
oz:T, cosa < ——, exp— =1
Therefore,
+°Ol/pu ( ) +Ool/pu ( /2)
tH/P~Hexp(xt cos o /P Hexp(—at/2
Iy(z,pn) = dt < dt. 1.5.49
ol 1) / 1+ it!/e] - / 11+ dtl/e| ( )

By the inequality

1 1, 0<t<l,
—— <
|1+ itl/p| e, 1<t

from (1.5.49) we obtain the inequality

1 +00
I(z,p) < /tl/p Hexp <—2> dt + / t Hexp (—Zj) dt.
0 1
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Since 0 < p < 1/p, in each of the integrals, the power of ¢ before the exponent is not greater than 1
This implies the estimate

1 +o0 +o00
t t t 2
I(x,pn) < /exp i dt + / exp ) gt = / exp Y= 2 (1.5.50)
2 2 2 T
0 1 1

From (1.5.50) and (1.5.48) we obtain the inequality

2 4 2
|wp(z, )| < ;x_” < 0.65z7# Vpe [15, 5] , Va>0. (1.5.51)

1 4
2. 1 <p< TR In this case,

a:Tp, cosozg—%, expwé:e%”/?’:1;“/57 ’1+t1/pexpm’:\/1—t1/p+t2/P,
p r

Therefore,

+Oot1/p_“ exp (zt cos av)dt +00151/’)_“ exp (—xt/2)dt
Io(a, 1) = </

. (1.5.52)
V1—tl/p 4 ¢2/p V1—tl/pe 4 t2/p
By the inequality
(2/xf> etz

from (1.5.52) we obtain the inequality

1
1/P Iz _wt dt Q/t—u _xt dt
exp( 2> + 3 exp 5
0
—+00

O\H Q\H

From (1.5.53) and (1.5.48) we obtain the inequality

4o H _ 1 4
‘wp(a:,,u)‘ < 3 <0.74x7" x>0, pe <4,15>. (1.5.54)

1
3.0<p< T In this case

-l -r-s (L) (5]

and hence cosa < —1/2 (it is easy to verify that the function ¢{1/t} for ¢t € (0,1/2] takes values on
the semi-interval [0,1/3)). By the choice of a(p), we have the relation exp (ia/p) = 1. Therefore

1

+
tl/p “exp( rt) dt 1
/p—n _
Ip(%u)é/ T4 11/ _/t eXP< 2>dt
0 0
e t i t 2
/t exp< 5 dt < [ exp 5 dt e (1.5.55)
1 0
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From (1.5.55) and (1.5.48) we obtain the inequality

2
‘wp(:n,uﬂ < ;x_“, >0, 0<p<

(1.5.56)

AN

From (1.5.51), (1.5.54), and (1.5.56) we conclude that in all the cases considered, the estimate
|wp (@, 1)| < 0.742~#

is valid. The theorem is proved. O

CHAPTER 2

ASYMPTOTIC PROPERTIES OF ZEROS
OF MITTAG-LEFFLER FUNCTIONS

2.1. Asymptotic Formulas for Zeros

The definition

o zn
Ey(zp) = , p>0, pecC,
A = 2 g
of the function E,(z; ) implies the following formulas:
EBi(z1) =¢€*, Ei(z;—m)=2""e* mcZ,, (2.1.1)
sinh /2 coshy/z —1
Biplsl) =cosh VB, Bp(e2) = 05 By = VSN (1

By jo(2; —2m) = 2" 26inh /Z, m € Zy; Eyj9(z;—(2m — 1)) = 2™ cosh/z, m € N. (2.1.3)

Therefore, the function Fy(z; —m), m € Z4, has a unique zero z = 0 of multiplicity m + 1, and the
function Fj(z;1) does not have zeros. In the sequel, we see that, except for these two cases, the
function E,(z; 1) has an infinite set of zeros, and zeros of the function E /5(z;3) are described by the
formula

2y = —(27n)?, n €N, (2.1.4)
and have multiplicity 2. This is the unique case of an infinite number of multiple zeros of the func-
tion E,(z; p).

We introduce the following constants:

1 1 1
= dy=——— o =14p(l—p), if pt-—1, leZy, (215
PopD(u—=1/p) " pl(p—2/p)" " (=) p H o (219)
1 1 1 1
- —— Q= 7 —24p(—p), it p=-—1, l€Z,, =-¢N.
Y 7 Y7 Ml Ve 7 M A ; + pi216>

By construction, ¢, # 0 for the considered values of p and p. Pairs of the parameters p and p missing
in (2.1.5) and (2.1.6) are said to be exceptional. They are as follows:

1 1
ZeN, pu=--1, leZ,.
P p

Formulas (2.1.1)—(2.1.3) yield the complete set of functions E,(z; u) corresponding to the exceptional
values of the parameters p and u, where p =1 and p = 1/2. Since zeros of the functions (2.1.1)—(2.1.3)
can be written in the explicit form, we cannot consider such pairs of parameters.
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Unless otherwise stated, for the power and logarithmic functions we choose their principal values
in the half-plane with the cut along the negative real semi-axis.
In this section, we obtain asymptotic formulas for zeros z, of the function E,(z; ). The cases

1 1 1 1 1
> = =, Rep>3 =, Rep <3 =, Rep=3 <z
pP=g P=5 hep » P=gy Rep r P=g Rep PS5
are considered separately.

1. By formula (2.1.1), considering the case p = 1, we exclude the values = 1,0,—-1,-2,....

Theorem 2.1.1. Let

(1) p>1/2, and p € C, where u # 1,0,—1,—-2,... for p=1, or

(2) p=1/2 and Rep > 3.
Then all sufficiently large (in modulus) zeros z, of the function E,(z; ) are simple and the following
asymptotic formula holds:

7 d,/c 7\?In2min 7, lnc
@ = 2min — ~"In2min + 1 ermevyril s — R g, 2.1.
Zn ™n p n2min +Ine, + (2m’n)1//’ (p) orin » 2min + an, ( 7)
as n — +oo, where
- In|n| 1 In? |n| _
Oén—0<‘n’1+1/p) +O<\n\2/’)) +O< = ) if p>1/2, (2.1.8)
eﬁ:z‘wu 1 In | n\ 1112 |n|
n = 2(90in) 4T T |—870 9 ) — 1 2- 2,1‘
« ci(Zm’n)*‘im +0 <|n|87#> +0 (\n|147u> +0 < 2 > if p / (2.1.9)

For fixed § € (0,7/2) and R > 0, we introduce the sets
Z=Zsp=(z:|argz| <m—90, |z| > R),
W =Wsp=(w:|argw| < m— 20|w| > 2R).
Lemma 2.1.1. Let A€ C and § € (0,7/2). If R > 0 is sufficiently large, then the equation
z—Alnz=w, wewW,
has a unique root z = z(w) on the set Z. This root is simple and admits the asymptotic formula

1 In?
z:w—l—Alnw+A2nw—|—O<n2w>, w — 00.
w w

Proof. First, we prove that the function
w=z—Alnz (2.1.10)
for all sufficiently large R defines a univalent mapping of the “sector”
Sp=(z:]z| >R, - m<a<argz<f<m f—a<m).

Assume the contrary, i.e., assume that there exist arbitrarily large R and points z1,29 € Sg such
that
w1 = w(z1) = w(z2) = ws.

Since R can be arbitrarily large, we can assume that the segment [21, 23] lies in Sg. Then
) d
z9—21=A(lnzg —Inz;) = A/ —Z,
z
z1

1
7‘2'2 — 21,

aoals e -—allom s s 7
b
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and taking R > |A|, we arrive at a contradiction. We have proved that the mapping of the “sector”
is univalent.
If w; = wa, then, in particular,

argw = argws. (2.1.11)
Let R be such that
Inz 1
All—I| < > R.
41|22 <5 1e
Then
7r Inz 7r
-—< 1-A—7) <=
6 arg( 2 > 6
and, therefore, if |21], |22| > R, then
In 2
argw; = arg z;j + arg (1 — Anzj> € <argzj - %,argzj + %) , =12
j

By (2.1.11) this implies that

|arg z1 — arg zo| < g,
i.e., the points z; and 29 lie in the “sector” of aperture less than 7/3. As we have proved on the first
step, the mapping of the sector is univalent and the relation w; = ws is impossible.

Thus, we have proved that for sufficiently large R > 0, function (2.1.10) defines a univalent mapping
of the set Z onto its image w(Z). Therefore, the inverse function z = z(w) for (2.1.10) with values in
the set Z is defined on w(Z), i.e., the equation

z—Alnz=w, wew(2),
has a unique root z = z(w) on the set Z. Since
w'(2) #0 for R > |A],
the function z(w) is differentiable on w(Z) and
1
1) —
RTE
In particular, this implies that the root is simple.
The assertion on the uniqueness and simpleness of the root z(w) becomes valid if we (for simplicity)
replace the set w(Z) by an appropriate subset of it. Obviously, W C w(Z) for sufficiently large R > 0,

and it remains to prove the asymptotic formula for z(w).
Substituting

£0, wew(Z).

z=w+r(w)

in Eq. (2.1.10) and noting that r(w) = o(w), w — oo, we obtain

r(w) = Alnw + Aln (1 + T?) .

Therefore,
r(w) = O(lnw), w — oo,

and by the Taylor formula we have

r(w) = (Alnw—i—O <1‘i2w>) <1 - i>_1.

Expanding the function (1 — A/w)~! in the series by negative powers of w, we obtain the required
asymptotics. The lemma is proved. O
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Proof of Theorem 2.1.1. In the case (1) the proof is based on Theorem 1.2.1:
(1) if p > 1/2, then for any s € N

S

1 1 s
D — 1- . )
E,(z;p) = pzPU=H exp 2P — ];_1 T k) +0 <25+1> , |argz| < min <7r, p> ; (2.1.12)
(2) if p > 1, then for any s € N

S

1

1 us
E)(z;p) = — —|—O<), — <Jargz| <. 2.1.13

In formulas (2.1.12) and (2.1.13) we set s = 1. If the value of u is the same as in formula (2.1.5)
and s = 2 for values of u from formula (2.1.6), then ¢, # 0, and formulas (2.1.12) and (2.1.13) imply
that for any e > 0, all sufficiently large (in modulus) zeros z, of the function E,(z; ut) lie in the angle
|arg z| < m/2p + €. For points of this angle, formula (2.1.12) becomes

1
—2°Ey(z 1) = 2™ exp 2” — ¢, —du /2 + O(1/2%), |argz| < 7/(2p) +e.
p

Therefore, all zeros of the function F,(z; u) for |z| > ro can be found from the equation

d 1
exp(z’ + 1,Inz) =c, + L+ 0 <2> . (2.1.14)
z z
We set -
w= 2"+ Llnz (2.1.15)
p

Then the left-hand side in (2.1.14) is equal to ¢“; to rewrite Eq. (2.1.14) with respect to the variable w,
we must express z” through w using (2.1.15). By Lemma 2.1.1 (we apply its roughened version)

2’ =w+ O(lnw).

1 1 Inw 1 Inw
/:wm@+0<w>)=ww+0(wﬂm)

Substituting this in (2.1.14), we obtain the equation

Therefore,

w d, Inw 1
In particular,
e’ =c,+o0(l), w— oo. (2.1.17)

Since the roots of the function e¥ — ¢ are simple and are described by formula 27in + Inc, n € Z, by
the Rouché theorem, sufficiently large (in modulus) roots w, of Eq. (2.1.17) are simple and can be
described by the formula

wy, = 2min +1Inc, + €, €, — 0, n — Foo. (2.1.18)
Therefore,
1 1 1
— = — (1+O (>> , Inw,=Inn|+0(1), n— too. (2.1.19)
W, 2min n

Now, setting w = w, in (2.1.16) and applying formulas (2.1.18) and (2.1.19), we obtain

o dy In|n| 1
ue ‘%+@mmw+O<MMWJ+OQm%>'

The left-hand side is equal to

Cu + Cpén + O(@%)?
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therefore,
€n = O(1/nt/?)

_dy/cy In |n| 1
€n = (27rin)1/P +O (‘n’1+1/p +O ’n’2/P .

Substituting this in (2.1.18), we have the relation

and hence

o du/cu In |n| 1
Wn, —27T'Ln+1HCN+W+O ‘n|1+1/P +O ‘n|2/p 5 n — :l:OO7 (2120)
) Inc, 1

Now we return to the points z,, which are the preimages of the points w,, under mapping (2.1.15).
Since

larg z,| < m/2p+e =«

and ap < m, for sufficiently large |w| the condition of Lemma 2.1.1 holds. By this lemma, it follows
from (2.1.15) that

2 2
In wy, In® wy,
2 = wp, — P lnw, + <“‘> m +O<n - > (2.1.22)
p p

wp, w2

Substituting on the right-hand side of this formula the expressions for w,, and Inw, from (2.1.20) and
(2.1.21), we obtain the required formulas (2.1.7) and (2.1.8).

By Lemma 2.1.1, the simpleness of sufficiently large (in modulus) zeros w, of Eq. (2.1.16) implies
the simpleness of all zeros z, of the function E,(z;u) starting from a certain root. For the case (1)
the theorem is proved.

In the case (2) we start from the following formula, which follows from Theorem 1.2.2 and is valid
for all 4 € C: for any s € N,

1 - z im(1— -z - 1 1
E1/2(Z;M) = 52(1 w)/2 (e\[ +eT (1 ﬂ)e f) — Z Zkr(lu, — 2/{;) + 0 <Zs+1> , |Z| — 00, (2123)
k=1

respectively for 0 < argz < 7 and —7 < argz < 0. Setting in this formula s = 1, we obtain the
following equation for sufficiently large (by the modulus) zeros z,:

eVEtTulng — ¢ 4 LT <12> + e VA T (2.1.24)
z z

This equation differs from Eq. (2.1.14) for p = 1/2 only by the term
eiiﬂ'uefﬁznt

Thus, as for Eq. (2.1.14), we rewrite this equation using the change (2.1.15) and setting p = 1/2. The

additional term takes the form
e:l:iTrue—walTM <1 +0 <1nw>> ,
w

and instead of (2.1.16) we obtain the equation

d Inw - Inw
e“’ = C‘u + wié + O <U)3> + eim“e_ww47“ + O <U)1_47'M€_w> . (2125)
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Since Re7, < 0 and Re/z > 0, the last term in (2.1.24) is o(1) as z — oo. Therefore, the sum of
the last two terms in (2.1.25) is o(1) as w — oo, i.e., Eq. (2.1.25) has the form (2.1.14). Therefore,
formulas (2.1.18) and (2.1.19) are valid. Substituting them in formula (2.1.25), we obtain the relation

cuen(l+ Ofen)) = 2 +0<1“’"’)+ e (1—en(1+0(en)))+0(ln"‘>,

(2min)? In|3 cp(2min)=47u |n|1—47u

1 d eFimH In |n| In |n|
140 —— O(e2) = —~ 0 0] :
v (140 () ) + 0 = Gt + e +O () +0 (s
In particular, this implies that
1 1
—ol—\)+0(—_
=0 () +o (jres)
and the previous formula yields
du/cu e In |n| 1 In |n|
= O O Ol ———5)-
“ = Qrin)? * Z@min) O\ Tap ) T\ ) T

Substituting this in (2.1.18), we obtain the relation

d +imp 1 1 1
wy, = 2min +Ince, + w/ + © +0 M +0|———)+0 M ’
nf? || =57

ie.,

(2min)? 2 (2min) 4w |n|1=47u
(2.1.26)
. Inc, 1 1

Now setting in (2.1.22) p = 1/2, w = wy, and z = z, and applying formulas (2.1.26) and (2.1.27), we
obtain the required formulas (2.1.7) and (2.1.9). The simpleness of all sufficiently large (in modulus)
zeros follows from the same arguments as those in the case p > 1/2. The theorem is proved. 0

Now we consider the case p = 1/2, Re u < 3, which has the simplest proof.

Theorem 2.1.2. Let Rep < 3, u#2—1,1 € Z4. Then all sufficiently large (in modulus) zeros z,
of the function E, j5(2; 1) are simple and the following asymptotic formula holds:

=i 14+ 4 (1”0”671'(”2)“ o1 0 ! 2.1.28)
\/Z—ZW(TL— +§>+—)W+ n6R767'u + m , N — 400, (

where the branch of the function /z is defined by the condition 0 < argz < 2. If p is real, then all
sufficiently large (in modulus) zeros are real.

Proof. We can immediately verify that the function

Zmm2(eVE o emim(-me=VE) 0 < arg 2 < 2,
for m < arg z < 27 coincides with the function

2072 (eVE L gim(1mme=VE) < argz < 0.

Therefore, formula (2.1.23) can be written in the form

S

1 — z VT —/ 2 1 1
Eyjo(z; 1) = 5Z(l W2 (eVZ — gimie=VZ) Z T ok +0 (Zs+1> .|z = o0,
k=1
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where 0 < arg z < 27. Setting here s = 1, we obtain the relation

2 2Tu ~1+ReTy

where 0 < argz < 27. Since Re7, > 0 and 0 < arg+/z < m, by the Rouché theorem we obtain that
all sufficiently large (in modulus) zeros of the function F5(2; 1) are simple and

' —imp/2
6_27"“/22_(1_“)/2E1/2<Z; ) = sinh(\/g _ ZEU) _ G T +0 <1) , |z = oo, (2.1.29)

Vi, — igu =ir(n—1)+¢€,, €, —0, n— +oc. (2.1.30)

Perhaps this formula would look more natural if it contains n except for n — 1. However, in Sec. 2.2,
the presence of the term “—1” makes the numeration of zeros for p < 1/2 more uniform and convenient.
Substituting (2.1.30) on the right-hand side of (2.1.29), we obtain

. Cluefiwu/2 1
(—1) Sll’lh €n = W + O <nl+2RGTM> . (2131)
Therefore,
1
en =0 <n2ReTH) ;
since

sinhe, = €, + O(e)),
Eq. (2.1.31) implies that

c,le*i’”‘/2 1 1
e = (V" T O \aiemen, ) O\ mem ) -

This and (2.1.30) yield the required formula (2.1.28).

It remains to prove the fact that zeros are real. We have proved above that in any disk K, of
radius c/n? Re7u centered at the point im(n + pu/2), where n > nq, there exists a unique point of the
form \/z,. If j1 is real, then zeros of the function E /5(z; 1) as a power series with real coefficients are
symmetric with respect to the real axis. Therefore, if a point z is not real, then the disk K, contains
at least two points of the form /%, a contradiction. Theorem 2.1.2 is proved. ]

2. The case where p = 1/2 and Rep = 3 is most peculiar. Zeros of the function FEj/o(z;3) are
defined by the explicit formula (2.1.4). Therefore, we examine the behavior of zeros of the function

Eypo(23+1i8), 0#p el (2.1.32)

First, we recall some facts about the inverse Joukowsky (Zhukovsky) function

w=w(z)=z+Vz22-1. (2.1.33)

In the domain G = C\ ((—o0, —1]U[1, +00)), function (2.1.33) splits into two single-valued analytic
branches w® (z) that conformally map the domain G on the upper and lower half-planes Imz = 0,
respectively. For z € R, |z| > 1, we set wt(z) = wt(z + 40).

We choose a branch of the logarithm Inw such that —7 < argw < 7. Since wTw™ = 1, we have
nw™ () = —Inw'(2). (2.1.34)
If z € R, || > 1, then w (z +i0)w™ (z —i0) = 1 and hence
Inw'(z) =In"(x +i0) = —lnw’ (z —i0), xR, |z]>1. (2.1.35)

Consider the function inverse to the hyperbolic cosine:

Arch z = Log (z+\/ ) Logw(z z €.
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y (2.1.34), any value of the multi-valued function Archz in G has the form

In (24 V22— 1) +2mis™ or  —In(z+ 22 —1)" 4 2mis™, (2.1.36)

where st € Z. Here and in what follows,

(z+ \/,2’27—1)+ =

For brevity, we introduce the following notation for 0 # 5 € R:

v=7(8) = # pr=p1(B)=P+VNH2-1 p2=p08)=]+VI*+1, (2.1.37)

I'(1+14pB)
6 = 64(8) = In (327 1 f(yeismanny2 1), (2.1.38)
n (2.1.37), we take the arithmetic value of root. By the complement formula
|2 = 1 _ 1 B smmﬁ sinh 7rﬁ 1 (2.1.39)

I(1+4p)T(1 —iB)  iBL@EB)(1 —iB)  wiB w3
in particular, this implies that ps > p; > 1. Further, since J,, is a value of the function Inw™ at some
point, we have
0<Imé, <.

We say that a sequence (, is asymptotically distributed in a semi-strip a < Re( <b, Im{ > 0, if
for any € > 0, there exists R > 0 such that

Im(, >R — a—€e<Re(,<b+e
In Theorem 2.1.3, we take the same single-valued branch of the function y/z as in Theorem 2.1.2.
Theorem 2.1.3. (1) The set of multiple zeros of function (2.1.32) is no more than finite.

(2) Zeros zy, of function (2.1.32) form two sequences z, n > n", and z,, n > n", such that

1
Vi = 2min — %:l:%—l—O <> ,  n — +oo. (2.1.40)

n

(3) The points ¢, = \/zn are asymptotically distributed in the semi-strips

lnp1<'ReC+’<lnp2, Im¢ > 0. (2.1.41)

(4) Each point of the segment [0, 7] is a limit point for the sequence Imé, and each point of the
segments [Inp1, Inps| and [In(1/p2), In(1/p1)] is a limit point of the sequence Re b,
(5) There exist R = R(5) >0 and N = N(B) € N such that the disks

| —imn| < R, n >N,
do not contain the points (x = /2.

Lemma 2.1.2 (see [34, Sec. 2.3]). Let a function g(z) be analytic in some open rectangle m and con-
tinuous on its closure and do not vanish. Let

0<m<|g(2)]| <M < +00, z€Oam.
If zj € m and dist(z;,0m) > 6 > 0, i = 1,2, then
|arg g(21) — arg g(z2)| < C(8,m, M).

Lemma 2.1.3 (see [34, Sec. 2.3]). Let a function F(¢) be analytic and bounded in a semi-strip
|Re(| < H, Im¢ > 0, and let |F(C)| be separated from zero on some half-line Re¢ =h € (0, H),
Im{ > 0. Then the following assertions hold:
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(1) The number of zeros of the function F(() (counted up to their multiplicities)in the rectangle
|Re(| < h,t<Im( <t+1 is bounded fort > 1,

(2) |F(Q)| is separated from zero outside small disks of the same radii centered at zeros of F((),
|Re¢| < h, Im( > 1.

Proof of Theorem 2.1.3. First, we prove the following property of zeros z, of function (2.1.32):
Vz, =imn+A,, A, =0(1), n— 4oo; (2.1.42)

here, the sequence ,/z,, is assumed to be simple, i.e., several elements of sequence (2.1.42) with different

numbers correspond to any possible multiple zero of the function E /5(2; p).
’T‘u

Since Rep = 3, we have Ret, = 0 and hence |z;*| < 1. Therefore, formula (2.1.29) shows that,
having set ¢ = \/z, we must examine roots ¢, = y/z,, of the equation

F(¢) := sinh <g _ ”;“) +0(1), Tm¢ > 0.

Obviously, for sufficiently large h > 0, the function F'(¢) satisfies the conditions of Lemma 2.1.3 with
H = h+ 1, and all zeros (, of the function F(¢) from the upper half-plane lie in the semi-strip
|Re(| < h, Im{ > 0. We fix a > 0 such that the horizontal line Im ( = a does not contain zeros of
the function F'(¢) and denote by n(r) the number of zeros of the function F(¢) in the rectangle

w(r) = ((: |Re(| < h, a<ImC<r).

By Lemma 2.1.3, there exist a sequence r — 400, k — 400, and a number € > 0 such that

(1) 71 — 1 = O(1),

(2) n(rp41) —n(rr) = O(1),

(3) 0 <m < |F(¢)] £ M < +0o0 in the rectangle |[Re(| < h+ 1, |Im({ — ri| < €, where m and M

are independent of k.

By Lemma 2.1.2, we obtain from (3) that on the segment |Re(| < h, Im( = r; we have that the

increment of the argument has an asymptotic
Aarg F(¢) = O(1)
uniformly with respect to k. We prove that
Aarg F(¢) =2r, +0(1), k—o0, (€dn(ry), (2.1.43)

when bypassing the rectangle 7(ry).
Introduce the notation d = —imp/2. For Re( > 0, we have the relation

2F(C) = M1+ e(Q) e(Q) = O0(™), ¢ =E+im
therefore, |e(¢)| < 1/2 on the straight line Re { = h for sufficiently large A > 0. Hence
Aarg F(¢) = Aarg e 1 O(1) = 7, + O(1)

on the segment Re( = h, a < Im({ < r;. This relation is proved similarly for the increment of the
argument of F'(¢) on the segment Re{ = —h, a < Im( < r; bypassed downward. Since A arg F'({) on
the segment |Re(| < h, Im{ = a is constant and on the segment |Re(| < h, Im( = r; is O(1), we
have proved (2.1.43).

By the principle of the argument, from (2.1.43) we have

n(ry) = L O(1), rp — oc.
T
Together with the properties (1) and (2) this yields the relation
n(r) = Ty o), r— oo. (2.1.44)
7r
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Let n be a sufficiently large number. Setting r = Im (,,, we obtain from (2.1.44)

n= % +0(1) = Im¢(,=mn+0(1).
Since |Re (| < h < 400 and ¢, = \/z,, we obtain the required relation (2.1.42).
(1) We use formula (2.1.29). Since now p = 3+ i3, 0 # 5 € R, by formulas (2.1.5) and (2.1.6) we
have
ip
5
and for large (in modulus) zeros of function (2.1.32) we have the equation

Cp=2v, Tu=

; 1
cosh <\/§—|— 7F26> = 72#/2¢78/2 L O () , 2 — 00. (2.1.45)
z
Substitute z = z, in this relation. Since, by (2.1.42),

Z;B/Q _ (Z’?T?"L + An)zﬁ — ei,@ln(iwn—l—An) — ei,@lniﬂn (1 +0 <1>> — 6—7"5/26@‘51117”1 +0 <1> , (2146)
n

n
we obtain
Wﬁ _ iBInmn 1
cosh | \/zp, + o ) =e +0(—], n— +oo. (2.1.47)
n
The formula
PEp(zip— 1) = p(p — 1) Ep(2; p) + 2, (2 ) (2.1.48)

implies that a multiple zero of the function (2.1.32) is a zero of the function E,/5(2;2 + i3). By
Theorem 2.1.2, zeros of the function F; /2(2; 2 4 if) have an asymptotics

Vzn =im <n+ 2—;Zﬂ) +0 (i) =im(n+1) — %JrO <:L> , m— +00. (2.1.49)

Therefore, if the function (2.1.32) has an infinite number of multiple zeros, then some sequence of
indices satisfies property (2.1.49). Then the corresponding limit point of the modulus of the left-hand
side in (2.1.47) is equal to cos0 = 1, whereas the limit of the modulus of the right-hand side is equal
to |y > 1 (see (2.1.39)); a contradiction. Assertion (1) is proved.

(2) Taking into account formula (2.1.42), we write the sequence of zeros of function (2.1.32) and
the union of two sequences 2,7, n > n*, and 2, n > n~, and hence

Vot =2min+ AL, n>nE (2.1.50)

and AF = O(1). As in the case of (2.1.42), we assume that the sequences v/ ZF are simple, i.e., to
any possible multiple zero, several elements of (2.1.50) either with different numbers or with opposite

signs correspond. Substituting the expression for \/z = v/zi from (2.1.50) in formula (2.1.45) and
taking into account that now (similarly to (2.1.46))

(Zs)i5/2 — e*ﬂﬁ/26i61n27m + O(l/n),

we have
cosh(AF + 76/2) = 4e2™ L O(1/n), n — +oo.

Therefore,

) 1 . 1
AT:NL: + % — Arch (,yezﬁln%rn +0 <n>> _ Logw(,ye%ﬁln%rn) +0 <n> )
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Of all values of the multi-valued function on the right-hand side for fixed n, only two are appropriate
for us. By (2.1.36), we have the relation

: 1
AE = 7% + Inwt (yeP2™) 4 2mist + O <n> : (2.1.51)
where s and s, are integers. It remains to prove that s = 0.
To emphasize the dependence on 3, we write

=24 (8), Ay =A05(8), s, =s,(B).

n

Take € € (0,7). The terms O(1/z) and O(1/n) in formulas (2.1.29) and (2.1.46) are uniform with
respect to the parameters p and S from bounded sets, respectively. If we fix @ > 0, then there exists
N; € N such that the last term in formula (2.1.51) satisfies the

|O(1/n)| <e/2, n>N;, f€][—a,al. (2.1.52)

We fix such N;.
We also fix a sufficiently large No € N and introduce the notation

K(z057) = (z:|z— 20| <7), P=(2:2rNy +7 <|z| <2aNp —m, Imz > 0).

Then

hz—-1
By (2% 3 +i8) = By j(2%3) = %, B —0,

uniformly on P. Zeros of the right-hand sides lying in the semiring P have the form 27in, N1 < n < Na,
and all of them are double. By the Hurwitz theorem, there exists ¢; > 0 such that the disk K (27in;¢)
contains exactly two zeros of the function F; /2(22; 3 4 i) under the condition

BeUs(0)=(B:0< |8 <b1), Ni<n<Ny.

But zeros of the function Ej j5(2% 3 4 if3) are the points (2.1.50).
Since Inw™(z) — 0 as z — 1, there exists d € (0, d1] such that

mf

‘—2 + Inw' (y(B)e? ¥ ™) | < . pe Us,(0), Ni<n<Ns. (2.1.53)

2’
Therefore, if in (2.1.51) we set s (8) = 0 for 8 € Us,(0), then by (2.1.50)-(2.1.53) we have
\/ 25 (B) € K(2min;e), Ni <n < Na.

This means that for 3 € Us,(0), Ny < n < N, formula (2.1.51) is valid for s = 0.
The convergence

Ey(z; 1) = Ep(2;p0), 1 — pio,

is uniform in any disk; hence by the Hurwitz theorem we deduce the continuous dependence of 4/ zi- (8)

on 3. By (2.1.50), the dependence A () on j3 is also continuous. The first two terms on the right-hand

side of (2.1.51) are continuous functions of g; therefore, the sum of the last terms in (2.1.51)
2misy, (8) + O(1/n) =: Ay (B)

is a continuous function of J for fixed n. By the above and (2.1.52), there exists 0 € (0, J2] such that

e_m

2 27

However, if s-(8) # 0, i.e., [s-(8)| > 1, then
A7 (B)] > 2m —¢/2 > (3/2)m,

|AE| < B € Us(0), Ni<n<Ny. (2.1.54)
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which contradicts (2.1.54) and the continuity of the function AF(B). Therefore, st(8) = 0,
—a<f<a, N7 <n < Ns.

On the real half-lines (—o0o,—1) and (1, 4+00), the function Inw™(z) is continuous only by the set
Im z > 0. Therefore, we must clarify our reasoning related to the continuity if for some 0 # 5y € [—a, al,
N; < n < Na, the point ¢,(5p), where

tn(B) = v(B)e 2, (2.1.55)

lies on one of these half-lines.
Introduce the sets UT by the conditions

BeUt (U7) <= Imt,(B)>0(<0).

Then the function

—Inwt(t,(B)), BeU-,

by formula (2.1.35), is continuous at the point fy. Therefore (see (2.1.51)), if for 8 € U~ we change
the roles of A and A, (and s and s;, respectively), then all the above reasoning based on the
continuity remains valid.

Since we can take Ny arbitrarily large, st(3) = 0, n > Ny, 8 € [~a,a]. However, a > 0 in our
reasoning is arbitrary. Therefore, formula (2.1.51) with s = 0 is valid for all 0 # 8 € R. Taking into
account notation (2.1.38) and formula (2.1.50), we see that assertion (2) is proved.

(3) Consider ellipses symmetric with respect to coordinate axes; we assume that the point of ellipses
lying on the real axis belong to the upper semi-ellipses.

Let p > 1 and
1 1 1 1
—— i b == S 2.1.
ap 2<p+p>, b 2<p p) (2.1.56)

The function w'(z) maps the upper (lower) semi-ellipse with semi-axes a, and b, on the semicircle
|lw| = p, Imw > 0 (respectively, |w| = 1/p, Imw > 0).
Let Cg be the circle |z| = [y(8)] > 1 and CZ{ and C be its upper and lower semi-circles. Let I3

{ Inw*(t,(8)), BeUT,

and Lg be ellipses with semi-axes (2.1.56) such that [ is inscribed in Cg and Lg is circumscribed
about Cz. Let l; and ZE (respectively, LE and ng) be the upper and lower semi-ellipses of the ellipse
lg (respectively, Lg). Let a be the first semi-axis of the ellipse ig and b be the second semi-axis of the
ellipse Lg, i.e., a = b = |y(B)|. Then, taking into account (2.1.56), we conclude that the image of the
upper semi-ellips lg (respectively, LE) under the mapping w™ (2) is the upper semi-circle |w| = p; > 1,
Imw > 0 (respectively, |w| = p2 > 1, Imw > 0), where

;<p1+p11)—h(/8)\—;<p —;)-

Solving these quadratic equations and taking into account the fact that pi, ps > 1, we obtain formu-
las (2.1.37) for p; and pe. Finally, the image of the semi-circle C; is a curve lying in the semi-ring
p1 < |w| < pg, Imw >0, ie.,

zeCy = p<|w(z)| <p2, Imw'(z)>0. (2.1.57)

Arguing similarly for the lower semi-ellipses lg and L, we obtain

_ 1 1
zely = P < |wt(2)| < o7 Imw™(z) > 0. (2.1.58)
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By formula (2.1.38), we have 6, = Inw™(z), where z € Cj. Therefore, applying (2.1.57) and (2.1.58),
we obtain the relation

|Red,| = |Relnw™(2)] = |In|w(2)]| € [In p1,1n pa].

This and formula (2.1.40) prove assertion (3).

(4) We denote by KE‘ the image of the semi-circle CE under the mapping w*(z). We know that
the curve Kg lies in the semi-ring p; < |w| < po, Imw > 0, starts at the point p;, passes through the
point ipy, and ends at the point —p;. Therefore,

(1) for any 6 € (0, 7), there exists a point w = Re? € K}
(2) for any p € (p1,p2), there exists a point w = pe'¥ € KE’

Let z € Cg be the preimage of the point w € Kg

of the point w, and U(z) be the preimage of U(w), i.e., U(z) is a neighborhood of the point z. We
assume that the neighborhood U(w) is so small that it lies in the open upper half-plane. Then the
neighborhood U(z) also possesses this property.

Since In27n — 400 as n — oo, the point ¢, € C’;{ (see (2.1.55)) performs an infinite number of
half-turns. Since In2m(n + 1) — In27n — 0 as n — oo, we see that U(z) contains infinitely many
pairwise distinct points ¢, of the semi-circle C;f. Therefore, U(w) contains infinitely many pairwise

, Imw > 0, U(w) be a circular neighborhood

distinct points w;" = w*(t,), n € T C N. From this point, we consider the sequences Im ¢,, and Re d,,
separately.

Let 6 € (0,7) be fixed and w = Re” be the corresponding point on K; (see (1)). We prove that
the points argw;’, n € T, are pairwise distinct. Indeed, if the points w,” and w;! have the same
arguments, then they lie on the same ray in the upper half-plane ematating from the origin. The
Joukowsky function maps this ray either in the ray argz = 7/2 (if § = 7/2) or in one of the branches
(left or right) of a hyperbola symmetric with respect to the coordinate axes. But the semi-circle
Cg does not contain any pair or points that belong to one of these sets. We have proved that the
points argw;’, n € T, are pairwise distinct. Since the points w; lie in U(w), the corresponding (real)
neighborhood of the point 6 contains an infinite set of points argw;’. By the arbitrariness of U(w)
this means that the point 6 is a limit point for the sequence

argw,” = ImInw, = ImJ,.

It remains to recall that 6 is an arbitrary point from (0,7) and that the set of limit points is closed.
Assertion (4) for the sequence Im é,, is proved.

Let p € (p1,p2) be fixed and w = pe’? be the corresponding point on KE (se (2)). We prove
that any triple of points |w;'|, n € T, contains a pair of distinct points. Indeed, if some three points
w;" have the same moduli, then these points lie on the same upper semi-circle centered at 0. The
Joukowsky function maps this semi-circle on the upper semi-ellips (which does not coincide with the
semi-circle ). But on CE only two points can belong to such a semi-ellipse, i.e., our assumption is
invalid. Therefore, the corresponding (real) neighborhood of the point p contains an infinite number
of points |w;"'| and any neighborhood of the point In p contains an infinite number of points

In |w,;| = Relnw,” = Red,.

Since p € (p1,p2) is arbitrary and the set of limit points is closed, we have proved that any point of
the segment [In py,1n pso] is a limit point for the sequence Red,. In our reasoning, we have used the
upper semi-circle CZ{ and its image KEL Arguing similarly for the lower semi-circle Cg and its image
K, and taking into account (2.1.58), we obtain that any point of the segment [In(1/p2),In(1/p1)] is
also a limit point for the sequence Red,,. Assertion (4) is completely proved.
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(5) We must prove that the sequence A,, is separated from zero (see (2.1.42)). Assume the contrary:
let A, — 0 for some sequence of indices n = ni — oco. Passing to the limit as n = np — 0o in the
equality for moduli in (2.1.47) and applying (2.1.39), we obtain

cosh ™ = [3(8)] =

sinh 73
T8
However, for g # 0 this is impossible since for ¢ # 0 the following relation holds:

t 1-+cosht N N sinh ¢
h? o =———— =1 ——>1 = :
O 2 +; 20~ n; @n+1) ¢

We have proved assertion (5). Theorem 2.1.3 is completely proved. O

3. It remains to consider the case where 0 < p < 1/2.

Lemma 2.1.4. Let p=1/m, m € N, m > 2. Then

m—1
Ep(2§m) = El/m(z;m) = pzp_l Z 627rinp eXp(zpeQﬂ'inp).
n=0
Proof. Since
m—1 '
mEl/m(z; m) — Z El(zl/m627rm/m; m)
n=0
(see [6]) and
w 1 w
E]_(wm :Z 1<6w— )7
- - |
k:D ]{7 +m 1) wm prt !
we have
-2 . B
mEl/m(z m = Zl/m rnz ( 2min(l/m—1) exp(zl/mezﬂ_in/m) _ n Zk/m627rzn(j€+1 m)/m) ‘
- k=0 k!
But the expression
m—1m— 22/ 2'(k+1 m—2 k/mml ) oy
Tin m)/m min(
2 G XX

vanishes since the last sum is zero. Substituting this into the last formula, we obtain the lemma. [

Lemma 2.1.5. Let p=1/m, m €N, m >2, s € Z. Then
m—1 ' ‘
E,(z;m —s) = pzPitse Z e2minp(1+s) exp(zpe2m"p). (2.1.59)
n=0
Proof. We prove the lemma by induction. For s = 0, formula (2.1.59) is the assertion of Lemma 2.1.4.

We show that the inductive hypothesis for an index s implies its validity for the index s + 1.
From (2.1.59) it follow that

m—1
zE;(z; m—s)=p(p—1+4sp)zP 1T Z e2minp(1+s) exp(zPe?™nP)
n=0
m—1
+ p2z2p—1+sp Z e27rinp(2-i—s) exp(zpe%rinp)'
n=0
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We substitute this and (2.1.59) on the right-hand side of the formula
PEp(zip— 1) = p(p — 1) Ep(2; p) + 2, (2 )
(see [6]) setting here = m — s. Since p = 1/m, we have proved the lemma. O

Remark 2.1.1. Formula (2.1.59) can be written in the form

m—1
Ep(zip) = p2P71) Y7 2mneom) exp(20e*™70), - p =

n=0

1
—, p=m-—s. (2.1.60)
m

It is valid for any branch of the function 2z since the right-hand side of (2.1.60) is invariant under the

change of arg z by arg z + 2.

Theorem 2.1.4. Let 0 < p < 1/2. Then all sufficiently large (in modulus) zeros z, of the function
E,(z; ) are simple and can be described by the asymptotic formula

™ 1 Lp
sinmp 2

where
(1) in the case of exclusive pairs p, p we have

a, = O (e—ﬂn(cos wp—cos 3mp)/ sin 7rp) :

(2) if1/4 < p < 1/2, then

)

o, = O(n_ Re’ru/pe—wncotwp),
(3) if p<1/4, then
, = e TEot TP (O(eﬂncos37rp/sin7rp) + O(n_ ReTu/p)>‘
If v is real, then all sufficiently large (in modulus) zeros are real.
Proof. First, we consider exclusive pairs p, u, i.e.,
p=1/m, meN, m>3, pu=m-—s, scZ;.

We set w = 2Pe~™; then to the whole plane 0 < arg z < 27 corresponds the sector —mp < argw < 7p,
and by (2.1.60) we must examine the asymptotics of zeros of the quasi-polynomial

P(w) = mzzl e2minp(1—p) exp(we(2”+1)mp).
n=0
In this sum, we consider the terms with n = 0 and n = m — 1 (in the sector specified, they play the
key role):
P(w) = exp(we’™) + e 1712 oxp(we ™) + a(w), (2.1.62)

m—2
a(w) = Z dp exp(Apw), A, = eZrtbime,
n=1

‘We have the relation

m—2
‘a(w)’ = Z dp, exp (wei”p(%“)) = O(exp (Rew cos3mp — Imw sin 37rp)) (2.1.63)

n=1
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in the sector | argw| < 7p, since in this sector the growth of the quasi-polynomial a(w) is determined
by the right-hand side of the points exp(imp(2n + 1)), i.e., by the points with indices n = 1, m — 2; for
these points

‘exp (we”p(Q”H)) ’ =0 ( exp ( Rew cos 3mp — Im w sin 37rp)> .

On the set 0 < ¢ < argw < 7p (—7p < argw < —¢) in formula (2.1.62), the second (respectively,
first) term dominates. It grows exponentially on this set, and hence the quasi-polynomial P(w) grows
exponentially in these sectors. Therefore, for arbitrarily small € > 0, all zeros of the function E,(z; 1)
belonging to the set |argw| < mp, perhaps, except for a finite number, lie in the sector

larg w| < e. (2.1.64)
From (2.1.62) and (2.1.63) we see that if § = argw € (—¢,¢), then

P(w) = exp (weiwp) + efi(lf,u)%rp exp (wefiﬂ'p) + O(eRew(cos37rpftanBSin37rp))

= 9eweosmp—imp(l=p) g (w sinmp + mp(1l — ,u)) + O(SRew(COS 3mp—tan 6 sin 37rp) )
If ¢ is sufficiently small, then
cos mp — cos 3mp — tane| sin 3wp| > 0;
therefore, for zeros wy, of the quasi-polynomial P(w) in the sector (2.1.64) we have the equation
cos (wsinmp + mp(1 — p)) = o(1), Rew — +oo, (2.1.65)
where o(1) is
(@) ( exp ( — Rew(cosmp — cos 3mp + tan f sin 37rp))> .

Equation (2.1.65) shows that |Imw,| < h < +oo for all n. But then Rewtand = O(1) for w = w,
and hence the term o(1) in (3.7.4) is

O(exp (— Rew(cosmp — cos 37rp))>. (2.1.66)

Setting t = wsinmwp 4+ wp(1 — p), we rewrite Eq. (2.1.65) in the form

— 3
cost =0 (exp (—COS Wp_ cos omp Re t)> )
sinp

Obviously, all sufficiently large (in modulus) roots t,, of this equation in the right-hand half-plane are
simple and are described by the asymptotic formula

—cos3
t, =7n+ T + 0 (exp <—7TnCOS 7rp' o8 Wp)) , M — 4o00.
2 sinmp

Zeros zp of the function E,(z; ) are preimages of the points ¢,, under the mapping
t=2Pe" ™ sinmp 4+ wp(1 — p).

Together with the previous formula this yields formula (2.1.61) for exclusive pairs p, u and the estimate
of the remainder from assertion (1).
Now we consider the general (i.e., nonexclusive) case. We use Theorem 1.2.2: if 0 < p < 1/2, then

A A 1
Ey(z;p) = pzP=H) Z 2mmP(1=1) exp (2P 2™P) 4+ O () , |z = 0. (2.1.67)
| arg z+27n|<3w/4p i

Formula (2.1.67) is valid for any single-valued branch of the power function since the replacement
of § = arg z by 0 + 27 leads to the decreasing by 1 of the index n, i.e., to the renumbering of indices.
It is convenient to assume that 0 < arg z < 2.
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We set again w = zPe~ ™. Let w, be the images of zeros z, of the function E,(z; 1) under this
mapping. Then (2.1.67) shows that w,, are zeros of the function

1
in the sector —mp < argw < wp, where
P(w) = Z 2P (1=1) oxp (we Pt H)miny, (2.1.69)
| arg w+(2n+1)mp|<3m/4

Consider the sector (2.1.64) assuming that e is sufficiently small. Since p < 1/2, formula (2.1.69)

necessarily contains points w with indices n = 0 and n = —1.
We denote by N the maximal index in formula (2.1.69). We have the inequality
3

T2 |2N + mp—argu| > (2N + p <,

(2N + D)mp < 3% +e. (2.1.70)

Therefore, points

Ay = e(2n+1)i7rp
with nonnegative indices lie on the arc |w| = 1, 0 < argw < 37/4 + . Similarly, points \,, with
negative indices lie on the arc |w| = 1, —37/4 — e < argw < 0. Therefore, among the exponents A, of
the quasi-polynomial

P(w) — Z hne)\nw’ h,, = 627rinp(1—u) 7& 0, Ap= 6(2n—|—1)i7rp7

the points
Ao = eiwp7 A1 = efmp,
have the maximal real parts.

From (2.1.70) follows that if p > 1/4 and ¢ is sufficiently small, then N = 0. By analogy, the
minimal index n in formula (2.1.69) is n = —1, i.e., if p > 1/4, then formula (2.1.69) contains only
indices n = 0 and n = —1.

We have denoted function (2.1.69) by the same symbol as function (2.1.62) not accidentally. In
(2.1.69), in contrast to (2.1.62), the set of indices n varies depending on w, but the set of collections
of such indices is finite when |argw| < mp, and hence these function behave similarly.

Indeed, if 0 < ¢ < argw < mp (—7p < argw < —¢), then the term with index n = —1 (respectively,
n = 0) dominates in (2.1.69). Therefore, on this set function (2.1.69) (and, therefore, (2.1.68)) grows
exponentially. Hence zeros of function (2.1.68) lying in the sector |argw| < mp, perhaps, except for a
finite number, actually belong to the set (2.1.64).

After this remark, we can repeat the reasoning of the exclusive case. The unique change is as
follows: If we write P(w) in the form (2.1.62), then a(w) consists of the last expression from (2.1.68)
and the terms of (2.1.69) corresponding to the most right-hand points e*®, i.e., to (possible) points
with indices n = 1 and n = —2. Therefore, the form of the right-hand side o(1) in Eq. (2.1.65) is
slightly different from that in Eq. (2.1.66). However, formula (2.1.61) is valid in all cases, and we must
only observe how this change affects the behavior of the remainder a,.

Let 1/4 < p < 1/2. Then, as we have seen, Eq. (2.1.69) contains only points with n = 0 and
n = —1. Therefore, a(w) is reduced to the last expression in (2.1.68), and hence the right-hand side
of (2.1.65) has the form

O<|w‘_ReT“/p€_ Rewcoswp).

Finally, we obtain the estimate of the remainder from assertion (2).
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If p < 1/4, then we must take into account points A,, n = 1, n = —2. Therefore, the right-hand
side in (2.1.65) is the sum of expression (2.1.66) and

e W cospr(w— Re’ru/p) )

Then we obtain the estimate of the remainder from assertion (3).

In all cases, the simpleness of sufficiently large (in modulus) zeros of the function E,(z; ) follows
from the simpleness of roots of Eq. (2.1.65) for Rew > Ry.

The fact that all sufficiently large (in modulus) zeros are real for real u is proved as in Theorem 2.1.2.
Theorem 2.1.4 is completely proved. O

Apparently, Dzhrbashyan and Nersesyan first began to study asymptotics of zeros of Mittag-Leffler
function (see [6]). Their results are restricted by various constraints imposed on the parameters p and
u, for example, p > 1/2. In [29], for all p > 0 and p € C, except for the case where p = 1/2 and
Re p # 3, asymptotic formulas for zeros were obtained with accuracy to an infinitesimal term whose
order had, however, been estimated; in particular, Theorem 2.1.4 is contained in [29]. Improved
formulas from Theorems 2.1.1 and 2.1.2, in which the first terms of asymptotics are presented, are
published here for the first time. Theorem 2.1.3 relating to the exclusive case p = 1/2, Rey = 3 was
proved in [36].

2.2. Matching of Asymptotics and Numeration of Zeros

Formula for zeros z, of the function E,(z; 1) obtained in the previous section are asymptotic; they
describe the behavior of zeros outside a disk of sufficiently large radius but do not yield information on
the number of zeros inside this disk. Obviously, the problem on the number of such zeros is equivalent
to the problem on matching of asymptotics and the numeration of all zeros.

Definition. Let Z = (z,) be the set of all zeros of an entire function F(z) and let the following
asymptotic formula hold:

zn = p(n) +0o(1), n — +oo (or n — +00), (2.2.1)

where ¢(n) — oo. We say that asymptotics (2.2.1) is matched with the numeration of all zeros of the
function F(z) by the index set T if there exists a bijection T <+ Z preserving asymptotics (2.2.1).

Note that we assume that to any zero A of multiplicity m in Z, elements zs41 = ... = 2gpm = A
with different numbers correspond.

We explain this definition by the examples of the functions F(z) = sinz and F(z) = (sinz)/z.
Their zeros have the same asymptotics

zn =mn+o0(l), n— +oo.

In the first case, this asymptotics is matched with the numeration of all zeros by the index set Z, but
in the second case by the index set Z\{0}.

In this section, we find index sets T" used for matching of the asymptotic formulas of Theorem 2.1.1,
2.1.2, and 2.1.4 with the numeration of all zeros of the function E,(z;u). The following assertions
hold.

Theorem 2.2.1. (1) If
1 1 1
p>—, u#*——UL 1le€Zy or p=—, Reu>3,
2 p 2

then the asymptotic formula (2.1.7) is matched with the numeration of all zeros of the function
E,(z, 1) by the index set Z\{0}.
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(2) If

2
then the asymptotic formula (2.1.7) is matched with the numeration of all zeros of the function

E,(z,p) by the index set Z\{0}\{1}.
Theorem 2.2.2. (1) If

1 1
p>77p#1’M:;7Z’l€Z+7

1
p:§7 ReM<37 /J'7é2_l7 ZEZ-H

then the asymptotic formula (2.1.28) is matched with the numeration of all zeros of the function
E,(z; ) by the index set N.
(2) If
1
p<z
then the asymptotic formula (2.1.61) is matched with the numeration of all zeros of the function

E,(z; ) by the index set N.

For example, consider the function
e —1
ot
Here ¢, = 1 and 7, = 0 and by Theorem 2.1.1, the asymptotics of zeros of this function has the form

Ei(22) =

zp = 2mni +o(1), n — %oo.

Theorem 2.2.1 asserts that the asymptotics is matched with the numeration of all zeros by the index
set Z\{0}. On the other hand, we have exact expressions for zeros:

zn = 2mni, n € Z\{0}.

Proof. If a point z = 0 is a zero of the function E,(z, ) of multiplicity m, then we pass to the function

o= (3) B, PO A0

z

The proofs of Theorems 2.2.1 and 2.2.2 are based on the Jensen formula

T t 1 T ‘
/n()dt = — /1n|F(re“9)|d0 —In|F(0)], (2.2.2)
t 2m
0 -7
where n(t) is the number of zeros of a function F(z) in the disk |z| < r, which, obviously, coincides

for > 1 with the number of zeros of the function E,(z; u).
2.2.1. Estimate for the integral of the logarithm of the modulus.

Case p > 1/2. We use formulas (2.1.12) and (2.1.13), which are uniform in the corresponding sectors
with respect to § = argz. In these formulas, we set s = 1 for p # 1/p— 1, k € Z4 and s = 2 for
p=1/p—1
Let rg be sufficiently large. Then the set of points satisfying the conditions
Re (2 + 7,Inz) —Inlc,| =1, |2| > ro,

consists of two infinite curves starting at some points M, and N, of the circle |z| = ry, and the union
of this set with the right-hand arc M N, of the circle |z| = rg is an infinite curve, which we denote
by v4+. Similarly, we denote by y_ the curve obtained as the union of points satisfying the condition

Re (2 + 7,Inz) —In|c,| = =1, |z > 7o,
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with some left-hand arc M_N_ of the circle |z| = rg. Both curves 4 are asymptotically situated
along the rays arg z = +7/(2p).

We denote by P, the set of points lying to the right of v, and by P_ the set of points lying to the
left of v_. Let P be the closure of the set of points lying between v; and y_ with the removed disk
|z| <rg. The set P, (respectively, P_) is a right-hand (respectively, left-hand) curvilinear half-plane
and P is a curvilinear strip lying between them with the removed disk |z| < 9. We have

C\(z:|2|<rg) =P UP_UP

and the relations

P = (z:r: |z > 10, Re (2” +7,Inz) —In|c,| < —1),
P, = <z:7’>r0, Re (2* + 7,Inz) —In|c,| >1>,
P= (Z:T>T(), —1§Re(zp+7'ulnz)—ln\cu| Sl).

3

Let p>1. If z € P_ and 7/p < |arg z| < m, then by formula (2.1.13)
2°Ey(z; ) = —pey, 1T — 00, T < |arg z| < . (2.2.3)
p

If z € P_ and |arg z| < w/p, then the definition of the set P_ and formula (2.1.12) imply that

1 1
zSEp(z;,u)‘ < Il + |eu| + O () <M <oo, r>r0, (2.2.4)
p e T

1 S
—2°E,(z; 1
7 Bp(zp)
From (2.2.3), (2.2.4), and (2.2.5) we obtain

|2°Ey(z;p)| <1, r>ry, z€P_. (2.2.6)

If 1/2 < p < 1, then the reasoning related to formula (2.2.3) fails and formulas (2.2.4) and (2.2.5)
are valid for |arg z| < m, and we again arrive at estimate (2.2.6).
Let z € P. Then by formula (2.1.12)

exp (Re (2 + 74 lnz)) — ey +O <i)

ll)zSEp(z; ,u,)‘ < exp (Re (2" + 7 1nz)> + leu| + O <i> . (2.2.7)

1
> |c“]—’C:‘+O<T) >m >0, 7r>r. (2.2.5)

<

By the definition of the set P
ley| < éexp(Re (ZP—FTMIHZ)), z € Py. (2.2.8)
Substituting (2.2.8) in (2.2.7), we obtain the estimate
|2°E,(2; p)| < exp (Re (2 + 74 In z)), r>rg, z€ Py (2.2.9)

It remains to consider the set P. Under mapping (2.1.15) it transforms to a set, which, for large
|w]|, coincides with the vertical strip
Y- <Rew <y, ~yE=Inle,| £1.

Obviously, for sufficiently large |z|, mapping (2.1.15) is univalent. We consider the image e(w) of the
function (1/p)2°E,(2; 1) under this mapping. By formula (2.1.12),

e(w) =€ —c, +o(l) = p(w) +o(l), 7- <Rew <y, |Imw|— oo. (2.2.10)

261



The function ¢(w) is 2mi-periodic and continuous. Therefore,
0<c(d) <|o(w)] <M< oo

for v~ < Rew < 4, | Imw| > rg, and outside small disks of radius § centered at zeros of the function
@(w). This and relation (2.2.10) imply the estimate

0<m<le(w)]| <M<oo, 7-<Rew<~v;, [Imw|>ro, (2.2.11)
outside small disks of radius ¢ centered at zeros wy, of the function e(w), which have the form
wy, = 27ni + Inc, + o(1).

Taking sufficiently small § and returning to the variable z, owing to (2.2.11) we conclude that there
exist circles |z| = ry — oo such that on their intersection with the set P estimate (2.2.6) is valid, i.e.,

|2°Ey(z;p)| <1, z€P, |z|=rp— . (2.2.12)
Estimates (2.2.6), (2.2.9), and (2.2.12) show that on appropriate circles, the following estimates hold:
In|E,(z;p)| =Rez” + (Rery, — s)Inr + O(1), =z € Py, |z| = ri — oo, (2.2.13)
In ‘Ep(z;,u)‘ = —slnr+ O(1), z€P_UP, |z| =1, — 00. (2.2.14)
Using these estimates, we examine the behavior of the integral
7T
I(r) = % /ln }Ep(rew;u)‘dﬁ, r=7rp — 0.

We denote by a4 (r) the arguments of points that restrict an arc of the circle |z| = r lying in the set
Py, a_(r) <0< ay(r). From the definition of the set Py it follows that both terms +a4 (r) have the

form |
T nr
% +0 (rp) =: a(r). (2.2.15)

We represent the integral I(r) by the sum of the integrals I}, j = 1,2, 3, 4, which are taken over the
intervals
(07 OZ+(T‘)), (a— (7‘), 0)7 (a-i- (T)v 77) € (_71-’ a— (T))v
respectively. To estimate I; and [ we use formula (2.2.13), but for estimate I3 and I; we have formula
(2.2.14). Taking into account (2.2.15) we obtain the relation

™

1 s 1 1
=5 (O(1) —slnr)dd = O(1) — %(ﬂ’ —a(r))lnr=s <4p — 2) Inr+ O(1).
a(r)

A similar estimate is valid for I. Further, since by (2.2.15)

. Inr In2r
sin pa(r) = cos (O (rl’)) =140 < 2 > )
o(r)

1
L=— / (r”cosp@—l—(Rerﬂ—s)lnr—l—O(l))dG

I3

we have

2m
0
o
= 2;_—[) sin pa(r) + O;(;)(Rem —s)lnr+0(1)
rP 1
= 2 + Zp(ReT“ —s)lnr+ O(1)
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and a similar estimate for I>. Joining the estimate for I;, we obtain an intermediate result for the
case p > 1/2:

R
;;“ — s) Inr+O(1), r=rp— occ. (2.2.16)

™
1 0 rP
Py /ln\Ep('re’ s u)|dé = . + (

Case p = 1/2, Rep > 3. The constants ¢, and 7, are calculated by formulas (2.1.5); we have the
inequality Re 7, < 0. Let r¢ be sufficiently large. Consider the sets

P, = (z:r > rg, Re (ﬁ%—mlnz) —lInjc,| > 1),

P = (z :r>rg, Re(vVz+1,Inz) —Infc,| < 1).
Obviously,
C\(z:|z2|<rg)=PLUP.
Let 0 < arg z < w. By formula (2.1.23),

22E 9(2; 1) = exp (\/2 +7,1n z) + e A=) Tue=VE _ cu+ 0 <1>

”
=exp(vVz+ 1, Inz) —c, +0(1), r—oco. (2.2.17)

If 0 <argz <m, z € Py, then inequality (2.2.8) holds with p = 1/2. This inequality and (2.2.17)
imply estimate (2.2.9) with p =1/2 and s = 1.

Consider mapping (2.1.15) with p = 1/2. The image of the domain PN (z: Imz > 0) under this
mapping for sufficiently large | Im w| coincides with an expanding curvilinear strip (we denote it by V),
which is bounded by the vertical straight line

Rew=1+Inlc,| =:b
from the right and by the curve
w=i(vr+ (Im7,)Inr) + (Rer,) Inr+¢, 7> ro.

From (2.2.17) follows that the image e(w) of the function 22FE,(z; 1) under the mapping considered
has the form (2.2.10). We fix a < 0 such that

le”| = exp(Rew) < |cu|/2 for Rew < a.
Introduce the semi-strip
Vi = (w:a<Rew<b, Imw>r0>,
and let V_ = V\V,. By the choice of a and Eq. (2.2.10), we see that
le(w)| > |cul/24+0(1) >m >0, weV_, Imw>r.

If w € V4, then, using the periodicity of the function e*, we conclude that the lower estimate
le(w)| > m > 0 is also valid for points w € V4 lying outside small disks K, () of radius 0 centered at
zeros of the function e(w). Thus,

le(w)] > ¢(6) >0, weV, w¢UK,S), 7 >ro.

The upper estimate |e(w)| < M < oo for w € V immediately follows from (2.2.10) and the definition
of the set V. Therefore,

le(w)] <1, weV, w¢UK,(), r>ro.

Taking sufficiently small § and returning on the z-plane, we conclude that there exists a sequence
T, — oo such that estimate (2.2.12) holds with p = 1/2 and s = 1.
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Estimates (2.2.9) and (2.2.12) (with p = 1/2 and s = 1) are proved for 0 < argz < 7. They can also
be similarly proved for —m < argz < 0. Therefore, these estimates with s = 1 are valid for the case
p=1/2, Rep > 3 without restriction on argz. Finally, in the case where p = 1/2 and Repu > 3 we
arrive at estimates (2.2.13) and (2.2.14); moreover, in (2.2.14) the set P_ is absent now. Repeating the
reasoning following (2.2.14), with formal replacement of p by 1/2 and s by 1, we obtain the following
estimate of type (2.2.16):

- . 2
o / In |E1/2(rew;u)]d9 ==Vr+(Rer,—1)Inr+0(1), r=ry— oco. (2.2.18)
T T

Cases p=1/2, Rep < 3 and p < 1/2. Now we apply formula (2.1.67) and Lemma 2.2.1 (see below)
on the behavior of the quasi-polynomial

R(w) =Y " hje¥™,  h; #0, (2.2.19)
j=1

where ~y; are vertices of some convex polygon GG numbered in order of its positive bypass. We set
Ym+1 = 1. Denote by k(¢) the support function of the polygon G, i.e.,

k(p) = sup (Re(we_w) cw € G).
Lemma 2.2.1 (see [27]). (1) The sequence A of zeros of quasi-polynomial (2.2.19) has the form
A=A U...UA,,

where the sequence A; is asymptotically distributed along the ray

T
argw = 9 arg(Vj+1 — ;)

by the law of arithmetic progression, j =1,...,m.
(2) Outside small disks of the same radii centered at zeros of the function R(w), the following
estimate holds:
|R(w)| =< exp(k(— argw)|w]).

We continue the proof of the theorem. Let |argz| < m. Then sum (2.1.67) necessarily contains the
index n = 0. Setting w = 2, |argw| < 7p, we write this sum in the form

Q(w) = > ha exp(we?™P) hy, = 2o, (2.2.20)
| arg w+2mnp|<3m/4

According to the summing in (2.2.20), the sector |argw| < mp is divided into a finite number of
sectors S; without common interior points so that to any sector S; in (2.2.20) its own index set I;
corresponds. For any j, the points exp(27winp), n € I;, are the vertices of some convex polygon G (it
may degenerate into a segment) one of whose vertices is the point 1. Let @; be the quasi-polynomial
corresponding to this polygon, i.e., the part of the sum in (2.2.20) corresponding to indices n € I;.
Let k;(¢) be the support function of the polygon G;. Then by Lemma 2.2.1

1Qs(w)] = explky(—argw)lwl), weS;, w¢ Do), (2.2.21)

where D; in the union of small disks of radius ¢ centered at zeros of the function Q;(w). However,
Qj(w) = Q(w) in the sector Sj. Further, the point 1 is a vertex of the polygon Gj; therefore, its
support function k;(y) in the sector |argw| < mp coincides with the support function of the point 1,
ie., kj(p) =cos, [¢| < mp, for all j. Since the set of numbers j is finite, relation (2.2.21) implies
that outside |J D;(d) we have

Q)] = exp(lw|cosg), || = |arg w| < mp. (2.2.22)
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By Lemma 2.2.1, the sector |argw| < mp can contain only parts of those small disks from (JD;
whose centers are asymptotically distributed along a finite numbers of rays by the law of arithmetic
progression. This implies that for sufficiently small §, we can be sure that estimate (2.2.22) is valid
on parts of appropriate circles |w| = Ry — oo lying in the sector |argw| < mwp. Therefore, if |0] =
|arg z| < 7, then

|Q(2”)] < exp(|z|P cospB), |z| =1, = R,lg/p — 0. (2.2.23)
We write formula (2.1.67) in the form
_ 1

If p < 1/2, then cos pf > cosmp > 0 and (2.2.23) implies that on the right-hand side of (2.2.24) the
first term dominates. If p = 1/2, then cos pf > 0 and |Q(2”)| > m > 0. But Rep < 3 and hence the
last term in (2.2.24) is o(1) as r — oo; therefore, in the case where p = 1/2 and Rep < 3, the first
term on the right-hand side of (2.2.24) dominates. Finally, we have the relation

1B, (2 )| < rPReW exp(rP cos pb),  |z| =7 =1, — 0.

From this we obtain that

7P
/ln]E . 1)|do = —psmﬂp—l—p(l—Reu)lnr—l—O( ), T =Tk — 0. (2.2.25)

2.2.2. Estimate of the average density of a positive sequence.

Lemma 2.2.2. Let a positive sequence (z,),>, have the form
zn:(an—l—blnn—i—d—i—o( NP n— +oo, (2.2.26)

where a,p >0, b,d € R, and let n(t) denote the number of points of this sequence in an interval (0,t).
Then, as r — +o00, the following relation holds:

[ n(t Pb 1 d b
N(r)::/ i)dt ;p 221n27”+<2—m—a+alna>lnr+o(lnr).

Proof. We fix € > 0. Introduce the sequences z;} and x, by the formulas

xfzan—%—blnn—i—d:l:e, n=kk+1,...,

where k € N is chosen so large that the term o(1) in (2.2.26) satisfies the inequality |o(1)| < e, n > k,
and the sequence x;, is positive and increasing. Let n(t) be the number of points = in the interval
(0,t). Since the number of points z, in the interval (0,t) is equal to the number of points 2} in the
interval (0,¢”), we have

k—m—+ni(t’) <n(t) <k—m+n_(t’), t>z,

and hence for all sufficiently large r, the following inequality holds:

My + (k- m)lnr+/ i )dt<N( )<M2—|—(k—m)ln7"+/n_(tp)dt. (2.2.27)

Further, since
ne(t)=n—k+1, te (a:,f,xf;_l),
for
N = max(n: (z;)"/? <r)
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we have the relation

. (xi+1)1/p
na (t°) N Troa
p/ " dt:pZ(n—k—i—l) / 7—&-0(1)
o " (wi)1/o

X

+1
n

N
= Z(n—k—l—l)ln
n=k

an +blnn+d+te

N
_Z(n—k+1)ln<1+ a+bin(l+1/n) )+0(1)
n=~k
N 2
:Z(n_k+1)<a+bln(1+1/n) _1<a+bln(1+1/n)>>+0(1)‘
n=k

an+blnn+dEte 2\an+blnn+d=+Le

On the right-hand side, we replace In(1+ 1/n) by 1/n and 0 in the first and second fractions, respec-
tively. Taylor’s formula shows that in this case we change the right-hand side by a quantity bounded
with respect to N. Therefore,

p]ni(tp)dt:i<an—a(k—l)+b 1 a2n 2)+0(1)

t an+blnn+d+te 2(an+blnn+d+te)

T

N
blnn b—alk—1)—dFe 1
= 1- - -InN+0(1
Z( an+blnn+d:l:€+an+blnn+d:|:5> 2 +00)
—1)—d:F5_
a

N glngNJr (b—a(’f ;) InN +O(1). (2.2.28)
a

Now we express N through r using the definition of N and the explicit form of the sequence z,,:
N is the maximal index n for which an + blnn + d — e < r?. Obviously,

)
N:r———plnr—FO(l),

a a

and hence
InN =plnr —Ina+ o(1),
In? N = p?In®r — 2plnalnr + o(lnr).

Substituting these expressions for N, In N, and In? N in (2.2.28) and then the obtained expressions in
(2.2.27), we see that the integral N(r) is contained between the values

+e—d b
—ln2r—|—(—m+ c —i—lna)lnr—i—o(lnr), 7 — 00.
ap 2a a a

Since £ can be chosen arbitrarily small, this implies the required asymptotics. Lemma 2.2.2 is proved.
O

Let the conditions of Theorem 2.2.1 hold. By Theorem 2.1.1, the sequence Z of zeros z, of the
function F'(z) defined in the beginning of the proof can be represented in the form

Z=2,0Z_, Z.NZ_ =0, Zy=(22)2, Z_ = (22);2

n=m:> n=-—1»
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where m is an integer. If |n| is sufficiently large, then Imz, = 0 respectively for z, € Zi. Both
sequences

24| = (znD)iZm,  1Z2-1 = (I2n])2

n=m» n=-—1
are positive.
By (2.1.7)

Imzf = 2mn — ;(Imm) In 27|n| — %(Rem) signn + argc, + o(1),
Rez, = a1 In27|n| 4+ agsignn + a3 + o(1),
where a; are some constants. Therefore,
25| = [Tm 2| 4 o(1),
and hence

|2n|” =

1 1

2mn — —(Im7,)In|n| 4+ argc, — 21(Re 7,) signn — —(Im 7,) In 27 4 0(1)‘ .
p p p

Thus, if z, € Z4, then

1 1 1/p
lzn| = <27m — —(Im7,)Inn +arge, — 21Re7'u — —(Im7,)In27 + 0(1)> , n— 400,
p p p

and if z, € Z_, then
1 ™ 1 e
|z_n| = <27m + ;(Imm) Inn —arge, — 2 ReT, + ;(ImTM) In 27 + 0(1)> , n— +oo.

Therefore, the sequences |Z1| and |Z_| satisfy the conditions of Lemma 2.2.2, where in both cases
a = 27 and

1
b=——1Im7,, d=argc,— %Rem - (Im7,) In 27,

1 1
b=—1Immy,, d:—argcu—gReTu—Ff(ImTﬂ)ln%r
p p

for the cases of the sequences |Z, | and |Z_|, respectively.; note that in the second case one must set
m = 1. Therefore, if we denote by ny(t) the number of points of the sequence |Z4| in an interval
(0,%), then by Lemma 2.2.2

o p
/mr(t)+n_(t)dt - + (ReT’“‘ — m) Inr+o(Inr), r— oo. (2.2.29)
t 0y 2p

But n (t)+n_(t) is the number of zeros of the function F'(z) in the disk |z| < ¢. Therefore, in Jensen’s
formula (2.2.2) we have n(t) = ny(t) + n_(t). Comparing estimates (2.2.29) and (2.2.16) with this
formula, we see that if p > 1/2, then m = s. Recall that

1 1
s=1 for u#;—l; s=2 for M:;—l, leZ,.

Therefore, m = 1 and m = 2, respectively, and the case p > 1/2 has been examined.

If p =1/2 and Rep > 3, we apply formula (2.2.18) instead of formula (2.2.16). But (2.2.18)
coincides with (2.2.16) for p = 1/2 and s = 1, and the case p = 1/2, Re u > 3 has also been examined.
Theorem 2.2.1 is proved.
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Now we prove Theorem 2.2.2. By Theorems 2.1.2 and 2.1.4, the sequence Z of zeros z, of the
function F'(z) has the form Z = (2,,);;>, , where m is an integer, and

T 1 1/p
|zn| = <Simp (n — 5 to(Rep—1)+ 0(1)>> , N — 4o0. (2.2.30)

Let n(t) be the number of points z, in a disk |z| < ¢ or, equivalently, the number of points |z,| in the
interval (0,¢). Formula (2.2.30) shows that the sequence |Z| satisfies the conditions of Lemma 2.2.2
with

1
a=— b=0, d= T <p(Reu—1)—2).

By Lemma 2.2.2,

r

y .
/ n(t )dt = sm;rprp —(m—-14+pRep—1))Inr+o(lnr), r— occ. (2.2.31)
T

0
On the other hand by Jensen’s formula (2.2.2) and estimate (2.2.25) we have the relation

r

. :
/ni )dt = sm;rprp —pRep—1)Inr+0O(1), r=r, — 0.
T

0
Comparing this with (2.2.31), we see that m = 1. Theorem 2.2.2 is proved. O

The material of this section is taken from [31].

CHAPTER 3

PROBLEM ON THE REALNESS OF ALL ZEROS
OF THE MITTAG-LEFFLER FUNCTION
OF ORDER LESS THAN 1/2

3.1. Main Results

In this chapter, we discuss the following problem, interesting from the theoretic standpoint and
important in some applications: Are all zeros of the Mittag-Leffler function of order less than 1/2
real? Results of Chap. 2 shows that in the case p € (0,1/2), p € R, all zeros of E,(z; ), perhaps
except for a finite number, are real, negative, and simple. So is there an exceptional set of nonreal
zeros or not?

The history of this question is more than a century old. It begins from Wiman’s paper [44], which
asserted that all zeros of the “classical” Mittag-LefHler function E,(z;1) of order p < 1/2 are real,
negative, simple, and, being ordered in the sequence {z, = z,,(p, 1) }nen, satisfy the inequalities

— <7m)>1/p <zp < — (M>1/p Vn € N. (3.1.1)

sin(mp sin(7p)
However, [44] does not contain any proof; Wiman only gave some plausible arguments.

Probably, the absence of a proof in [44] motivated Pélya to publish the paper [21]. He proved that
all zeros of E,(z;1) are negative and simple, but only in the case where p = 1/N, N € N, N > 2.
This fact suggests the complexity of the problem. If even such a competent analyst was unable to
cope with the problem in full, then, probably, its solution requires a quite nontrivial approach. The
localization problem was not studied by Pélya.
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In [15], Mikusinski formulated a theorem on the alternation of zeros of the functions
Eyn(z;p) and By n(25q9), 1<p<qg<N, p,qeN. (3.1.2)

However, strangely enough, Mikusinski did not examine the problem on the realness of all zeros
of Ey/n(z;p). Thus, it is unclear whether he had generalized Pélya’s theorem for function (3.1.2) or
tried to prove the alternation of only real zeros (in our opinion, his proof is incomplete).

Then for a long time, the problem on the realness of all zeros of the Mittag-Leffler functions of
order less than 1/2, to our knowledge, was not discussed. Ostrovskii and Peresyolkova have recently
turned to it. In their collaboration [19], the negativeness and simpleness of all zeros of the functions
E,(z;1) and E,(2;2) for all p € (0,1/2]) were proved. It may appear that Wiman’s brain teaser had
been solved in [19], but this is deceptive: the localization problem for zeros and inequalities (3.1.1)
was not even mentioned in [19].

One of the advantages of the paper [19], of course, is the statement of the following problem (here
and elsewhere, we quote other people’s works not literally, but in an equivalent and more convenient
form).

Problem 1. For any p € (0,1/2], find the set W, od all positive values of the parameter ;1 such that
the function E,(z; 1) has in C only negative and simply zeros.

Ostrovskii and Peresyolkova [19] had restricted themselves only to positive values of u. However (see
below), if we define the set W/,™ replacing in the definition of W, the word “positive” by “negative,”
then for any p < 1/2 this set will be nonempty. Obviously, other problems can also be stated.

Problem 2. For any p € (0,1/2], find the set Wp of all values of the parameter p € R such that all
zeros of E,(z; p) lie on R.

Problem 3. For any p € (0,1/2] and m € N, find the set VNVp(m) of all 1 € R such that the number
of nonreal zeros of the function E,(z;u) is not greater than 2m.

For Problem 1, Ostrovskii and Peresyolkova proved that in the case p = 27%, k € N, the interval
(0,14 1/p) lies in W, and quickly hypothesized that W, = (0,1 + 1/p) for any p € (0,1/2]. This is
actually valid for p = 1/2 (for the proof, see [19]), but is invalid for p < 1/2: W, is wider than the
interval (0,14 1/p).

We state the main result of this chapter.

Theorem 3.1.1. For any p € (0,1/2) and p € (0,2/p — 1], all zeros of the function E,(z; ) in C lie
on (—00,0), are simple, and, being ordered into a sequence {zn(p, 1) tnen, satisfy the inequalities
I'(p+1/p)
NN (3.1.3)
1
— /(0. 1) < znlp ) < =€), =2,

— &P (p, ) < 21(py ) < —

where

m(n+ p(p —1))

sin(7p) ’
For 0 < p < 1/4, the negativeness and simpleness of all zeros of E,(z, in) and inequalities (3.1.3) holds
if 0<pu<2/p.

Thus, we prove the inclusions

0,2/p=1] W, Vpe(1/4,1/2), (0,2/p] CW, Vpe(0,1/4],

Enlpop) = (3.1.4)
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1 2
that are stronger than those supposed in [19] (obviously, 1 + — < — — 1 <= 0 < p < 1/2) and obtain

two-sided estimates of zeros, which become (3.1.1) for u = 1. We also add a nontrivial upper estimate
of the first zero (Wiman had not obtained it even in the case y = 1 examined by him).
In the case p € (0,1/6], for some first zeros we obtain more exact estimates. We set

L(p+n/p)
L(p+(n—1)/p)

Theorem 3.1.2. Let 0 < p <1/6,0< p<2/p. Then for1 <n <[1/(3p)]—1 we have the inequality
—V2Rn(p, 1) < 2n(p, 1) < —Rn(p, ). (3.1.6)

The following Lemma 3.1.1 (see below) shows that the inequalities from Theorem 3.1.2 are stronger
than (3.1.3) for the values of n considered.

Rn(p,p) =

neN. (3.1.5)

Lemma 3.1.1. For0 < p<1/6,0 < u<2/p, and1 <n <[1/(3p)] — 1, the following inequalities
hold:
&% (p. 1) < Rulp, 1) < V2R (p, 1) < €Y% (p, ). (3.1.7)

If 0 < u <1/p, then
2R, (p, 1) < &7 (p, 1)

Indeed, inequalities (3.1.3) and (3.1.6) can be strengthened. In our opinion, efforts in this direction
are useful in cases where such results have applications in other branches of mathematics. Therefore
(see the Introduction), we are interested in Mittag-Leffler functions with values of the parameters
p=1/N,NeN,and p=1+1/p= N+ 1. In this case, two-sided estimates of zeros more exact than
(3.1.3) and (3.1.6) are obtained in [23].

Denote zeros of Ey/n(2z; N + 1) by 2z,(N) = 2,(1/N,N + 1), n € N, and introduce the notation

(n+ 1)N)!  3R.(N)
w0 N =5

We know (see Theorem 3.1.1) that z,(N) € R.

R,(N) = min(1, Nn~?). (3.1.8)

Theorem 3.1.3. For any N € N, N > 3, the following relations hold:

™

2n(N) = — [(m + g + an(N)) /sin (N)]N, neN, n>[N/3, (3.1.9)
where an(N) € R, |an(N)| < 2, (N),

exp (—mncot(r/N)), 3 < N <6,
Zn(N) = { exp (—2mnsin(27/N)), 7 < N < 1400, (3.1.10)
1.0l exp (—27nsin(27/N)), N > 1400.

For N > 6,1 <n<|[N/3] —1, the following inequalities are valid:
—R,(N)(1+ gn(N)) < zo(N) < —=R,(N). (3.1.11)

Inequalities (3.1.11) are highly exact: it follows from (3.1.8) that

masc {g, (V) | 1< 0 < [V/3] = 1, N 26} = 0a(6) < 1.
lim max{qn(N) j 1<n<[N/3|— 1} — 0.

N—o0
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As for two-sided estimates of zeros z,(N), n > [N/3], expressed by relations (3.1.9) and (3.1.10),
the ratio of the lower and upper estimates is equal to

N
A, (N) = 1+”$+(]1V/)2) < (A Mo101 YN >3
W)= | | = () s 2 3.
w(n+1/2)

It is interesting to obtain, for all values of the parameters 0 < p < 1/2 and 0 < p < 2/p — 1, two-sided
estimates of zeros of the functions E,(z; i) such that the maximum of the ratio of the lower and upper
estimates taken over all zeros of a fixed function tends to 1 as p — 0+ and as p — 1/2 — 0.

Finally, we note that the estimate

0 exp(—wncot(w/N))), 3 < N <6,

an(N) =1 exp (~2mnsin(27/N))), 7 <N,

for n > ng(N) follows from Theorem 2.1.4. The fact that we succeed in this case in obtaining values
of the constant in O equal to 1 or 1.01 and take ng(/N) = [N/3] is nontrivial.

We complete the discussion of the realness problem for all zeros of the Mittag-Leffler function of
order <1/2. By Theorem 3.1.1, for any p € [0,2/p — 1], all zeros of E,(z;u), 0 < p < 1/2, are real
(if = 0, then one zero of E,(z;0) is the point z =0, and all other zeros are negative and simple;
this follows from the identity F,(z;0) = 2E,(z;1/p)). The answer is not completely known for large
values of p. Satisfactory results are obtained for p close to 1/2, but for “small” p they are far from
the final.

Theorem 3.1.4. For 0 < p < 1/2 and p > 0.9+ (p*In2)~! — 1/p, the function E,(z;u) has zeros
in C\R.

Theorem 3.1.5. For any p € (1/3,1/2) and pp € (1—1/p,—1) and for p € (0,1/3], p € (—2,—1), all
zeros of the function E,(z; 1) are negative and simple.

3.2. Meaning of Proofs of Theorems 3.1.1-3.1.3

Proofs of Theorems 3.1.1-3.1.3 are quite long and cumbersome and contain a lot of calculations.
Hence these proofs without explanation of their sense and indication of main obstructions can be
difficult even for specialists in theory of functions.

The proof of Theorem 3.1.1 is based on the following simple reason. We take a sequence of points
wy, = —571/ ?(p, ) (see (3.1.4) above) and prove that at these points the Mittag-LefHler function changes
sign:

sgn Ey(wp; 1) = (—1)" VYn e N. (3.2.1)
Since in the case p € R the function E,(z; p) is real-valued on R and
Bp(0: 1) = 1/T(1) > 0 V>0,

we conclude that for any natural number n, the function considered has no less than n distinct zeros on
the interval (wy,0) C R. On the other hand, by Theorems 2.1.4 and 2.2.2, for all sufficiently large n,
the function E,(z; ) has exactly n zeros (with account of their multiplicity) in the disk |z] < 571/ P(p, ).
This means that the function has no other zeros except for real and simple roots lying in the intervals
(Wp, wp—1), n > 2, (w1,0) (exactly one zero on each interval). Finally, Corollary 3.3.1 of Lemma 3.3.1
in Sec. 3.3 shows that the function E,(z;u), p > 0, has no zeros on the ray [-I'(u+1/p)/T'(1), +00).
Thus, if Egs. (3.2.1) and Lemma 3.3.1 are proved, then Theorem 3.1.1 will also be completely proved.

Wiman argued similarly in [44], but it is unclear whether he know the theorem on the number of
zeros of the Mittag-Leffler function in a sufficiently large disk (though in the considered case pu = 1)
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and how he intended to prove Egs. (3.2.1), since their proof is the main obstacle. For sufficiently
large n, these equalities immediately follow from asymptotic formulas (1.5.24) and (1.5.39) (see also
the note after Theorem 1.5.3). As z — 400, we have the relations

Ep(—xl/p; p) = 2px* " exp (x cos mp) cos (xsin(mp) — mp(p — 1))

1
+0 (:L‘l_” exp (z cos(3mp))) , 0<p< 3
1 :c\/§ x
6.,y _ 1+ 1— 1— -6
Byjo(—a~%p) = 5o exp (2) cos (5 —mp(n—1)) +0 ('™ +279), (3.2.2)
E,(—x/?; ) = 2px*H exp (2 cos wp) cos (ac sin(mp) — wp(u — 1))
+O0(a7 1P, é<p<%.

The point &, are chosen in (3.1.4) so that
cos (& sin(mp) — mp(p — 1)) = (=1)" VYn e N. (3.2.3)
From (3.2.2) and (3.2.3) we obtain
Ey(wp; p) = 2p& " exp(&y cosmp)[(—=1)" + o(1)], 1 — oo.

This relation immediately implies (3.2.1) for all sufficiently large n.

As the previous reasoning show, Eqs. (3.2.1) must be proved precisely for all n € N, and this task is
most difficult for n = 1. For this, it is necessary to obtain an explicit estimate of remainders in (3.2.2)
without the O-symbol for z and, which is especially important, this estimate must be uniform (in some
sense) with respect to the parameters p and p in the whole domain of their values. The corresponding
results are contained in Chap. 11; they will used here.

We also note another important fact. Relations (3.2.2) show that the remainder in the asymptotics
of the Mittag-Leffler functions on the negative part of R has a different behavior for 0 < p < 1/6 and
for 1/6 < p < 1/2. Therefore, these cases must be considered separately in the proof of Theorem 3.1.1;
the borderline value p = 1/6 can be joined to any of them: this is not significantly in the problem
considered. However, as p tends to 1/2, an unexpected difficulty arises. Since cos(mp) ~ 0, the
principal term of the asymptotics (3.2.2)

2p2 7 H exp (cos(mp)) cos (zsin(mp) — mp(p — 1))

at the points &, = &, (p, p) for nonlarge values of n is close to (—1)"&7“, and it is not known whether
it dominates the remainder. Therefore, the orders p € [0.4,0.5) are considered in a separate section.

Another substantial obstruction appears when p is close to zero; it even leads to modifying the
scheme of proof described at the beginning of this section. By Theorem 1.5.4 of Chap. 1, the first part
of the remainder is equal to the product of 2pz'~* and the sum

(1/p]
Z exp (z cos(m(2k — 1)p)) cos (zsin(r(2k — 1)p) — w(2k — 1)(p — 1)).
k=2

This would seem to be unimportant: for fixed > 0, the majorants of moduli of these terms
exp (z cos(m(2k — 1)p)) (3.2.4)

decrease approximately as a geometric progression as the number k increases. Indeed, the ratio of the
functions with numbers k£ + 1 and £ in (3.2.4) is equal to

Ap p(x) = exp [ — 2z sin(mwp) SiIl(QT('/{?p)} . (3.2.5)
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If the parameter p is close to zero, then for any fixed k € N we have

111(1]1+ Ay,(z) =1 uniformly with respect to 0 < 2 < o(p™?),
p—

and we cannot obtain the required estimate. Thus, in the case where 0 < p < 1/6 and 0 < u < 2/p,
Egs. (3.2.1) can be proved only for n > Nj(p) = [1/(3p)]. If n is less than Ni(p), one can prove the
changes of sign of E,(z; ) for all p € (0,1/6], u € (0,2/p] in another sequence of points by another
method. Namely, the following relations are proved (the sequence Ry, (p, 1) is defined in (3.1.5)):

sgn By(—Rn(p, )i ) = (1)1, 1< n < Ni(p), (3.2.6)
sgn Ep(—V2R,(p, )i p) = (=1)", 1< n < Ni(p). (3.2.7)

These relations and inequalities (3.1.7) prove that on the segment [—fjlv/lp(p) (p, 1), 0], the function
E,(z; 1) has not less than Nj(p) zeros. It is important that the signs of the function at the points
—Rp,(p) and —511\,/1’)@) are distinct and &y, (-1 < By, (p) < ny(p) by Lemma 3.1.1. For completeness

of the proof of Theorems 3.1.1 and 3.1.2, we must verify Eq. (3.2.6) for n = Ni(p); for n = Ni(p), we
may omit the proof of Eq. (3.2.7).

Using the result on the number of zeros of E,(z; 1) in a disk |z| < £,£/p(p, p) obtained above and
relations (3.2.1), which were proved for any n > Nj(p), we obtain that there is no other zeros except

for real and simple zeros lying in the intervals
(=& (), ~& o), = Nilp),

(— V2R,(p, 11), —Ru(p, u)) C (— V% (o, 1), —€(p, M)), 1<n < Nip)

(we assume that &y = 0). Hence the proof of Theorem 3.1.1 for 0 < p < 1/6 is complete and, moreover,
Theorem 3.1.2 is also proved.

We also consider the following problem. Are the proofs of Egs. (3.2.1), (3.2.6), and (3.2.7) substan-
tially easier in the case p = 1, which was considered by Wiman? For 1/6 < p < 1/2, simplification is
essential. We have almost no doubt that for these values of p, Wiman knew a complete proof of the
theorem on the realness and simpleness of zeros of E,(z;1) and inequalities (3.1.1). A more difficult
problem is to broaden the interval of values of the parameter . For 0 < p < 1/6, the elimination of
gaps in Wiman’s proof requires principally new ideas. Hence some simplification in the case =1 is
also present, but it is more “technical” than fundamental: this particular case is less cumbersome.

The proof of Theorem 3.1.3 is based on the same ideas. Since the values of the parameters are more
specific, one can obtain more exact two-sided estimates of all zeros than in Theorems 3.1.1 and 3.1.2.

3.3. Absence of Zeros of the Mittag-Lefller Function
with Positive Parameter i in a Neighborhood of the Point z = 0.
Asymptotics of the First Zero of E,(z; ) by the Parameter p — 0+
Uniform with Respect to p € (0,2/p]

Lemma 3.3.1. Let {A}72 be an arbitrary sequence of positive numbers satisfying the following
condition:

Ry = Ap_1/Ax, k€N, do not decrease.
Then the function

F(z)=> Azt
k=0
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is holomorphic in the disk
|Z| < R= lim Ry
k—o00
(if R = 400, then F is an entire function) and is positive on the interval (—Ry, R). If the sequence
{Ri}32, is not constant, then F(—Ry) > 0.

Proof. Since the sequence Ry is monotonic, it has a limit (finite or infinite). By d’Alembert’s ratio

[e.°]

test, the radius of convergence of the series Y. Apz* is equal to R. The positiveness of the function
k=0

F(x) on the interval —R; < x < 0 follows from the fact that the sequence Ay|z|* decreases since

o0

Z(—l)"un >0, up, \(0, n—oo.
n=0

The fact that the sequence Ax|z|* decreases is obvious from the inequalities

Aplzk| < Ap_1]z*7Y| < |z| <Ry, Ri< R, VkeN.

o0

Finally, if R > Ry, then the series F(—R;) = 3. (—1)* Ay R¥ converges, and the moduli of its terms
k=2

decrease. The first term is positive and hence the sum is also positive. The lemma is proved. O

Corollary 3.3.1. For any p > 0 and p > 0, the function E,(z;p) is positive on the ray
[=T(+1/p) /T (1), +00).

To prove this corollary, is suffices to verify that the sequence of ratios

G L G

increases or, equivalently, that the second difference

-1 1
lg(p,p) =InT <,u+ kp) —2InT (u+ ];> +Inl <u+ k:) (3.3.1)

is positive for any k£ € N. This follows from the fact that i(x) = (InI'(x)) increases on the
ray 0 < o < o0.

Thus, if the realness of all zeros of E,(z;p) has been proved, Corollary 3.3.1 (in the case p > 0)
yields a nontrivial upper estimate of the first zero. Is it valid that the Mittag-Leffler function with
arbitrary positive parameters (p, 1) has no zeros in the disk

2| < Ri(p,p) =T <u + ;) /T ()7

Probably, this is so, but we cannot prove this assertion for all values of the parameters p > 0 and
> 0. We present one of the results (of course, it can be strengthened).
In the sequel, we denote by 1 the logarithmic derivative of the I'-function and use the following

expansion:
I'(2) R 1 1
= = v - — - = —-1,-2,... 3.2
W) =y =73 ;(nﬂ n) 2€C, 2#0,-1,-2,..., (3.3.2)
where 7 is the Euler constant. From (3.3.2) follows the identity
P(z)=> (k+2)72 (3.3.3)
k=0
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Lemma 3.3.2. For any p € (0,1] and p € (0,2/p] and arbitrary z lying in the disk |z| < Ri(p, i),
the real part of the function E,(z; p) is positive:

P2(u+1/p)
Re Ep(z; p) >
g 202(u)L (10 + 2/ p)
Proof. In is known that for a function harmonic in a domain D, its maximum and minimum in the
closure of D is attained on the boundary dD. Since the real part of an analytic function is harmonic,
it suffices to prove inequality (3.3.4) for z = e Ry (p, p), —7 < 6 < 7. We have the equality
- M(p+1/p)

Re E,(R1e; )T (1) = 1 + cos 6 +
g ,;2 PE=1 ()T (1 + K/ p)

We use the following representation of the sum of cosine series (see [2, p. 100]):

. (3.3.4)

cos kf. (3.3.5)

00 00 k—1

a

50 + ; ay cos kb = kzl (ak—1 — 2ag + ag+1) ODm(Q) ; (3.3.6)
— = m=

here

1 m
D, (0) = 5 + Zcos(uﬂ), m € N,
v=0

is the Dirichlet kernel, Dy(6) = 1/2. One can specify different conditions for the sequence of coefficients
{ay} sufficient for the convergence of both series in (3.3.6) for certain values of 6 and for the coincidence
of their sums. For series (3.3.5), there is no problems; under the condition

[e.e]

Z k2|ag| < +oo,
k=1

which holds in our case, both series in (3.3.6) absolutely converge (for all # € R) and their sums are
identically equal. As is known,

k—1 2
1

E D, (0) = = (sinke cosec 9) > 0.
2 2 2

m=0

Therefore, for a convex sequence {ay}, we have the relation

ag—1 — 20p41 + a2 >0 (VE€N) = % + Zak cos k) > % — a1 + %. (3.3.7)
k=1
In series (3.3.5), we have
I?(p+1
W gy =1, ay= (nt1/p) (3.3.8)
2 T(u)T (1 +2/p)

Therefore, the inequality of the lemma immediately follows from (3.3.7) and (3.3.8) if for any k € N
the following inequality holds:

Piut1/p) T (u+1/p) N 2 (u+1/p) >0 (3.3.9)

PRt (p+k/p) TR (p+ (k+1)/p) T (u+ (k+2)/p) ~

In the case k > 2, even a stronger inequality holds:

rp+1/p) ., M (p+1/p)
PR ()l (p+k/p) — TR (p+ (k+1)/p)’

(3.3.10)
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or, equivalently,

In2 < [mr <u+ k?) —InT <u+ i)] - [mr <u+ ;) —lnF(,u)} . (3.3.11)

Prove this inequality. The derivative of the right-hand side of (3.3.11) with respect to the parameter
1 ia equal to

[w (u n ’“;1) 4 (u N ];)] - [w (u " /1)) - ww] — /(&) - V')

k k+1
where & € <u + =, p+ +>. Since v'(t) decreases on the ray 0 < t < +o0, the last expression
p p

is negative. Therefore, the right-hand side of (3.3.11) decreases as the parameter y increases, and it
suffices to prove the inequality at the extreme right point u = 2/p:

2 2
w2 < [ (5) cnr (FE2) ] - e (2) - (2] (33.12)
p P p p
Since the function v increases, we see that the right-hand side of (3.3.12) increases with increasing k.
Therefore, it suffices to prove (3.3.12) for k = 2, i.e., deduce the inequality

In2 < InT(5h) — InT'(4h) — InT(3h) +In[(2h) Vh > 1. (3.3.13)

For h = 1, (3.3.13) becomes an equality. The derivative of the right-hand side of (3.3.13), owing
0 (3.3.2), is equal to

- 4 3 5 2
5 4 (4h) — 31(3h) + 2¢(2h) =
P(5h) — 4u(4h) — 3p(3h) + 2u( Zl<k+4h k+3h k+5h k+2h>
S 2kh(2k + 7h) -0
B = (k +2h)(k + 3h)(k + 4h)(k +5h) ~
Thus, inequality (3.3.13) and hence inequality (3.3.11) are proved.
It remains to prove inequality (3.3.9) in the case k = 1, namely,
212 1 3 1
o et o) o Detl/e) (3.3.14)

DT (p+2/p)  T2(uw)(p+3/p) ~

We introduce the following notation:

1 T2(p+ h) _ T3(u+h)
B S (R D N X XPEE D)

The derivative of the left-hand side of (3.3.14) with respect to the parameter p is equal to

Olnu(p, h
~u(, h)aif‘) T o,y 2ol h)

= —2u(p, h) [ — () + 2 (p + h) — (4 2h)] + v(p, h) [3¢(u + h) = 29(p) = (p + 3h)] .
We prove that the last expression is negative, i.e., we must deduce the inequality
v(p, 1) [3(p + h) — 20 (p) — (e + 3h)] < 2ulp, h)[ — () + 2¢(u + h) —(u+2h)].  (3.3.15)
By inequality (3.3.10) proved above (k = 2), we have the inequality

u(p, h)
5

alnv( h)

0 <wv(p,h) < (3.3.16)
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Both factors in the brackets in (3.3.15) are positive. The positiveness of ¢(u + h) — ¢ (u) — (e + 2h)
is obvious from the concavity of ¢ on (0, 4+00); the positiveness of the function 3¢(u + h) — 2¢(u) —
¥ (p + 3h) is proved as follows:

0<3(p+h)—2¢() —(p+3h) <= Y(p+3h)—d(p+h) <2¢(p+h)—2¢(n)
= 20" (m) <2hp(n2), m € (4 h,pu+3h), n2 € (1, 1+ h).

The last inequality is obvious since ¢/(t) decreases on the ray 0 < t < 4oo0.
Thus, we conclude that (3.3.15) follows from the inequality

3(p+h) = 29() — (p +3h) < 4( = ¢(p) + 2¢(u + h) — ¢(u + 2h))
= 0<tp(u+3h) —4h(u+2h) +50(u+h) —20(n), h>1, 0<pu<2h,

which, in its turn, is implied by the expansion

Y(p+ 3h) — 4¢(u+2h) + 59 (p+h) — 2¢(n)

2 5 1
<,u+2h+n ,u+n—,u+h+n_u+3h+n>

_i 2h2 (1 + 3h + n)
C Z(prn)(ptn+h)(u+n+20) (p+n+3h)

Thus, the derivative of the left-hand side of (3.3.14) with respect to the parameter p is negative.
Therefore, it suffices to prove inequality (3.3.14) only for the maximal value p = 2/p = 2h.
So, we prove that
21'2(3h) I'3(3h)
['(2h)T'(4h)  T2(2h)[(5h)
For h = 1, we have an equality. Thus, it suffices to verify the positiveness of the derivative of the
left-hand side of (3.3.17) on the ray 1 < h < 4+o00. Introduce the notation

>0 Vh>1. (3.3.17)

B B I'3(3h)
“h = ramran "™ = EEnren

The required derivative is equal to

dInwu(h) N v(h)dhw(h)
dh dh
—2u(h) [6¢(3h) — 2¢(2h) — 4 (4h)] + v(R)[9Y(3R) — 4¥(2h) — 5¢(5h)].

Therefore, we must prove the inequality

v(h)[9%(3h) — 43 (2h) — 5p(5h)] > 2u(h)[69(3h) — 2¢(2h) — 41p(4h)]. (3.3.18)

We have the equalities

— 2u(h)

[e%e} 4 © —2nh
61 (3h) — 2¢(2h) — 4p(4h) :nzl<zh+n dh+n 3h—|—n> nzl 2h +n)(3h + n)(4h +n)’
9(3h) — 4(2h) — 54 (5h) :Z<2h—|—n 5h+n_3h+n> :Z(2h+n)(3h+n)(5h+n)'

S
Il
—

n=1
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Therefore, inequality (3.3.18) takes the form

> —6nh = —4nh
o nz‘: @h+n)(3h +n)(5h+ 1) uth) (2h +n)(3h 4 n)(4h + n)

n=1
= 3u(h) i n < 2u(h) i n
“— (2h +n)(3h +n)(5h + n) “— (2h +n)(3h +n)(4h + n) ’
It remains to prove that 3v(h) < 2u(h) or, equivalently,
3 T'(2h)T'(5h)
- < == VYh>1. 3.3.19
> ST@Emr@En 7 (3:3.19)

For h =1, (3.3.19) is valid. Therefore, it suffices to verify that the right-hand side of (3.3.19) (or its
logarithm) increases. We have the relations

% [InT(5h) — InT(4h) — InT(3h) + InT(2h)] = 5¢(5h) — 44b(4h) — 3¢(3h) + 2)(2h)

[ -5 4 3 2 = 2nh(2n + 7h)
= E + + - = E >0,
= \bSh+n 4h+n 3h+n 2h+n ot (2h 4+ n)(3h + n)(4h + n)(5h + n)
which was required. The lemma is completely proved. ]

It is interesting that for “small” values of p, Lemma 3.3.2 is almost the best possible in the sense
that in a disk of radius slightly larger than Ri(p, p1), the function E,(z; n) already has a zero for any

e (0,2/p].

Proposition 3.3.1. For any p € (0,1/6] and p € (0,2/p], the function E,(z; 1) has a zero lying in

the interval .
(— (1 + 2 exp (—3/)» Ri(p, i), =Ry (mu)) :

Theorem 3.1.1, Lemma 3.1.1, and this assertion imply a highly exact asymptotics of the zero of the
Mittag-Leffler function, which is closest to the origin:

a1(py ) = —W [1 Lo <exp (_;pm oo

this asymptotics is uniform with respect to p € (0,2/p] (the constant in O does not exceed 2).
Lemma 3.3.3. Consider the function F' from Lemma 3.3.1. Ife > 0 and

Rl 3

< ,

Ry = (1+¢)?

then
F(—(1+¢)Ry) <O.

Proof. We have

+oo
F(—(1+e)R) =Ag— (1+) AR+ (1+)°AR] + > (1) Ax(1 + e)* R},
k=3
[ee]
In the sum ), the moduli of terms decrease since the ratio of any subsequent term to the previous
k=3
term is
(1+¢e)Ry < (1+¢e)Ry £ o1

Ry, - Ry “14c¢
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Therefore, this sign-alternating sum is negative and
F( — (1 + E)Rl) < Ag— (1 + E)AlRl + (1 + 6)2A2R%

A A

=4 (1-(1+¢) 1 (1+¢)22224 Ll (3.3.20)
Ao Ao

By the definition of Ry we have

Ay A

j— O —
A Ry, A, R1Rs.
This and (3.3.20) imply that

1+¢)’R
A'F(—=(1+e)Ry) < —e+ dtef

<0,
Ry -
which was required. The lemma is proved

O
Proof of Proposition 3.3.1. By Lemma 3.3.3, it suffices to verify that if one takes

1
€ =2exp <—3> ,
P

then for 0 < p < 1/6 and 0 < pu < 2/p, the inequality

E < 5( + 6)_2
holds. By Lemma 3.9.1 (see Sec. 3.8 below), we have the inequality
R1 g 2
< 0<p<—.
RQ o=
Since for p < 1/6, the inequality ¢ < 272 < 1/3 is valid, we have (1 + ¢)

> 1/2 and the required
inequality holds. The proposition is proved ]
3.4. Inequalities for the Gamma-Function and Its Derivatives

Lemma 3.4.1. The following inequalities hold:

1\ 1\
— 0 1 — 1.
(F(w)) >, <zr<l, < > <7, x>

I(z)

().~

|x=1
is valid, but the derivative (1/I'(z))" is not monotonic on (0

Remark. The equality

o0); the graph of y = 1/I'(x) has two
inflection points.

Proof of Lemma 3.4.1. By (3.3.2), we have the relations

> 1 = r—1 r—1
- _ 1—-= I —
+;<k+1 k+x> T+ x+zl(k+1)(k+x 7+Z (k +
This implies

(k+z)

L S C) N A
<r<m>> Ma) ~ T() (wkZ )

O(k:—i- 1)(k+ x)
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Therefore, we must prove the inequalities

1—=x
0 1
v < (wz D k”)), <z <1,

1 > 1—x
F(gc)(7+k§::0(k+1)(k+x)> <re>l

which after simple transformations become

> 1—=x

N (3.4.1)
— (k+1) k+$)<’Y(F(az)—1)7 x> 1.

Dividing both inequalities (3.4.1) by 1 — 2 and changing the sign in the second of them, we obtain
that it suffices to prove the inequality

Mz) -1 & 1
For x > 2, the left-hand side of (3.4.2) is negative and the inequality is obvious. For 1 < z < 2, the
left-hand side of (3.4.2) is equal to

—T'(€) = v (§)T(€),
where ¢ is some point of the interval (1,2). Since 0 < I'(§) < 1 for 1 < £ < 2 and since, owing to the
increase of ¥ on R,, we have the inequality

Y (€) < —y(1) =17,
we conclude that for x € (1,2], the left-hand side of (3.4.2) does not exceed 72, whereas the right-hand

side is not less than
oo

S St
— (k+ 1) (k+2) —\v v+l

The inequality (3.4.2) for > 1 is proved. For x € (0, 1), we multiply both sides of (3.4.2) by z and
obtain the equivalent inequality

Nz+1) -z & x
T < kZ:O TGS (3.4.3)

Clearly, the right-hand side of (3.4.3) is greater than the term of the series with number & = 0, which
is equal to 1. However, by the inequality I'(t) < 1, 1 < t < 2, the left-hand side of (3.4.3) in not
greater than 7. Inequality (3.4.2) is now proved for x € (0,1). The proof of lemma is complete. [

Lemma 3.4.2. The logarithmic derivative of the I'-function satisfies the following estimates:

1
—(2t—1)" 4 Int <op(t) <Int V> 3 (3.4.4)
Int <y(t+05) Vi>D0. (3.4.5)
Proof. In addition to (3.3.2), the following expansion is valid in C \ (—o0, 0] (see [3, Vol. 1, Chap. 1,
Sec. 1.7]):
:lnz—i-i In(1+ ! _ (3.4.6)
— k+z k+z]|’
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in which In means the principal branch of the logarithm. From (3.4.6) and the well-known relation

2
0<u—In(1+4u)< % Yu >0
we obtain
Int—05 (k+1)"2<¢(t) <Int Vt>0.
k=0
Since
a+0.5
a? < / u?du  Va > 0.5, (3.4.7)
a—0.5
we have
oo +oo
Z(k‘ +1)7% < / udu.
k=0 t-0.5
Therefore,
+00
_9 0.5 _1
P(t) >Int —0.5 u du:lnt—t_05:lnt—(2t—1) , t>0.5.
t—0.5 '

Inequality (3.4.4) is proved. It implies

tlgrn P(t) —Int =0, t£+moo1,l)(t—|—0.5)—lnt:0.

Thus, to prove (3.4.5), it suffices to verify that the difference g(¢t) = (¢ + 0.5) — Int decreases. By
(3.3.3) we have the equality

oo

-3 GrrrosE

P (k+t+05)2 t
Applying inequality (3.4.7) to each term of the series, we obtain the upper estimate

+o00 d +o0 d
1 T 1
TP U N
g1t (utt+05)2 ¢ (z+0?2 ¢
—0.5 0
which was required. The lemma is proved. O

Lemma 3.4.3. For any fized v > 0, the function T'(t)z~" decreases with respect to the variable t on
the interval 0 < t < x.

Proof. We have the equality

d 4 d
7 [ln (F(t)a: )} = [lnF(t) — tlnx} =¢(t) — Inzx.
By Lemma 3.4.1,

P(t) —Inz <Ilnt—Inz <O0.

The lemma is proved. O

Lemma 3.4.4. For any a,b > 0, a < b, the following inequalities hold:

@=L o (“ b) <InT(b) - InT(a) < (b— ) (“;b> .

24
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Proof. By Taylor’s formula with the remainder in the Lagrange form, for any function f € C3[x —
h,x + h], x,h € R, h > 0, there exist points &; € (z — h,z) and & € (z,x + h) such that

h? h3
f@+h) = f(z) +hf' (@) + (@) + [ (&),

2 3
Pl —h) = fla) = () + o (@) ~ e,

Subtracting the second equality from the first, we obtain the relation

3
Fla+h) = flz—h) = 2hf'(@) + = () + £ (E2). (3.4.8)

6
From this, taking into account the identities

(InT(2)) = w(2), ¢"(2) ==2) (k+2)7%
k=0

which imply the increase and negativeness of (InT'(z))” on the ray (0,+00), for f(z) = InT'(2) we
obtain the inequalities

InT(z+h) —InT(x — h) < 2h)(x),

InT(z+h) —InT(z — h) > 2hp(z) + Fd}"(m —h), 0<h<uz.
Applying (3.4.9) for x = (a +b)/2 and h = (b — a)/2, we deduce the assertion of the lemma. O
Lemma 3.4.5. For any a,b > 0, a < b, we have the inequality
InT'(b) — InT'(a) a+b
In{—— ). 4.1
— <ln{— (3.4.10)
If, moreover, 2 < a < b < 2a, then
2(b — a)? a+b InT(b) — InT'(a)
v . 3.4.11
3(a+0b)? 7/1< 2 >< b—a ( )

Proof. Inequality (3.4.10) immediately follows from the upper estimates for the difference InT'(b) —
InT'(a) and the function v, which were proved in Lemmas 3.4.4 and 3.4.2. It is easily seen from
Lemma 3.4.4 that to prove (3.4.11), it suffices to verify the estimate

> 1 16
") =—-2 — 2 < bh<?2
¥ (a) kZ:l(k+a)3 > ~lagpp 2Se<b<

which can be obtained from the inequality

o0

8
D (k+a)7 < ga
k=0
Prove it. We have the inequality
p+1/2
1 < / du Vp > 1
p3 B Py
p—1/2

Applying these inequalities for p = k + a, k € N, and adding them, we obtain the inequality
Z(k +a)3 < / u3du = 0.5(a — 0.5)72 < §a_2, a>2.
k=0

a—1/2
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The lemma is proved. ]

3.5. Proof of Lemma 3.1.1

Inequalities (3.1.7) ban be written in detail as follows:

ln< ,ﬂ-p >+ln<n_1+p(u_1)>
sinp P
n n—1 1
<p<lnI‘<,u+>—lnF<u+ >>, QSnS[},
p p 3p

5pln2+p(1nF <u+ n) —InT (u+ M))
p p

-1 1
<m<.“’>+m(”+““)),13ns[]
sinmp p 3p

where § =1for 0 < u<1/pand § = 0.5 for 1/p < u < 2/p. We simplify them replacing by a stronger
inequality using the estimate

and

1
0<1n(,7”)><2p2, 0<p<-=,
sinmp 2

and Lemma 3.4.5 taking
n—1

n
a=p+ ; b=u+;~

The condition 2 < a < b < 2a of the lemma appearing when we estimate the difference InT'(b) —InT'(a)
from below holds owing to the restriction n > 2 in the first inequality.
We arrive at the proof of the inequalities

n—l—i—p(u—l)) -1 n—0.5 1
2p2—|—ln< +Y | p+ ;o 2<n< ||,
p 6p*( + (n —0.5)/p)? p 3p
and
— 0. —1 1
0pln2+1In <u+n 05> <In <n+p(,u)>’ 1<n< [] (3.5.1)
p p 3p

Applying in (3.5.1) the lower estimate for the function from Lemma 3.4.2 and transferring the loga-
rithms on the right-hand sides of the inequalities, we replace inequalities (3.5.1) by stronger inequalities

1 1 ppr+n—0.5 1
27 + + <M(),2<n<[y
P S+ —052 " 2(u+ (n—05)/p) —1 i tn—1—p ="=13,

and
- 1
0.70p < In Pt TP , 1<n< | —].
pp+mn—0.5 3p
Prove these inequalities.
Rewrite these inequalities in a compact form using the notation y = pu + n — 0.5. We obtain the

inequalities
1 P Y 1
2%+ — m(—2 ) 2<n<|— 3.5.2
p+6y2+2y—p<n<y—0-5—p>’ _n_[i%p]’ (3:5.2)
0.5 — 1
0.70p < In <l"+p> L 1<n< [] . (3.5.3)
Yy 3p
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Since the function (y 4+ 0.5 — p)/y decreases on the ray 0 < y < 400, it suffices to prove inequality
(3.5.3) for the maximal value of y, i.e., for

05—0p 1

0.35 In(1 = |—
p<n< +”+15>7 ! [ ]7

5

0.5—0p 1
0.7p<In (1 =|—].
g n( +n+0-5>’ ! [3/)]

We have the inequalities
0.35 0.7

On the other hand (we use the fact that In(1 +¢) > 0.9¢ for 0 < ¢ <0.2),

0.5—p 0.97(0.5 — p) 0.3n 0.6
In (1 > =2 5 0.16 > 0.35
"n<+n+1.5>> n+1b  —ntl5 35 07RO
0.5—p 0.9n(0.5 — p) 0.3n 0.6
In (1 > > =2 5 0.24 > 0.7np.
"n< +n+0.5> n+05 —n+05- 25 "

The inequality is proved.
To prove (3.5.2), we use the lower estimate

Y 2h Y
1 h<Z
n(y—2h>>y—h’ 0< <2,

which follows from (3.4.8) and the positiveness of the third derivative of the logarithm:

. 142 142
In i > 05+p = + 20 > + P
y—05—p y—025—p/2 2y—05—p 2y—p

After this it remains to prove the inequality

1 1+p
= 2p(py)+ —< .
6y> 2y—p (e) 6y 2—ply

Since

< 1—|—15 <1+1—7 >15
PY = p 3p Q=3T3 T 1y y =z Lo,

we must verify that

v 1 14p 1
P2 2P gcp< =
6 "9~ 9 UsP=5

This inequality is valid, and the proof of inequality (3.5.2) is complete. Lemma 3.1.1 is proved.

3.6. Proof of Theorem 3.1.1 in the Case 0.4 < p < 0.5

First, we consider the case where p € (0,1/p]. The reasoning from the beginning of Sec. 3.2 shows
that the problem is reduced to the proof of the relations

Ey(—&)/*(p,p); ) = (-1)" ¥n eN. (3.6.1)

Theorems 1.5.3 and (3.2.3) imply that these equalities follow from the inequalities (we occasionally
omit the arguments p and p of &)

15617 < 2pel~H exp(&, cosmp)  Vn € N.
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Show that for 0.4 < p < 0.5, x > &1, the function g(p) = 2pexp(x cosmp) is greater than 1. Indeed,
g(0.5) =1,

1 1 1
(lng(p))/ = - —qzsinmp < — —wéysinmp = — —w2(1— p(p — 1))
p p p
1 9 2
- = 1-— 25— —<0.
<p ™1 —p) < 5 <

Therefore, 2p exp(&, cosmp) > 1 for all n € N, and it suffices to prove the inequality
156 < gl — 15 < gl m
Since pu < 1/p, we must verify that & > 1.5. We have the inequalities

1 -1 1-—
:W( +,p(ﬂ ))>7T(, p)>7r(1—p)>§>1.5,
sinmwp sinmwp 2

&1

which was required.
In the case where 1/p < 1 < 2/p, we use the identities (u = A+ 1/p)

E, <z;>\+ ;) - % (Ep(z;)\) - P(lA)) ,

. (3.6.2)
gn (,0, A+ ,0) = £n+1(p> )‘)

1 2
Relations (3.6.2) and (3.6.1) shows that for p € (, - — 1}, the problem is reduced to the proof of
p P

the equalities

1 1
sgn Ep(—fm)l/p(p, A A) — P()\)] =(-1)™ ¥Ym>2, Ve <O, p — 1] , Vpe€[04,0.5).
Appealing to Theorem 1.5.3, we see that it suffices to deduce the inequalities
1
o Em DI+ 757 < 2065, exp(&m cos ). (3.6.3)

We start from the values A € (0,1]. Substituting in (3.6.3) the estimate of the modulus of the
remainder from Theorem 1.5.3 (see Chap. 1), we reduce the problem to the proof of the inequality

[(3.5)6 1P <;’ min(\, 1 — \) + ; — 2) + 1“(1)\) < 2pE1"A exp (&, cos mp). (3.6.4)

We write a stronger inequality replacing the left-hand side of (3.6.4) by a greater expression and the
right-hand side by a lesser expression using the estimates

[(3.5) <4, &YP<e? €2>1 & >n(2—p)cosecp.

Namely, we prove that

6857 (1 — \) 44,2 <; — 2> + F(l)\) < 2pexp (m(2 — p) cot mp).

Again, we replace the inequality by a stronger inequality using the estimates £, > 1.57 (or, equivalently,
52_2 < 1/20) and e! > 1 +t, t > 0. We obtain that it suffices to prove the inequality

1 1
0.3(1— A\ +0.2<—2>+<2 1+ 1.5 cot p). 3.6.5
( ) p ey p( p) (3.6.5)
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Lemma 3.3.3 implies that
1
Y1-XN)+=—=<1 0<A<],

L'(A)
and, the more so,
1
031—-MN+—=<1, 0<A<1 3.6.6
(=Nt gy S 0<A< (36.6)
After the change e = 1/2 — p, 0 < e < 0.1, we obtain the estimate
1 0.8
0.2 < - 2) =% < (3.6.7)
P 1—-2¢

2p(1 4+ 1.5mcot mp) = (1 — 2¢)(1 + L.5wtanme) > (1 — 2¢)(1 + 1.57%)
>(1—-2)(1414e) =14+ 12e — 282 > 1+ 9. (3.6.8)

From (3.6.6) and (3.6.8) we deduce (3.6.5). Inequalities (3.6.3) in the case 0 < A <1 are proved.
For 1 < A <1/p —1, by Theorem 1.5.3 (see Chap. 1), the problem is reduced to the proof of the
inequality
1 1 1
——2|I( = {;Ll/p + —— < 2pel A exp(&,n cos Tp). 3.6.9
(p ) (p) r'(A) ( ) (369
For the considered values of the parameters A we have the inequality
2 A—1 2
Enlp ) > Ea(py ) = TEFPAZD) 2w (3.6.10)

sin p sinmp

Therefore, using Lemmas 3.4.1 and 3.4.2, we obtain the inequalities (§ = 1/p — 2)

LY 1y -2 —2 1 B 1 B

Therefore, inequality (3.6.9) can be replaced by the following stronger inequality:

5(2m) 72 + 1 4+ ~6 < 2p€;,0 exp (& cosp). (3.6.11)
The function

7% exp(x cosmp) = exp(—0 Inx +  sin 7e)

increases on the ray x > 2 since (from (3.6.7) it is seen that 6 < 5e¢)

d J J
—(=dlnz + xsinme) = —— +sinwe > —— + 32 > 0.
dx x 2

Therefore (see (3.6.10)), we have the inequality

20E-0 exp(&n cos mp) > 2pexp(—31n6 + 6sinme) > 2pexp(—1.85 + 18¢)
> 2pe% = (1 —26)e® > (1 —2e)(1+9e) =1+ 7¢ — 182 > 1+ 5.2¢.
However, the left-hand side of (3.6.11) does not exceed

0.62-4
140620 < 1+ = c

<1+43.1le.
— 2¢

Inequality (3.6.11) is proved, and the proof of Theorem 3.1.1 for the case 0.4 < p < 0.5 is complete.
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3.7. Proof of Theorem 3.1.1 in the Case 0.25 < p < 0.4

Arguing as in the previous section and applying Theorem 1.5.4, we see that for the proof of rela-
tions (3.6.1) in the case considered it suffices to verify the inequalities

1
0.74¢7 < 2p€-H exp(&, cosmp), 0< pu < i n>1, (3.7.1)

1 1
0.746, + o) < 2p€l A exp(&, cosmp), 0< A< P 1, n>2. (3.7.2)

We start from the proof of inequalities (3.7.1). Dividing them by 2p§711_” , we obtain the equivalent
inequalities
0.74

2p&n

which must be proved only for n = 1 owing to the fact that the right-hand side increases, and the
left-hand side decreases, with respect to n. Since

< exp(&, cosmp), (3.7.3)

& =& (p,p) =7 (1+ p(p — 1)) cosec(mp) > m(1 — p),
we have

3
20¢1 > 2mp(1l — p) > @W 0.25 < p < 0.4

Therefore, the left-hand side of (3.7.3) is less than 1. Since the right-hand side of (3.7.3) is obviously
greater than 1, the inequality is valid.

Now we prove inequality (3.7.2). In the case where 0 < A < 1, the left-hand side of (3.7.2) is less
than 1.74 and the right-hand side is greater than

0.5exp(& cosmp) = 0.5exp (m(2 + p(A — 1)) cot p)
> 0.5exp (7(2 — p) cot mp) > 0.5exp (1.6 cot(0.47)) > 2.

Consider the values a = A — 1 € (0,1/p — 2]. Note that the function x=%¢™®, 7 > 0, increases on the
ray a/7 < x < +00. We have 7 = cos mp and the inequality

1
<&(p, ) <= =—-—2<27mcotmp
CoS TP p

holds since
1 5 1 1 T

<—, =<
p 2p° 4 tanmp

for 0.25 < p < 0.4.

This implies that inequality (3.7.2) must be proved only for n = 2. In this case it has the form

1
0.740(N)E; M +1 < 2p0(N)éd A exp(&acosmp), 1< A< P 1. (3.7.4)

Since

& = &a(p, A) = m(2 + pa) cosec(mp), (3.7.5)
we see that & > 2m and the left-hand side of (3.7.4) is less than 14 0.74T'()\)(27) ™, but this function,
by Lemma 3.4.2, decreases with respect to A (in our case 1 < A < 3). Therefore, the left-hand side of
(3.7.4) is less than 1+ 0.7/(27) < 1.12.

To obtain a lower estimate of the right-hand side of (3.7.4), we prove that it decreases with respect
to the parameter A or, equivalently, that the function

g(a) =InT(a+1) — aln (7(2 4 pa) cosecp) + m(2 + pa) cot mp
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1
decreases with respect to the variable a on the segment 0 < a < — — 2 < 2. We have the equality
p

g (a) =v¢(a+1) —In(m(2 + pa) cosec wp) — + mpcot mp.

a
24 pa
Since

1
Y(a+1) <y <,0 — 1) <P(3)=1.5—-—v<0.93, mpcot(mp) < for 0.25 < p < 0.4,

N

we have
¢'(a) < 1.72 — In (7(2 + pa) cosec p) < 1.72 — In(27) < 0.
Thus, the right-hand side of (3.7.4) is not less than its value at the point A = 1/p — 1. Substituting
the expression (3.7.5) for &, in which a = 1/p — 2, in (3.7.4), we see that it remains to prove the
inequality
1 3—2p)\27 Y/
112<mm(—1)<ﬂ_’ﬁ> exp (m(3 —2p) cotmp), 0.25 < p < 0.4
p sinmp
Consider the function
1 m(3—2p)\ > ?
Fp)=pI'| ——1 _— 3—2 t .
(h)=p <p ) ( S ) exp (7(3 — 2p) cot mp)

We must prove that F'(p) > 0.56 for 0.25 < p < 0.4. For this, we verify that F'(p) decreases on this
interval. Using the continuity of this function on the segment 0.25 < p < 0.4, we see that the problem
is reduced to the proof of the numerical inequality F(0.4) > 0.56. It is valid (£(0.4) > 1.2), and
Theorem 3.1.1 for the case 0.25 < p < 0.4 is proved in this case.

Denote Fi(p) = In F(p). We have the relation

Hip) =1 - 50 (1-1) + S (TE2)

p P sinmp

1 1 2(3-2
+ (—2> <7rcot7rp+ ) T ( 5 P) — 2w cot mp.
p 15—p sin“ 7wp

From this we obtain the following representation for the function ®(p) = p*FJ(p):

@@):pu.—mmcmwm-¢<;—1>+4n<”C*—%ﬂ>

sinp

2
p Tp
1-2 t —(3-2
+( M<MN0WP+L5P> (3 m<$mm)

The function 7p cot wp decreases on (0,1/2) and p/(1.5 — p) increases. Therefore, the following esti-
mates hold:

p(1 —2mpcot mp) < p(1 — 0.8m cot(0.47)) < 0.19p,

1 /m 2 1 1
(=42 ) <0.536, S<p< s,
P 2\4 7 4 3
(1 —=2p) (mpcotmp+ <
Le—e T o2 cosa, Lopcoa
3 33 11 e S
Therefore,
—2 1 2
ﬂm<A+m(ﬂ3m>—¢<-;g—@—mﬁ<7p>, (3.7.6)
sinp P sinmp
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where A = 0.6 for 1/4 < p <1/3 and A = 0.4 for 1/3 < p < 0.4. For 1/4 < p < 1/3, we have the
inequalities

In (M) < In(2.57v/2) < 2.41,

sinmp

¢<2_1>2¢@)—1—7>041

2 2
1y 1\«
3—-2 > |24 <) — > 2.76.
( ) <sin7rp> < * 3> 8

These numerical estimates and (3.7.6) imply the negativeness of ®(p) on the semi-interval (1/4,1/3].
For 1/3 < p < 0.4, we have the inequalities

(3 — 2p) 1 P
(22722 cm24 =) 41 In (=) <214
n( sin7p ><n<+3>+m+n(\/§>< ’

mp 2 472

sinmp

and the inequality ®(p) < 0 holds. We have proved that the function F' decreases.

3.8. Proof of Theorem 3.1.1 in the Case 1/6 < p <1/4

If p € (1/6,1/4], then by Theorem 1.5.4 the “principal part” of the function E,(—z'/?, 1) contains
two terms:

2pztH [exp(m cosmp) cos (zsinmp — mp(p — 1)) + exp(z cos 3mp) cos (x sin 3mp — 3mp(p — 1))} .

Therefore, to prove relations (3.2.1), it suffices to deduce the inequalities

1
0.746, 1 < 2p€l=r [exp({n cos p) — exp(&, cos 37Tp)], O<pu<-=, n>1,
p
. | (3.8.1)
0.746, + ey < 2pel=2 [exp({n cosp) — exp(&y, cos 37rp)}, 0<A< =, n>2
p
Since
e cos 3 cos 3mp — cos
UG ID) _ o (114 (1)) L2 8T
exp(&, cosmp) sin7p

= exp < —2m(n+ p(p— 1)) sin 27Tp) <exp (—27(1 — p)sin2mp) < exp (— (1 — p)\/g)
< exp(—0.75mV/3) < 0.02,

inequalities (3.8.1) can be replaced by the following stronger inequalities:

0.74
< 0.98 exp(&, cosmp), 3.8.2
208, ( p) (3.8.2)
1
0.746, + Ty < 1.96pEL = exp (&, cos mp). (3.8.3)

From the estimates
2p&, > 2p&1 > 2pm(1 — p) cosec(mp) > 2(1 —p) > 1.5

we obtain that
0.74 - 0.74 <05
20, 1.5 o

and the right-hand side of (3.8.2) is greater than 0.98. This shows that inequality (3.8.2) is valid.
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We prove inequalities (3.8.3). For 0 < A < 1, there is no difficulty, as in the previous section: the
left-hand side is less than 1.74, while the right-hand side is greater than 1.9p exp(&2 cos wp). But

Eacosmp > m(2—p)cotmp > w(2 — p) > 1.75m,
and hence
pexp(§acosmp) > (1/6) exp(1.75m) > 30

and inequality (3.8.3) is valid.
Consider values a = A — 1 € (0,1/p — 1]. We rewrite inequality (3.8.3), which must be proved, in
the form

0.740(N)EN 4+ 1 < 1.96pI(a + 1)&, @ exp(&, cos p). (3.8.4)

Since the function 2~ exp(z cos mp) increases on the ray x > asec(mp) and the inequalities a < 5 and
&n > & > 2w cosec(mp) > Hsec(mp),

hold in the case 1/6 < p < 1/4, we obtain that it suffices to prove inequalities (3.8.4) for n = 2. By
Lemma 3.4.2, the function I'(\)&5 A decreases with respect to the variable A on the segment 1 < )\ < 6,
since for A > 1 and p < 1/4 we have the inequality

€y > 27 cosec(mp) > 2mV/2.

Therefore, the left-hand side of (3.8.4) is greater than 1 + 0.74/(27v/2) < 1.1. For any fixed p €
(1/6,1/4], the right-hand side of (3.8.4) also decreases with respect to the variable a on the segment
0 < a < 5. To prove this based on the explicit formula for &s, it suffices to verify that the function
(2 + pa)
sinmp

gla)=InT'(a+1) —aln ( ) + (2 + pa) cot(mp).

decreases. We have the equality

d(a)=¥(@+1)—In <7T

(2+ ,oa)) ap + mpcot(mp). (3.8.5)

sinp 24 ap
Prove that the derivative (3.8.5) is negative. First, we obtain a numerical upper estimate of the
function
tcott +Insint, t=mpe (E E} .
’ 6’4
This function increases on (0,7/4] and, therefore, does exceed its value w/4 — 0.5In2 < 0.44 at the
point 7/4. Thus,
g'(a) <044+ ¢(a+1) —In(7(2+ pa)) — pa/(2 + pa).

For 0 < a < 3 we have the inequality
11
g (a) < 0.44 +(4) — In(27) = 0.44 + s In(27) < 0.
For 3 < a < 5, since the function pa/(2 + pa) increases with respect to a and p and the estimate
¥ (t) < Int holds, we have the inequality

3p
(2+3p)

From this we conclude that the right-hand side of (3.8.4) is not less than its value at the point
a =1/p— 1. Tt remains to prove the inequality

1 3—p)\ P 1
1.1 < 1.96pI" <> (M> exp <7r(3 — p) cot ﬂp), —<p<
p sinmp 6

g'(a) < 0.44+¢(a+1)—In (7(2+3p)) — < 0.44+1(6) —In(2.57)—0.2 < 0.24+1n <6> < 0.

2.5m

1
- (3.8.6)
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Taking the logarithms, we obtain the inequality
In1.1<0.1< F(p),

where

F(p) =1n1.96 + lnp +InT </1)> _ </1) _ 1) In <”(3_”)> +7(3 = p) cot 7p.

sinmp
g
It remains to prove that F'(p) decreases on the semi-interval (1/6,1/4]. We calculate the derivative:

1 1 (1 1 3— 1 1 2
Flp)=-—-—= <)—|—21H<M>+<—1> (+7rcot7rp>—7rcot7rp—(3—p) 7; .
p P 0 0 sinmp p 3—p sin“ mp

We set ®(p) = p?f(p). Then

@(p):p—w</1)> +1n<”(3_p)) ) +(1—2p)7rpcot7rp—(3—p)( il )2.

sinmp 3—p sinmp

‘We have the relation

) = 1n(0.49) + In 6 — 3In(2.757V/2) + 2.757 > 1.

e

Replacing the functions wpcotmp and (1 — p)/(3 — p) by their upper estimate (identity unit) in the
formula for ®(p), we obtain the inequality

B(p) < 1—1 (;) +In <”(3_p>> —(3-p) ( 7 >2. (3.8.7)

sinmp sinmp

Since the function ¢/ sint increases on the interval (0,7/2) for 1/6 < p < 1/2, the estimate

2 2

P 7r
: > =
<sm7r,o) 9

holds. Therefore, we have the inequalities

< 0 ) G- 0> 2.7957r2 30, In <7T(3—P)) <l (zﬂ <3 _ é)) <In18<29.  (3.8.8)

sinmp sinmp

From (3.8.7) and (3.8.8) we obtain that

B(p) < 0.9 — <;> <0.9— p(4) <0,

which was required. Inequality (3.8.6) is proved, and the proof of the realness of all zeros of the
function E,(z, p) for 1/6 < p <1/4 and 0 < pu < 2/p is complete.

3.9. Completion of Proof of Theorem 3.1.1 (Case 0 < p < 1/6).
Proof of Theorem 3.1.2

As was said in Sec. 3.2, for the proof of Theorems 3.1.1 and 3.1.2 for p € (0,1/6], we must deduce
relations (3.2.1), (3.2.6), and (3.2.7).
First, we prove relations (3.2.1). Owing to Theorem 1.5.4, the problem is reduced to the proof of
inequalities
(5]

0.74¢7 < 2pEL7H | exp(&, cos mp) — exp <§n cos (m(2k — l)p))
k=2

)
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for 0 < <1/pand n > Ny(p) and

|

0.746, + F(l)\) < 2017 | exp(&, cosmp) — exp (§n cos (m(2k — 1)p)>
k=2

ﬁ
S

for 0 < A<1/pandn>1+ Ni(p).
We obtain an upper estimate of the sum of exponents

%)
Sy, = exp ({n cos (m(2k — 1)p)>.

k=2

—

The ratio (3.2.5) of functions (3.2.4) with numbers k + 1 and k is equal to

App(x) = exp ( — 2z sin Tp sin 27rkp) < exp ( — 2N, (p) SinTpsin 27rk:p)
<exp (— 2m(N1(p) — p) sin(2mkp)) < exp (— 2m(N1(p) — p) sin 2mp)

§exp(—87rp<N1(P)—p))Sexp[—Sﬂp(;p—l—p)}SeXp( 8ﬂ(§—p p))

1 1 1 107 1
< Sr(s—-——))= —— ) <=, (391
—eXp< 7r(3 6 36)) eXp( 9)<26’ (3:9.1)
where x > £y, . Here we used the following relations:

Ensinmp = m(n+ p(p—1)) > m(n—p),
sin(27kp) > min [sm 2mp, sin < ( — 1> )] =sin27p, 1<k<——1,

sin(mt) > 2t, 0<t

= sin(27mp) >4p, 0<p<1/4.

l\D\H

It is seen from (3.9.1) that for = > &y,, any subsequent function exp [x coS (7T(2k -1) p)} is less than
the preceding at least 26 times. This leads to the estimate

1
Sp < %5 exp(&, cosmp)

and allows one to proceed to the proof of simpler inequalities

0.746, " < 1.92pE " exp(&, cosmp), 0 < p < ;, n > Ni(p), (3.9.2)
0.746, + F(l)\) < 1.92p  exp(Epcosmp), 0< A< ;, n > 14 Ni(p). (3.9.3)
Inequality (3.9.2) is equivalent to the following:
1'3'27;15” < exp(& cosTp). (3.9.4)
We have the inequality
pEn = mp(n+ plp—1) Sndpp—1)>n—p>2—p>1, (3.9.5)

sinp

since n > Ni(p) > 2. Therefore, the left-hand side of (3.9.4) is less than 1 and the right-hand side is
obviously greater than 1. Inequality (3.9.2) is proved.
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We prove inequality (3.9.3). For 0 < A < 1, there is no difficulty: the left-hand side of (3.9.3) is
less than 1.74 and the right-hand side is greater than

1.92p exp(&, cos mp) > 1.92p&,, cos(mp) > 1.92(n — p) cosmp > 1.92(2 — p) cos(w/6) > 2

and the required inequality is proved (we have used the estimates e! >t and (3.9.5)).
For 1 < XA <1/p, we rewrite (3.9.3) in the equivalent form

0.74T (V)& + 1 < 1.92pD (V)€ exp (&, cos p).

n

By Lemma 3.4.2, the function T'(A\)¢é ™ decreases on the segment 1 < X\ < 1/p if £ > 1/p. In our case,
&n > 1/p (see (3.9.5)) and, therefore,

- -1 p 1/6
LNE, N <T(1)," < 5 < 5= 1/6 < 0.1.

Thus, we must prove that
0.1<Inl.924+Inp+InT'(A\)+ (1 —N)Ing, + &, cosmp
or (in a detailed form with account of the inequality In1.92 > 0.6)

m(n+ ap)

O<O.5+lnp+lnf‘(a+1)aln( .
sinmp

) + w(n + ap) cot wp,
(3.9.6)

1 1 1
O<a<-——1, n>214|—|, O0<p< .
P 3p 6

We verify that the minimum of the right-hand side of (3.9.6) with respect to the variable a is attained
at a =1/p — 1. Fir this, it suffices to prove the negativeness of the derivative

m(n + ap))

sinp

+7rpcot7rp<1+1/;(a+1)—ln<

ba+1) —1n <7r(n+ap)> B nap

sinmp + ap

. .
<1l4mn-—In——" :1+ln<sm7rp>—lnn<1—lnn<0;

P sinp mp

here we have used the inequalities tcott < 1 for 0 <t < 7/2, ¢(t) < Int for t > 0, and

1
n21+[} > 3.
3p

Thus, it remain to prove (3.9.6) for a = 1/p — 1, i.e.,

1 1 1-—
0<054+np+Inl <p> - (,0 - 1) In <7r(n—|—p)> +m(n+1—p)cotmp. (3.9.7)

sinmp
Clearly,

1
n+l—p>n>_—.
3p

We show that the right-hand side of (3.9.7) will decrease if we replace n + 1 — p by a smaller number
1/(3p). For this, we prove that the function

1 t
u(t) = wtcot wp — <—1> ln< 7 )
p sinmp
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increases on the ray 2 <t < +oo (containing the ray [1/(3p), +00)). We have the inequality

1 1 1 1
W(t)=mcotmp—|=—1]=>mcotmp— — = —(tmpcotmp — 1)
p t pt  pt

Thus, (3.9.7) can be replaced by the following stronger inequality and just its proof:
1 1 T s 1
0<054+np+nl'|(-)—-(-—1)In{——)+—cotmp, 0<p<—. (3.9.8)
p 0 3psinmp 3p 6

For p = 1/6, inequality (3.9.8) holds; this can be verified by a direct calculation. Therefore, it suffices
to prove that the function on the right-hand side of (3.9.8) decreases. The derivative of this function
is equal to

1 1 1 1 s 1 1 s m [cotmp s
——=Yl(-)+tshls—/—)+|=-—-1) =+ - 5 T 3 .
p P p p 3psinmp p p tanmp 3 p psin® mp

Therefore, we must verify that the function

1
gp)=p—v (=) +mn L _|_(1—p)(1—|—7rpcot7r,o>—I cot mp + ,7;[)
p 3psinmp 3 sin“ wp

is negative. To estimate this function, we use inequalities

Y(t) >Int — (2t — 1)1

(see Lemma 3.4.1) and mpcot mp < 1. Introducing the notation h(p) = 7/(3sinmp), we obtain

-1
glp) <2—p+ (Z — 1> +1Inh(p) — gcot o — h(p). (3.9.9)

sinp
Using the inequalities mp/sinmp > 1, h(p) > 1, and Inh(p) < h(p) — 1, from (3.9.9) we have

1
g(p)<1—p+ﬁ—gcot7rp<1—gcot7rp<0, 0<p§6.

The proof of relations (3.2.1) for n > [1/(3p)] is complete.
Prove relations (3.2.6) and (3.2.7).

Lemma 3.9.1. For any p > 0, u € R, and n € N satisfying the condition n + pu > 1, the following
inequality holds:

Rolpop) _ (1
Roa(po) p< p(n+pu)>'

Proof. By the definition of R,,(p, 1) we have the equality
mn 9 - 1 1
1n<R+1(pM)> zlnF<u+n )—21nF<,u+n)+lnF<,u+n+ > (3.9.10)
Ry(p, 1) P p p

Note that if a real-valued function f is continuous on a segment [x — h,z + h] (z € R, h > 0), has on
the interval (z — h, x4+ h) derivatives up to fourth order, and f*(¢) > 0 for all t € (x — h, z+ h), then

f(x+h)—2f(z) + f(xz — h) > h2f"(z). (3.9.11)
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Indeed, applying Taylor’s formula with the remainder in the Lagrange form, we have
1 1 1
fla+h) = f(z) + hf (@) + Sh* (@) + ch* " (@) + b F (@), & € (z,a+ ),

Flz = 1) = f() = hf(@) + W (@) = 5" @) + 5 b @), & € (@ ha).

Adding these equalities and subtracting 2f(x) from the result, we obtain

Fla+ ) = 2f(x) + flw—h) = K" (x) + 5 b (FO(E) + £9 (). (3.9.12)

From (3.9.12) and the positiveness f*) we immediately obtain (3.9.11). In our case = = n/p, h = 1/p,
and

f(t) = fu(t) =Inl(p+1t) € C>(0,400).

We have the relations

)= (ptt)=> (k+pt+t)2 [P0 =6> (k+p+t) >0 V>0, (3.9.13)
k=0 k=0

From (3.9.10), (3.9.11), and (3.9.13) we obtain

In (Rnt1(p, 1)/ R (py 1)) > > (k4 pp+n/p) ™
k=0

This relation together with the estimate
+oo

(k4+a)™2 > / (u+a)2du=a?

0 0

NE

i

leads to the inequality

-1
_ n _ _
I (Rot1(ps 1)/ R (p, 1)) > p~2 <u+p> =p Hpp+n)~",
which after exponentiation yields the assertion of Lemma 3.9.1. 0

For n = 1, relation (3.2.6) is proved in Lemma 3.3.1. We prove (3.2.7). Until the end of this section,
we adopt the notation

1
Ap=—"
"7 T(u+k/p)
so that
An_ >
R, =" By(—aip) =Y (—-1)F At (3.9.14)

A )
n k=0

Also, we omit the arguments p and y in the notation of Ay and R,.
We have the relation

Ep(—ﬁRl; W) = Ag—Alle—l-QAlRl—{—Z Ak(le) . (3.9.15)
k=3

The last term on the right-hand side of (3.9.15) is negative; this follows from the fact that the sequence
{A (V2R }22 5 decreases, which is equivalent to the inequality

V2R, < Rp, k> 3.
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Prove it. From Lemma 3.9.1, taking into account the fact that { Rx} increases, we obtain the inequality

e exp (= (14 o) )s.

But we have pu < 2 and p < 1/6; therefore,

R
R—; <exp(—(3p)7) <e?<0.14, (3.9.16)

and the required inequality is proved.

The negativeness of the sum
[e.e]

D (—1)FAR(V2Ry)
k=3
implies the estimate

Ey(—V2Ry, 1) < Ag — A1V2R; +2A5R} = Ag — V2Ag + 245(Ag/ A1) (3.9.17)
Multiplying both sides of (3.9.17) by Ay = T'(1) and taking into account (3.9.16), we find
T(W)E,(—V2R1, 1) <1— V2424042472 =1 V2 +2(R1/Ry) <1 -2+ 0.28 <0,
which was required.

Prove (3.2.6) for n = 2. We have the relation

Ey(—=Ra, ) = Ag — Ay Ry + AsR3 — A3R3+A4R2+Z 1)*ALRE.

k=5
Since the sequence {A;R5}%° . decreases, the sum
oo
> (—1)FALRS
k=5
is negative, and since Ry = Aj/As, we have AgR3 — A1 Ry = 0. Therefore,
E,(—Ra, p) < Ag — A3Rj + A4Rj. (3.9.18)

Dividing both sides of inequality (3.9.18) by A3R3, we rewrite it in the equivalent form
A3 Ry E,(— Ry, 1) < =1+ (Ao/A3) Ry + (As/A3) Ry,

Introduce the notation

As
The last equality follows from the definition of Ag; moreover, we also see that A3/As = R4. Therefore,
we have the relations

A R;PE,(~Rg, 1) < —1+ B + Ra/Ry,

3 2 1 (3.9.19)
mB=Il{p+—-) -3l (p+—-)+3Inl{p+—-) —InT'(y).

p p p

By the intermediate-value theorem applied to the third difference of the function InT'(z) at the point
w with step 1/p, for some & € (u, p + 3/p) we have the equality

B= <AO>R2 = AgATPAZAGL.

InB=p3 2,0_32 k+¢&)”
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This implies

—+00

[ee] -3 -3
3
lnB<—2p3§ <k+u+ > <—2p3/<t+u+p> dt
0

k=0

_ 3\ .
=-—p 3<u+p> = —p Ypu+3)"2 (3.9.20)

By the restrictions pu < 2 and p < 1/6 from (3.9.20) we obtain the estimate

1 6
B — ) < —— .8. .9.21
<exp( 25p>_exp< 25)<08 (3.9.21)
By Lemma 3.9.1 we have the inequalities
R -1 1
T exp(— o2+ ) ™) < exp (—4) < exp(~15),
3 P (3.9.22)
@<ex (—(p(3+ ))_1)<ex 1 < exp(—1.2)
o p(— (p(3+ pp <exp—po ) < exp(-12).
Therefore,
Ry Ry R3
—==—=X 1.5—-12) = —2.7) < 0.1.
= g < oL —12) = exp(~2.)

From this, (3.9.19), and (3.9.21) we obtain the inequality
AJ'RyPE,(~Ra, ) < —14+0.8+0.1 <0,

i.e., E,(—Rg; ) <0, which was required.
Further, we have the equality

Ey(— V2Ra; ) = Ao—fAlRQ+2AQR2—2ngRZ+Z 1)*Ap(V2Ry)F.
k=4

The sequence {Ay(v2R2)*}3°, decreases since the ratio of its elements with numbers k and k + 1 is
equal to v2R2/ Ry, < v/2Ra/R4 and by (3.9.22) is less than 1. Therefore, the sum

o0

S (—1)F AL (VERy)!

k=4
is positive and we arrive at the inequality
E,(—V2Ra; 1) > —V2A1 Ry 4 242R3 — 2v/2A3R3. (3.9.23)
Dividing both sides of (3.9.23) by 242 R3 and using the fact that A1 /Ay = Ry, A2/A3 = R3, we obtain
the inequality

0.545 'Ry 2E,(—V2Ro; ) > 1 — ﬁ - WRQ
3

In this case, by the restriction n < [1/(3p)]—1, the inequality p < 1/9 holds. Therefore, by Lemma 3.9.1
with account of (3.9.22) we have the inequality

Ry 1 9
—= < —-—— ) < —= 1.
R3_exp< 4p>_exp< 4><O

0.545 'Ry 2 E,(—V2Ra; 1) > 1 — 0.61v2 > 0.
In the case n = 2, relations (3.2.6) and (3.2.7) are proved.

Therefore,
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Prove (3.2.7) for n > 3. In this case, p < 1/9 since only for these values of p is the inequality
n < Ni(p) = [1/(3p)] valid. Note (this will be used below) that for 0 < p <1/9, 0 < p < 2/p, and
3 < n < Ni(p), the following inequality holds:
fn 1
Ro,y1 6
Indeed, by Lemma 3.9.1 we have the inequality

(3.9.24)

n

7o <exp (= (p(n+pp)) ") <exp (= (p(n+2)7") =exp (= (2p+mnp) 7).
n+1

Since np < 1/3 and 2p < 2/9, we have

R, 1 2\7!
—(=-+= = —1. 1/6.
Rt < exp ( <3 + 9> ) exp(—1.8) < 1/6

Relation (3.9.24) is proved.
From the power expansion of the Mittag-Leffler function, we obtain the equality

(=1)"Ep(=V2Rn, 1t) = Sno — An_1 (V2Rn)" ' + A, (V2R,)" = Apst (V2R,)" ™ + S,

where
n—2 [e'e)
Sno =D (~DF A (VER,)", Sui= D (1P AL(V2R,)".
k=0 k=n+2

We prove that the sums S, o and S, ; are positive. Since they are alternating and the terms with

numbers £k = n &£ 2 are positive, it suffices to prove that the sequence Ak(ﬁRn)k increases for
0 < k <n—2 and decreases for £ > n + 2. The ratio of the elements of this sequence with numbers
k+ 1 and k is equal to

k1
A 2R, A ,

_ Aen(v2 )k NG = N T (3.9.25)
Ar(V2R,) A Ryt

Equality (3.9.25) together with (3.9.24) and the fact proved above that Ry increases imply the esti-
mates

R 2
dp>V2>1, 0<k<n-2 dp < V22 <£<1, kE>n+2,

Rn+1 6
which prove the required assertion. By the positiveness of the sums S, g and S, 1 we have the inequality
(—1)"E,( = V2R, 1) > A1 (V2R)" " + A, (V2R,)" = Auyr (V2R,)" T (3.9.26)
Dividing both sides of (3.9.26) by An(ﬂRn)n and taking into account the relations
An—l ATL Rn 1
=R,, —=Rp1, < -,
An " An+1 e Rn+1 6
we obtain
(1) AT (VER,) " Ep( = VERop) 51— —— —yaLn o1 V2,
n W BTV R V2 VRei T Va6
Relations (3.2.7) are completely proved.
We introduce the following notation:
Uy, = Rnaj Ry Ry, 1< j<n—1, up=up,. (3.9.27)
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Note that by the concavity of the sequence

-1
1an:lnI’<,u+n> 1nF<p+n )
P P

(this follows from the negativeness of ¢”) we have the inequalities

Unj < 1. (3.9.28)

In what follows, we need the following lemma.
Lemma 3.9.2. For any p <1/9,0< u<2/p, and m > 5, the following inequality holds:
qun+1 < Upm-
Proof. By the definition of u,, and R,,, we have the representation
(e (4 (o) (52 (2)", e
U, R,,2n+1 Ry—1Rm+1 Ao At Am Am1 ’

where Ay = 1/T'(u+ k/p). Taking the logarithm of both sides of (3.9.29) we obtain

3
In <“m+1> — 3T <u+ m+2) 10T <u+ m“)
Unm p p
1 —9
+12InT (,u+ TZ) —6InT (,u—l— mp) +Inl <,u—|— mp) . (3.9.30)

Prove the following assertion. Let h,z € R, h > 0, g be a real-valued, four times continuously
differentiable function on the segment [z — 2h,z + 2h], and g™ be positive and decrease on this
segment. Then the following inequality holds:

39 (x4 2h) —10g (x + h) + 12g (z) — 69 (z — h) + g (x — 2h)

3 3

Indeed, by Taylor’s formula with the remainder in the Lagrange form, there exist numbers &1,1; €
(z,x + 2h) and &, m2 € (z — 2h, ) such that

< 2h39/,/(l') + h4 <4g(4) (l’) + 29(4) (x — 2h)) . (3.9.31)

4 9
9(w +2h) = g(x) + 2hg/(x) + 2h7¢"(x) + Shg"(x) + §h49(4) (m),

1 1 1
9(z +h) = g(x) + hy' (@) + 519" (x) + =hg" (z) + =h'gW (&),
2 ¢ 2! (3.9.32)
9(x = h) = g(w) = hg'(x) + 5h*g"(x) = <h*g" (x) + 5 h'gW (&),
4 2
9 — 2h) = glw) — 2hg' (@) + 207" () — 519" (@) + gD m).
From (3.9.32) we have
3g(x + 2h) — 10g(z + h) + 12g(x) — 6g(x — h) + g(z — 2h)
) 1 2
=21%g" (x) + h* (29" (m) — 759" (&) — 397 (&) + 39 (). (39.33)
From the upper estimate of the coefficient of h* in (3.9.33) obtained by using the inequalities

gD m),gW(&) < g (@), W), gW (&) < W (@ +2n),

which follow from the fact that ¢(*) decreases, we arrive at (3.9.31).
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We take g(t) = InT'(¢t), z = p+m/p, and h = 1/p. Since ¢'(t) = 1 (t), the fourth derivative

o0

g W) =v"(t)=6> (k+t)~"

k=0
is positive and decreases. Therefore, from (3.9.30) and (3.9.31) we obtain

u?n—i—l 21/}”(56) 1 4 " 2 " 2
n () < e (7))

Using the standard method of estimating the sum of a series by the corresponding integral, we obtain
the inequalities

" - -2 1 m - 6 2
=) "~ <= V>0 = Ve > 0.5
i) kz(k+a:)3< 2z 72> 0 ¥i(@) kZ:(](k+a:)4<(x—0.5)3 z> 0.5,

=0
3
U 2 4 2 1
In (-7 )« 2 4 = .
" < U, p3x? + 3pt \ (x —0.5)3 + (x —2/p—0.5)3
To complete the proof of the lemma, it remains to verify the negativeness of the last expression, i.e.,
to check the inequality

2 n 1 < 3p
(x—0.5)3  (x—2/p—0.5)3 = 222

pla - 0.5) <fﬂ —x0-5>2 e 2/1p ~0.5) (x - 2/9; = 0.5)2 < g (3.9.34)

The function t/(t — a), a > 0, decreases on the ray ¢ > a, and by the condition m > 5, the inequality
x > 5/p > 45 holds. Therefore, the following estimates hold:

1 1
—05)>5— — —2/p—05)>3— —
ple=05)25-12, ple=2/p=05) =23~ 10,

z 90 x - 5/p 5 < 5 _ 90

r—05 89 x-2/p—05 3/p—05 3-05p " 3—1/18 53’
This implies that the left-hand side of (3.9.34) does not exceed

2 90\ ? L 90\? 146197013400

5—1/18 \ 89 3—1/18 \53/) ~ 104953669813

The lemma is proved. O

<3
5"

Complete the proof of Theorems 3.1.1 and 3.1.2, ie., deduce the equalities (3.2.6) for
3<n < [1/(30))
From the power expansion of the Mittag-Leffler function we obtain
n—2 [e'¢)
Ep(—Rp, ) = 3 (DR ApRE + (=1)" (A RO = A, RD) + Y (—1)FALRE. (3.9.35)
k=0 k=n+1
Grouping in (3.9.35) terms with numbers k =n—v—1and k =n+v, 1 <v <n-—1, and taking into
account the equality

A,
An Ry — ARy = ARy < A = R") =0,

which is valid owing to (3.9.14), we obtain the representation

n—1 00
Bp(—Rupt) = ()™ S (=)0, (Ra) + S (~D)FALRE, (3.9.36)
v=1 k=2n
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where
_ n+v n—v—1
vy(x) = Aptrx — A, )

It follows from (3.9.36) that relation (3.2.6) means the positiveness of the sums

n—1 o)
D (=1 oy (Ro) + (=)™ (1) ARy (3.9.37)
v=1 k=2n

Now we prove that the positiveness of sums (3.9.37) follows from the inequalities

0 <vp+1(Ry) < vy(Ry), 1<v<n—-2, 3<n<Nip), (3.9.38)
Aoy R?™ < v, 1(Ry), 3<n<Ni(p). (3.9.39)
Indeed, by (3.9.38), the moduli of terms in the alternating sum
n—1
Z(_l)yilvﬂRn)
v=1

decrease and the first term is positive. Therefore,

n—1

> (1) o (Ry) > 0

v=1
for all n € [3, N1(p)]. This immediately implies the required assertion for odd n since
oo
Z (—1)F AR
k=2n
is also an alternating series which has terms with decreasing moduli and the first term is positive. If
n is even, then

n—2 e’}
S (=D (Ry) >0, (=)™ Y (=1)FARRE >0
v=1 k=2n+1

by the above reasoning. Further, by (3.9.39)
(—=1)" 201 (Rp) + (1) A9, R?" = v, _1(Ry,) — A2, RZ" > 0,

and we also obtain the positiveness of sum (3.9.37).

Thus, to complete the proof, it remains to deduce inequalities (3.9.38) and (3.9.39). It is seen from
the definition of Ay and R,, and the functions v, (z) that the positiveness of v, (R,,) for any n € R and
1 <v <n—1is equivalent to the concavity of the sequence {In R,,}°° ;. Indeed,

Anfufl

0<wv,(Ry) <= Ap, R"" <A, R — 1 < R+ (3.9.40)
n+v
From (3.9.14) we have the representation
An—y—l n+v v
A= IT B =Ru]] (RujRass)- (3.9.41)
nTv p=n—v j=1

By (3.9.40) and (3.9.41) we have the inequalities

0<v,(Ry) <= [](RujRuy;) <RY <= > (InRny;—2IR,+InR, ;) <0; (3.9.42)
J=1 j=1

the last inequality follows fromt the concavity of the sequence {ln R, } (this concavity was proved
above).
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We prove the inequalities
UV—H(RH) < vu(Rn)a
which, by the definition of the function v,, are equivalent to the following:
An,l,,lR"]\f”’1 - An,y,gRg_”_2 < An+,,RZ+” — An+,,+1RZ+”+1. (3.9.43)

Divide both sides of (3.9.43) by A4+, R"™. Applying formula (3.9.41), we can rewrite the inequalities
obtained in the form

Rn—u—l ) - -2 Rn
1—- — | | Rn+iRn—jR,7) <1-— . 3.9.44
( Rn j=1 ( g ) n+v+1 ( )
Introduce the notation
Rnfufl Rn -2
Apy = , bny = ,  Unp = RntpR, “Rp_p. 3.9.45
) Rn bl Rn+y+1 7]9 +p p ( )

By (3.9.45), inequalities (3.9.44) take the form

(1= any) [[unw <1—bns. (3.9.46)
j=1

Dividing both sides of (3.9.46) by 1 — b,,,, and using the identity
(1—a) (1 =0 =14+b1—-b)""(1—a/b)

(note that ay, /by = Un4+1), We arrive at the inequalities

(14 bnp(1 = bnp) ' = tnpi1) [J ns < 1, (3.9.47)
j=1

which are equivalent to (3.9.44). We will prove (3.9.47).
First, we prove (3.9.47) for 3 <n <12 (for all v € [1,n — 2]) and for v > 0.5n — 1 (for all n > 12).
We show that in both these cases, the following, even stronger than (3.9.47), inequalities hold®:

(14 bn0(1 = bpp) Dung < 1. (3.9.48)
We obtain upper estimates of

Un,1

)

=R R, 2Ry = AL ASA A,

for any n € N, where, as above, A,, = 1/T'(u +n/p). We have

1 -1 -2
lnuml:lnf(u—i—n—i_ >—3lnf‘<,u,+n>+3lnf(u+n >—lnF<u+n ) (3.9.49)
p p p p

Applying the formula of finite increments to the third difference (3.9.49), we obtain that for some
¢€((n—2)/p,(n+1)/p), the following relation holds:

o
Mupy =p 2 (ID(p+2)ome = p 2% (n+ &) = =202 (k+p+8)"
k=0

5By the above (see (3.9.28)), un; < 1,1 <j<n—1.
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This implies the estimate

—+00

- n+1\7° n+1\°
In,; < —2p° Z (kr +u+ P ) < -2p73 / <t + o+ ; > dt
k=0

1 —2
=-—p3 (u + n: ) = —p Ypp+n+1)"2 VneN. (3.9.50)

From (3.9.50) and the restrictions pu < 2 and p < 1/9, for n < 12 we obtain the inequality

< P N 1 (3.9.51)
Up,1 < €XP oor | S€XP| —o5r | =€XP |~ |- 9.
By Lemma 3.9.1, for any n,v € N we have the inequality

' Rn+1/+1 Rn+2 Rn+1 Rn+2

1 1 1 1
<exp<— — >§exp<— . )
p(n+pp)  pln+1+pp) p(n+2)  p(n+3)
Since pn < pNi(p) < 1/3, p < 1/9, we have

1 1 1
b — - = exp(—1.8 — 1.5) = exp(—3.3) < —.
v <eXp< 1/3 1 2/9 1/3+1/3) exp( ) = exp(=3.3) < 5
This implies
1 1
(1 —bp) 7t < 55 ME<MNilp), 0<p<y, 1<v<n-2 (3.9.52)

From (3.9.52) and (3.9.51) we conclude that for 3 < n < 12, the left-hand side of (3.9.48) does not

exceed
%o (1) <1
25 P\ 25 ’
which was required.

Now let v > 0.5n—1. Then by Lemma 3.9.1 and the restriction v < n —2 we obtain the inequalities

[ Raij 1 < 1 1 1
bpy = H( n+J> < exp —727, < exp <_. v+ >
iz \fintj+1 pizgntiton p n+v+pp

1 v+1 1 0.5n 1
<exp|—————= | <exp|——— ) =exp|—.
p n+v+2 p 2n 4p
Thus, for 0.5n — 1 < v < n — 2, the following estimate holds:

1
b (1 — b))t < 2exp <—4p> < 2p (3.9.53)

(for any t > 9, we have the inequality ¢ < exp(¢/4), which implies exp(—1/(4p)) < p).
Now we obtain another upper estimate for w,, 1, which differs from (3.9.51). From (3.9.50) we obtain

1 P
n1 < -— = -— .
et exp( p<n+3>2> exp( <np+3p>2)

Recall that np < 1/3 and p < 1/9; then (np + 3p)? < 4/9 and hence u,1 < exp(—2p). This and
(3.9.53) imply the inequality

(1 + by (1— bn,y)‘l)un,1 < (14 2p)exp(—2p) < 1,
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which proves (3.9.48) for the case considered.
Finally, it remains to prove (3.9.47) for the case where n > 13 and 1 < v < 0.5n — 1. According to
(3.9.52), we replace inequalities (3.9.47) by stronger inequalities

1 v
<1 + %(1 - uwﬂ)) [Juns <1 (3.9.54)
j=1
Prove (3.9.54). We start from the proof of the estimate
ud, <tnppt1, 1<v<05n—1, n>13. (3.9.55)

If v =1, then
Upo = Un—1,1U$L,1un+1,17 n—12>12,
and by Lemma 3.9.2 (where u,, ; was denoted by u,,) and the fact that the sequence {up,l};":Q increases,
we obtain the inequality
2
Ug,1 < Unfl,lu?zg < Up—1,1Up 1 * Unt1,1 = Un,2-

For v = 1, inequality (3.9.55) is proved.
If v > 2, then, applying the representation

v—1
—k
tna =ty [T (unatinin)” (3.9.56)
k=1
and Lemma 3.9.2, we obtain the estimate”
v—1 v—1

6 _ ,6v 6(v—Fk) 2v 2(v—k) 3 3
U,y = Un,1 (un—k,lun—i-k,l) < Unp, 1 (un—k,lun+k,1) CUp—p41,1 " Untr—1.1
k=1 k=1
T (v—h) -
2v 2(v—k v+1 v+1—k
< un,l (unfk,lun+k,l) : (un—u,lun—l-u,l) < un,l (unfk,lunJrk,l) = Un,y+1-
k=1 k=1

Here we have used the obvious inequality v +1 —k < 2(vr — k), 0 < k < v -1, v € N. The
possibility of applying Lemma 3.9.2 follows from the inequality n — v > 8 (for n = 13 it is obvious
since v < 0.5n — 1 < 6.5 — 1 and hence v < 5, and for n > 14, by the restriction v < 0.5n — 1, we
have the inequality n —v > 0.5n+1 > 8). Thus, inequality (3.9.55) is proved. It allows one to replace
inequalities (3.9.54) by stronger inequalities

1 6 .
<1 + 27,)(1 - uw)> Uny < 1; (3.9.57)

we will prove (3.9.57).
Consider the function :
1 26 t
=1+ —-t%)t=""t— —
)= (14 350-1)
on the segment 0 < ¢ < 1. Its derivative

26 71
!
=2
Y 25 25
is positive for for ¢ € [0, 1]. Therefore, f(¢) increases on [0, 1], and since f(1) = 1, we see that f(¢) <1
for all t € (0,1). From this and the inclusion u, , € (0,1) proved above, we obtain (3.9.57). Relations

(3.9.38) are proved.

"Here and in the sequel, we use the inequalities Unk <1,n,keNNn>21<k<n-1
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Now we prove inequalities (3.9.39), which have the form
A9, R < Ag, 1 R*™ 1 — A, (3.9.58)
Transferring Ao on the left-hand side and dividing (3.9.58) by As,_1 R2"~!, we obtain the equivalent

inequalities
)Ee ()
R, " + R, <1,
<A2n—l Aop

which, with account of (3.9.14), (3.9.41), and (3.9.45), can be rewritten in the following form:

n—1 Rn
T wnis+ o <L (3.9.59)
j=1 2n

Representing u, ; by formula (3.9.56), omitting factors less than 1, and taking into account the fact
that {Ry} increases, we strengthen inequality (3.9.59):

n(n—1)

n(n—1) Rn
u, 2+ <1 (3.9.60)
’ RnJrl

To obtain an upper estimate of the left-hand side of (3.9.60) (we denote it by U,,), we use inequalities
(3.9.24) and (3.9.50). We have

Up < 1+exp <—2p(n(n_1) ) < 1+exp (—27;(71_1))

6 n+1+pp)? 6 (n+ 3)2
Since
nn -+ p<s
for n > 3, we have
Un<}+e*%<}+1<1
6 6 2 ’

which was required. Equalities (3.2.6) are proved and the proof of Theorems 3.1.1 and 3.1.2 is complete.

3.10. Proof of Theorem 3.1.3

The realness, negativeness, and simpleness of all zeros of the function E; /N(z, N + 1) follow from
Theorem 3.1.1. The required upper estimates of the first [N/3] — 1 zeros for N > 6 are proved in
Theorem 3.1.2, and the upper estimate of the first zero (for any N) is a consequence of Lemma 3.3.1.
It remains to obtain

(1) more exact than in Theorem 3.1.2, lower estimates of the first [N/3] — 1 zeros in the case N > 6
and
(2) more exact than in Theorem 3.1.1, two-sided estimates of zeros with numbers n > [N/3].

We start from the simpler problem 2. We have the identity

gEl/N(—wN; 1) = [Nz:ﬂ] exp [w cos <7T(2]j\[_1)>} cos [w sin <7T(2]§V_1)>] +one Y, (3.10.1)

k=1
where 6y = 1/2 if N odd and 5 = 0 if N is even. Identity (3.10.1) can be proved as follows. If

flz) = Z amz"
m=0

is an arbitrary entire function, NV € N, then

(%) N .
NY anuwN =37 <w exp (27;]‘3)) . (3.10.2)
v=0

k=1
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Applying (3.10.2) to the equality

f(z) =exp (ze_m/N> = Z %n: exp <_7r]z\7[n> ,

we obtain the following representation of the classical Mittag-Leffler function of order 1/N:

NEyn (—w™;1) = iw = iexp [wexp (772(2;—1))] .

v=0 k=1
mi(2k — 1)

N ) and applying the identity

Combining in the last sum the conjugate pairs exp <

exp(we'?) 4 exp(we™?) = 2 exp(w cos p) cos(w sin ),

we arrive at (3.10.1).
Theorem 3.1.1 implies that on each of the intervals

the function £y (z; N+1) has exactly one root. We must prove that for n > [N/3], a root is contained
on a narrower interval

o ™+ /2 + 2 (N)\ Y [+ 7/2 —an(N) N
N ™ sin(w/N) ’ sin(w/N)
(the values x,,(N) were defined in the statement of Theorem 3.1.3). Note that for any N € N, N > 3,

the sequence x, (V) decreases and tends to zero. It maximal value is equal to x[y/3(V); we denote it
by yn. We have the estimate

yn < y3 = exp(—7/V3) < 0.164, 3 <N <11, (3.10.3)

For N > 12, owing to the inequality sin(27/N) > 6/N, we have the estimate

N
yn < 1.0lexp (—27‘(‘ [] ](\57> < 1.0lexp <

3 —127(N — 2))

3N

—4m(N — 2)
N

By (3.10.3) and (3.10.4), we see that the largest value of x,,(N) for N > 3 and n > [N/3] is equal to

e~™/V3 < 0.164. This implies the inclusion

—40
=1.0lexp ( ) < 1.01exp <12”> < 1.01e7 1047 < 71046 (3.10.4)

N
INynCINnn YNEN, VneN, N>3 n> [3}
Compare the lengths of the intervals I, and I f\m It is easy to verify the asymptotics

N
[ Inn| ~ (Nn)N <exp <n> - 1) , N —o0, n>N/3,

472n
N

n
Iy | ~ NN N=1exp (— ) , N — oo, N

These asymptotics show that the length of I, tends to co, whereas the length of I, tends to zero
asn > (NInN)2 N — oo.
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Continue the proof of the theorem. Introduce the notation

wE(N) = <7m + g + xn(N)) cosec (%) .

To prove the existence of a zero of the function Fy/n(z; N +1) = (El/N(z, 1) — 1) /z on each of the
intervals [ §V,n’ it suffices to verify that the function

Fy(w) = g (Byyn(—w™;1) - 1)

has opposite signs at the points w;, (N) and w; (N) for n > [N/3]. We have the relations

cos (wff(N) sin (%)) — F(—1)"sin (z,(N)). (3.10.5)

First, we consider values N € [3,6]. Since the moduli of products of exponents with negative powers
by cosines are not greater than 1, we obtain that
7r

An(w) = ‘FN(w) — exp (w cos (N)) cos (w sin (%))‘ <N -—1. (3.10.6)

Relations (3.10.5) and (3.10.6) and representation (3.10.1) show that the difference of signs of the
numbers Fiy (w;F(N)) follows from the inequality

n
. + T
N —1 <sin(xz,(N))exp (wn (N) cos (N)) .
Since w;, (N) < w; (N), it suffices to prove that
(N —1)exp (—w;(N) cos (%)) < sinz,(N).
Using the estimate x,(N) < 0.17, we obtain the inequalities
sin (za(N)) > (3/m)za(N),
_ v 77 7T ™
w,, (N) cos (N) > <7m + 5 0.17) cot (N) > (mn + 1.4) cot (N) .
Therefore, the problem is reduced to the proof of the inequality
g(N —1)exp (—ﬂn cot (%)) exp <—1.4 cot (%)) < xn(N)
N -1
77(3) < exp (1.4 cot (%)) . (3.10.7)
The validity of (3.10.7) for N = 3, 4,5, 6 can be proved by a straightforward calculation. The two-sided
estimates of zeros for 3 < N < 6 are proved.
For N > 6, the estimate of Ay (w) is proved in a different way. We have the inequalities
N N
e X<

5 (3.10.8)

[N/2]

2 <“’ (ij_l))) (w sin (ij_l)))

<3 e (e (BZEDY) a0

2

=

T
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The ratio of terms with numbers k£ 4+ 1 and k in the last sum of exponents is equal to

ol (22 o (22
— exp (—2w sin (%) sin <2;k>> . (3.10.10)

w sin <%) > mn + 1.4. (3.10.11)

n

We have the inequalities

Therefore, for w > wy, /3](N ), 1 <k <[N/2] — 1, the following inequality holds:

w, k(W) < exp <_27T [JZH sin <2J7\Tfk>>

N 2 8r | N
< —or | = |sin (22 ) < 222 ). (3.0
_exp< 277{3}31H<N>>_exp< N[?)]) (3.10.12)
Here we have used the inequalities

27k 2T N
in( 222 ) >sin [ 22 <k<|=| -
s1n<N>_sm<N), 1_k_[3] 1,
T
2

sint > =, 0<t<
T

Since n > [N/3] and for N > 7 we have

8 [N
Rl )
vlal=2
(3.10.12) implies that
1 _
wnk(w) < exp(—2m) < e Y > w[N/S](N). (3.10.13)
From (3.10.13) and (3.10.10) we obtain the following estimate of sum (3.10.9):
(N/2]
m(2k -1 1 3T _
2 exp <w cos <(N)>> < <1 + 534) exp <w cos <N>> , w > w[N/3](N). (3.10.14)
From (3.10.1), (3.10.8), and (3.10.14) we obtain the estimate
N 1 3T _
An(w) < > + <1 + 534) exp (wcos (N)) , N>T7, w> w[N/S](N). (3.10.15)

Now we must obtain an estimate of the form
N
o < eNexp (wcos(3m/N)),

in which the constant cy “is not large.” The case N = 7 will be considered separately. Clearly, we

can take
cr = 3.5exp <w2(7) Cos <377T>) .

Owing to (3.10.11), we have the relation

2m + 1.4 3z :
cr < 3.5exp [_( s —I-Sin z:c;s ( 7 )] = 3.5exp (— 7;:(27)> < 0.098.
7 14
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This and (3.10.15) imply that

As(w) < 1.1exp (w cos (?’;T» L w > wy (7). (3.10.16)

From (3.10.16), (3.10.5), and (3.10.6) we conclude that the difference of signs of the numbers Fy (w; (7))
for n > 2 follows from the inequality

s

1.1exp (w,%(?) cos (3:» < sin (n (7)) exp (w(7)) cos (?) . n>2

T 27

= llexp <—2wni(7) sin (?) sin (7)> < sin (z0(7)), n>2.

Applying the lower estimate (3.10.11), we see that now we must prove the inequality

11exp (—(27m +2.8)sin <27”>> < sin (2,(7))

s Llan(T)exp <—2.85in (2;)) <sin(2n(T), n>2.

Since sin(27/7) > 4/7, it remains to verify that

sin @, (7)

1.1e 16 <
‘ 2a(7)

(3.10.17)

For N > 7, n > [N/3], we have the estimate

N 2 8t | N 1
zn(N) < 1.0lexp (—27r [3] sin (;)) < 1.0lexp <—]\7; [3}) <1.01e7?" < £00°

This implies that

sin z, (N) . 22 (N) S1_ 41076
xn(N) — 6

>1-107% N>7, n>[N/3]. (3.10.18)
From (3.10.18) we see that inequality (3.10.17) is valid. The two-sided estimates of zeros in the case

N =7, n > 2 are proved.
Further, consider the case N > 8. As ¢y we can take

e = %eXp <—w[N/3](N) cos (?3)) < geXp <_7T[N/S?I]1C((7)rs/§37)r/N)> .

3
cos (]\7;) /sin (%) >1, N >8,

N N 4
ey < gexp (—7r []) < 4o < .

This and (3.10.15) imply the inequality

Since

we have the inequality

1 3 -
An(w) < <1 + 106> exp <w cos <N>> , N>8, w> w[N/:,)](N). (3.10.19)
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Thus, to prove that the numbers Fy (w(N)) have opposite signs, it suffices to verify the inequality
1.01exp | w; (V) cos ~ ) ) <sin (zn(N)) exp (w, (N)) cos (N)

e 10lexp <—2wf;(N) sin (%) sin Gz;)) < sin (z,(N)).

Applying the lower estimate (3.10.11), we see that now we must prove the inequality

2
1.0l exp (—(an + 2.8) sin (;)) < sin (z,(N)) .
Using the definition of x,,(N), for 8 < N < 1400 we replace this inequality by the following:

1.01 exp <—2.8sin <3\7;>) < W (3.10.20)

Since sin(27/N) > 4/N, N > 4, the left-hand side of (3.10.20) for 8 < N < 560 is less than

1.01exp(—0.02) < exp(—0.01) < 0.991, whereas the right-hand side of (3.10.20), by (3.10.18), is

greater than 0.999. The required inequality is proved. For 560 < N < 1400, applying the stronger
6

estimate sin(27/N) > N N > 12, we obtain that the left-hand side of (3.10.20) is less than

1.01exp(—0.012) < exp(—0.02), which is again less than the right-hand side. Thus, for 8 < N < 1400,
the two-sided estimates of zeros of the function F)/y(z; N + 1) with numbers n > [N/3] are proved.
In the case N > 1400, we do not roughen estimate (3.10.19) and see that we must prove the

(1 4 1(1)6) exp <—(27rn +2.8)sin <3§>> < sin (z0(N)) .

Using the definition of x,,(N), we transfer the equivalent inequality

107 (27 sin ., (N)
— ' exp (—2.8sin [ == i ASARY 3.10.21
106-1.01 ( o <N>> S (V) ( )

The left-hand side of (3.10.21) is less than 10706 < 1 — 10~%; this value is less than the right-hand
side (see (3.10.18)). We have proved the two-sided estimates of zeros of the function E, /N(z3 N +1)
with numbers > [N/3].

Now we prove lower estimates of the first [N/3] — 1 zeros for N > 6. The required lower estimate of
the first zero immediately follows from Lemma 3.3.3 if we take ¢ = 1.5R;/Rs and verify the inequality

inequality

— (1+e)?<15 <« 2+2<05. (3.10.22)

We have the estimate

T )0 () o v

k=0

Therefore, ¢ < 0.15, 2 +¢2? < 0.4, and inequality (3.10.22) holds. The lower estimate of the first zero
is proved.

Obtain a lower estimate of the second zero (then N > 9). If F' is the function from Lemma 3.3.1
and

e >0, R2(1 + 6) < Rs, (3.10.23)
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then

F(-Ry(1+¢) =) (-D)FARE(1+e)F > —A1Ry(1+€) + A2R3(1 +)* — A3R3(1 +¢)?,
k=0
since the moduli of terms of the alternating sum

o0

D (~DFARE(1 + )"

k=4
decrease and hence the sum is positive (the ratio of the terms with numbers k + 1 and k is equal to

Ry(1+e) _ Ro(1+e)

< <1
Ry Rs

by (3.10.23)). If we take ¢ = 1. 52 then we obtain the inequality
3

F(-Ry(l+¢)) _Ai{l+e)
Ay R AsR,

Fe - R4 = (142 + (14
2

— gj,(l +eP¥ =4 - ga(l +e)3 = 5(% —e—2e% — 253). (3.10.24)
Impose on ¢ the restriction
£<02 <= T75R,<R;. (3.10.25)
By the monotonicity of R,,, this condition is stronger than in (3.10.23). The positiveness of F'(—Ra(1+
¢)) immediately follows from (3.10.24) and (3.10.25).
We verify that for the values R,,(N) defined before the statement of Theorem 3.1.3, the inequality
7.5R2(N) < R3(N) holds for N > 9, and hence

3R>
E —Ro|l14+—7):N+1 0.
1/N< 2<+2R3>’ +>>

N-1 N 9
R»(N) 3N — k 3 3
= — <|- 1.
o~ 1l (4N—k> < <4> = (4) =Y
The lower estimate of the second zero is proved since by (3.2.6)

Eyn(—Ry; N +1) < 0.

Further, 3 <n < [N/3] — 1 (here n is the ordinal number of a zero) and, naturally, N > 12. Until
the end of this section, we assume that the number N is fixed and omit the dependence of different
quantities on it. We set

We have the inequality

o0

El/N(Z;N+1):Z(kN+N ZAkZ
k=0

Clearly, Ry = Ay_1/Ag, k € N. Introduce the notation
Umk(-r) = An+kxn+k - An—k—lxn_k_1> 1<k<n-1

Lemma 3.10.1. For any x € [R,, R, + 1), n > 3, the sequence vy r(x) decreases when the index k
varies from 1 to n — 1. Moreover, the following inequality is valid:

A ®™ < vy 1 (). (3.10.26)
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Proof. First, we prove the inequality

'Un,k:—l—l(x) < Un,k($)7 1<k<n—-2, R,<z<Rpn

= Appa R A, a2 < A TR — A 2™ (3.10.27)

Introduce the notation

N . . N 2
3 Nn—k)+75)(N(n+k)+37) ( kN )
nk = Ro kR * Rk = ( = 1— 3.10.28
Then
A 1 n+k k k
kel Rl Ry, = R iR 2Rnyi) = | [ um,j- 3.10.29
An+kRT21k+1 ml;[_k jl_Il ( J +J) Jl_Il 37 ( )

From (3.10.29) we see that inequality (3.10.27) after dividing both sides by A, ;2" ™" can be written
in the following equivalent form:

A, Ak TA
n—k—1 nk:2<1_ n+k+1

Ap gz A a?k2 Apik
2k+1
Ry Anfkfl Anfka €T
x An+ipRa Ap_p1 Rkt

R,_1_1 i T T e
= ] - = Up i < [1— <(1- — )
(=) o< (- 50) < (- 200) (7)

Son(m) = (1= 2kl (g :
#(@) < T Ryt k1

we see that we must prove the inequality

Setting

k 2k+1
8, k(@) [T tn,s < (;) , 1<k<n-2 R,<z< R (3.10.30)
=1 "

We obtain an upper estimate of the function §,, ;(x). We have the relations

1—R,__ — R,
5n,k($)_1: Rn k 1/x_1zx/Rn+k+1 Rn k 1/51;
1= a/Rpiks 1 —2/Ryikt
1-— Rn— — _QRn 1- Rn x 2un - Rn x 2un
_ kE—1T +h+1l _ ( / ) Jk+1 < ( / ) ,k+1‘ (3.10.31)
Ryiri1/z—1 Ryri/x—1 Rui2/Rpy1—1

Further, we have for n < [N/3] —1 and N > 12
Buws T (@3N =7 (na )Y (N3 2\
Rn+1 =0 (n+2)N—j n+ 2 N/3—|—1
N+6\N _ 18"
=\ > —= 8 (3.10.32
<N+3> —<15) >8 )

(we have used the fact that the functions (¢ + 1)/t and ((t 4+ 6)/(t + 3))" decrease on the ray 0 < t <
+00). Introduce the variable y = /R, > 1 and, using (3.10.31) and (3.10.32), replace inequality
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(3.10.30) by the following stronger inequality:
1—y%u i
(1 - y"’““) H <yl (3.10.33)

Note that it suffices to prove inequality (3.10.33) only for y = 1 since the derivative (2k + 1)y*k of
its right-hand side is greater than the derivative of its left-hand side, which is equal to

k
2y U, 1 23 2
—— Hwi<7Z <7
7j=1
From 3.10.33 we obtain the estimate
E\2 N 2N
<|1- < - ]; 3.10.34
o ( <n+1>> eXp( (n+1)2) (3.10.84)
this immediately implies that u, , < 1. Thus, we must prove the inequality
1—u F
(1 + 7"’““) ITwns <1 (3.10.35)

j=1
If k> n/4 and n > 3, then from (3.10.34) we see that

k k

N 5 N2k + 1)k(k +1)
[Ty <o |~ 77| = oo (0o
j=1 j=1

(/2 +1)(n/2)(n/4 + 1) (n+2)(n +4)n
< exp (_ (n+ 1)2 ) - <_ 16(n + 1)2 )

2
< exp <—n;g> < exp <_156> (3.10.36)

(here n > 12 and hence N/6 > 2). Therefore, the left-hand side of (3.10.35) is less than

1+1 e o <e 1—3 <1
7) P\ 16 AT 16

and we have proved what was required.
If 1 <k < n/4, then we replace inequality (3.10.35) by the following stronger but simpler inequality:

1—
(1 + u’;’kJrl) Un, k < 17 (31037)
and obtain the estimate
ud < Ungpr1, 1<k<n/d (3.10.38)

1—
From (3.10.38) we immediately obtain (3.10.37) since the function u'/° (1 + 7u) does not exceed 1
on the segment [0, 1].
Thus, to complete the proof of the first part of the lemma, it remains to verify estimate (3.10.38).
From (3.10.28) we obtain the equality

H — k) + )" (N(n+ k) +5)° (3.10.39)

—— N(n— —1)+])<Nn+j>8(N(n+k+1)+j>'

=i
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We prove that any factor in (3.10.39) is less than 1, i.e.,

(N(n—k)+4)° (N(n+k) +5)°
(N(n—k—=1)45) (Nn+ ) (N(n+k+1)+7)

<1, 1<j<N, 1<k<n/4

Then the product is also less than 1, which means that inequality (3.10.38) is valid. Denoting Nn + j
by t and Nk by 7, we see that it suffices to prove the inequality

2 —2P <8t —7 - N)(t+7+N), N<r< (3.10.40)
The right-hand side of (3.10.40) is equal to
8 (12 — (1 + N)?) > t3(t* — 477).
Therefore, it suffices to prove the following stronger inequality
19 — 5872 +10657% — 106475 + 51278 — 710 < 10 — 44872
= 10657% — 10670 + 50278 — 719 <372 (3.10.41)

Rejecting on the left-hand side of (3.10.41) the negative term —71% and dividing both sides of (3.10.41)
by t?72, we obtain the following, stronger but simpler, inequality

106472 — 106274 + 57° < 15 (3.10.42)

Since T < t/4, the left-hand side of (3.10.42) is less than
41
106472 = 5. 10 (I> <106 45
t 16

which was required. The first part of the lemma is proved.
Prove inequality (3.10.26), which, due to the definition of vy, ,,—1(x), can be written in the form

A
Ag + A2n1‘2n < Aanll‘Qn_l < 701'1_2“ + — < 1L
Aop 1 Aop 1

We strengthen the last inequality taking into account the inclusion = € [R,, Ry4+1):

Ap
R].*Qﬂ 4
Ay "

Asn
Azp_1

n—1
Ry
Royi <1 = [Juan+ 2 <1, (3.10.43)
k=1 ’ R2n

From estimates (3.10.32) and (3.10.36) we see that inequality (3.10.43) holds. The lemma is completely
proved. ]

Since relations (3.2.6) have been proved, it suffices to deduce the equalities

sgn By v (—Ra(1+qn); N +1) = (-1)", 3<n< [];j] —1. (3.10.44)

Introduce the following notation for the mth remainder of the power series for the function

Eyn(~, N +1);

om(z) =Y (~1)"Aya”.

v=m
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‘We have the relation

2n—1
Eyn(=2,N+1)= Z (—1)"Ayz” + oon(x)
v=0
n—1
— ( 1)n+k(An+kxn+k —An,kflxnikil) —|—02n(:c)
k=0
n—1
= (=" (=1)*v, k() + o2n(z). (3.10.45)
k=0

By (3.10.44) and (3.10.45), we must prove that

n—1

Z(—l)kl/n,k(fﬂ) + oop(x) >0  for even n,

o 2= (1+ qn)Rn. (3.10.46)

oo () < Z(—l)kyn,k(x) for odd n,

k=0
First, we prove the inequality
N
Un 1 (L +qn)Ry) < vpo((1+qn)Rn), 3<n< [3} -1 (3.10.47)
independently of the parity of n. We have the relations
Un.o(x) = Apz™ — Ap_12" "t = A2t xAn—l = At (2
n,0 — {n n—1 — 4An-—-1 Anfl — An-—-1 Rn ;
3A 1.3

. - A, n+1—An, n_QZAn, n—2 M_l — A, n=2(__ % _q).
on1(2) 1 2 2 Ap—2 2 Ry, 1R,Rpiq

Therefore, inequality vy, 1(2) < vy,0(2) can be rewritting in the following form:

3
n—2 € _ n—1 z _
A, _ox <Rn_1Ran+1 1) < Ap_1z <Rn 1)

SR N O S
Rn—anRn+1 Rn—l Rn '

From this we conclude that inequality (3.10.47) is equivalent to the following inequality:

2

R R
14+, —2— — 1< q(1+q,)—. 3.10.48
( Jrq)Rn_an+1 < qn( Jrq)Rn_1 ( )

Substituting g, = 1.5R,,/Ry+1 in (3.10.48) and setting ¢, = (1+qn)R3LR;E1R;i1, we rewrite (3.10.48)
in the following form:

(L4 qn)*tn <1+ 15t, <= (2¢0+q2)ta < 1+ 0.5t,.

It is easy to see that the last inequality holds if ¢, < 0.2, i.e.,

R, 2 N
<—, 3<n< || -1
Ry 15 == { }
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From (3.1.8) we obtain

R}%?iﬁ(%) 1}( nN+k> ﬁ( +k/N>

=1

(o) = o) () oo

P
Therefore, taking into account the fact that the sequence (1 + ) increases, we obtain the estimate
p

R, A |
<(=) <=,
Ror1 — \b 12
which was required.

Owing to (3.10. 47) inequalities (3.10.46) can be replaced by stronger inequalities
—1
(=1)*v,, p(x) + o9n(z) >0  for even n,

—_

k=2 - x = (14 qn)Rn.
oo () < Z(—l)kvn’k(az) for odd n,
k=2

Prove these inequalities. The case where n is even is simple: by Lemma 3.10.1, the sequence vy, i (z)
decreases and all its elements are positive. Therefore,

i Unk: >0.

k=2

The fact that the alternating sum o9, () is positive follows from a similar reasoning: the first term is
positive and the moduli of terms decrease when 0 < z < Ra,. Since x < R,4+1 < Ra,, we obtain the
required inequality. For odd n, we reject the sum

n—1

Z(_l)kvn,k(x)

k=2
on the right-hand side (as was proved above, it is positive for for n > 5 and empty for n = 3) and
keep Ao, x?" > o9, () on the left-hand side. Thus, we must prove the inequality

Agpz®™ < (—1)”*1vn,n_1(a:) = v, n—1(x),

which has been proved in Lemma 3.10.1. Therefore, relations (3.10.44) are verified and Theorem 3.1.3
is completely proved.

3.11. Proof of Theorem 3.1.4

If an entire function -
z)=1+ Z ByzF
k=1
of order less than 1 has only real negative roots® (not necessarily simple), then it can be represented

in the form -
z
F(2) = 1+ —
() =1]] ( + Tn) ,

n=1

8Here we use the term “root” instead of “zero” to avoid the inconsistent expression “negative zero.”
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where
o0

Z rn_l < +00,
n=1

where 7, is the sequence of all zeros of F'(z) taken with opposite sign and arranged in increasing order
of their moduli with account of their multiplicity. Then

o0
-1 —1
B]_ = Z’I”n 5 32 = Z (Tprq)
n=1 1<p<g<+o00

Obviously, 2By < B}. Therefore, we conclude that if the function E,(z, ) for some positive value of
the parameter ;1 has only real negative roots (in this case, the order p of the function E,(z, ) does
not exceed 1/2), then, owing to the representation

IR
D(p)Ep(z,p) =1+ ; D(p+k/p)

we have the inequality

T(u) L)\
M(u+2/p) = (F(/Hrl/ﬂ)) |

We rewrite it in the following equivalent form:

1 2
ln2<lnF(,u)—21nF<,u+) —|—lnF<,u—|—> . (3.11.1)
P p

We prove that for
©>0.94 (p°In2)~t —p7t
inequality (3.11.1) does not hold and hence not all zeros of E,(z, 1) are real. For this, we obtain

an upper estimate of the second difference on the right-hand side of inequality (3.11.1). The power
expansion

F(z+h) = i F® (x)hk(ljl)k,
k=0 ’

which holds for any F analytic in a neighborhood of the disk {z € C | |z — a:| < h}, implies the identity
F(z+h)—2F(z)+ F(z —h —221?24) (3.11.2)

From (3.11.2) and the expansions

(InT(z))® = () = D> (m o+ 2)
m=0
we obtain
Inl(z+h) —2InT(z) + InC(z — h Ze Y (m4 2R, 0<h<a. (3.11.3)
= m=0
Since
a+0.5
a P < / tPdt
a—0.5
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for all @ > 0.5 and p > 1, we have the estimate

(o] +oo
> (m+a) < / t=2%dt = (20— 1) Yz —0.5)2%, 2 >0.5. (3.11.4)
m=0 2—0.5

From (3.11.3) and (3.11.4) we obtain the inequality

InT(z+h)—2InT(z)+InT(z—h) <Z£ (20—1)"*h*(x—0.5)"2%, h>0, z>h+0.5. (3.11.5)
/=1

We find an upper estimate of the sum on the right-hand side of (3.11.5) using the relation

[e.9]

3 1_OO<1 —1>—ln2—1<02
2oial—1) 2 \20-1 % 5

For x > h + 0.5, we have the relation

e}

h2€ l’ —0. 5 1-2¢ h2 o h 20—1 1
2 a1 “z_os T ;<x—0.5> 20— 1)

(=1

h? Rt 1 h? 0.4h*
. (3.11.6
<x—0.5+(x—0.5)3éz:;€(2£—1)<;v—0.5+(x—0.5)3 (3.11.6)

We denote 2 —0.5 by 3. Then under the condition h2 < y, h > 1, from (3.11.6) and the easily verifiable
inequality

h? ht h?
— 4 04— < ——— h>0, y>04, h><y,
Y v*  yly—04)
we obtain
h% h2 h2
> — < = : (3.11.7)
2= 1)(x - 0521 "y—04 2-09
From (3.11.7) and (3.11.5) for h > 1 and h? < x — 0.5 we obtain the inequality
h2
Inl'(z+h) —2InT'(z) + Inl'(x — h) < 09" (3.11.8)
x —0.

We set h =1/p and = = u + 1/p. By the condition of the theorem,
1
p+=>09+ (pP*n2)7t,
p
ie.,

y=2-05> (P In2)"! > nZ%

Therefore, inequality (3.11.8) can be applied to the upper estimate of the second difference from
(3.11.1), and we obtain the inequality

1 2 h?
Inl(p) —2InT - InT z - <Kp’In2=In2,
al(y) -2l (MJFP)JFH (/Hp) p+1/p— 09 ==l

which contradicts inequality (3.11.1). Therefore, the function E,(z,u) has zeros outside R for
pw>0.9+ (p?In2)~! — p~1. Theorem 3.1.4 is proved.
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3.12. Proof of Theorem 3.1.5

Lemma 3.12.1. Ifpe (1/3,1/2) and 1 —1/p<pu<—-10or0< p<1/3 and -2 < 1 < —1, then the
following inequality holds:

A2 (u+1/p)

L. (3.12.1)
L) (1 +2/p)
Proof. Inequality (3.12.1) is equivalent to the following:
P(p+2/p)l(p+3)

dpu(p+1)(p+2) < (3.12.2)

D(p+1/m)T(p+1/p)

Note that
2
max < 4 +1 +2)|—-2< §—1}:—.
{anp+ D +2) | -2 < o=

Therefore, the left-hand side of (3.12.2) is less than 1.6. We obtain a lower estimate for the right-hand
side.

If1/3<p<1/2,then 1 < pu+1/p < 2jl < p+ 2 < 2. Therefore, owing to the inequalities
0.8 <T'(t) <1,1<t<2, the lower estimate

I'(p+3)
L(p+1/p)

is valid. In addition, setting u+ 1/p = 7, we have

Pu+2/p) T(r+1l/p) T(r+2)
D(u+1/r) — T(7) I'(7)
(Note that since I'(z) increases on the ray > 2 and the inequality 3 < t + 2 < ¢ + 1/p holds, we
have the inequality I'(¢ + 1/p) > I'(¢ + 2).) This implies that the right-hand side of (3.12.2) is greater
than 1.6, and inequality (3.12.2) is proved.
If 1/4 < p < 1/3, then 3 —1/p < 0, and from the Lagrange intermediate-value theorem for
derivatives, we obtain the estimate (£ € (u+3,m + 1/p))

> 0.8

=7(r+1)>2.

1HF(M+3)—IHF<M+/1)> = <3—;)w’(§)2 <3—;>max{¢+(t) ‘ u+3§t§m+/1)}

> (3 - ;) $3) > —(3) > 1.

Therefore, the right-hand side of (3.12.2) is greater than

L(w+2/p)  T(r+1/p) S T+3  T(T+1)(1+2) S 6 -9
el'(n+1/p) el(1)  ~el(r) e “e
which proves the required inequality in the case considered.
If p < 1/4, then we have the relation (7 = pu+1/p)

InT(4+3) —InT (1 + ;) > <3 _ ;) o(7), InT <T+ ;) CInT(r) > ;w(f).

since 1) increases; therefore, the right-hand side of (3.12.2) is greater than

exp (3¥(7)) > exp (31¥(2)) = exp (3(1 — 7)) > e.

The lemma is completely proved. O
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The proof of Theorem 3.1.5 is based on the same ideas as the proof of Theorems 3.1.1 and 3.1.2.
We start from the proof of the inequalities

E,(—Ry;p) >0, E,(—2Ry;p) <0, (3.12.3)
where
T 1
Ry — Lt 1/p)
I'(p)
Recall (this will be extensively used) that I'(u) > 0 for —2 < < —1. We have the relations
o~ (DR
E(-Ry;p) =Y — 21 3.12.4
AT = 2 G Ep (3424
A% (p+1/p) o~ (Z)F(2R1)FT (1)
T(u)E,(—2Ry; ) = —1 + 3.12.5
W) Bp—2R1; 1) M TEST A S e (3.12.5)
The sum of the alternating series (3.12.4) is positive since the moduli of its terms decrease:
Ry _ Rk T(n+1/p)  T(u+(k+1)/p) (3.126)
P(p+(k+1)/p)  T(u+k/p) () U(p+k/p)

P(p+ (k+1)/p)

L(p+k/p)
only for k = 1. This immediately follows from Lemma 3.12.1. The first inequality (3.12.3) is proved.

The sum of the alternating series in (3.12.5) is negative since the sequence of the moduli of its terms
is monotonic; we must verify the inequality

20(n+1/p) _ D(ut(k+1)/p)

IN(D) T(u+k/p)
which also follows from Lemma 3.12.1. Therefore,

Since the sequence of ratios { } increases, it suffices to prove inequality (3.12.6)
keN

AT (u+1/p)
DT (1 +2/p)

By Lemma 3.12.1, the last expression is negative. Inequalities (3.12.3) are proved.
As in the proof of Theorem 3.1.1, the cases 0 < p < 1/6 and 1/6 < p < 1/2 are examined separately.
We start from the values p € (1/6,1/2). Prove the relations

sgn B, ( — Le(p, pip) =(-1)" vneN, n>2, (3.12.7)
2Ry < £3/° (3.12.8)

P (1) Ey(—2R1; 1) < —1 +

(as a rule, for brevity we omit the arguments p and u of &, and R,). From (3.12.7) we obtain the
existence of at least one zero of the function F,(z;u) on each of the intervals ( — 5714’)1; - 71/ p ) for
all n > 2, and from (3.12.3), (3.12.7), and (3.12.8) we obtain the existence of zeros on the intervals
( — ;/p; —2R1), (=2R1,—Ry). Therefore, for any n € N, n > 2, the interval ( — 57%/”,0) of the real
axis contains no less than n zeros of the function E,(z;1). On the other hand, by Theorems 2.1.4
and 2.2.2, for any sufficiently large n, the disk |z| < 571/ ” contains exactly n zeros of the Mittag-Leffler
function. This means that all zeros are real, negative, and simple.
Now we prove relations (3.12.8) and (3.12.7). Write inequality (3.12.8) in detailed form:

oM +1/p) _ (72+pn-1)\"
T(u) sinmp ’

(3.12.9)
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The restrictions of Theorem 3.1.5 on the parameter p imply the estimate 2 + p(u — 1) > 1. We also
have the inequality
1 plp+1)(p+3) 2 1
= < <=, pe(—2,-1).
IN(D) T(p+3) V2TT(n+3) 2 ( :
Here we have applied the well-known estimate 1/I'(x) < 1.2, 1 < < 2. Therefore, (3.12.9) can be
replaced by the stronger but simpler inequality

P(p+1/p) < ( i >1/p,

sinp

which can be easily proved. If 1/4 < p < 1/2,then 1 < u+1/p < 3 and
1
T <u+ ) < 2,
p

(w cosecp) /P > 7t/P > 72,

r<u+;>gr<;—1><r(5)=24,

( cosecwp) /P > 7t

but

If 1/6 < p <1/4, then

but

We prove equalities (3.12.7). Denote A by u+ 1/p. We have the inequalities

1 1 1
1< A< ——1, §<p<5,
. P . ; (3.12.10)
1< -—=-2< A< ——-1, O0<p<—.
p P 3
By the identity
1
Ep(z1) = 5~ + 2Ep(%0),  &nlp,p) = En1(p, A)
I(p)
relations (3.12.7) are equivalent to the following:
1
sgn |Ep(— &P (p. A);A) — ——————| = (-1)™ V¥meN. (3.12.11)
()&’ (0, N)
In the proof of Theorem 3.1.1, we obtained the equalities
sen B, (—&YP(0,\);0) = (—1)™ VmeN, 1/6<p<1/2 (3.12.12)

Clearly, for odd m, equalities (3.12.12) are stronger than (3.12.11), and conversely for even m. There-
fore, in the case 1/6 < p < 1/2 it remains to deduce the inequalities

R
()& (p, A)

The estimates of the remainder in the representation of the function E,(z;A) (Theorems 1.5.3

E,(— Le(p, \); A) > for any even m. (3.12.13)

and 1.5.4), the expression 2p&L—* exp(&,, cosmp) for the principal term at the point z = —571,1” for
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even m, and the estimate of the second term (see Sec. 3.8) imply the following inequalities, which are
valid for arbitrary A € (0,1/p]:

20612 exp(&,,, cos Tp) — 1.5&;1/’), 04 <p<0.5,
B (&P 2) > { 206572 exp(&m cosmp) — 0.T46,%, 0.25 < p < 0.4, (3.12.14)
1 1
1.96p&1A exp(&,, cos mp) — 0.74E2, 5 <p< T

From (3.12.14), (3.12.10), and the estimate 0 < 1/T'(u) < 1/2, —2 < p < —1, obtained above, we see
that inequality (3.12.13) follows from the inequalities

1
&1 < pEy N eap(&m cos mp), 0.4<p<05 1<A<——1,
, | (3.12.15)
0.56,1/P +0.746, < 1.96p€-7 exp (€ cos mp), 5 <p<04 I1<A<——1.
P

Multiplying inequalities (3.12.15) by &) and applying the estimates &, > 1 (see Secs. 3.5-3.7) and
A—1-—1/p < -2, we reduce the problem to the proof of the following inequalities:

1
62 < pexp(Encosmp), 04<p<05, 1<A< Fi 1,

. . (3.12.16)
0.56,.2 +0.74¢,1 < 1.96pEL exp(&,, cos mp), 6 <p<04, 1<A<--1
p
We obtain a more exact lower estimate for &,, = &,,(p, A). Since A > 1 and m > 2, we have
m+pA—1
Emlps\) = rmtpA-1) , wm o, (3.12.17)

sinmp ~ sinmwp
From (3.12.17) and the trivial estimate exp(&,, cosmp) > 1 we immediately obtain (3.12.16). The
proof of the theorem for values p € (1/6,1/2) is complete.

In the case p € (0,1/6], inequality (3.12.13) must be proved for any even m > [1/(3p)]. Arguing as
above, we obtain the existence of at least one zero of the function E,(z;p) on each of the intervals

1 1

(_gn{l—pl(p7 /UJ)7 - 711/p(p’ M))a n Z |:3

P

We must also prove the equalities (for n = 1 this has been done in (3.12.3) and the inequality
E,(—=Ri(p, p); ) > 0 was proved)

}+1—M.

sgn E, <—R”(2p”“‘);u) =(-1)", 2<n<M, (3.12.18)
sgn E, (2R, (p,p) ;1) = (—1)", 1<n<M-1. (3.12.19)

This, together with the inequalities
0< Ry <2R; < %Rg < 2Ry < %Rg <. <2Ry 1 < %RM < 511\4” (3.12.20)

yields the existence (the signs of the function E, at the points —Rjs/2 and —f}ép are different) of no
less than M zeros on the interval (_511\49 , O). Then we obtain that on the interval (—5,{/ P(p, 1), O) for
any n > M, the function E,(z; ) has no less than n distinct zeros. Applying the theorem from Chap. 2

that asserts that in the disk |z| < f}/p(p,,u),() < p < 1/2 (where n € N is an arbitrary sufficiently
large number), the function F,(z; ;1) has exactly n zeros, we conclude that it has no other zeros except
for real and negative ones. If we prove inequalities (3.12.20), then the proof of Theorem 3.1.5 will be
complete.
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The inequality Ras < fjlv/[p is proved in Lemma 3.1.1 since

1
Ru(p, p) = Ru-1(p, A),  &m(p, 1) = Em—1(p, A), where A= p+ o

The inequality 4Ry < Ry41 for n = 1 was proved in the lemma, and for2<n <M -1 (m=n—-1,
(m+1)p <1/3), by Lemma 3.9.1, we have the inequality

Rn(pv /.L) Rm(p> )‘) < 1 > < 1 > -3
= <exp|l—————— | <exp| ———— | <e 7 < —.
Rn+1(pa M) Rm+1(P, )‘) p(m + P)\) p(m + 1) 20

We prove Egs. (3.12.18). From the power expansion of the Mittag-Leffler function we obtain

Rn 1 n—1 Rn n—1 Rn n
Ep <_2;M) = Sn,O + <(§An1 <2> + (_1)nAn <2) ) + Sn,la (31221)

Spo = g(—mmk <R2">k + (_12)nlAn1 <R2”>n_1, Sp1 = i (—1)% A <R2">k

k=0 k=n+1

where

From the definition of R,, = A, —1/A, we conclude that the parenthesized expression on the right-hand
side of (3.12.21) vanishes. Therefore,

R,
Ep <—2; M) = Sn70 + Sn,l- (3.12.22)

The moduli of terms of the alternating sum S, 1 decrease; indeed, the ratio of any subsequent term
to the preceding is equal to
Api1 (R /2)FH Ry R,

= < <1
Ap(R,/2)* 2Ri1 Ranr

since the sequence R, increases. Therefore, the sign of the sum S, 1 coincides with the sign of its
maximal (in modulus) term:

sgn Sy = (1) = (1)L, (3.12.23)
The moduli of terms of the alternating sum S, ¢ increase; we can similarly verify that the maximal

ratio of a subsequent term to the previous is equal to 4R,,_1/R,, < 1. Therefore, the sign of the sum
Sh,0 coincides with the sign of its maximal (in modulus) term:

sgn S0 = (—1)" 1. (3.12.24)

From (3.12.22)—(3.12.24) we obtain (3.12.18).
Prove equalities (3.12.19). Rejecting in the expansion of E,(—2Ry; 1) the part

(_1)n71An_1 (an)nfl + (_;)nAn (2Rn)n’

which is equal to zero, we obtain the representation

E,(—2Ry; 1) = onp + on 1, (3.12.25)
where
= = = k
ono =Y _(—1)FA, 2R, on1 = 5 An (2Rn)" + > (—1)FA (2R,)".
k=0 k=n+1
We can easily verify that the moduli of terms of the sum o,, o increase and hence
sgno, o= (—1)""2 = (-1)" (3.12.26)
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The maximal ratio of moduli of terms of the sum o, 1 is equal to

4R 1 1
" < 4exp <—> < 4dexp <—> < 4672;
Rut1 p(n+ pp) np

here we have use Lemma 3.9.1 and the inequality

1
—— < -2 <= 2np<l1,

np

which follows from the estimate

1 1 2 1
20 (14 =] ) <2 (1+ =) =20+5<1, 0<p<-.
(o)) <2 (eg) =rrgzn veosg

This means that 4R,,/R,+1 < 1 and hence the moduli of terms of the sum o,, 1 decrease and sgno, 1 =
(—=1)™. From this, (3.12.25), and (3.12.26) we obtain (3.12.19).

It remains to prove inequalities (3.12.13) for any even m > [1/(3p)]. By the method applied to the
case 1/6 < p < 1/4 and reasoning similarly to Sec. 3.8, we reduce the problem to the proof of the
inequality

1
0.55;11/" + 0.745;1)‘ < 1.92,05}71_)‘ exp(§m cosmp), m > [3] .
p
Replace this inequality by the following stronger inequality:
1.24 < 1.92p€17* exp(&, cos mp). (3.12.27)
Since
1 1
A=pu+—-2>2-24->4>1,
p P
we have

mo(m+ p(A—1
pPém = ,0( : ,0( )) > T'rpm > m.
sinp sinp

Since exp(&y, cosmp) > 1, inequality (3.12.27) is valid. Theorem 3.1.5 is proved.

CHAPTER 4

NONASYMPTOTIC PROPERTIES OF ZEROS

4.1. Real zeros

In this section, for real p we solve the problem on the number of positive (for p > 1) and negative
for p > 1) roots of the function E,(z; ). Here and in the sequel, we use the term “root” instead of
p p\Z3 1
“zero” to avoid the inconsistent expressions “positive zero” and “negative zero.”

4.1.1. Negative roots.

Theorem 4.1.1. Let p > 1. Then the following assertions hold:
(1) if

p e (G [—n—i—i,—n—i—l]) U1, +00)

n=0

then the function E,(z; ) has no negative roots;
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(2) if

°° 1
JIAS U <—n,—n+> )
n=0 P
then the function E,(z; u) has a unique negative root, and this root is simple.
The case p = 1 will be considered in Sec. 4.5.

Proof. The proof is based on formulas (1.1.14), (1.1.12), and (1.1.10), which holds for p > 1 and

u<14+1/p. For z = —r, we rewrite these formulas in the form
oo
1
E(r) == = rPVE (- / e~ = g)dt, >0, (4.1.1)
P
0

o) = tsinmp +sinw(pu —1/p)
m(t2 4+ 2tcosm/p+ 1)
We see that the number —ry (where ro > 0) is a negative root of the function E,(z;p) if and only
if the number 7 is a positive root of the function E(r) of the same multiplicity.
(DIf —n+1/p<pu<-—-n+1,n¢€Zy, then either the numbers

1
sinwy, sinm <u — /p> (4.1.2)

. t>0.

have the same signs or one of them is equal to zero. Therefore, for such p the function g(t) preserves
its sign on R4, namely, sign g(¢) = (—1)", t > 0. By (4.1.1),

1
sign E,(z; 1) = (=1)", <0, —n+-<p<-n+1, nely, (4.1.3)
p

and the function E,(z; 1) does not vanish on the negative real half-line. In assertion (1), it remains
to consider values p > 1.

Let 1 < p < 1+ 1/p. Then E,(0;u) > 0. Theorem 1.2.1 implies that E,(z;p) > 0 also in
an appropriate neighborhood of the point —oo. Therefore, either E(r) has no positive roots or the
number of them (with account of their multiplicities) is even.

Assuming that ry is a root of E(r), we consider the function

o
G(t) = /e—(m”"tﬂ(l—“)g(t)dt, t>0. (4.1.4)
t
Then G(0) = 0. Since 1 < p < 14 1/p, the first number of (4.1.2) is negative and the second is
positive. Therefore, g(¢) has a unique positive root ¢y, and, moreover,

g(t) >0 for O<t<ty ,g(t)<0 for t>t. (4.1.5)

From (4.1.4) we see that
sign G’ (t) = —sign g(t)
and hence G(t) decreases on [0, ty] and increases on [tp,00). But G(0) = 0 and G(t) < 0 for ¢t > tg.

Therefore, G( ) <0 for ¢t > 0.
From (4.1.1) we obtain that

o0

E'(ro) = prf ! / tPdG(t).

0
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Integrating by parts, we obtain the formula

E'(rg) = — 8! / LG (1) dt. (4.1.6)
0

This and the negativeness of G(¢) imply that the derivative of the function E(r) at its possible positive
root is necessarily positive. However, this is impossible since the number of positive roots of E(r)
is even. Therefore, for 1 < p < 14 1/p the function E,(z;p) has no negative roots; moreover,
E,(x;p) > 0 for z <O0.

The last inequality and formula (4.1.3) with n = 0 show that

E,(x;p) >0 for <0 (4.1.7)

if 1/p <pu<141/p. This and the formula
z
Ep(zip) = pEp(z;p +1) + ;E;(Z; p+1) (4.1.8)

imply that if 1/p < < 1+1/p, then the derivative of the function E,(z; u+1) at its possible negative
root is negative. Again, the function E,(z;p + 1) is positive at the origin and (by Theorem 1.2.1)
in a neighborhood of the point —oo. Therefore, the function E,(z;p + 1) has no negative roots
for 1/p < pu <1+41/p, ie., the function E,(z; ) has no negative roots for 1 +1/p < p < 2+ 1/p;
moreover, such u satisfy property (4.1.7). Repeating this reasoning, we obtain property (4.1.7) for
2+1/p < p<341/p, etc. Finally, we obtain the absence of negative roots of the function E,(z; p)
for p > 1. Assertion (1) is proved.
(2) Let p € (—n, —n +1) and n € Z,. Then

sign B,(0; ) = signT'(u) = (—1)",

and by Theorem 1.2.1

1
sign B, (z; p) = signT’ (u - > =(-1)"' z<-R,
p

for sufficiently large R > 0. Therefore, at the origin and in a neighborhood of the point —oo the
function E,(z; 1) has values of opposite signs; therefore, it has at least one negative root. We must
prove that it is unique and simple.

Now numbers (4.1.2) have opposite signs and

signg(t) = signsinwp = (—=1)", ¢ > to,

where tg is a unique root of the function g(¢). Reasoning as in the case 1 < 1 < 14 1/p, we conclude
that

signG(t) = (-1)", t>0.
By (4.1.6), the derivative of the function E(r) at each of its positive roots has the same sign, which

is possible only if the root is unique and simple. Assertion (2) is proved. Theorem 4.1.1 is now
completely proved. O

Remark 4.1.1. In the sequel, it will be important that property (4.1.7) holds for p > 1 and 1 < p <
1+ 1/p (this was established in the proof of Theorem 4.1.1).
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4.1.2. Positive roots. First, we recall some facts that immediately follow from the definition: for
p > 0, the function E,(x;p) is positive on the half-line 2 > 0 and, therefore, has no positive roots,
and for y = —m, m € Z, it has a root at the point x = 0: simple if p > 1 and (m + 1)-multiple if
p=1

Theorem 4.1.2.
(I). Let p > 1 and u < 0. Then the following assertions hold:
(1) if p € [-2n—1,-2n), n € Zy, then the function E,(z; 1) has a unique positive simple root;
(2) if p € [2n,—2n+1), n € N, then one of the following possibilities is realized: the set of positive
roots of the function E,(z; ) is empty, or consists of two simple roots, or consists of one double
root; more precisely, there exist sequences vy, and i, n € N, such that —2n+1/p < vy, < p, <
—2n+1 and
(a) for —2n < p < vy, the function E,(z; 1) has no positive roots;
(b) for pn < p < —2n+ 1, the function E,(z; ) has two simple positive roots;
(c) for p = vp, in, the function E,(z; 1) has a double positive root.
(II). The function E1(z;p) has a unique positive simple root if u € (—=2n —1,—2n), n € Zy, and
has no positive roots if p € [—2n,—2n + 1], n € N.

Proof. (I). From representations (1.1.16), (1.1.12), and (1.1.10) we obtain the formula

1 oo
EW%=Emu%=WW”EAmM=e“+/}(m%Mlmmwﬁ,r>0, (4.1.9)
g 0
which is valid for p > 1 and p < 1+ 1/p, where

tsinmp —sinm(p—1/p)
g(t) = 5 ,
7(t2 — 2tcosm/p+ 1)

(1) Let p € (—2n —1,—2n), n € Zy. Then I'(x) < 0 and E,(0, 1) < 0; since E,(4o00; ) = 400
(this follows from the definition), the function E(r) (r > 0) has at least one root.

If 4w = —2n —1, then 1/T'(n) = E,(0;) = 0. But I'( + 1/p) < 0 (here the condition p > 1 is
important) and hence E/,(0; u) < 0. Therefore, E,(r; ) < 0 for sufficiently small r > 0, and again
E(r) has at least one root.

We prove that for u € [-2n — 1,—2n), the root of the function E(r), r > 0, is unique and simple.

We keep notation (4.1.4) for G(t), where rg is some positive root of E(r). We claim that G(t) < 0
for ¢t > 0.

Indeed, if —2n — 1 < pu < —2n — 1+ 1/p, then the numbers

sinmp, —sinw(u—1/p) (4.1.11)

t>0. (4.1.10)

are not positive and do not vanish simultaneously. Therefore, g(t) < 0 for ¢t > 0, and hence G(t) < 0
for ¢ > 0.

If —2n—14+1/p < p < —2n, then we set r = r¢ in (4.1.9). Since E(ry) = 0, we obtain that
G(0) = —exp(rf)) < 0. Now the first of the numbers (4.1.11) is negative and the second is positive.
Therefore, similarly to the case 1 < pr < 1+ 1/p in Theorem 4.1.1, we see that inequalities (4.1.5)
hold. This implies (see the reasonings after (4.1.5)) that G(t) < 0 for ¢ > 0. The assertion on the sign
of G(t) is proved.

By (4.1.9),

oo
E'(r)y=FE'(r;p)=prr~t [ e — /e_(rt)ptp@_“)g(t)dt . (4.1.12)
0
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Therefore,
o

E'(ro) = pri™* [ €' —i—/tpdG(t) :
0
and after integration by parts we have the expression

o

E'(rg) = prf " | € — p/tp_lG(t)dt
0

Since G(t) < 0, we obtain that the derivative of the function E(r) at its positive root is positive, which
is possible only in the case of a unique simple root. Assertion (1) is proved.

(2) Let p € [-2n,—2n+1), n € N. Then 1 —1 € [-2n — 1, —2n), and by assertion (1) the function
E,(z; ;1 — 1) has a unique positive simple root. By the formula

E'(rip) = prP 'E(r;p— 1), (4.1.13)

which follows from (4.1.12), (4.1.9), and (4.1.10), the derivative E’(r; u) for r > 0 has a unique simple
root. This and the property

E(+0; 1) = E(+00; ) = 400
imply that either E(r) has no roots or has two simple roots or has one double root. We have proved
the first claim of assertion (2).

If p € [-2n,—2n + 1/p], then numbers (4.1.11) are nonnegative and do not vanish simultaneously.
Therefore, g(t) > 0 for t > 0, and (4.1.9) implies that for such p the function E,(z; i) has no positive
roots.

Let 4 — —2n + 1 — 0, where n is fixed. Then

Ep(z; 1) = Ep(z;—2n+1)

uniformly in any disk. But the function E,(z; —2n + 1) has a simple root at the point z = 0 and has
no other roots in some neighborhood U(0) of the origin. By the Hurwitz theorem, for all u sufficiently
close to —2n + 1 and such that ¢ < —2n + 1, the function F,(z; 1) has exactly one root in U(0). By
Theorem 4.1.1, for such values of p the function E,(z;x) has no negative roots. If U(0) contains a
nonreal root zq, then the conjugate root z; would also lie in U(0) (since E,(z;p) is real). Therefore,
the neighborhood U(0) must contain a simple positive root of the function E(r). In this case, by the
conclusion after formula (4.1.13), the function E(r) has two simple positive roots if < —2n + 1 and
b is sufficiently close to —2n + 1. Denote ny pu,, the infimum of such p.

The following auxiliary assertion holds. Let, for some pg € (—2n,—2n + 1), the function E,(z; po)
possess one of the following properties:

(1) it has no positive roots;
(2) it has two simple positive roots.

Then for all i from some (real) neighborhood of the point 1, the function E,(x; 1) possesses the same

property.
Indeed, we introduce the notation

m(p) = min(E,(z; p) : x € [0,400)).
Since
E,(0; 1) >0, E,(400; o) = +o00,
we have
m(up) >0 in the case (1), m(up) <0 in the case (2).
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By the continuity of the function m(u), the last inequalities are valid in some neighborhood of the
point ug, and the assertion stated holds.

We prove that for 1 = pu,, the function E,(x; ) has a double positive root. Indeed, in the opposite
case, by the conclusion stated after formula (4.1.13), the function E,(z;u,) either has two positive
simple roots or has no roots at all. By the auxiliary assertion, this is also valid for the function E,(z; 1)
from some neighborhood of the point p,,. However, this contradict the sense of the value pi,.

Similarly, if we denote by v, the supremum of numbers y1 > —2n for which E,(z; 1) has no positive
roots, then E,(z; vy,) has a double positive root and —2n + 1/p < v,,. Obviously, v, < py,, and Part (I)
of Theorem 4.1.2 is proved.

(IT). Let p < 2. Passing to the limit in formulas (4.1.9) and (4.1.10) as p — 1+ 0, we obtain that
formula (4.1.9) remains valid for p = 1 and formula (4.1.10) becomes

sin
t) = ——.
90 =5
If o € [-2n,—2n+1], n € N, then g(t) > 0 for t > 0, and by (4.1.9) we see that E(r) > 0 for r > 0.
Therefore, for such p, the function E,(z; i) has no positive roots.

If we(—2n—1,-2n), n € Z,, then
E1(0;p) <0,  Ei(4o00;p) = +o0.

Therefore, E1(x;p) has at least one positive root. The fact that this root is unique and simple can
be proved as in assertion (1) of Part (I). The proof is based on the negativeness of the function G(t)
for t > 0, but this property holds in the present case since g(t) < 0 for ¢ > 0 with the specified values
of p1. We have verified Part (II). Theorem 4.1.2 is completely proved. O

Remark 4.1.2. Assertion (2) of Part (I) characterizes positive roots for u € [-2n,—2n+1), n € N
incompletely. We venture to suggest that v, = u, as a matter of fact.

4.1.3. Behavior of real roots. Let p > 1. For p € (—n,—n+1/p), n € Z, by Theorem 4.1.1, the
function E,(z; 1) has a unique negative root; we denote it by z_(p). For p € [-2n—1,—2n), n € Z,
by Theorem 4.1.2, the function E,(z;u) has a unique positive simple root; we denote it by x(u).
The two positive simple roots E,(z; 1) in the case p € (s, —2n+ 1) are denoted by x! (1) and 22 (u);
assume that ! (1) < 22 (u). The double positive root of the function E,(z;u) in the case p = p, is
denoted by 27 (un). We keep the notation x(u) in the case p = 1.

Theorem 4.1.3. (1) Let p > 1. Then the following assertions hold:

x4 (p) — 0 as p— —2n — 0, nez,,

ri(p) = x4 (—2n —1) as p— —2n—140, neZy,

x_(pu) — 0 as p— —n + 0, nez,
1

r_(p) — —00 as pp— —n+—-—0, ne€Zy,
p

oy (1), @3 (1) = @ (pn) as 1 — fin + 0, neN,

zh(p) =0, 23(p) - x4 (—2n+1) asp——2n+1-0, neN.

(2) If p=1, then
() =0 asp—-2n—140 andasp— —2n—0, n€Z;.

Proof. The point z = 0 is a simple root of the function E,(z; —2n). Therefore, for any sufficiently
small € > 0, the values E,(4¢; —2n) have opposite signs. By the continuity of the function E,(=£e; p)
by the variable 1 for all 41 sufficiently close to —2n and less than —2n, values of E,(%¢; 1) have opposite
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signs and hence in an e-neighborhood of the point x = 0, there exists a root of the function E,(x; 1),
which is obviously nonzero. By Theorem 4.1.1, for such p, the function E,(x; ) has no negative roots.
Therefore, the root in question is x4 (u) and z4(u) — 0 as p — —2n — 0.

In the case p — —2n — 1 + 0, we replace a neighborhood of the point z = 0 by a neighborhood
of the point zy(—2n — 1), and all arguments are similar (and even simpler since we do not need
Theorem 4.1.1). We have proved the first two limit relations.

For similar reasons, for u sufficiently close to —n and such that ;1 > —n, a punctured neighborhood
of the point = 0 contains a root of the function E,(z;p). For even n, it cannot be positive
by Theorem 4.1.2, and for odd n, a unique positive root of E,(x;u) lies in a neighborhood of the
point x4 (—2n — 1) by the second limit relation of Theorem 4.1.3. Therefore, this root is x_(p), and
x_(u) — 0 as p — —n + 0. We have proved the third limit relation.

Let p — —n+1/p —0. Then

Ep(w; 1) = Ep(x;—n+1/p)
uniformly on each segment. By Theorem 4.1.1, the function E,(z; —n + 1/p) has no negative roots;
obviously, the point z = 0 is not a root. Assume that there exist R > 0 and a sequence p; —
—n+1/p — 0 such that
—R <x_(u;)<0.

Then, extracting from the sequence z_(p;) a converging subsequence and using the uniform conver-
gence, we conclude that its limit z_ is a root of the function E,(x; —n + 1/p), which is impossible
since x_ € [—R,0]. This means that the fourth limit relation of Theorem 4.1.3 is valid.

The fifth limit relation follows from the Hurwitz theorem. The proof of the sixth relation is similar
to that of the first two. Part (1) of Theorem 4.1.3 is proved.

Part (2) can be proved similarly to the first limit relation of part (1). Theorem 4.1.3 is completely
proved. O

Theorems 4.1.1 and 4.1.2 imply the following assertion.

Corollary 4.1.1. For p > 1 and p € R, the function E,(z; 1) has no real roots of multiplicity higher
than 2.

4.2. Distribution of Roots in Angles

4.2.1. Absence of roots on the right-hand angle. Let p > 1/2, u be real, and p < 1+ 1/p.
Then by Theorem 2.1.1, all sufficiently large (in modulus) roots of the function E,(z; ) lie outside
the angle
T
< —. 4.2.1
gz < o (12.1)
In this section, we describe a possibly wide set of pairs of the parameters p > 1/2 and p € R such that

all roots of the function E,(z; 1) lie outside the angle (4.2.1). Theorem 2.1.1 shows that the condition
i <1+ 1/p is necessary.

Theorem 4.2.1.

(I). Let one of the following conditions hold:

(1) p>1, pel,1+1/p];

(2) 1/)2<p<l,uell/p—1,1]U[1/p,2].
Then all roots of the function E,(z; ) lie outside the angle (4.2.1).

In particular, all roots of the classical Mittag-Leffler function E,(z;1), p > 1/2, p # 1, lie outside
the angle (4.2.1).

(IT). If 1/2 < p < 1 and p = 0, then all nonzero roots of the function E,(z;p) lie outside the
angle (4.2.1).
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The case p = 1 will be considered in detail below.

Lemma 4.2.1. Let f(z), x > 0, be a nontrivial real-valued function of class L*(R.), which does not
change sign on Ry. Then its Laplace transform
F(z)= /ezvf(v)dv, Rez >0, (4.2.2)
R4
is continuous in the closed half-plane Re z > 0 and possesses the following property:

|F(2)] < |[F(0)], Rez>0, z0.

Proof of Lemma 4.2.1. The assertion on the continuity is a direct consequence of the condition f € L.
Since the function f(z) does not change sign, the inequality

|F(2)] < |F(0)], Rez>0,
is obvious, and it remains to prove that
[F(iy)| <|[FO), yeR, y#0.
Assume the contrary, i.e., |F(iy)| = |F(0)| for some y # 0. Then
F(iy) = F(0)', BeR,
and (4.2.2) and the fact that f is real-valued imply that
0 = Re(F(0) — e #F(iy)) = Re / (1 — e "0 F(v)dv = / (1 — cos(yv + B8)) f(v)dv.
R+ R+

Since the integrand in the last integral does not change sign and is nontrivial, we arrive at a contra-
diction. The lemma is proved. O

Proof of Theorem 4.2.1. We use the following representation: if p > 1/2, p <1+ 1/p, and o = 1/p,
then

LB, (2% 1) = pe* + Fou(2), Rez >0, (4.2.3)

where

1 [crigie s s,
v2@ + 1 — 20% cos T
Ry
Since in both sides of formula (4.2.3) we have functions that are analytic in the half-plane Rez > 0,
it suffices to prove the representation for z = x > 0.
Let an arbitrary x > 0 be fixed. Then applying formula (1.1.1) with ae = —ay =7, 0 > x, 2 = x°,
and o = 1/p, and then the residue theorem, we have the equality

1 [eltrrdt
E,(z%p) = pextH 4+ — | ——— > 0,
p(aj ,U,) pe €r + 27.” ta — o x
¥
where +y is the negative real half-line bypassed in mutually opposite directions. Further, setting ¢t = —u,

we first represent the integral over 7 as two integrals over the positive real half-line and then, combining
them by a simple calculation (similar to that used in the proof of Theorem 1.1.2) and the change of
variables u = vz, we obtain the required representation.

Let

1 1 1
p>5,p# 1, ME[LQ]N[,lJr)
2 p p
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or 1

Then the function
o) = lvo‘_“ sinm(a — p) + v sinTp

T v2® + 1 — 20 cos T
satisfies all the conditions of Lemma 4.2.1. By this lemma,

|Fop(2)| < |Fap(0)], Rez>0, z#0.

v > 0,

This and (4.2.3) imply that
ZH_IEP(ZQ%M)‘ > |pe®| = |Fau(2)| > p = |Fau(0)

To find F,,(0), we use formula (4.2.3). Namely, we substitute z = 0 in (4.2.3) if  # 0 or pass to
the limit as z — 0 if = 0. Since E,(0; ) = 1/I'(1) and

, Rez>0, z#0. (4.2.4)

E(s%0) ~ — 250, a=ts1
ATy 2 et
we obtain that
Fou(0)=—p for p>1and p =0, Fou(0)=1—p for p=1. (4.2.5)

Since the resulting inequality (4.2.4) is strong, we see that the function E,(2%; ;) has no zeros on the
set Rez > 0, z # 0, i.e., the function F,(z; ) has no zeros in the angle (4.2.1) with punctured point
z = 0. We have proved Part (II) of the theorem. Since E,(0;u) # 0 for u # 0, we have also proved
the absence of zeros in the angle (4.2.1) for pairs of the parameters p and p for which p # 0.

To prove part (I) of the theorem relating to condition (1), it remains to consider the value p = 14+1/p
for p > 1. For this, we note that (4.2.4) and (4.2.5) for ; = 1 imply the inequality

0
|Ep(z, 1) >p—|L—pl=1, Jargz| < 3 ° # 0.
Applying it to the right-hand side of the formula
1
zE, <z; 1+ > =FE,(z,1) -1,
p

we see that the function F,(z; ) does not vanish in the angle (4.2.1). Case (1) is completely considered.
We have also considered the part of case (2) relating to the values p € [1/p,2]. To extend it to the
missing values p € [1/p — 1, 1], we need the following “conditional” lemma.

Lemma 4.2.2. Let 0 < p <1 and p > 1. If all zeros ay, of the function E,(z; n) lie outside the angle
argz| < B, T <B<m
then all zeros of the function E,(z;p — 1) also lie outside this angle.

The proof of Lemma 4.2.2 is based on the following auxiliary assertion.
Let G(z) be a nontrivial meromorphic function of the form

[o¢]
Yo Yk
G(z) = — _
(2) z +;z—ak

where
Vk

[e.9]
w20, keZy, ZW@Q
k=1
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If the sequence (ay)32; is contained in the angle
Ays:=(z:n<argz<n+6), nel0,2r), 0<ds<m,

then the function G(z) does not vanish outside A, 5.
First, we verify this assertion in the case n = 0 and § = =, i.e., when A, is the open upper
half-plane. We have the equality

Im 2 Imz —Imay
ImG(2) = =73 22 Z Ve 2 —ar?

Since Imay, > 0 for k > 1, we see that Im G(z) > 0 for Im z < 0, and the assertion is valid in this case.
Rotating the complex plane about the origin, we can show that the assertion is also valid for § = 7
and any n € [0,27). This and the representation

An,é = AT]JT N An+5+7r,7r

imply that it is valid in the general case.
Now we prove Lemma 4.2.2. We use the well-known formula

z
Ep(zip—1) = (0= 1)E,(2; 1) + ;E;(Z; 1)
(see [6]). Setting v = p(u — 1), we rewrite it in the form

7 E’/’(Z”)> . (4.2.6)

pE (20— 1) = 2E,(2; 1) (z + E,(z )

Denote by (ay)z, the set of all zeros of the function E,(z;u). Since E,(z; u) is an entire function
of order p < 1, we have

and by Hadamard’s theorem

Therefore,

By the condition of the lemma
(ar)iz1 C A 2(r—p)-
Since 8 > 7/2, we have 0 < 2(m — 8) < m. Moreover, v > 0. Therefore, we can apply to the function
v | Ei(zp)

“ =T B

the auxiliary assertion, which implies that G(z) does not vanish in the angle | arg z| < 5. By (4.2.6),
the function E,(z; ¢ — 1) does not vanish in this angle, and Lemma 4.2.2 is proved.

Now the missing part of case (2) follows from the fact that it is valid for i € [1/p, 2] and Lemma 4.2.2.
Theorem 4.2.1 is proved. O
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4.2.2. Absence of zeros on the left-hand angle. In this section, we examine the condition on
pairs of the parameters p > 1 and p € R for which the function E,(z; 1) has no zeros in the angle

T <largz| <. (4.2.7)
p

Denote by A, (p > 1) the set of all u € R such that all nonzero roots of the function E,(z;u) lie
outside the angle (4.2.7).

Theorem 4.2.2. The following inclusions hold:

APC< n—i——n—l—l])u[l,—i-oo)

(2) 1,1 ] Z+)U(Z++;>;
(3) A23<g0[ n+ n+1]>u[1,2].

For fixed R, p > 0, we introduce the notation

_ t—x
I({]}‘) = /6 Rtpmdt, T S 1, (428)
0

where for = 1 the integral is understood as singular.
Lemma 4.2.3. The function I(x) decreases for x < 1.

Proof. If x < 1, then 2 — 2tz 4+ 1 > 0 and, integrating by parts, we obtain
[0.9] o0
1 —Rtr 2 Rp —RtP 1 p—11. (12
I(x) = 5 /¢ dln(t* =2tz + 1) = - /e tP~ In(t* — 2tx 4 1)dt. (4.2.9)
0 0
Obviously, the right-hand side decreases on the half-line x < 1. However, now we know only that it
coincides with I(x) for x < 1. Hence it remains to verify that the formal substitution of x = 1 on the

right-hand side of (4.2.9) yields the singular integral I(1). Denoting by B(e) the set Ry \ (1—¢,1+¢),
g > 0, by the definition of a singular integral we have the equality

dt

I(1) = lim e " " — lim e " d1n |t —1].
e—0 t—1 =0

B(e) B(e)

Integrating by parts, we obtain

I(1) = lim (e*R(l’E)p - e’R(HE)p) Ine + % / e B~ In(t — 1)%dt

e—0
B(e)

o
= % /e—R“’tﬂ—l In(t — 1)2dt;
0

moreover, the last integral exists in the ordinary sense. Comparing this with (4.2.9), we see that the
right-hand side in (4.2.9) is I(1). The lemma is proved. O
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Lemma 4.2.4. Let a function H(z) be harmonic and bounded in the angle 6y < argz =60 < 0; and
continuous for 0y < 0 < 01. Moreover, let H = 0 on one side of the angle and H > 0 on the other.
Then H(z) > 0 in this angle.

Proof. If this angle is the half-plane 0 < 6 < 7, then the lemma follows from the representation of the
function H(z) by the Poisson integral of H(x) and the positiveness of the Poisson kernel.

The general case is reduced to this by a conformal mapping of the angle to the half-plane. The
lemma, is proved. ]

Proof of Theorem 4.2.2. (1) This assertion follows from Theorem 4.1.1.

Theorem 4.1.1 and the fact that zeros are complex conjugate imply that in the proof of assertions (2)
and (3), it suffices to consider the angle 7/p < 6§ < 7 instead of angle (4.2.7).

We apply Theorem 1.1.2, which for p > 1 and u < 1+ 1/p yields the following representations:

E,(z 1) = Fp(z; ), T< |arg z| <, (4.2.10)
p
E,(z,p1) = Fp(z; 1) + gzp(l_“)ezp, argz = iz, (4.2.11)
p
) = . p(1=p) o2° f
E,(z; 1) = Fp(z; 1) + pz e”, |argz| < > (4.2.12)
where
oo
Fy(zim) = o / PO f (2 )t (4.2.13)
i
0
e*iﬂ'u eiﬂu
folt; 2, p) = (4.2.14)

zein/p —t  zein/p — ¢
In the sequel, we write f(t) instead of f,(¢; 2, u).
(2) Let p=m =1,0,—1,.... Then by formula (4.2.14) we have
1 1
_1\ym—1 — o
()" ) = i~
rcos(f +7/p) —t rcos(@ —m/p) —t

_1 m—1 — — .
(=1)"" Re f(1) r2 —2trcos(0 +m/p) +1* 12 —2trcos(0 —7/p) + ¢

azcos(@—ﬂ>, b:cos<9+7r>, R=rf,
p p

by formula (4.2.13) we have the equality

Denoting

o0
(—1)mt Im Fj(z;p) = —;/e_Rtp Re f(t)dt
7r
0
r b
p —RtP t— t—a p
= - dt = —(I(b) — 1
27r/6 <t2—2bt+1 t2—2at+1> 27r( () — I{a))
in notation (4.2.8); moreover, a,b < 1. We have the formula
a—b=2sinfsin~ >0 for 0<0<r.
p
By Lemma 4.2.3,
(=)™ Im Fy(z;0) >0, 0<f<m, r>0. (4.2.15)
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Using this and formula (4.2.10), we see that

(=1)™ L Im E,(2; p1) > 0, % <O<m r>0, pe(-Z,)U{1}, (4.2.16)
and hence (-Z4)U {1} C A,.
From (4.2.16) and the formula
1 1
Ey(zp) = == +z2E (z;,u,—i—) 4.2.17

(this follows from the definition) we immediately obtain that

1
Im(zEp<z;m+>>7é0, I§9<7r, r>0,
p p

ie,m+1/peA,form=1,0,—1,....
To examine the rest of the set of parameters p € (1,1+1/p), for fixed p > 1, p € R, and s € (0,1)
we consider the auxiliary function

s s
G(z) = G(z;p,p1, 8) == Ep(Z;M) —2°E, <Z;,u + p) )

which is analytic for y = Im z > 0 and continuous for y > 0. Theorem 1.2.1 implies the boundedness
of the function G(z) for y > 0. Therefore, the function H(z) = Im G(z) is harmonic in the half-plane
y > 0, bounded in it, and continuous for y > 0.

Since the values

S
Ey(x;p), E, <:r; + p)

are real for x € R, we have
H(x)=0 for = >0. (4.2.18)

Further,
sign H(xz) = — signIm (!x\sei”Ep (a:;u + S>> = —signk, <a:;,u + S) , x<0. (4.2.19)
p p
Fix p =m = 1. By Remark 4.1.1,

Ep<:c;1+s> >0, z<0.
P

Therefore,
H(zx) <0 for z<O0. (4.2.20)
From this and (4.2.18), by Lemma 4.2.4, we have the inequality
H(z)<0, y>0. (4.2.21)
In the sense of the function G(z) this means that
Im (zSEp (z; 1+ Z)) >TmE,(21), y>0, (4.2.22)

if 0 < s < 1. By (4.2.16), the right-hand side in (4.2.22) is positive in the angle 7/p < 6 < .
Therefore, the left-hand side is also positive, i.e., the function E,(z;1 + s/p) does not vanish in this
angle if 0 < s < 1. Assertion (2) is proved.

(3) Owing to assertions (2) and (1), we must prove that the function Fs(x;u) has no zeros in the
angle /2 < 0 < 7 if

1
Wwe <—m + g M + 1) , mELy. (4.2.23)
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First, let p = —m+1/2, m € Z,. Then by formula (4.2.14)

i i
—1)™f(t) = — .
(=77 () i+t iz —t
Therefore, if z = iy, y > 0, then Re f(t) = 0, and by formula (4.2.13)
ImF,(z,1) =0

on the positive imaginary half-line. Then by (4.2.11)
1
signIm Fy(z; i) = sign Im(e*ZQzQ(lf“)) = signsinm (2 + m> =(-n™

on this half-line. Obviously, Im Eo(z; ) = 0 for x € R. By Theorem 1.2.1, the function Ea(z;p) is
bounded in the angle 7/2 < # < w. Thus, the function Im E5(z; 1) is harmonic and bounded in the
angle m/2 < @ < 7 and is such that on one side of this angle it identically vanishes and preserves its
sign (—1)™ on the other side. By Lemma 4.2.4, everywhere in the angle 7/2 < 6 < 7 it preserves its
sign (—1)™. Therefore,

5 <O0<m, mecly. (4.2.24)

We fix m € Z4 and consider the auxiliary function

1
sign Im F» (z; —m+ > =(-1™,

1
G(z):G<z;2,m+2,s>, 0<s<l.

Recall that property (4.2.18) holds.
First, let m be even. Then by (4.1.3)

1+s

E2<x;—m+ >>07 x <0,

and hence by formula (4.2.19) property (4.2.20) holds. This and (4.2.18) by Lemma 4.2.4 imply
property (4.2.21). Therefore,

1 1
Im (stz <z; —m—i-—;S)) > Im Fy (Z; —-m + 2) ;o y>0.

By (4.2.24), the left-hand side in the angle 7/2 < § < 7 is positive. We have proved that all values
of p from the set (4.2.23) with even m belong to the set As.
If m is odd, then by property (4.3.4)

1+s

E2<x;—m+ )<0, z <0,

and therefore, formula (4.2.19) yields the inequality
H(z)>0 forz<0, 0<s<l.
This and (4.2.18), by Lemma 4.2.4, imply the inequality
H(z)>0, y>0.
But now

1
Im Fs (z;—m+2> < 0, g§9<7r,

by (4.2.24). Therefore,

1 1
Im (stg <z;—m—|—;—s>> < Im FE»s (z; —m+2> < 0, g§9<7r,
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and assertion (3) is verified. Theorem 4.2.2 is completely proved. O
Theorem 4.2.3. For p> 1 and p € [1,1+1/p], all zeros of the function E,(z;p) lie on the set
21 < |argz| < z, 2n < |Imz2”| < 2n+ )7, n€Z;. (4.2.25)
p p

In particular, for p > 1, all zeros of the classical Mittag-Leffler function E,(z;1) lie on the
set (4.2.25).

Proof. For p > 1and 1 < <1+ 1/p, all zeros of the function E,(z; u) lie outside the angle (4.2.1)
(by Theorem 4.2.1) and outside the angle (4.2.7) (by Theorem 4.2.2). It remains to verify the second
double inequality in (4.2.25). Owing to the complex conjugacy of zeros it suffices to consider the angle

o<t
2p P
Let = m = 1. Then formula (4.2.12) and inequality (4.2.15), respectively, imply that

ImE,(21) =Im F,(z;1) + pIme®” > pele sin(Im2f), 0<6< ﬁ,
p

mE,(z1) >0, 2m<Imz’<@n+1)r, neZy, 0<0<_, (4.2.26)
p

and for p = 1 Theorem 4.2.3 is valid. Now, gathering (4.2.26) with formula (4.2.17), and then with
inequality (4.2.22), we obtain the assertion of the theorem for p = 1+ 1/p and p € (1,14 1/p).
Theorem 4.2.3 is proved. 0

Corollary 4.2.1. For p > 1 and 1 < pp < 1+ 1/p, the function E,(z;p) has no zeros in the disk
2| < wl/e.

4.3. Case p=1/2

In this section, we prove that for u € (1,2) U (2, 3), all zeros of the function F /5(z; 11) are negative
and simple and indicate the interval containing these zeros. If values of the parameter y are close to 2
or 3, then we indicate more exact bounds of intervals containing zeros with small numbers. We start
from the case u > 3: we show that the function F /5(z; 1) has no real zeros and then clarify this fact
by proving that there are no zeros inside some parabola containing the negative real half-line.

4.3.1. Case p > 3. Our reasoning is based on the following formulas, which were proved in [6]:
1

E1/2(—Z2;,U) = ﬁ /(1 — t)"_2 cosztdt, pu>1, (4.3.1)
a 0
1 1
2By jo(=2% 1) = ) /(1 — ) Bsinztdt, p>2. (4.3.2)
0

Lemma 4.3.1 (see [19, 20, 34]). Let a function f(t), t > 0, be nonnegative and nonincreasing and let

?:r(? € LY(Ry).

Moreover, let f(t) decrease on some interval. Then the function

Fly) = / f(t)singtdt, yeR,
R

1s positive on the half-line y > 0 and, in particular, has no nonzero roots.
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Introduce the notation

-3
T, = /(= 3)(p — 2) + artanh 4/ b, p> 3. (4.3.3)

Theorem 4.3.1. Let p > 3. Then the following assertions hold:

(1) the function Ey5(2; 1) has no real zeros;
(2) the function Ey/9(z; i) has no zeros on the set

0 <Rev/z <z, (4.3.4)

i.e., in the left-hand curvilinear half-plane bounded by the parabola

_ 2 Y
T =1, - 12
Proof. (1) The fact that Ej/5(z; 1) has no nonnegative roots follows from the definition of the Mittag-
Leffler function. We prove that E /5(z; 1) has no negative roots.
Introduce the notation
1—-t)» 3, 0<t<l,
0, t>1;

we see that for p > 3 the function f(t) satisfies all conditions of Lemma 4.3.1. By this lemma and
formula (4.3.2), the function E /5(z; 1) has no negative roots. Assertion (1) is proved.
(2) The proof of this assertion is also based on formula (4.3.2), which we rewrite in the form

1
C(p—2)zE 5(2 2 1) /1—t Ssinh ztdt, > 2.
0

This implies that
1

I(p—2) Im(zEl/g(zQ; p) = /(1 — ) Bcoshatsinytdt, z=z+iy, pu>2. (4.3.5)
0
For fixed > 0, we set fz(t) =0 for ¢ > 0 and

fz(t)=(1— t)“_3 coshzt, 0<t<I1.

Then the right-hand side of (4.3.5) has the form of the function F(y) from Lemma 4.3.1. The function
f=(t) satisfies all condition of this lemma, except for, perhaps, the monotonicity. Therefore, if for
some x the function f,(¢) becomes decreasing on the interval (0,1), by Lemma 4.3.1, the function
E1/2(22;,u) has no zeros on the line Re z = x with punctured point x. By assertion (1), for u > 3, a
real point cannot be a zero of this function. Therefore, in the case where f,(t) decreases, the function
E2(2; 1) has no zeros on the line Re 2z = z.

Since

(Falt)) = (1 — 1y (—

the condition (f(t))’ < 0 (expressing the fact that the function f;(¢) does not increase) is equivalent
to the condition

-3
; coshxt+xsinhxt> , 0<t<1,

xtanhat < ’;—_i’ 0<t<l (4.3.6)

Obviously, condition (4.3.6) holds for all small x > 0 and fails for all sufficiently large . The
right-hand side of (4.3.6) is a function strongly convex on the interval (0,1), and the left-hand side,
for fixed = > 0, is a function strongly concave on it. This and the continuous dependence of the
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left-hand side on z imply the existence of a unique value z = x, > 0 such that the graphs of these
function touch each other for some t = ¢, € (0,1), and for ¢ # t,, 0 < t < 1, the strong inequality
in (4.3.6) holds. This means that for 0 < x < x,, the function f,(t) decreases on the interval (0, 1)
and hence the function E; /2(22; ) has no zeros on the strip 0 < Rez < x,,. Therefore, the function
E1j2(2; 1) has no zeros on the set (4.3.4). It remains to calculate .

The touching of the graphs mentioned is equivalent to the equality (4.3.6) for some ¢ € (0,1) and
the equality of the derivatives at the same value of ¢, i.e., is equivalent to the system of equations

2

w—3 x w—3
rtanh zt = , = . 4.3.7
1-1¢ cosh?zt (1 —1t)2 ( )

To find x = x,, we must eliminate ¢ from this system.
Raising both sides of the first equation to the second power, adding the second equation, and
applying the formual 1 — tanh?¢ = 1 / cosh? ¢, we obtain

s (p=3)(p—2)
(1—1)?

From this we have

rt=z— - 3p-2), LS [E=3

1-t Vu_2"
and substituting these relations in the first equation (4.3.7), we obtain

tanh(x— (,u—3)(,u—2)>: "Z:;

Since a solution of system (4.3.7) exists and is unique, it can be found by formula (4.3.3). The theorem
is proved. ]

Note that assertion (1) of Theorem 4.3.1 is contained in assertion (2). We have presented its proof
since it is much simpler than the proof of assertion (2).

4.3.2. Zeros of finite Fourier cosine and sine transforms. Let f € L!(0,1). Consider the
corresponding Fourier cosine and sine transforms

f(t) cos zt dt, (4.3.8)

f(t)sin 2t dt. (4.3.9)

The integrals in formulas (4.3.1) and (4.3.2) have the form U(z) and V (z), respectively. Therefore,
it is natural to use known results on the distribution of zeros of the functions U(z) and V(z) (these
results were essentially obtained by Pélya). We formulate them in Theorems A and B; by an exceptional
function we mean an echelon function with discontinuities at rational points.
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Introduce the sequences of intervals

(e (n-)n(ne 1)) e w210

(mn, 7(n+1)), neN, (4.3.11)

<7r <n _ ;) , 7m> ., nen, (4.3.12)
(m(2n — 1), 27n), (27m,7r <2n - ;)) , meN. (4.3.13)

The following results are well known.

Theorem A. Assume that a function f(t) is positive and nondecreasing on the interval (0,1) (and
is not an exceptional function). Then all roots of the function U(z) (respectively, V(z)) are real and
simple; moreover, all positive roots of the function U(z) (respectively, V (z)) lie singly in the intervals
(4.3.10) (respectively, in the intervals (4.3.11)).

Theorem B. Assume that a function f(t) is positive, increasing, and convex on the interval (0,1)
(and its right-sided derivative is not an exceptional function). Then all roots of the function V(z)
(respectively, U(z)) are real and simple; moreover, all positive roots lie singly in the intervals (4.3.13)
(respectively, in the intervals (4.3.12)).

Theorem A and the part of Theorem B relating to roots of the function U(z) belong to Pdélya
(see [20]) and the part of Theorem B relating to roots of the function V(z) belong to Sedletskii [30].

We consider formula (4.3.1) for p € (1,2) and formula (4.3.2) for p € (2,3). These formulas show
that the functions Ej jo(—2%; p) and zEj jo(—2z% 1) have the form U(z) and V/(2), respectively, where,
up to a coefficient,

f@) =1 —=t)""2 for 1<pu<2, (4.3.14)

f&) =1 —=t)*3 for 2<pu<3. (4.3.15)

In both cases, f(t) satisfies the conditions of Theorem B. By this theorem, all roots of the function
Bija(—2%p), Rez >0,

are positive and simple and lie singly in the intervals (4.3.12) (respectively, in the intervals (4.3.13)).
Since the function is even, it suffices to consider only the right-hand side half-plane. Therefore, the
following theorem holds.

Theorem 4.3.2. For 1 < pu <2 and 2 < p < 3, all roots z, of the function E,5(2;u) are negative
and simple and the points (—z,)'/? lie singly in the intervals (4.3.12) and (4.3.13), respectively.

In Chap. 3 we proved stronger assertions, which were obtained by painstaking and cumbersome
calculations, whereas Theorem 4.3.2 is an immediate consequence of well-known results. Moreover,
this theorem motivates an additional analysis of formulas (4.3.1) and (4.3.2), which allows one to
localize zeros with small numbers more exactly. We perform this in the general case, i.e., for the
functions U(z) and V(z), and then, using formulas (4.3.1) and (4.3.2), apply the obtained assertions
to the function Ey jo(—2%; p).

Assume that a function f(¢) is positive and nondecreasing in the interval (0, 1), i.e., the conditions
of Theorem A holds (nota that this theorem, unlike Theorem B, has not yet been used). Denote by
uy, (respectively, v,), n € N, positive zeros of the function U(z) (respectively, V(z)), numbered in
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ascending order, i.e.,
1 1
m{n-g) <un<m n+§ , ™ <v,<7(n+1), neN.

Introduce the notation
1

=1p:= [0 - ra- o)
1/2
The method used in the proof is effective (compared with Theorem 4.3.2) under the condition that I
is not too large and f(40) > 0.

Theorem 4.3.3. Assume that a function f(t) does not decrease in the interval (0,1) and f(+0) = 1.
Then the following assertions hold:

(1) if, for some N € N,
1

7(N+1/2) ( )

then
1
mn — arcsin(mnl) < u, < 7n + arcsin <7r <n + 2) I> , n=1,N; (4.3.17)
(2) if, moreover, the function f increases and is convex in (0,1) and, for some N € N,
1

<o b 4.3.18

7N’ ( )
then

mn — arcsin(mnl) < u, <7mn, n=1,N.

Theorem 4.3.4. Assume that a function f(t) does not decrease in the interval (0,1) and is not an
exceptional function. Let f(+0) = 1. Then the following assertions hold:

(1) if, for some N € N,

21 < —. (4.3.19)
then
27Tn — arccos (1 - 27mI) < Vop_1 < 2mn, n=1,N; (4.3.20)
(2) if, for somen € N,
1
21 < AN 1/
then
21N < V9, < 27N + arccos (1 —7(2n + 1)]), n=1,N; (4.3.21)
(3) if, moreover, the function f increases and is convex in (0,1) and, for some N € N,
1
2 < T (4.3.22)
then

1
2mn < vg, < 2mn + arccos (1 - <2n—|— 2) I) , n=1N.
Note that by the conditions imposed on I, all values in Theorem 4.3.4 represented as arccosines lie

in the interval (0,7/2).
In the proof we use the following Steffensen inequality.
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Theorem C (see [4]). Let a function f(t) be integrable, positive, and nondecreasing in the inter-
val (0,1) and
0<g(t)<1, 0<t<l1, geL'0,1).

Then
1 1
[ 1w < [ s,
0 1—c
where
1
c= /g(t)dt.
0

Assume that the function f is the same as in Theorem C and
—a<Gt)<a (a>0), 0<t<l, GelLY0,1). (4.3.23)

Then for the functions f and g, where

G(t)+a
t) =
g(t) Y
the conditions of Theorem C hold. By this theorem,
1 C 1
t
/ﬂw(””ﬁ</#@m
2a
0 1—c
where
1
—1+1/G(t)dt (4.3.24)
c=5t5 . 3.
0

We see that the following lemma is valid.

Lemma 4.3.2. Let a function f(t) be integrable, positive, and nondecreasing in the interval (0,1),
and a function G(t) satisfy conditions (4.3.23). Then

1 1 1
fOGwdt<al2 [ fyd— [ fya|,
/ Joon]

where ¢ is calculated by formula (4.3.24).

Proof of Theorem 4.3.3. In formula (4.3.8), we set z = = and then subtract the formula
1

sin
e :/cosmtdt.
T

0

We obtain that at zeros of the function U, which are real by Theorem A, the following inequality
holds:
‘ 1
AR /(f(t) — 1) cos zt dt.
x
0
Let n be odd. If x = w, = mn, then there is nothing to prove. Let z = w, # 7mn. Then by
Theorem A

sine 20 for x<mn, (4.3.25)
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and, therefore, in the formula
1
sin(E(mn = ) / )(Fcosat)dt, = =u, s mn, (4.3.26)
0

both sides are positive. The functions
f(t)—1 and Fcosuzt

satisfy the conditions of Lemma 4.3.2 with ¢ = 1. By this lemma,

1
sin(£(mn — x))

1
; <2 /(f(t) ~)dt - O/(f(t) 1 (4.3.27)
where
1
CZ% 1+/q:cosxtdt =;<1:F512x>. (4.3.28)

0
From (4.3.25) it follows that ¢ < 1/2 and hence

sin(£(mn — x)) / / —7 (4.3.29)

X
172 0

We have proved estimate (4.3.29) for odd n.

If n is even, then in (4.3.25) inequalities for sin x must be replaced by the opposite. Therefore, on
the right-hand side of (4.3.26) the signs F interchange; both sides in (4.3.26) are positive. Applying
Lemma 4.3.2, we obtain inequality (4.3.27), where ¢ is calculated by formula (4.3.28), in which the
signs F also interchange. Taking into account the sign of the sine, we see that again ¢ < 1/2. Therefore,
estimate (4.3.29) is also valid for even n.

From (4.3.29) it follows that

1
0 < sin(mn — z) < wnl, if 7r<n—2><x<7m,
' X (4.3.30)
O<sin(x—7m)<7r<n+2>l, if 7m<x<7r<n+2>.

Taking into account condition (4.3.16), we see that these inequalities yield the required inequalities
(4.3.17). Assertion (1) is proved.

If f is convex, then by Theorem B = = u,, € (7(n —1/2),7n), and by (4.3.18) assertion (2) follows
from (4.3.30). Theorem 4.3.3 is proved. O

Proof of Theorem 4.3.4. In formula (4.3.9), we set z = = and then subtract the formula

1
1—cosx .
—— = [ sinxztdt.

T
0

We obtain that at zeros of the function V', which are real by Theorem A,

1
1—
SO / — 1)(—sinxt)dt.
0
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By Theorem A, both sides are positive. By Lemma 4.3.2, for x = v,, we have
1

1
gz/uw—nﬁ—/ww—w@
0

1—c

1 ——cosx
x

where
1
1 1
c=3 1+/(—sin:1;t)dt =3
0

Therefore, ¢ < 1/2 and hence

“% <I, z=ouv, (4.3.31)
Since by Theorem A
T(2n — 1) < vop—1 < 2mn < va, < T(2n + 1), (4.3.32)
from (4.3.31) we obtain
cos(2mn —x) > 1 — 2mnl, if = =uv9,_1,

cos(x —2mn) > 1 —7m(2n+ 1)1, if x=wvy,.
Therefore, the following inequalities hold:
2mn — x < arccos(1l — 2mnl), = = vop_1,
x —2mn < arccos(l —m(2n+ 1)I), = = va,.
Together with (4.3.32), they yield the required inequalities (4.3.20) and (4.3.21). Assertions (1) and (2)
are proved.

If f increases and is convex, then, by Theorem B, instead of the right-hand inequality (4.3.32) we
have the inequality

s
Vo < 2mn + 5
Making this change, we obtain assertion (3). Theorem 4.3.4 is proved. O

Now we turn to consequences we are interested. They are based on formulas (4.3.1) and (4.3.2),
which show that the functions

I'(p— 1)E1/2(—22; w)s T(p— 2)2E1/2(—22; 1)

have the form U(z) and V(z) (see (4.3.8) and (4.3.9)), where the corresponding functions f(t¢) are
defined by formulas (4.3.14) and (4.3.15). In these formula, we restricted the values of p not by
accident: under these restrictions, the function f(¢) satisfies the conditions of Theorems 4.3.3 and 4.3.4,
respectively, and is convex in (0,1). Therefore, to apply these theorems, we must express I and the
conditions for I in Theorems 4.3.3 and 4.3.4 through the parameter pu.

We have the following relation:

2271 — 1

T oa-1

23710 —1

e

Therefore, if 1 < 1 < 2, then condition (4.3.18) takes the form
221 — 1 _ L
w—1 7N’

for 1<pu<2,

for 2<pu<3.

(4.3.33)
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if 2 < p < 3, then conditions (4.3.19) and (4.3.22) become, respectively,
25n —1 1 254 —1 1
< ) < .
w—2 2t N w—2 m(2N +1/2)
Denote by z,, = x,(11), n € N, zeros of the function E /5(2; ). Since

(4.3.34)

(—z)Y2=w, for 1<p<2, (—z)?=v, for 2<p<3,
by Theorems 4.3.3 and 4.3.4, we obtain the following assertion on zeros x, with small numbers.

Corollary 4.3.1. Let 1 < pu < 2. If, for some N € N, condition (4.3.33) holds, then
2270 — 1
w—1
Corollary 4.3.2. Let 2 < < 3. Then the following assertions hold:

(1) if, for some N € N, the first condition (4.3.34) holds, then

mn — arcsin <7m > < (-z,)"Y? <mn, n=T1,N.

25k — 1 1/2 —F
2mn — arccos | 1 — 27m72 < (=xop—1)"* < 2mn, n=1,N;
M —_—
(2) if, for some N € N, the second condition (4.3.34) holds, then
1\ 237+ —1
21 < (—x,)"? < 270 + arccos (1 -7 (Qn + 2> 2) , n=1,N.
[ —

Corollaries 4.3.1 and 4.3.2 allow one to draw conclusions on the rate of approximation of the points
(—:L‘n)l/2 to positive roots of the functions sin z and 1 — cos z, respectively, as 4 — 2—0 and p — 3—0.

Introduce the notation

pn(p) =m0 — (=2 (p)"/? for 1<p<?2
and
pon—1(1) = 2mn — (=201 ()", pan(p) = (—wan()"/? —27n for 2<p <3
Since
arcsinx ~ x, arccos(l —z) ~V2zx, x— +0,

from Corollaries 4.3.1 and 4.3.2 we obtain the following assertion.

Corollary 4.3.3. For any fized n € N,
w pn(ﬂ)

<mnln2,

_ —(=1)"
lim pr(t) < /27 <n—i—3(4)> In 2.

Conditions (4.3.33) and (4.3.34) contain transcendental functions. If we apply the inequality
2 — 1<z, O<zxz<l,

then we can replace these condition by rougher but simpler conditions of applicability of Corollar-
ies 4.3.1 and 4.3.2:

< <2,
N +1 H

<p<3, 3 <p< 3.

1
3 - _
27N +1 T(2N +1/2)+1
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4.4. Absence of Multiple Zeros

The results of Chap. 2 show that, except for the unique case p = 1/2, p = 3, the number of multiple
zeros of the function E,(z; 1) is no more than finite.

We still have few information on multiple zeros.

First, all zeros of the function F (z;3) in the specified exceptional case are double.

Second, the case of the zero multiple root admits a complete description. Indeed, the definition
implies that the point z = 0 is a s-multiple root of the function E,(z;u) if and only if

1 1 1 1

L(p)  T(p+1/p) L'(u+s/p) L(p+(s+1)/p)
These conditions are equivalent to the following:
1 S s+1
N)M"i_;a"'a:u"i';e_ZJr’M_‘_ ¢_Z+'

Clearly, this is possible only in the case where p = 1/n, n € N, and choosing p appropriately, we can
obtain a multiple root of arbitrarily high multiplicity. Thus, we have the following assertion.

Proposition 4.4.1. The following assertions hold.

(1) A multiple root of the function E,(z; u) is possible only in the case where p=1/n, n € N.
(2) If p=1/n, n € N, then the function E,(z;u) has at the point z = 0 an s-multiple root if and
only if p=—s/p.

Third, by Theorem 4.1.2, for any p > 1, there exists a sequence u, < 0, u, — —o0, such that
the function F,(z; uy) has a double positive root, and by Corollary 4.1.1, for p > 1 and u € R, the
function E,(z; 1) has no real roots of multiplicity higher than 2.

The following lemma gives an answer to the question on multiple roots of the Mittag-Leffler functions
in the case of natural p.

Lemma 4.4.1. Let zy be a root of the function E,(z;u), n € N, p € C. It is multiple if and only if
the following condition holds:

L, 0 +ot & =0 (4.4.1)
(u—1) Tp—1+1/n) 7 T(u—1+n-1)/n) o
Proof. The proof is based on the formula
z
Ep(zip) = pEp(z 0+ 1) + ;E;(Z; p+1) (4.4.2)
and formula (4.2.17), which we rewrite in the following form:
1
E,(z;p—1)= ——=+2E (z;,u—l—i—). (4.4.3)
’ ) P(p—1) 8 p
In our case p = n. We replace p by p+ 1/n in formula (4.4.3):

1 1 2
E ip—1+—|=——"——+2F i —1+—1].
(“ *n) Pi—1+1/n) (“ *n)
Substituting the left-hand side of this formula on the right-hand side of formula (4.4.3), we obtain

1 z
Du—1)  D(u—1+1/n)

2
E(z;p—1) = 1+ 22E, (z; w—1+ n) . (4.4.4)
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Now, replacing p by u + 2/n in (4.4.3), we obtain an expression for E,(z;u — 1+ 2/n) and then
substitute it on the right-hand side of (4.4.4). Repeating this process, after n steps we obtain

1 z Znl

+ + ...+
Mu—1)  Tu—1+1/n) M1+ (- 1)/n)

Let zp be a root of the function E,(z; u).

Then the last term in (4.4.5) vanishes, and formula (4.4.2) shows that a root of the function E,,(z; u)
is multiple if and only if it is a root of the function F,(z;u — 1). Thus, the fact that a root zy of the
function F,(z; ) is multiple is equivalent to vanishing of the left-hand side of (4.4.1). The lemma is
proved. ]

En(zip—1) =

+ 2"En(z; 1). (4.4.5)

Theorem 4.4.1. The following assertions hold.

(1) The function E1(z;u), p € C\ (=N), has no multiple roots.
(2) The function En(z;p), 1 <n €N, 1 < pu <1+1/n, has no multiple roots. In particular, the
classical Mittag-Leffler function E,(z;1) of integer order has no multiple roots.
(3) The number of multiple roots of the function E,(z;u), 1 <n €N, u € C, does not exceed n— 1.
(4) The function Ea(z; p)
(a) has no roots of multiplicity higher than 2 for u € C,
(b) has no multiple nonpositive roots for u € R,
(c) has no multiple roots for p > 0.
(5) The function E3(z;u) has no roots of multiplicity higher than 2 for p € R.
(6) The function Ey5(2;p), p € C, has no nonzero roots of multiplicity higher than 2.

Proof. (1) For n = 1, condition (4.4.1) means that 1/I'(x — 1) = 0. This is possible only if p =
1,0,—1,.... In this case, F1(z; ) has an explicit form (see the beginning of Chap. 2), which implies
that for p = 1,0, the function F4(z; ) has no multiple roots. The values p € —N (when z = 0 is a
root of multiplicity 1 — p) have been excluded. Assertion (1) is proved.

(2) Since 1 < u <1+ 1/n and the function I'(z) decreases on (0, 1], a necessary condition (4.4.1)
of a multiple root is the equation

-1
ap+aiz+...+apn—12; =0

with monotonic coefficients 0 < ap < ... < ap—1. It is well known (see [13, Chap. 4, Sec. 3] or [22,
Part 3, Chap. 1, Sec. 2]) that all roots of this equation lie in the disk |z| < 1. By Corollary 4.2.1, the
function E,(z; 1) has no roots in this disk. Therefore, the function F,(z; ) has no multiple roots.

(3) Assertion (3) follows from the fact that the order of Eq. (4.4.1) is not higher than n — 1.

(4) If 4 € R, then by Theorem 4.1.1, a possible negative root of the function Es(z;u) is simple. If
there was a nonreal multiple root, then the conjugate number was also a multiple root. This means
that the function Fy(z; 1) would have no less than two multiple roots, which contradicts assertion (3).
The case p € R has been examined. It also implies the case pu > 0 since Ea(x; ) > 0 for z > 0 and
p = 0.

Let zg be a root of the function Eo( ) of multiplicity no higher than 2. By (4.4.2), zp is a multiple
root of the function Fo(z;u — 1). By Lemma 4.4.1 and Proposition 4.4.1, zy is a nontrivial solution of

the following system:
1 20 - 1 20 _

- : -
F(p—1)  T(p—1/2) L(p—2)  T(p-3/2)
We have proved that p # 2,3/2. The first of these equations can be rewritten in the form

1 + 20
(n=2)L(n—2)  (p—3/2)T(n—3/2)

=0.
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Comparing this with the second equation, we see that the system cannot have nontrivial solutions.
The case pu € C has also been examined.

(5) Let zg be a root of the function E,(z;u) of multiplicity higher than 2. Then by formula
(4.3.33), 2o is a multiple root of the function E,(z; u — 1). Therefore, by Lemma 4.4.1, in addition to
condition (4.4.1), the following condition must hold:

n—1
1 20 20

D=2 Tu-2+1/m) " Tu—2+m—1)/n)

For n = 3, both these conditions mean that zy is a common root of two quadratic equations. The
relation I'(s+1) = sI'(s) implies that the coefficient of these equations are not proportional and hence
these equations can have no more than one common root zy. By Theorems 4.1.1 and 4.1.2, zy ¢ R,
but then Zy (since u is real) must be a common root, which is impossible. Assertion (5) is proved.

(6) Let 29 be a root of the function Ej/y(z; ) of multiplicity not higher than 2. Twice applying
formula (4.4.2), we conclude that zq is a root of the function E j5(2; u —2). Then formula (4.4.3) with
p = 1/2 shows that the following condition holds:

=0.

1
L(p—2)
this is possible only for u = 2,1,0,—1,.... But for these u, the function F;/9(z; 1) has an explicit
form (see the begining of Chap. 2), which shows that a multiple root can exist only at the point z = 0.
Assertion (6) is verified, and the theorem is completely proved. ]

4.5. Zeros of the Function Fi(z;u), Incomplete Gamma-Function,
and the Error Function

Owing to the formula

1
Eq(z;p) /e O 2dt, > 1, (4.5.1)
0

the case p = 1 admits a more detailed analysis of zeros, which is presented in the present section. As
consequences we obtain assertions on the distribution of roots of two functions that can be expressed
through FEi(z;pu): the incomplete gamma-function and the error function (Gaussian error function
related to the density of normal distribution in probability theory).

4.5.1. Zeros of the function FEj(z;u). The following lemma, by some modification of for-
mula (4.5.1), allows one to broaden the set of values of the parameter .

Lemma 4.5.1. The following representation holds:
1
D(pwe *Ei(z;p) =1+ (1—p / e POt 2dt, > 0.
0

Proof. Since both sides of the equality are entire functions, it suffices to prove it for z = z > 0. By
formula (4.5.1), we have the expression

Ei(x;p+1) =

1
/ e TthLar, (4.5.2)
0
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Integration by parts yields
1 1
x/e_mt“_ldt = (7% — / 1)t 2dt.
0 0
Combining this relation, the well-known formula

Ey(x;p) = +x By (x5 p+ 1),

N
L)

and formula (4.5.2), we obtain the equality

1
Ei(x;p) = F;) + T(ZM) —(e"=1)+(p—1) 0/ (e7 — 1)+ 2dt

1
T

e
= — 1—|—(,u—1)/ et —1)th2at
IN(D) ( )
0
This is equivalent to the required formula for z = z > 0. The lemma is proved. O
Lemma 4.5.2. For p > 0, the following formula holds:
Im (e *Ey(2; 1)) / R 2sinytdt, 2z = x + iy. (4.5.3)

Lemma 4.5.2 immediately follows from Lemma 4.5.1.
The main result of this section is the following theorem.

Theorem 4.5.1. The following assertions hold.
(1) For > 2, all roots of the function Ey(z; 1) belong to the set

Rez>pu—2, |Imz|> .
(2) Forl < p <2, all roots of the function Ei(z;u) belong to the set
Rez<pu—2, |Imz|>m. (4.5.4)

(3) For 0 < p < 1, all roots of the function F1(z;u), except for a unique negative root, belong to
the set (4.5.4).
(4) For p € (—n,—n + 1), n € Z, the function E1(z;p) has a unique negative root.

Note that positive roots of the function F4(z;u) were characterized in Theorem 4.1.2, and recall
that for 4 = 1,0,—1,..., this function has an explicit representation (see the beginning of Chap. 2).

Proof. (1)—(3) Let g > 0. Then for 0 < y < 7 (respectively, —m < y < 0), the integrand in formula
(4.5.3) is positive (respectively, negative) in the interval (0,1). Therefore, by formula (4.5.3), the
function Fj(z;p) has no roots on the set 0 < |[Imz| < 7.

Formula (4.5.1) implies the absence of real zeros of the function Ej(z;pu), g > 1.

Let 0 < g < 1. The definition of the Mittag-Leffler function implies that there are no nonnegative
roots of the function Fq(z;u). The assertion on the uniqueness of a negative root will be proved in
part (4) (we have used assertion (4), which has not been proved, but this does not lead to a vicious
circle in the proof).

Thus, to prove assertions (1)—(3), it remains to examine the distribution of nonreal roots in the cor-
responding half-planes. The analysis is based on representations (4.5.1) and (4.5.3) and Lemma 4.3.1.
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Let i€ (0,1) U (1,2). For fixed z € R, we set

e 2 0<t< 1,
f(t) =
0, t>1.

We show that for x > pu — 2, the function f(¢) satisfies the conditions of Lemma 4.3.1.
The condition

O ¢ my)

is obvious. Further,
Pt = e ot 4 (u—2), 0<t<1.

If z > 0, then f/(t) < 0 on (0,1) since p —2 < 0. If x < 0, then —xt +p—2 < —x + pu — 2 for
t € (0,1). Therefore, f'(t) < 0on (0,1) also for 4 —2 < x < 0. Thus, f(t) decreases on (0, 1). Finally,
for x > p — 2, all conditions of Lemma 4.3.1 hold. Applying this lemma to integral (4.5.3), we obtain
that

Ei(z;u) #0 for x=Rez>pu—2, y#0.

Thus, assertions (2) and (3) are proved.
Let p > 2. From (4.5.1) it follows that

D(i— 1) Tm By (2 1) = / £(t) sinyt dt,
R

where

0, t>1.

If we prove that the function f(¢) decreases on (0,1) for x < pu — 2, then, by Lemma 4.3.1, the
function E1(z; ) has no roots in the half-plane Rez = # < 1 — 2, and assertion (1) will be proved.
We have

F(t) = {eﬂ(l -2 o<t <1,

F() = e (1= 31— ) — (u—2)),
which implies that for © < p — 2, the derivative of the function f(t) is negative on (0, 1). The function
f(t) decreases on (0,1). We have proved assertion (3).
(4) Let pp € (—n, —n+1), n € Z4. By the definition of the Mittag-LefHler function and Theorem 1.2.1,
we have the equality

E1(0,p) = sign By (—oo; p) = signI'(u — 1).

1
L(p)’
Since I'(x) and I'(u — 1) have opposite signs, this implies that the function Fj(z; ) has at least one
negative root. By Theorem 4.4.1, it is simple. Prove the uniqueness.

Assume the contrary, i.e., let the function Fj(z; 1) have at least two negative roots x; and zo. By
Theorem 4.4.1, they are simple. Since

Ey(z;u) = Er(z3pm), p—1+0,

uniformly in any disk, by the Hurwitz theorem, for p sufficiently close to 1, p > 1, small neighborhoods
of the points x; and x2 contain exactly one root of the function E,(z;p). Since conjugate roots form
pairs, we conclude that both these roots are real, which contradicts Theorem 4.1.1. We have proved the
uniqueness of a negative root, and hence assertion (4) holds. The theorem is completely proved. [

In Chap. 5, assertion (2) of Theorem 4.5.1 will be substantially strengthened by another approach.
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4.5.2. Zeros of the incomplete gamma-function and the error function. Consider the in-
complete gamma-function of the variable z:

Y(a, z) = /e_tto‘_ldt, Rea > 0. (4.5.5)
0

This function is analytic everywhere, except for a possible branch point z = 0; the principal branch is
defined by the cut along the negative real half-line. Expanding e*
we obtain the representation

in a power series and integrating,

o0 Zn
_ —1)"
which allows one to continue ~y(c, z) to all values  # 0, —1,—2,.... This implies that the modified
incomplete gamma-function
" _ (a,2)
Y (Oé, Z) - ZQF(O[)
is an entire functions (also with respect to «) and the following formula holds:
oo Zn
* _ -z
Vo z)=e nZ:%F(a—i—n—{—l)
(see [18, Chap. 2, Sec. 5]). Therefore, for all a € C,
Y (a,2z) = e “Ei(z;1+ a). (4.5.6)

This representation allows one to apply theorems on zeros of the function E,(z;u) for p = 1 and
i = 1+ «a to the function v*(«, z). We exclude from consideration the degenerate case o € —Z,
where v*(a, z) = 27,

Corollary 4.5.1. Let o ¢ —7Z,. Then all zeros w,, of the function v*(a,w) are simple. They can be
numbered such that n € Z\ 0 and

1
wn:27mi+(a—1)1n27rin+lnm+(1—a)

Corollary 4.5.1 follows from formula (4.5.6) and Theorems 2.2.1, 4.2.2, and 4.1.1.

In 27 1
2T 0 <> . n— oo (4.5.7)

2min n

Corollary 4.5.2. The following assertions hold.
(1) For o> 1, all roots of the function v*(a,w) belong to the set

Rew >a—1, |Imw|> 7.
(2) For 0 < a <1, all roots of the function v*(a, w) belong to the set
Rew < a—1, |Imw|> . (4.5.8)

(3) For —1 < a <0, all roots of the function v*(ca,w), except for a unique negative root, belong to
the set (4.5.8).
(4) For a € (—m —1,—n), n € Z, the function v*(a, w) has a unique negative root.

Corollary 4.5.2 follows from formula (4.5.6) and Theorem 4.5.1.
In concluding this section, we consider the error function

2 z
eer = ﬁ/e_tht. (459)
0
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It is an entire function having a simple root z = 0 and having no other real roots. From (4.5.5) and

(4.5.9) we obtain the formula
oL (1,
effz=—v|2,2
/7 \2

(see also [18, Chap. 2, Sec. 2]), which shows, together with the definition of v*(a, z), that all nonzero
roots of the function erf z coincide with roots of the function v*(1/2,22). By Corollary 4.5.2, roots of
the function v*(1/2, 2?) belong to the set

Rez? < —1/2, |Imz? > .

This set lies in the angles

T T
+— — < —
‘ 5 gz <
and consists of the intersections of two curvilinear sectors, which are symmetric with respect to the
real axis and are bounded by branches of the hyperbola

1 .
Port=s (=atiy)

with the outer region of the hyperbolic cross |zy| < 7.

Consider the mapping w = 22 of the angle

‘g - argz‘ < % (4.5.10)

on the half-plane Rew < 0, which, by Corollary 4.5.2, contains roots wy, of the function v*(1/2, w);
recall that these roots are simple.

Denote by 2, roots of the function erf z in the angle (4.5.10). Then n € Z\ 0, and by formula (4.5.7)
with o = 1/2 we have

1 1 In 273 1
(z5)? = 2mni — 3 In27min —InT <2> + 1187:;1;1 +0 <n> , n — %oo.

Since erf z is odd, the symmetric angle ‘7r /2 + arg z‘ < m/4 contains a symmetric chain of roots z,, of
the function erf z. The function erf z has no roots other than the point z = 0. Since I'(1/2) = /7, we
have proved the following assertion.

Corollary 4.5.3. All zeros of the function erf z are simple. Nonzero roots form two chains z,}" and z,,,
n € Z\ 0, which are symmetric with respect to the real axis and lie in the intersection of the hyperbolic
sectors y? — x2 > 1/2 with the outer region of the hyperbolic cross |xy| < m/2. Moreover,

1 1 In 27 1
(25)? = 27 — iln 2min — 3 Inm+ I;ﬂj;n +0 (n> . n— too.

Theorem 4.2.1 belongs to Ostrovskii and Peresyolkova (see [19]). Other results of this chapter were
proved by Sedletskii (see [31, 32, 36, 37]).
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CHAPTER 5

ZEROS OF LAPLACE TRANSFORMS AND DEGENERATE
HYPERGEOMETRIC FUNCTION

5.1. Statement of the Problem

In this chapter, we examine the distribution of zeros of functions that, in some sense, are related
to the Mittag-Leffler function for p = 1. Namely, we consider the Laplace transforms of functions
concentrated in the interval (0, 1), i.e., entire functions of the form

1

F(z) :/eth(t)dt, feLYy0o,1), (5.1.1)

0

and the confluent hypergeometric function (the Kummer function)

®(a,c; z) —1—1—2

1) 1) 2
alatl)...(ats— )z—' cd -7, (5.1.2)

cle+1). c+s—1)s’

(see, e.g., [10, 18, 40]), as a function of the variable z for fixed values of the parameters a,c € C.

These function are often used in various branches of analysis, for example, in spectral theory, in the
theory of differential-difference equations, in the study of nonharmonic Fourier series, etc. Functional
classes (5.1.1) and (5.1.2) are extremely vast. In particular, class (5.1.1), contains the functions
Eq(z; 1), Rep > 1, owing to the formula

1
Eq(z;p) / £ 2dt, Rep > 1 (5.1.3)
0
(see (1.4.21)). The well-known integral representation
1
O(a,c;2) = T(e—a) / Pt )" ldt, 0 < Rea < Rec (5.1.4)
0

(see [10, 18, 40]) shows that
®(1,¢;2) =T(c)E1(z;¢), Reec> 1.

Note that the modified Bessel function can be represented by the Kummer function for ¢ = 2a (see [40]).

5.2. Zeros of Finite Laplace Transforms

The starting point is the following Pélya theorem from [20] (see also [34]).

Theorem A. Let a function f(t) be integrable and positive and not decrease in the interval (0,1).
Then all zeros of the function (5.1.1) lie in the left-hand half-plane Re z < 0. Moreover, if f(t) is not
an echelon function of the form

f(t):Ci, ti<t<ti+1, i:O,...,n; tOZO, tn+1:1, O<Ci<ci+1,

where numbers t; are rational, then all zeros of the function (5.1.1) lie in the open left-hand half-plane
Rez < 0.
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In the class of function f satisfying the conditions of this theorem, we consider a sufficiently wide
subclass and prove for it more thorough assertions on the distribution of zeros of function (5.1.1),
namely, assertions on the localization of all zeros of function (5.1.1) in some proper subsets of the set
Re z < 0. The additional condition defining this subclass consists of the requirement that the function
f is logarithmically convex in some left-hand neighborhood of the point ¢ = 1. For this subclass, we
find the shape of a (left-hand) curvilinear half-plane, and under the condition f(+0) > 0 the shape of
a curvilinear strip that contains all zeros of function (5.1.1). In both cases, the description of the set
containing all zeros is exact, in some sense. Moreover, we prove that if f is logarithmically convex on
the whole interval (0, 1), then, independently of the monotonicity of f, all zeros of function (5.1.1) lie
in the union of horizontal strips (2n — 1)7 < |Im 2| < 27n, n € N.

5.2.1. Distribution of zeros in curvilinear half-planes and strips.

Definition. A function f that is positive in an interval (a,b) is said to be logarithmically convezr in
this interval if the function In f is convex in (a, b).

For a twice differentiable positive function, its logarithmic convexity in (a,b) is equivalent to the
condition
(S < FW "), te(ab)

(see [22]). In the general case, the criterion of the logarithmic convexity is as follows.

Lemma 5.2.1. Let a function f be positive in an interval (a,b). It is logarithmically convex in this
interval if and only if the function

fo(t) == €™ f(t)

is convex in (a,b) for all x € R.

Proof. In the proof of both necessity and sufficiency, we deal with the continuous functions f and
In f. We use the fact that for a function ¢ € C(a,b) the convexity of ¢ in (a,b) is equivalent to the

condition
t t t t
2 2
for all points t1,%2 € (a,b) (see [8]). We obtain that the logarithmic convexity of the function f in (a, b)
is equivalent to the condition

(P52 < Vi (5:2:2)

for all t1,t2 € (a,b).
Let a function f be logarithmically convex in (a,b). Then property (5.2.2) holds. Multiplying
(5.2.2) by exp(z(t1 + t2)/2), we obtain the inequality

fx (tl_;tZ> S fx(tl)fa:(tQ)'

Applying to the right-hand side the Cauchy inequality, we obtain for the function ¢ = f, prop-
erty (5.2.1), which means the convexity of the function f,.
Conversely, let the function f, be convex in (a,b). Then for ¢ = f, property (5.2.1) is valid. We
can rewrite it in the form
t t 1
f< 1‘2“ 2) < (@R (1) 4 e £ (1), (5.2.3)
By the condition, for fixed t; and ¢, this inequality holds for all x € R, in particular, for a value of x for
which the minimum of the right-hand side is attained. Differentiating, we see that for this value of x,
terms on the right-hand side of (5.2.3) coincide. Then their half-sum is equal to their geometric mean
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and we obtain property (5.2.2), which is equivalent to the logarithmic convexity of the function f.
The lemma is proved. O

Lemma 5.2.2 (see [9]). If a function ¢ is convez in an interval (0,2m) (respectively, in the interval
(w/2,57/2)), then

2m
/go(t) costdt >0
0

(respectively,
5m/2

/ @(t)sintdt > 0).
/2
Recalling that x = Re z, y = Im z, r = |z|, 6 = arg z, we introduce the notation
1
D, (2) = /e_Ztg(t)dt. (5.2.4)
u
Lemma 5.2.3. Let a function g have bounded variation of a segment [ag, 1], 0 < ag < 1, and g(1—0) #
0. Then for any fized by € (ag, 1), we have the estimate

—T

|Bu(2)] > 067(1 +o(1)), z— —oo, (5.2.5)
where C' > 0 is independent of u € [ag, bp].

Proof. Assume that g(1) = g(1 — 0); by the condition, g(1) # 0. Using the continuity of the function
g(t) at the point 1 from the left, we fix 6 € (0,1 — bgy) so small that

var(g(t): 1 -6 <t <1) < |g(21)| (5.2.6)
Integrate by parts:
1
1
d,(z) = — e “g(l) —e *"g(u) — /e_thg(t) . (5.2.7)

u
We divide the last integral into two terms K; and K3 corresponding to the segments [u, 1 — J] and
[1 — 6, 1], respectively. For x < 0, taking into account (5.2.6), we obtain the estimates
’Kﬂ < Ve—(l—é):c’ |K | < ‘9(2 )| e T
These estimates together with the triangle inequality applied to (5.2.7) yield the inequality

xT

@u(2) = S0 00 e, 2 <,
T

which proves Lemma 5.2.3. O

Theorem 5.2.1. Let the conditions of Theorem A hold and, moreover, let a function f(t) be logarith-
mically convex on an interval (1 —a,1), 0 < a < 1. Then all zeros of function (5.1.1) with sufficiently
large moduli lie in the set

7/ (2]y])
—In | 4? / tfA—=t)dt | +C, |yl > vo,
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where C is some constant.

Note that the meaningfulness of Theorem 5.2.1 (in comparison with Theorem A) is manifested in
the case f(1 —0) = 400, where

7/ (2lyl)
o2 / tf(t)dt > ij (1 - 2”) s +oo, Y — too. (5.2.8)
J i
Proof. Since F(2) = F(z), it suffices to consider only 3 > 0. We have the expressions
1
e *F(z) = /e_ztf(l —t)dt =: G(2) (5.2.9)
0
and

1

V(z):=—-ImG(z) = /e_xtf(l — t) sin ytdt.

0

We obtain a lower estimate of |V (z)| for sufficiently large y and for z < 0 (recall that, by Theorem A
the function F'(z) has no zeros for x > 0). We denote

2
N—N(y):—max(nEN 2+m§a>,

T 2N
ay = — + ——
2y Yy

and note that ay < a. Moreover, since

m  2r(N+1)
+ 5 >aq,
2y Yy

we have ay > a — 27 /y and therefore

<any <a

N2

(5.2.10)
for sufficiently large y. Let

T/(2y)  ay

/ / / e " f(1 —t)sinytdt =V + Vo + V3.

0 x/l2y) an

V(z)

Since z < 0, we have

, o
Vs 2y / L1 = t)dt
T

Further, by the condition, the function f(1 — t) is logarithmically convex on (0,a). By Lemma 5.2.1
the function e~ f(1 — t) is convex on (0,a) and hence by Lemma 5.2.2, V5 > 0. Since

:—Im/ “Ff(1 —t)dt = Im /fl—t =t

1
~ Im % F(40) = F(1— an)e==on — /e_thf(l ],

anN
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taking into account (5.2.10), for x < 0 we have the relations

x e—ﬂ?

= A:3f(1—g).

The function G(z) (and hence the function F(z)) has no zeros in the region where Vi + V, > |V3].
Therefore, the estimates obtained for V; ¢« = 1,2, 3, imply that F(z) has no zeros in the region where

e

<A

V3| < A
T

™/(2y)
2 A
—y tf(l—t)dt > —e ™, y>yo>0.
™ Y
0
Taking the logarithm, we obtain the assertion of the theorem. Theorem 5.2.1 is proved. O

Theorem 5.2.1, the inequality in (5.2.8), and Theorem A imply the following assertion.
Corollary 5.2.1. Let the conditions of Theorem 5.2.1 hold. Then all zeros of function (5.1.1) lie in

the union of the set
x§m1n<0,—lnf<1—7r>+0), ]y|>z,
2|yl 2

where C' is a constant, and the semi-strip x < 0, |y| < w/2.

Denote by (2,)% 1, |2n+1] > |2n|, the sequence of all zeros of function (5.1.1)%. We are interested
in condition for the function f under which

Rez, - —oc0, n — 00. (5.2.11)

It was proved in [28] that, under the conditions of Theorem A, all zeros of function (5.1.1) lie in
some vertical strip —oo < h < Rez < 0 if and only if

0< f(+0) < f(1-0) < +oo.
Therefore, if condition (5.2.11) holds, then at least one of the following conditions is necessary:
f(+0)=0, f(1—-0)=+oc0.
Corollary 5.2.1 shows that, under the conditions of Theorem 5.2.1, the second of them is also sufficient.
Corollary 5.2.2. Let a function f satisfy the conditions of Theorem 5.2.1. If
f(1—=0) =400,
then zeros of function (5.1.1) satisfy the relation (5.2.11).

The right bound for zeros of function (5.1.1) guaranteed by Theorem 5.2.1 depends on the behavior
of the function f in a left-hand neighborhood of the point 1. Now we find a left bound for zeros.
It also depends on the behavior of the function f in a right-hand neighborhood of the point 0. We
impose the condition

f(+0) > 0. (5.2.12)

Theorem 5.2.2. . Let the conditions of Theorem 5.2.1 hold and, moreover, let condition (5.2.12)
hold. Then there exist constants C € R and H,yo > 0 such that all zeros of function (5.1.1) lie in the

union of the set
=/ (2lyl)

z>—In | Iyl / FA—tde |+ Jyl > v,

with the set —H <z <0, |y| < yo.

Tt is well known (see, e.g., [12]) that function (5.1.1) has an infinite set of zeros.
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Proof. Let G(z) and ay be the same as in the proof of Theorem 5.2.1. It suffices to consider y > 0.
First, we show that any sector of the form cosf < —§ < 0 contains no more than a finite number
of zeros of the function G(z). For this, we denote by J; and Ja the parts of the integral in (5.2.9)
corresponding to the intervals (0,1/2) and (1/2,1), respectively. Then

1| < e 2| fll, «<0.

Since J2 = @/ in notation (5.2.4), by Lemma 5.2.3 (with g(t) = f(1 —t)), for J> we have esti-
mate (5.2.5). Therefore, if H is sufficiently large, then by the triangle inequality for x < H < 0 we
obtain the estimate

e—m

|G(z)| > C1

C G2 > O (1 — Cyre®?).
T T

The expressions in the last parentheses is positive if cosf < —§ < 0 and r is sufficiently large, and the
intermediate assertion for sectors is proved.
Thus, to find a left bound for zeros, we can consider instead of the left-hand half-plane the set

e <H, y> g (5.2.13)

where H is sufficiently large. We can assume that a < 1. We set
an 1
Glz) = /+/ e~ P — 1)t = Gy (2) + G (2).
0 an

By (5.2.10) and Lemma 5.2.3 we have estimate (5.2.5) for ®,,(z) = G(z). Therefore, on the set
(5.2.13) for sufficiently large H the following estimate is valid:

—X

IGo(2)| > BS—, B>o0. (5.2.14)
y

Now let Gy = U — iV, where

an an
U= /e"”tf(l —t)cosytdt, V = /emtf(l—t)sinytdt.
0 0

We write
m/y  3n/(2y) an-w/y an
V—/+ / + / + / = Vi+Va+Vs+V,.
0 /[y 3m/(2y)  an-—m/y

Then V5 < 0 by the negativeness of sinyt. Applying Lemmas 5.2.1 and 5.2.2, we obtain inequality
V3 < 0. Since the function f(1 —t) does not increase and —z/y < M; < 400 on the set (5.2.13), we
have the double inequality

m/(2y) m/(2y)
0< Vi <2 ™/ / fd—t)ydt < C / (1 —t)dt.
0 0

359



Further, taking into account (5.2.10) and the monotonicity of the function f and denoting Iy by

(any — m/y,an) and Cy by 3f(1 — a/2), for y > yo we obtain that

1 1
Wil = [tm | £ [ = opde || < 10— awe o
1

—ax

—f (1 —ayn + Z) e~ #Han=/y) _ /e—ztdf(l — 1) < 1S

In

But
7/ (2y) an

v- [+ [ >0

0 m/(2y)

(5.2.15)

(5.2.16)

since in the first term of the integrand the function is positive and to the second term, owing to

Lemma 5.2.1, we can apply Lemma 5.2.2. Since Vs, V3 < 0, we have
0<V=W+Vy)+ (VatV3) <Vi+Vy <Vi+ V4,

ie.,
™/(2y) Cun
\VgC‘/jﬂ—ﬂﬁ+Qe
0
Similarly, for the function U,
7/(2y)  w/y  an—37/(2y) ay
U= / + / + / + / =: U1 + Uy + Uz + Uy.
0 ™/(2y) T/y an—3m/(2y)

(5.2.17)

Note that Us < 0 by the negativeness of cosyt and Us < 0 by Lemmas 5.2.1 and 5.2.2. Further, on

the set (5.2.13) the inequality
m/(2y) m/(2y)
0< U <e ™/ fl—tdt<C/f1—t
0 0

is valid and |U4| satisfies estimate (5.2.15), i.e.,

—ax

U] < C°
Y
Similarly to (5.2.16), we have the inequality
an—/(2y) an
o[
0 an—7/(2y)

and hence for |U| we obtain estimate (5.2.17). Finally, estimate (5.2.17) is valid for |Gy].

Recalling that G = G1 + G2 and applying estimate (5.2.17) for |G| and estimate (5.2.14), we arrive

at the inequality
7/ (2y)

G 2B — 0y [ f—tdt—yC
oo

—ax
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This implies that if H is sufficiently large, then, for x < —H, the function G(z) (and hence the function
F(z)) has no zeros on the set

7/ (2y)

z=x+1y: —e > Cyy / fA=vdt, y>yo
0

This proves Theorem 5.2.2. O
From Theorems 5.2.1, 5.2.2, and A we obtain the following assertion.

Corollary 5.2.3. Let the conditions of Theorem 5.2.2 hold. Then there exist constants C1,Co € R
and H,yo > 0 such that all zeros of function (5.1.1) lie in the curvilinear strip, which is the union of
the set

m/(2lyl) 7/ (2ly))
—1In | |y] / fl—=t)dt | +Ci <z < —In|9? / tf(l—t)dt | + Ce <0, (5.2.18)
0 0

where |y| > yo, with the set —H <z <0, |y| < yo.
Remark 5.2.1. Due to Corollary 5.2.1, the set (5.2.18) in Corollary 5.2.3 can be replaced by the set

™/(2ly])
—1In | |y| / f(1—t)dt +01§x§—lnf<
0

+ Cy < 0.
)

For a function f regularly varying in a neighborhood of the point 1, asymptotics of integrals in
(5.2.18) can be easily calculated, which allows one to simplify the form of the set (5.2.18).

A function g positive and measurable in a right-hand neighborhood of the point 0 is called a regularly
varying function of order o € R if for all A > 0,

im 79()@ =\
t—+0 g(t)

A regularly varying function of order @ = 0 is called a slowly varying function. A regularly varying
function g of order « has the form

g(t) =t*1(t), (5.2.19)
where [(t) is a slowly varying function. For any slowly varying function I(¢), there exists an equivalent,
as t — 40, continuously differentiable function ly(¢) satisfying the condition

law:o(%fv, t — 0. (5.2.20)

The definitions and facts presented above are taken from [38].
Introduce the notation

ngZI/dWw @Wﬁié/mwﬁ,0<u<L

u
0 0

Lemma 5.2.4. Let a function g be integrable on (0,1) and be a regularly varying function of order

g ’ 2

g(u), u— +0.
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Proof. By the condition, representation (5.2.19) holds, where [(t) is a slowly varying function. Since
the replacement of the function g by an equivalent function does not change the asymptotics of the
functions ¢g; and g1, we can assume that [(¢) satisfies property (5.2.20). By the L’Hoépital rule,
(1) /
o g1u . 1
lim = lim ————— [ t“I(t)dt
u=+0 g(u)  u—+0 ult(u) / ®)
0

— 1 utl(u) = 1i :
oo (T ayusl(u) + al Tl (u) ~ oo T+ a+ (ul(u)/Iw)

(5.2.21)

which, together with property (5.2.20), implies the required asymptotics for g;. If in (5.2.21) we
replace g1 by g2, then « is replaced by 1 4 «, and everything repeats. The lemma is proved. O

Corollary 5.2.4. Let the condition of Theorem 5.2.2 hold and. moreover, let a function f(1—t) be a
regularly varying function of order a € (—1,0]. Then all zeros of function (5.1.1) lie in the curvilinear
strip, which is the union of the set {—H < x < 0, |y| < yo} with the set

1
x+lnf<1—’y‘>’SC, ly| > vo,

where H, yg, and C' are positive numbers.

Indeed, introducing the notation
7

2yl

and applying Lemma 5.2.4, we see that the operands of the logarithms in (5.2.18) are asymptotically
proportional to the expressions g1 (u) and go(u), respectively. Therefore, Corollary 5.2.4 follows from
Corollary 5.2.3 and the definition of regularly varying functions, which allows one to replace f(1 —
7/(2ly|)) by f(1 —1/]y|) in the resulting set.

The example

g(t) = f(1=1), w

1
1—1t) =g(t) = —,
FU=1) =g =
where the functions
1
u) = —— u)~ ———, u—+0
91 (u) ulInwu|’ g2(u) uln?u’ i
are not asymptotically proportional, shows that in the case @« = —1 we must be satisfied with Re-

mark 5.2.1.

5.2.2. Distribution of zeros in horizontal strips.

Theorem 5.2.3. Let a function f be integrable and logarithmically convex in an interval (0,1). Then
all zeros of function (5.1.1) lie in the union of the horizontal strips

(2n—1)r < |Imz| <27mn, neN.

Proof. Let
1

G2) = e F(2) = / e~ F(1 — t)dt = U(2) — iV (2).
0
It suffices to prove that the function G(z) has no zeros in the strips

2 <y < (2n+1)m, n€Z;.
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First, let
1
<2n + 2> T<y<(@2n+1l)m, neZ;. (5.2.22)

If n =0, then sinyt > 0 for 0 < t < 1, and since f > 0, we have V > 0.
If n > 1, then we write

w2y ) w(6/22K)fy | -
V(z) = / +Z + / e ™ f(1—t)sinytdt = 11+ZVk+IQ.
0 FOrqy2iomyy  m(1/242n0)/y k=1

For I; and I, we have the inequality sinyt > 0. For I; this is obvious. For I, we have
m(1/2+2n)/y <t <1 and hence

g+27m<yt<7r+27m

(we have taken into account the right-hand side inequality (5.2.22)). Since f > 0, we have I + 1 > 0.
Applying Lemmas 5.2.1 and 5.2.2, we obtain the inequality Vi > 0 on the set (5.2.22). Therefore,
this set does not contain zeros of the function G(z).
It remains to consider the strips

2mn <y < g +2mn, n€Zy. (5.2.23)

Here we examine the function U (z).
If n =0, then cosyt > 0 for 0 <t < 1 and hence U > 0.
For n > 1 we have

2rk/y 1
U(z) = Z / + / e f(1 —t)cosyt dt = Z Ui+ J.
F=1 \or(k-1)/y  2mnn/y

By Lemmas 5.2.1 and 5.2.2, again U > 0, and J > 0 due to the positiveness of the integrand. Indeed,
if 27n/y < t < 1, then by the right-hand inequality (5.2.23), we have the relation

27m<yt<y§g+27m.

Therefore, U > 0 on the set (5.2.23), and the function G(z) also has no zeros on this set. The theorem
is proved. ]
Theorems A and 5.2.3 imply the following assertion.

Corollary 5.2.5. Let a function f be integrable, nondecreasing, and logarithically convex in the in-
terval (0,1). Then all zeros of function (5.1.1) lie in the union of the semi-strips

Rex <0, (2n—1rw <|Imz| <2mn, neN
Formula (5.1.3) shows that for p > 1, the function Ej(z; ) has the form (5.1.1), where
1—¢)r2
fiy =0
I(p—1)
If 1 < p < 2, then this function satisfies all conditions of Theorem 5.2.3. Moreover, by Theorem 4.3.4,

in this case all zeros of the function Ej(z; ) lie in the half-plane Re z < y — 2. Thus, Theorems 4.3.4
and 5.2.3 imply the following assertion.

Corollary 5.2.6. For 1 < u < 2, all zeros of the function E1(z; ) lie in the union of semi-strips
Rez<pu—2, (2n—1)7 <|Imz|<2mn, neN.

The results of this section are taken from the paper [33].
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5.3. Zeros of the Confluent Hypergeometric Function

In this section, we find the asymptotics of zeros of the confluent hypergeometric function (see
formula (5.1.2)) for all values of the parameters a and ¢ for which the set of zeros is infinite, and
indicate a modus of numeration of all zeros matched with asymptotics. As a particular case, we
consider a subclass of sine-type functions important for applications. We also obtain nonasymptotic
properties of zeros, namely, their distributions in the left- and right-hand half-planes and in horizontal
strips.

5.3.1. Asymptotics of zeros and its matching with numeration. If a € —Z_, then the series
in (5.1.2) terminates, i.e., ®(a,c; 2) is a polynomial. Further, if ¢ —a € —Z4, then ®(c — a,c,2) is a
polynomial and the Kummer formula (see [18])

e *®(a,cz) =P(c—a,c—=2) (5.3.1)
shows that the function ®(a,c; 2) has no more than a finite number of zeros. Therefore, in the study
of zeros of function (5.1.2) we impose the condition a,c,¢c —a ¢ —Z.

Theorem 5.3.1. Let a,c € C, a,c,c —a ¢ —Z. Then the following assertions hold:

(1) all zeros zy, of the function ®(a,c;z) are simple and the following asymptotic formula holds:

r -2
Zn = 2min + ((c—2a)ln27r\n|+lnr(a):I:iW(C—Q)) <1+C a>

(c—a) 2 2min
2a(a —c) — 1
palaz e o (minly L (5.3.2)
2min n?

(2) the numeration of all zeros of the function ®(a,c;, z) is matched with asymptotics (5.3.2) by the
index set T'= 7\ {0}.

Proof. (1) Since for all z € C the function w = ®(a, ¢; 2) is a solution of the equation
2w + (¢ — 2)w' —aw =0 (5.3.3)

(see [18, Chap. 7, Sec. 9]), the absence of multiple zeros is proved as for the Bessel function (see [18,
Chap. 7, Sec. 6]), i.e., by using the uniqueness of solution of the Cauchy problem. Namely, let zy be
a multiple zero of the function w = ®. Then

w(zo) = w'(29) = 0. (5.3.4)

But the function w = 0 is also a solution of Eq. (5.3.3) with initial condition (5.3.4). By the theorem
on the uniqueness of a solution of the Cauchy problem we have ® = 0. The contradiction obtained
proves the simpleness of all zeros of the function ®(a,c; 2).

To deduce formula (5.3.2), we use the well-known asymptotics (see [10, 40])

I'(c—a z
F(C) a—c_z (1 — a)(c — CL) 1
+F(a)z e (1—1—2—1—0 2)) 2 (5.3.5)
where
—r<argz<m, —7m<arg(—z) <m. (5.3.6)
For brevity, we introduce the notation
I'(a)
= A=2a(a—c)—c
1= Foy A=2ala—0)—c
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If a,c —a ¢ —7Z4, then + is defined and v # 0. Since

(-5 0 (3)) (2 o 1)) -1 Lo ).

the formula (5.3.5) yields the following equation for sufficiently large (in modulus) zeros z, of the

function ®(z) = ®(a, c; 2):
A 1
(=) =—(1+—4+0 |5 ) |. 5.3.7
2%7¢(=2)% 7<+Z+ <22)> (5.3.7)
This implies that these zeros lie in the set

m In|z
argzq:2:O< |z||)’ |z| > 9.

If 0 < argz < m (respectively, —m < argz < 0), then by condition (5.3.6), —7 < arg(—z) < 0
(respectively, 0 < arg(—z) < 7). Therefore,

(—2) = 2%Fm Imz = 0. (5.3.8)

Taking this into account and setting —1 = eT*™ respectively in the cases Im z = 0, we rewrite Eq. (5.3.7)
in the form

) A 1
€z+(2afc) Inz _ ,ye$17r(lfa) (1 + ; L0 <22>) . (539)

This implies that for sufficiently large |n|, the following relation holds:

A 1
zn+ (2a—c)lnz, =2rinFin(l—a)+Iny+ —+0 <2> :
Zn n

Twice iterating this formula, we obtain the required formula (5.3.2). Assertion (1) is proved.
(2) Step 1. Assuming that rg is sufficiently large and introducing the notation K (rg) = (z : |z| > r9),
we consider the sets

Py=(2:[297%(=2)%" > 2]7]) N K(ro),

1
P z 1 [297(—2)%"| < 2’y|> N K(rg),

1
o ( L) < eyt < 2|7|> A K (o).

\V)

which are the left- and right-hand curvilinear half-planes and the union of two curvilinear semi-strips
lying in the upper and lower half-planes, respectively. Clearly,

C\(z:|2| <rp) =PrUP_UP.
We need convenient estimates |®(z)| on these sets. To obtain them, we consider the function

['(a)

21 = 1)

(—2)"®(a,c; 2).

From (5.3.5) follows that

By (2) = 20(— )€ (1 Lo (i)) 4y <1 Lo <i>> 2 0. (5.3.10)
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On the sets P} and P_, estimates for |®;(z)| can be obtained from (5.3.10), the triangle inequality,
and the definitions of these sets. Indeed, for sufficiently large r¢, from (5.3.10) we obtain the inequalities

3 —C a _z
[D1(2)] < Iz (=2)"e" + 211, (5.3.11)
3 a—c a_z 5
[@1(2)] = 712°7(=2)"€"| = 7l (5.3.12)
5 a—c a_ z 3
[@1(2)] = =712 (=2)"" + 7 1. (5.3.13)
Therefore, if z € Py, then (5.3.11) and (5.3.12) imply the estimates
1 )
S (2] < [Ba(2)] < 21 (-2)e], z € Py, (5.3.14)

and if z € P_, then (5.3.11) and (5.3.13) imply the estimates
1 11
SH<IBE)I< SThl, ep (5.3.15)
If z € P, then (5.3.11) yields the upper estimate

|@1(2)] < 5ly], ze€P. (5.3.16)

However, a lower estimate cannot be obtained as easily as for the sets Py and P_; the reason is the
fact that the set P contains zeros of the function ®4(z). Therefore, we use the mapping

w=z4(2a—c)lnz. (5.3.17)
From (5.3.8) we see that
Rew =Re(z + (2a —¢)Inz) = In |27 ¢(—2)%*| Frlma

respectively for Im z 2 0; therefore, the images of the components of the set P for sufficiently large

| Im z| coincide with the semi-strips

vl

2

By (5.3.10), the image ¥(w) of the function ®;(z) under mapping (5.3.17) has the form
T(w) = e¥eT™ (1 +0(1)) +v(1 +0(1)), Imw — oo, Imw =0.

In— F7nlma <|Rew| <In(2ly|) Frlma, Imw =0, |[Imw|> vy. (5.3.18)

Obviously, in semi-strips (5.3.18), but outside small disks of a fixed radius § centered at zeros of the
function ¥(w) (i.e., at the points wy, = 2win+InyFinr(l—a)+o(1), n — +00), the following estimate
holds:
| (w)| > C(6) > 0.
Since § can be taken arbitrarily small, this implies the existence of a sequence ri T +oo such that
|®1(2)] > Cy >0, ze€P, |z]=r (5.3.19)

Now, by estimates (5.3.14)—(5.3.16) and (5.3.19), we obtain the resulting estimates for the func-
tion ®(z):

|®(2)] < e"rRele=e) 2 — g 4iy=re? e Py, (5.3.20)
®(2)| xr~Rea e P, (5.3.21)
|B(2)| <r Ra  2e P r=r, 1 +oo. (5.3.22)

Step 2. The definition of the set P4 implies that on its boundary
x=<Inr for Re(2a—c)#0
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and
x=0(1) for Re(2a—¢c)=0
(both relations for 7 > 7). Therefore, denoting by rexp(if°) the intersection point of the boundary

of the set Py with the circle |z| = 7 > rg, 6% = 0, we have the relations

1
coseﬁt:x20<m>, T — 00.
r r
Applying the formulas cos 6 = sin(7w/2 F 0), we obtain that
1
=25 +0(20), ro. (5.3.23)
T
Step 3. The final step of the proof is based on the Jensen formula

(o) 1 [ i0
/ " dt = 5 /ln@(re )|dé, (5.3.24)
0 -7

where n(t) is the number of zeros of the function ®(z) = ®(a, ¢; z) in the disk |z| < t. We write

m or w6
/1n|<1>(rei9)\d0: /+/+/ = Jy +Jo + J3. (5.3.25)
o O o T

Using estimate (5.3.20) and relations (5.3.23) we have the relations
o
Ji = / (7’ cosf + Re(a — ¢) lnr)dH +0(1)
0
= r(sin&f — sin9;> + (Hff - 9;) Re(a —¢)Inr + O(1)
=2r+mRe(a —c)lnr+ O(1), r— oc.
To estimate Jy and J3, we apply relations (5.3.21) and (5.3.22) and formulas (5.3.23). We obtain

T 0,
Jo+ J3 = /+/ (—Realnr+0O(1))do
+ -7

_ <7T+0 <h‘7f“>> (—Realnr + O(1)) = -7 Realnr + O(1),

where r = ry, is a sequence from estimate (5.3.22). Substituting the estimate for Ji in formula (5.3.25)
and then the obtained result in (5.3.24), we arrive at the following asymptotics:

[ n(t R
/n()dt—r—eclnr—l—O(l), r=TrL — 00. (5.3.26)
t m 2
0

On the other hand, we estimate the left-hand side in (5.3.26) by using formula (5.3.2).
By (5.3.2), there exists an integer m such that if Z is a sequence of all zeros of the function ®(z),
then
Z=ZyUZ_, Zy=OI2, Z_=(2,).2, ZinZ_=1, (5.3.27)
and relation (5.3.2) is valid for z as n — 4oo. Thus, the numeration of (5.3.27) is matched with
asymptotics (5.3.2), and it remains to prove that m = 1.
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From (5.3.2) it follows that

2
2] = ((Im 20)2 + (Re 2,)2) /% = | Tm 2, <1+o ((i‘izn) )) = |Tm 2| + 0(1), n — ~oo.

n

Taking this into account and using formula (5.3.2), we obtain the relation

|zE| = 27|n| & Im(c — 2a) In |n| + 7 (RSC - 1>

+ (Im(c — 2a) In27 + argy) + o(1), n — +oo. (5.3.28)
We use Lemma 2.2.2. If a positive sequence A = (\,;,);72%, has the form
A =ain+aglnn+az+o(l), n— +oo, a3 >0, aga3€R,

and A(t) is the number of points A, in the interval (0,¢), then

A(t) 1
/ i L_;jl ln2r+<2—m—2i’+allna1> Inr+o(lnr), r— oo. (5.3.29)
0
Let us apply this lemma to the sequences |Z4| = (|2 )1> and |Z_| = (|2Z,,|)%2, with the parameters
R
ap =2m, az==+Im(c—2a), az=m <§C — 1> + (Im(c — 2a) In 27 + arg ) (5.3.30)

contained in (5.3.28).

We write relation (5.3.29) first for A = |Z4| and then for A = |Z_|, and in the latter case, we
must set m = 1 in relation with numeration (5.3.27). After this, we add the obtained relations. On
the right-hand side, the terms corresponding to terms in (5.3.30) with opposite signs vanish, and we

obtain
t R
/ni)dt _r + (1 —m — ;:c) Inr +o(lnr), r— oco.
0

s

Comparing this with formula (5.3.26), we see that m = 1. The theorem is proved. O

In connection with formula (5.3.2), we note that the choice of the value of In(I'(a)/I'(c — a)) is not
important. Indeed, replacement of one value by another leads to the renumbering of the sequence of
zeros by the same index set, after which asymptotics (5.3.2) does not change.

5.3.2. Sine-type functions and their generalizations. Denote by S,, a € R, the class of entire
function of exponential type satisfying the estimate

|F(2)| = |z|7%™™2 when |Imz| > h = h(F) > 0. (5.3.31)

The Sy consists of so-called sine-type functions introduced by Levin (see [11]). The classes S, and, in
particular, the class Sy play an important role in nonharmonic analysis (see [34]).
The Fourier—Stieltjes transform of a finite measure concentrated on the segment [—m, 7], i.e., the

function
™

F(z)= /emda(t), varo(t) < +oo, (5.3.32)
is a sine-type function if and only if o(¢) has jumps at both points +7; in this case, zeros z, of the
function F'(z) satisfy the condition

zn =n+0(1), n— £oo. (5.3.33)
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In a number of works, sine-type functions that are not Fourier—Stieltjes transforms, i.e., that cannot
be represented in the form (5.3.32), were constructed; in all cases, zeros of the functions constructed
also satisfy condition (5.3.33). All mentioned results can be found in [34].

It is known (see [34]) that an entire function of the form

T kbt
Flz) = /elzt(ﬂz)_(zg)l_ﬁ, 0<Ref <1, vark(t)<-4oo, k(+mF0)#0, (5.3.34)

™

belongs to the class Sge g, and its zeros also have the form (5.3.33).
It turns out that under certain conditions on a and ¢, the function

F(z) = e ™ ®(a, c; 2miz) (5.3.35)
belongs to the class Sreq and possesses some additional properties. The following theorem holds.
Theorem 5.3.2. Leta,c € C, a,c,c—a ¢ =7, and

Rec=2Rea. (5.3.36)

Then the following assertions hold:

(1) function (5.3.35) belongs to the class Sgeq;
(2) zeros of function (5.3.35) have the asymptotics

I -2 ) T -2 I -2
zn:H(fn(C@)mZﬂm_;rm (a) ¢ )(HHM)

27 I'(c—a) 4 2mn
2a(c—a) —c In |n|

(3) the numeration of all zeros of function (5.3.35) is matched with asymptotics (5.3.37) by the
index set T' =7\ {0};
(4) if, moreover,
¢ # 2a, (5.3.38)
then function (5.3.35) for Rea = 0 is not a Fourier—Stieltjes transform, and for 0 < Rea < 1
it cannot be represented in the form (5.3.34).

Proof. First, formula (5.3.5) implies that the entire function (5.3.35) is of exponential type. Second,
this formula together with condition (5.3.36) shows that if positive h is sufficiently large, then the
following estimates hold:

|B(2)] < |2|~ Rea when Rez < —h,
|B(2)] = | 2|~ Reaele= when Rez > h > 0.

Therefore, function (5.3.35) satisfies the estimate (5.3.31) with a = Rea, i.e., function (5.3.35) belongs
to the class Sgeq, and assertion (1) is proved.

Assertions (2) and (3) immediately follow from Theorem 5.3.1 if we replace z, by 2miz, on the
left-hand side of formula (5.3.2).

Finally, if condition (5.3.38) holds, then formula (5.3.37), by which

zn —n~Clnln|, n— too, C#0,

is incompatible with the necessary condition (5.3.33) of the representability of the function F(z) in
the form (5.3.32) for Rea = 0 and in the form (5.3.34) for 0 < Rea < 1. Assertion (4) is also valid.
The theorem is proved. O
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Thus, Theorem 5.3.2 gives a whole class of sine-type functions whose asymptotics of zeros cannot
be represented by formula (5.3.33). Further studies of these functions have been carried out in [47].

5.3.3. Nonasymptotic properties of zeros of the confluent hypergeometric function.

Theorem 5.3.3. The following assertions hold.

(1) Let 1 <a <c<a+1 and, moreover, c # 2 if a = 1. Then all zeros of the function ®(a,c;z)
lie in the half-plane

Rez < —(Va—1+ 1—(c—a))2. (5.3.39)
(2) Let 0 < a <1 and ¢ > 1+ a and, moreover, ¢ # 2 if a = 1. Then all zeros of the function
®(a,c; z) lie in the half-plane
Rez > (\/c—a—1+\/1—a)2.
(3) Let 0 < a <1 anda < c <1+ a and, moreover, c # 2 if a = 1. Then all zeros of the function

®(a,c; z) lie in the horizontal strips

(2n—1)m < |Imz| <27mn, neN. (5.3.40)

Proof. We have the formula
1

/@”ﬂ%l—wcalﬁ, Rea, Re(c —a) >0 (5.3.41)
0

I'(c)

d(a,cz) = m

(see [10, 18, 40]), which allows one to apply the Pélya theorem [20] (below we recall its statement)
and results of the first part of this chapter on zeros of the Laplace transform
1

F:) = [t feL'0.1) (5.3.42)
0
Theorem A (see [20, 34]). Let a function f(t) be positive, differentiable, nonconstant in the interval

(0,1), and, moreover,
/
t
F(t) >—h, 0O0<t<l,

ft) —
for some h € R. Then all zeros of function (5.3.42) lie in the half-plane Rez < h.

Thus, having in mind formula (5.3.41), we must find the minimum of the function f’(t)/f(t) on (0, 1),
where
fO)=t*1 -1, a=a—-1>-1, B=c—a—1>—1; (5.3.43)
the case @ = 8 = 0 is excluded by the condition of the theorem (¢ # 2 if a = 1). In this case, all zeros
of the function ®(a,c; z) lie on the boundary of the half-plane (5.3.39).
We have the formula
f't) _a—(a+pB)t

ORI
For the boundedness from below of function (5.3.44) on the interval (0, 1), the nonnegativeness of the
numerator for ¢ = 0,1 is necessary; this requirement implies the condition § < 0 < «a. Thus (see
(5.3.43)), we consider values

(5.3.44)

—1<f<0<a (5.3.45)

If a+p =0 (ie, ¢ = 2), then a > 0, and the minimum of function (5.3.44) on (0, 1) is equal to
4o = 4(a — 1). By Theorem A, all zeros of the function ®(a, ¢; z) lie in the half-plane Re z < 4(1 — a),
which coincides with (5.3.39) for ¢ = 2.
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If « =0 (ie., a = 1), then 8 < 0, and the minimum of function (5.3.44) on [0,1) is equal to —f.
By Theorem A, all zeros of the function ®(a,c; z) lie in the half-plane Rez < f, which coincides
with (5.3.39) for a = 1.

Let a+ 8 # 0 and a > 0. Then

’ / (o 2 ot — « «
<J;((tt))> _ (et +2t-—a o B (5.3.46)

t2(1 —t)2 2 (1—1t)2
The middle part of this formula vanishes at the points

va ; Vo
= 5 2 = .
va+ V-8 va—v-p
Clearly, t; € (0,1], t2 > 1, and the minimum of function (5.3.44) on (0, 1] is attained at the point ¢;.
Substituting this value on the right-hand side of (5.3.44), we obtain the inequality

/
J;c((f)) > (Va++v/=B)?2, 0<t<l1.
This and Theorem A imply assertion (1). It should be taken into account that condition (5.3.45) turns
into the condition 1 <a<c<a-+1.

Assertion (2) follows from assertion (1) and formula (5.3.1).

To prove assertion (3), we use Theorem 5.2.3, which asserts that if a function f(t) # C is positive
and logarithmically convex in (0,1), then all zeros of function (5.3.42) lie in strips (5.3.40). For
this, we must find the set of the parameters «, § > —1 for which function (5.3.43) is logarithmically
convex in (0, 1), i.e., the function In f(¢) is convex in (0,1). Since (In f(¢))” is the right-hand side of
formula (5.3.46), the function In f(¢) is convex only for values «, § > —1 satisfying the condition

3]

a(l—t)>+5t2<0 (5.3.47)

for t € (0,1), and, by the continuity, also for ¢ € [0, 1]. Substituting here the values ¢t = 0, 1, we obtain
a necessary condition «, 8 < 0. Clearly, it is also sufficient for the validity of the condition (5.3.47).
Recalling the relation (5.3.43) between the pairs of parameters «, 5 and a, b, we complete the proof of
assertion (3). Theorem 5.3.3 is proved.

In connection with Theorem 5.3.3, we draw the attention of the reader to papers [42, 43| of Tsvetkov
on zeros of the Whittaker function My, ,,(2). This function is related with the Kummer function by
the formula

1
M m(2) = e 2212 <2 +m—k,1+4+2m,; z> )

This allows one to reformulate results of [42, 43] for the function ®(a, c; z) as follows.

If 0 < ¢ < 2a (respectively, ¢ > max(0,2a)), then the function ®(a,c; z) has no complex roots in
the half-plane Rez > ¢ — 2a (respectively, Re z < ¢ — 2a; see [42]).

If 1 < ¢ < 2a (respectively ¢ > max(1,2a)), then the function ®(a,c;z) has complex roots only in
the half-plane Re z < ¢ — 2a (respectively, Rez > ¢ — 2a; see [43]).

We see that the result of [42] covers a wider set of the parameters a and ¢ compared with Theo-
rem 5.3.3. On the other hand, Theorem 5.3.3 indicates the half-plane of roots more exactly. Indeed,
ifl<a<c<a+1, then

_(\/a_1+\/1—(c—a))2<c—2a.

Therefore, the half-plane (5.3.39) from Theorem 5.3.3 is a proper subset of the half-plane Re z < ¢—2a
appearing in [42, 43]. O
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Presentation of the material of this section follows [35].

CHAPTER 6

REAL ROOTS OF THE MITTAG-LEFFLER FUNCTION
OF ORDER p € (1/2,1)

6.1. Statement of the Problem and the Main Results

Theorem 2.1.1 implies that for any p > 1/2 and p € C, the set of real roots of the Mittag-Leffler
function is either empty or finite. In tis connection, we state the following problem.

Problem. For any p € (1/2,1) and p € R, find or estimate, as exactly as possible, the number
N(p, ), of real roots of the function E,(z; ).

For p > 1, this problem was almost completely solved in Chap. 4. For y = 2, the problem was stated
by Nakhushev [17] in 1977, but a solution (not complete) was obtained only in 2006 by Popov [24].
The first publication known to the authors containing results on this problem appeared in 2005.

Theorem 6.1.1 (see [26]). The following assertions hold.

(1) There exists a function f decreasing on the segment [1/2,1] and such that for any p € [1/2,1]
and p > f(p), the function E,(z; p) has no real roots. On the other hand, for any € (0, f(p)),
the function E,(z;p) attains negative values on some interval of the real axis and, therefore,
has at least one real root. For any p € [1/2,1), the function E,(z; f(p)) is nonnegative on R,
but has at least one real root of even multiplicity.

(2) The following double inequality holds:

1 3 1
- —, = 1. 6.1.1
p<ﬂ@<2ﬁ 5 <P < (6.1.1)
The author of [26] did not consider values p < 0. However, for
°° 1
JIxS <—2n -3+ -, —2n|, (6.1.2)
Y p

the existence of a root of E,(z; 1) on R is obvious: for such p, either

= = E,(0;u) <0,
(1) o011
or .
T 1y o, (- eBpl@im) <0
and since

lim E,(x;p) =400

T—r+00
for any p € R, we obtain the existence of a real root of the Mittag-Leffler function; here we have used
the identity

1
— ) =(-1)", - 1— .
sgn(r(t)> (=)™, n<t< n, neN

It is much more difficult to prove the existence of a real root E,(z;p) for negative p that does not
belong to the set (6.1.2), i.e., for

1
pe | (—Qm, —2m—14—|. (6.1.3)
meN P
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We have reason to believe that E,(z; 1) has at least one root on R for any pair (p, ) € (1/2,1) x
(—00, 0], but we have not been able to prove this assertion completely.

Theorem 6.1.2. If p € (1/2,3/4], then E,(z;u) has at least one real oot for any p < 0, and if
p € (3/4,1], then the existence of a real root is guaranteed for any u < —(1 — p)~=2.

Further results are related to the decreasing of the gap in the two-sided estimate (6.1.1). Following
Nakhushev, we introduce the parameter « = 2 — 1/p. Then inequality (6.1.1) takes the form

2—a< f(p)<3—-15a, 0<a<l.
We strengthen this result.

Theorem 6.1.3. The following double inequalities hold:

1 1 2

3-3a+0.70° < f(p) <3 - 2a, 0<a<s <« S<p<s, (6.1.4)
1+h()<f()<4 2< <1 (6.1.5)
, il Pl<3 3<r<tb 1.

where
h(p) = exp {— ot (m(1 — p))}

From (6.1.4) we immediately obtain that

f(p)=3+0(p—;>, p—>%+,

which implies the continuity of the function f at the point 1/2 (the results of Chap. 5 imply the
equality f(1/2) = 3). However, the continuity of f at the point 1 has not yet been proved (below at
the end of Sec. 6.5 we prove that f(1) =1).

We first observe the following phenomenon. For any p < 3, the value N(p, p) tends to +o0o0 as p —
1/2+. If o > 3, then, owing to (6.1.1), we have the equality N(p, ) = 0 for any p > 1/2.

Theorem 6.1.4. For any < 3 and p — 1/24 (then ¢ = p —1/2 — 04), the following asymptotics

holds:
N(p,pu) = 37:2: <1n (i) +0 (ln In <i>)> , Wé¢Z,
N(p,u) = 47;25” <ln (i) +0 <ln In <i>>) , MELZ.

In connection with [17], the case p = 2 is studied in more detail. Since the number A € C is an
eigenvalue of the boundary-value problem!®

y'(@)+ M @) =0, 0<z<1, y0)=y1)=0 yeC[0,1]nC?0,1), (6.1.6)

if and only if E,(—\,2) = 0, we consider roots of the function E,(—z,2) and arrange them in the
sequence {\,}neny = {Mn(@)}nen, which is nondescending by moduli. Each element of this sequence
is found in it as many times as its multiplicity. In what follows, “eigenvalue” means an eigenvalue of
problem (6.1.6).

Theorem 6.1.5. The following assertions hold.
(1) For 0.45 < a < 1, there is no real eigenvalues.

x

YVHere y(@(z) = F(ll j di (f (x—t)~“ y(t)dt>, 0 < a < 1, is the Riemann-Liouville derivative of a function y(z)
—a)dx \j

of order a.
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(2) For 0 < a <0.364, there are at least two real eigenvalues.
(3) If, for o € (0.346,0.45), there are real eigenvalues, then they lie on the interval (—32,—3).
(4) If 0 < a < 1/3, then all real eigenvalues lie on the interval (T'(4 — o), R?~*(v)), where

2 2 1 o
R(a) =2 {ln (a) +Inln (a)] cosec(me), e=p— 5= 1o

(5) Let
1
Ri(a) =2In () cosec(me), xn(a) = 7m(n+ p)sec(me).
«
Then, in the case 0 < a < 1/6, all eigenvalues lying in the disk |z| < R%fo‘(oz) are real, simple,
and satisfy the inequalities
27% (@) < M) < 227%(a). (6.1.7)

(6) As o — 0+ (then p= (2 — )™t — 1/2+), the following asymptotics holds:

N(p,2) = 87 2a"'1n <i) +0 <a_1 Inln (;)) .

(7) If 0 < a < 0.1, then eigenvalues lying in the disk |\ < a~2 satisfy the following estimate, more

ezact than (6.1.7):
<7T(n+5)>2a < Mfa) < <7T(n—|-25)>2a’

cos e cos e

o (6.1.8)
™ \2-o T(n+e)\~“
( ) <nla) < (BEEED)
COS TTE COS TTE
In particular, independently of the parity of n, we have the inequality
(mn)*™% < M) < (mn)% (6.1.9)

We do not give here the proof of Theorem 6.1.5 (it can be found in [24]). We only prove assertion (1)
(in [24], the absence of real eigenvalues for a > 0.5 was proved). Note that assertion (2) immediately
follows from the lower estimate (6.1.4), and assertion (6) is a consequence of Theorem 6.1.4.

For a = 0, problem (6.1.6) is a classical Sturm—Liouville problem and all its eigenvalues are real:

Ap = (7m)2. This fact is confirmed by the identity F/y(—2;2) = s11\1}/5.
z

Thus, for any fixed n,
inequality (6.1.9) implies the limit relation

lim Ay (@) = A (0) = (7n)?.

n—oo

A more careful analysis of the double inequality (6.1.9) yields a stronger assertion. If h(«) is an
arbitrary positive function increasing on the interval 0 < o < 0.1 and such that

ali%l-l- h(Oé) - O’
then
: _ 2 172\ _
Jim. max { [\n(a) = (7n)? | ‘ 1 <0< ha) (@l (1/a) 2} =0, (6.1.10)
Indeed, since for n = O (exp (1/a)) we have the relation n®* — 1 = O(alnn), o — 0+, and
(mn)? — (7n)*~* = (7n)? (1 - (7n)™*) = O (n*aln(n)) = O (an*Inn), (6.1.11)

from (6.1.11) and the condition
n < h(e) (aln(1/a)) "2
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follows the estimate

which proves (6.1.10).

The following question arises: Is a general theorem on the convergence of appropriately numbered
roots of the family of the functions E,(z;u) to roots of the function E,,(z; 1) if the parameter p is
constant and p — pg valid? There exists examples of pairs (pg, 1) for which this assertion is invalid:
uw>3and p— 1/2— or pg =1 and p=1,0,—1,.... However, there is reason to believe that in other
cases this theorem is valid. This question awaits investigation.

In concluding this section, we note an aspect of Nakhushev’s problem that was not reflected in
Theorem 6.1.5. What is the number «g such that for a < ag, there exists a real eigenvalue and for
a > «p, all eigenvalues lie outside R? Such a number exists by the first part of Theorem 6.1.1 owing
to the fact that the function f decreases:

{ 1
ag =sup§2— —
P

f(p) > 2}

and due to inequality (6.1.4), which shows that the set of values p € (1/2,1) such that f(p) > 2 is
nonempty. Theorem 6.1.5 shows that 0.36 < ap < 0.45, but we cannot obtain a more exact estimate
of ap without a computer. Assertion (3) of Theorem 6.1.5 gives an opportunity to find ag using com-
puters. Indeed, to find the first two digits of the decimal representation of the number ag, it suffices to
compute with high accuracy values of the Mittag-Leffler function E,(z;2), p = (2 —a)~!, on the seg-
ment —32 < & < —3 for values of the parameter a € {0.37, 0.38, 0.39, 0.40, 0.41, 0.42, 0.43, 0.44}.
Computer simulations gave the estimate 0.4 < «p < 0.41, which, in our opinion, can be proved
analytically.

6.2. Proof of Theorem 6.1.2

By Theorem 1.1.3 (we set m = 0), the function

Fy(x;p) = x’“lEp( — a;l/p;,u) for % <p<l, u< ;, x>0, (6.2.1)
admits the representation
F,(z; 1) = 2pexp(z cosmp) cos (zsin(mp) — mp(p — 1)) + wpy(w; ), (6.2.2)
where
wp(ws p) = % (Il(x;p, p) sinm <u - ;) + Io(z; p, 1) Sinw>
and
e s—1,—at oo s—1,—at
e = o/ t2/ﬂ+2tt1/Pios (d;/p) +1’ e = 0/ tl/ﬂ+2tcos?7r/;§t+ t=1/p’ (6:23)

s=—p+1+1/p.
First, we consider the case 1/2 < p < 2/3. By Theorem 1.5.3 we have the inequality

|wp(a; )| < 0.4827°T(s). (6.2.4)

By (6.1.3), it suffices to prove the theorem for the values of the parameter y < —3 4 1/p. Then s > 4
and the length of the segment Ay = [s, 3s] is equal to 2s and does not exceed 47/+/3. At one of the
points of an arbitrary semi-interval of length 2 cosec(mp), the function cos(xsinmp — ), v € R, is
equal to —1. Since in the case considered cosec(mp) < 2/4/3, from (6.2.2) and (6.2.4) we conclude that

Jr € Ay : Fy(x; 1) < —2pexp(cosmp) + 0.482°T(s) < 0.5z °T'(s) — e~ .
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Here we have used the inequalities 2p > 1 and —0.5 < cosmp < 0 for 1/2 < p < 2/3. For s > 2, the

inequality
I(s) < 2 (S)
N 2
e

holds!!. Applying it, we can write
dz e Ag: Fy(a;p) <a e ®s® — e 0P — g8 (e_sss — mse—o.m;) .

It is easy to prove that the minimum of the function z°e~%5% on the segment A, is attained at the
point = = s; this means that the expression s%¢=* — 25¢795% is not greater than s%¢=% — s%¢79%% < (.
Thus, the function F,(z;p) at some point z € Ay C (0,+00) is negative. Therefore, the function

E,(z; 1) takes a negative value on (—o0,0). Since

z—I}PmE( ) =+oo VueR,
z€R

this proves that the Mittag-Leffler function has a real root.

Now we consider the case 2/3 < p < 3/4. Since the minima of the denominators of the integrands
in (6.2.3) are equal to sin?(7/p) > 0.5 and 2 + 2cos(7/p) > 2 — /2 respectively and the sum of their
reciprocals does not exceed 3 4 1/v/2, we have

1\1
: <z~ °T 3+ — ) — < 1.186zx°T'(s). 6.2.5
|wp (@3 )| < 27°L(s) < + \@) - x °T(s) ( )
At some point of an arbitrary segment of length 6 cosec(mp), the function cos(zsinmp — ), v € R,

takes a value not greater than cos3 < —0.9899. Since s > 4 and cosec(mp) < v/2, the length of the
segment AL = [s/v/2,2v/2s] is equal to (3/v/2)s and is not less than 6 cosec(mp). Therefore,

Jx € A : Fy(x; p) < 1.186z°T'(s) + (cos 3)2p exp(z cos mp). (6.2.6)
It is easy to verify that the function pexp(xcosmp) decreases with respect to the variable p on the

segment 1/2 < p < 3/4 for any fixed = > 1; therefore,

2pexp(x cosmp) > 1.5exp <—j§) Vo > 1.

This and (6.2.6) imply that
Jz € AL : Fy(x; ) < 1.1862°T'(s) — cos(m — 3)1.5exp <_‘T>
V2
— 2% cos(m — 3) [1.186 sec(m — 3)['(s) — 152" exp ( é)]

< &% cos(m — 3) [1.2F(s) — 1.52% exp (_ﬁﬂ
= 1.52~° cos(m — 3) [o.sr(s) — 2% exp (-)} .

It remains to prove the negativeness of the function

g(s,x) = 0.8T'(s) — z° exp <\%) for zeAl, s>4.

171t is equivalent to
p(s) =InT(s) —slns+s < In2.

Since the function ¢ decreases on (0, +00), ¢’(s) = 1¥(s) —In(s) < 0 for all s > 0, it suffices to prove the inequality only
for s = 2. We have the relation p(2) =2 —In4 < In2.
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The relations

0.8['(s) < 1.1s°¢™° Vs >4, min [g;s exp (_x)} = gS¢~ S <\/§>
FISYANA \/§ e

are proved immediately. They imply the estimate

g(s,x) < 1.1s’e™° —s%e* (?) = s%"° (1.1 — (?) >

4
<s%e” | 11— <\/§> =s% 7 (1.1 — 64e™) < 0.

e

Theorem 6.1.2 for the case 1/2 < p < 3/4 is proved.

In the case 3/4 < p < 1, we estimate the modulus of the function w,(x; 1); more exactly, we use
the presence of the factors sinm(u — 1/p) and sin7p) in the integrals I and I3 in its representation.
We have the inequalities

. 1
B sin [ p— — ) B
T < >‘ sin sT 1
|wp(; )| < NG = P71 | lﬁ <Z (? [sinﬂ (u — >| + |sin7m|] .
™ sin? — 4 cos? — Tsin? — p
P 2p p

It is easy to verify that for u € (—2m, —2m—1+1/p), m € N, both expressions sin 7u and sin w(u—1/p)
are positive and their sum does not exceed 2sin(/3/2), where 8 = 1/p — 1. Therefore,

x*T(s)

wplas )| < .
sin 73 cos 5

In particular, for 3/4 < p < 5/6 we have the estimate

x 5T (s)

; < ——t < 0.627°T(s).
’wp(ma.“)‘ — ’ﬂ'Sin%COS% < z (S)
Since
1
s=1—p+—>|pu/+2
p
and
3 5
>((1-—p)2>16, = <=
ul 2 @ =p)7">16, - <p<y,
we have

Therefore we obtain

Jx € [s?,sﬁ] : COS (:c sinmp — wp(p — 1)) =-1.

377



Therefore,

3
dz € [3\2[, sV3| : Fy(x; 1) < 0.627°T(s) — 2pexp(x cos mp)

< 0.627°I'(s) — 1.5 exp (—x?) =0.60"° <F(s) — 2.52% exp (—x\f)) :
Since

3 3
I'(s)s’e™® for s>8, min {xs exp (—xf) ‘3\2[ <z< 3\@}

3
= 5°(v/3)% exp <—28> > s%e”
we obtain that at some point the function F,(x;u) attains a negative value. This implies (see the
reasoning above) the presence of a real root of the function E,(z; u).
Let e=1—p. For 5/6 < p < 1 (or, equivalently, 0 < ¢ < 1/6 and 0 < 5 < 1/5), by the relations
T T

sin7f3) cos — > sin

2 B+1

(explained below) we have the inequalities

=sinme > 3¢ (6.2.7)

x7*T(s)  a %s%e”*
aplzsi)] < T < T
At the end of this section, we prove the inequality

[(s) <es® %™ Vs> 1.
Since

s> |l > 72,
we obtain the estimate
lwp(a; p)| < 7 1s* (ze) 5. (6.2.8)
We also have

/s > 3 cosecTe.

Therefore,
Jdz € [s — /5,5 + V5] : cos (:1: sinmp — wp(u — 1)) < cos3 < —0.989.

This and (6.2.8) and (6.2.2) imply

Jr € [s— /5,5 + 8] Fy(w;p) < ts®(ve) ™ — 1.97pexp (x cos mp)

5 1.97
< ts*(ze) ™" — 1.97 <6> e =nlg7s <856_8 — <57T C— xse_“”:>

6
< lgTs (s°¢™® —4a®e™™). (6.2.9)
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It is easy to verify that the minimum of the function x*¢~% on the segment [s — /s, s+ /5] is attained
at the point x = s — /s and is equal to

(s — v/5)* exp(—s +/5) = 5% exp [\/5+ $In <1 B \2)]
1 & k2

= s%e ®exp [— —

s, —s—1
5 ? ] > s%e . (6.2.10)
k=3

From (6.2.9) and (6.2.10) we see that on the segment [s — /s, s + /s], there exists a point at which
the function F' attains a negative value. Therefore, the Mittag-Leffler function also attains a negative
value on (—o0,0), which was required. Theorem 6.1.2 is completely proved.

In concluding this section, we prove several inequalities related to the gamma-function, which were
used in the proof of Theorem 6.1.2. By the Stirling formula, as s — 400, we have the inequality

F(s)rv(f)S m = lnF(s):(s—é)lns—s—i—;ln%r—i—o(l). (6.2.11)

e S

We need a nonasymptotic upper estimate of the gamma-function. Asymptotics (6.2.11) yields the
following lower estimate of the I'-function:

s 2 1 1
I'(s) > (Z) g <~ InI(s) > (s - 2> Ins— s+ 5 In27 Vs> 0. (6.2.12)

For completeness, we present the proof of this inequality; the concept of this proof (the decreasing
of the function g(s) =InT'(s) — (s —1/2)Ins —s) will be used below. It is easy to prove that the
decreasing of g(s) together with the limit relation

lim ¢(s) =0.5In27

s——+00

proves the inequality
g(s) >0.5In2r Vs >0,

which is equivalent to (6.2.12). We have the relation

1
'(s) = —1 —.
g5) = wls) ~Tns+ o
To prove the negativeness of ¢’ we note that

lim ¢'(s) = lim (¢(s) —Ins)=0

s—+400 s—+400

(see Lemma 3.4.1). Therefore, the increasing of ¢'(s) (in particular, the positiveness of ¢”(s)) implies
the required assertion. We have the relation

7 / 1 1 1 1 1
g (3)=¢(3)—*—7:Zm—§—@-

Clearly, the positiveness of g¢”(s) follows from the following lemma applied to the function
ps(t) = (s +1t)7%
Lemma 6.2.1. Let ¢ € C1[0,+00) be a positive, decreasing, and convex function,

“+o00

I= / (t)dt < +o0.
0
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Then
o
0
S () > 1+ 20
2
k=0
This lemma follows from the integral representation of the series

—+00

S o) =1+ 0+ [ o) @), where o) =
k=0 0

o} — {2
2

Now we obtain an upper estimate of I'(s). By the decreasing of g(s), we have the inequality
9(s) < g(y), 0 <y < s. Exponentiating this inequality, we have

T(v)e?
I'(s) < (y)le V275 0<y<s. (6.2.13)
yy_ /2

Setting in (6.2.13) y = 1, y = 2, y = 4, and y = 8, we obtain all upper estimates of I'(s) used in the
proof of Theorem 6.1.2. The greater y, the “closer” estimate (6.2.13) asymptotics (6.2.11), since

lim T(y)eYy'/?Y = 2r.

Yy—+00
Finally, we prove relations (6.2.7). The inequality

. sinme 3 1
sinme > 3¢ <— >—, O<e< -,
TE T 6

follows from the decreasing on (0,7) of the function ¢~!sint, which is equal to 3/7 at the point
t = 7/6. The inequality

T

< sinwf cos o> <= sin7f (l — cos Wf) < sinwf — sin

w3
p+1

2 T p
< sinnfsin? 4<51n< <B5+1>>cos(

1
can be strengthened if we replace sin? % by a larger value 7232/16 and cos <72T (6 + L ) by a

™
p+1

2ol
N
=
+

=
+|=

N————

N—

smaller value 1/2. Thus, it remains to prove that

2 2
5? sinmf < 1 sin (ﬂﬁ—i—l)
We strengthen this inequality replacing Sinﬁiﬁ2 by a smaller value ﬂ We obtain the
2(8+1) 2(8+1)
inequality
5 . 3 ) 6
§s1n7r,3<m = (ﬁ+1)81n7rﬂ<5.

The last inequality for 0 < 8 < 1/5 is obvious.

6.3. Auxiliary Inequalities

In this section, we prove several inequalities needed in the sequel. The first lemma is the most
cumbersome.
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Lemma 6.3.1. Introduce the notation

v(a) =2a —0.70%, e(a) =

4— 20’
Then the function

g(a) =v(a)In2r +InT'(1 — v(a)) + In(1 4 2¢(a)) — 27 sin e ()
is positive on the semi-interval 0 < o < 1/2.
For simplicity, we used a computer to prove the following four numerical inequalities:
9(0.3) > 0.075, ¢(0.35) > 0.075, ¢(0.4) > 0.13, ¢(0.45) > 0.13. (6.3.1)

Of course, (6.3.1) can be proved without a computer by using the Taylor expansions for the sine and
the logarithm and the relation
oo
InT'(1—2)=~vz+
k=2

((s)=>_n"*
n=1

and v is the Euler constant. Formula (6.3.2) follows from the relations

(1) = ()" ml(m+ 1), meN, Y(1) =y

C(:)z’f, 2| < 1, (6.3.2)

where

(see [25, p. 775]).
Proof of Lemma 6.3.1. We have the equality

2

d(a) = v’(a)(ln 2 — (1 — U(Oé))) +¢'(a) <1—|—2€(0¢)

— 272 cos 7T€(Oé)>

=(2- 1.4a)<1n 2 — (1 — v(a))) + % (1 - %)_2 <1+215(oz) — 72 cos 71'6(&)) . (6.3.3)

We outline our plan. From (6.3.1) we see (values of the function are estimated on a net with step
0.05) that to prove the positiveness of g(«) on the semi-interval 0.4 < a < 0.5, it suffices to verify the
inequality

d(a) > —26, 0.4<a<0.5, (6.3.4)
and the positiveness of the function g on the interval 0.3 < o < 0.4 follows from the inequality
d(a)>—-15 03<a<04. (6.3.5)

Further, we show that the polynomial
g1(a) = 0.359 — 3.42a + 3.990

is a minorant of ¢’(«) on the interval 0 < o < 0.3. Since ¢g(0) = 0, we have the relation

«

g(a) > /gl(t)dt = 0.395a — 1.71a® + 1.330¢° = 0.1aP(a),
0
where

P(a) =3.95 - 17.1a + 13.30%.

It is easy to verify that the polynomial P decreases on the segment 0 < o < 0.3 and hence on the
interval 0 < a < 0.3 it exceeds its value 0.17 at the point 0.3. This concludes the proof of the
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positiveness of the function g. Thus, it remains to verify inequalities (6.3.4), (6.3.5), and ¢'(a) > g1(«),
0<a<0.3.
Inequality (6.3.4), due to (6.3.3), can be rewritten in the form

<7r2 cosme(a) — 1+215—:(a)) (1 - %) -~ <524 (4—-2.8a) [ln 2 — (1 — v(a))}. (6.3.6)

It is easy to prove that the function 72 cos e — (1 + 2¢)~! decreases on the segment 1/46 < ¢ < 1/2
and the function —t(1 — v(«)) increases on the interval 0 < a < 1/2. Since £(0.4) = 1/8, we can
substitute on the left-hand side of (6.3.6) the number 1/8 instead of e(«) and on the right-hand side
(1 —v(0.4)) = 1(0.312) and obtain a stronger but simpler inequality than (6.3.6)

2 608 T — —_ (1 . 9)_2 < 5.2+ (4 —280)(In2r — 1(0.312)) (6.3.7)
T 3 195 5 . . T . , 3.
which will be proved for 0/4 < a < 0.5. The following numerical estimates hold:

72 < 9.87, cosg <093, In2r>1.8378, —1(0.312) > —(1/3) > 3.

By the identity
1
¢(Z)+;:¢(Z+1)7 ZGC\{07_17_27"'}>

and the negativeness of the function ¢ on the semi-interval (0, 1.46], we have the relations
1 1
—(t) = E—@ZJ(IH—l) > n 0<t<0.46.

Using these estimates, we simplify and strengthen (6.3.7):

—2
8.4 (1 - %) <52+48(4—28a) <= 13.44a+84 (1 - %) <244, 04<a<05.

Since the left-hand side of the last inequality is an increasing function, it is less that its value at the
point a = 0.5, and this value is less than 22. Thus, inequality (6.3.4) is proved.
Inequality (6.3.5) is proved similarly. Rewrite it in the equivalent form:

1 -2
(772 cos me(a) — 1—|—25(a)> (1 - %) <3+ (4- 2.8a)<ln2ﬂ' —¢(1- v(a))).
As above, using the monotonicity of the corresponding functions and the relations
3 3
£(03) = =, 6053—1 <0962, v(0.3) =0.537, —(0.463) > 2,
we strengthen and simultaneously simplify this inequality:

a\ 1 a1
8.65 (1 - 5) <34383(4—28a) <= 10.724a + 8.65 (1 - 5) <1832, 03 <a<0.4

The left-hand side of the last inequality is an increasing function of the variable a, which is less than 18
at the point o = 0.4. Inequality (6.3.5) is proved.
We obtain a lower estimate for ¢'(«), 0 < a < 0.3. By (6.3.2) we have the relation

o0
(=) =7+ S+ Dk, o] < 1.
k=1
From this and the inequalities

2
N> 05772, C(2) = % > 1.644, (¢(3)>12, ((s)>1Vs>1,

v(a) = a2+ 0.7a) > 1.79a for 0 < o < 0.3,
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we obtain the lower estimate

o0
In2r — (1 - v(e)) > 2415 + 1.644 - 1.79a + 1.2- 1.79%0% + Y "(1.79a)". (6.3.8)
k=3
Since
t2 4
]_ _ R
cost < 2+24, vVt > 0,

we have the estimate

1 ¢ 1 972
t<1—1¢ <1-#(=—-—"—"—) <1-0.496¢
cost= < +24> <2 24-342>

for 0 <t < me(0.3) = 3m/34.
Therefore, taking into account the inequality € > «/4, we have the estimate

2
—7? cosme(a) > m*(— 1+ 0.4967%* () > —7% + 0.496774% > —7% 4+ 3a?.

This implies

% <H21€(a) — 7% cos m(a))

l\DM—l

1
1— — 1
< 72 + 302 +1+25(a) >

1 9 9 32«
=5 (1-7*+307 = J) > —4435+ - - .
From (6.3.3), (6.3.8), and (6.3.9) we deduce the lower estimate for the derivative

(6.3.9)

o
d(a) > (2 - 1.4a) [2.415 +2.942a + 3.8440% + Z(l.?g)ka’f]
k=3

4435 (1—%>_2+ (3‘2)‘2— Z‘) (1— %)_2.

29— 1lda>2—14-03=158, (1—7) il{:Jrl
k=0

Since

we have

oo
¢ (a) > 0.395 — 3.381a + 1.58 (2.942a + 3.8440° + 2(1.79)%/“)
k=3

o0 o0
—4.435 (a +0.750 + ) (k+ 1)2%’“) — 0250+ 1.250° + Y (11k —12)27* 1o, (6.3.10)
k=3 k=3

Since the sequence ap = 1.58 - 1.79% increases and b, = 4.435(k + 1)27% decreases for k > 1, the
coefficients of the expansion of the right-hand side of (6.3.10) in powers of « are positive starting from
the second. Therefore, rejecting all powers of « starting from the third, we obtain the lower estimate

g'(a) > 0.395 4 ( —3.381 4 1.58 - 2.942 — 4.435 — 0.25)ax
+ (1.58 - 3.844 — 4.435 - 0.75 + 1.25) 0 > 0.395 — 3.42cx + 3.990%,

which was required. The lemma is completely proved. O
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Lemma 6.3.2. Let
h(p) = exp [ — mcot (1 — p)].
The following inequalities hold:

1
h _
(p) < i

1

3 1 2
— =< 1, 2.042h -—-1, = 1. 6.3.11
23a 4_P< 9 (p)<p ) 3<p< ( )

2 3
z S h
3<P<y hl)<

Proof. The formula for h(p) shows that this function decreases. Therefore,

2 s s 1 2 3
h(p) < h <3> = exp (—7TCOt §) = exp <—\/§> < 6 3 <p< T
<

1
h(3> = exp <—7rcot£> =e "< —, §<p< 1.

4 4~

To prove the last inequality of the lemma we set t = 1—p and apply the estimate 1/p = (1—t)~ > 1+¢.
It remains to verify that

1
2exp(—7r7rt)<t == 2<texp(7rcot7rt), 0<t<§.

Since the function ¢(t) = texp(w cot 7t) decreases on the interval 0 < t < 1, for 0 < ¢t < 1/3 we have

the relations
1 1 ™
t - == — 2.042

which was required. The lemma is completely proved. O

Lemma 6.3.3. For any « € (0,1/2], the inequality

F(l o Oé) < e1.1504
holds. If 0 < aw < 1/4, then

I(1—a)< e’
Proof. Consider the function

ve(la) =Inl'(1 — @) — ca,
where c is a constant. Since
pe(a) =9 (1-a) >0,

the maximum of this function on any segment C [0,1) is attained at one of endpoints of this segment.

Since
1 1
0.9 <4> <0, 115 <2> <0, ¢(0)=0,

the function g 9(«) is negative on the semi-interval 0 < o < 1/4 and the function ¢; 15(«) is negative
on the semi-interval 0 < o < 1/2. This implies the assertion of the lemma. O

Lemma 6.3.4. Ifp € [1/2,1], un <0, then
Ey(wip) >0 Vo> (1-p)

Proof. First, let —1 < p1 < 0. Since p < 1, all terms of the Maclaurin series of E,(x; 1), except for the
constant term, are positive. Therefore, for z > 1 we have the estimate

, 1 z 1 L 1 1L _1+w
BB > 0 DG 170 2 TG0 T TGt 1) = T T TG ) Tee

The inequality
1 1

Tt 1/p) = T+ 1)
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can be proved as follows. We set y+1=tand h =1/p—1. Then t € (0,1) and h € [0, 1]. We must

prove that
1 1

T ST+ h)

If t+h € (1,2), then
1 1
—>1, —<1
I(t+ h) Tt
If t + h < 1, then the required inequality follows from the fact that the function 1/T'(¢) increases on
the segment 0 < ¢ < 1.

Now let 4 < —1. Denote by N the minimal natural number such that pu + N/p > 0. Then all
N

terms of the Maclaurin series of the function E,, starting from x77 are positive and hence
. ' I'(p+ N/p)
the following estimate holds:
N N+1 N-1 k

. v - B o o T]
Ep(x;p) > F(H+%) +r<u+Np“) ,;) ‘F(“H ‘

RS b

By the identity

we have the inequality
1 I'(1-s)

()] =

Therefore, having introduced the notation

By(x) = 2*T (1 - <u+ i)) ,

xN l’N+1

N
+ — — max Byg(z). (6.3.12)

F(;ur%) F(#+%> T 0<k<N-1

we find

Ey(x;p) >

We prove that the sequence
By(z) = exp (gow(k:))

n(t) = tlng +InT <1 - (,H ;)) _
Fult) =tnz— 1 (1 - <u+;>> |

Since the function v increases and the estimate 1(¢) < In(¢) holds, we obtain the inequality

lw <1 - <,u—|—t>> < 1@Z}(l —p) < 1hrl(l—,u) <2In(l —p) <lnz.
p p p p

Thus, ¢/,(t) > 0 and the fact that By(x) increases is proved. By the choice of N, we have the relation

increases, where

We have the formula

1
—2<——<up+ <0,
p

which implies

Bp(z) < 2N7IT (1 - <u + Np_1>> <22V (6.3.13)
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From (6.3.12) and (6.3.13) we deduce the estimate

v N+ 2NNt
Ey(x;p) > + -
F(/L—FE) F(u—i——N“) m
p p
. — N N
Since p + <0,wehave uy+ — <2. f 1 <pu+ — <2, then ——— > 1 and
p p Mp+ X
N
2NN -1 2(2 — p)zN 1 4-2
E,(w;p) > 2V — T SN 22w =z <1 — M) : (6.3.14)
i T T
We have the relation
r>(1—p)? = 2>2—-4dp+2u’>4—4u>4—2u
(recall that u < —1). Therefore,
4—2
<o
T
and the positiveness of E,(z; p) is proved. If
N
0<pu+—<1,
p
then N+1 N+1
TR R vz >,
’ o+ 232)
and we again obtain (6.3.14). The lemma is proved. O

6.4. Existence of Real Roots of the Mittag-Leffler Function
for Particular Values of the Parameter ;> 1/p

In this section, we consider the following dependence of the parameter p on the order p of the
Mittag-Leffler function (as in Sec. 6.1, « =2 —1/p):

, 1 2
3-30&4‘0.70&, §<p§§,
-+ h(p), 3<P< 1, where h(p) = exp (—mcot (1l — p)).
p

We prove that the function E,(z; u(p)) attains a negative value at some point on (—o0,0). Since
E,(2;0) =1/I'(p) > 0 for > 0 and, by the asymptotics
—1 1 1 1
EP(Z7M)NM7 ZGR, zZ — —0Q, 10>1/27 :u¢{p7p_1ap_2a"'}a
the function E,(z; u(p)) attains positive values for all sufficiently large (in modulus) negative z, we
conclude that E,(z; p(p)) has no less than two real roots. Note that in the case 1/2 < p < 2/3 (or,
equivalently, 0 < a < 1/2), from (6.4.1) follows the relation

1
w(p) — e 1 —2a +0.7a> (6.4.2)

(this immediately implies that u(p) > 1/p).
We also obtain a boundary for possible real roots of the function E,(z; ) when p is greater than p(p).
It would be interesting to prove the following assertion (which seems quite plausible). If the set
of real roots of the function E,(z;p) is nonempty for some values of the parameters p € [2/3,1) and
i > 1/p, then the number of these roots, with account of their multiplicities, is exactly two. If the
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parameter p “is close” to 1/2, then, as Theorem 6.1.4 shows, this assertion, in general, is invalid: the

number of real roots of E,(z; u) may be sufficiently large.

Assertion 6.4.1. We set
zp =7(1+ p(u(p) — 1)) cosec(mp).
Then for any p € (1/2,1), the following inequality holds:
Ep(—)/%u(p)) <0 <= Fy(xpu(p)) <0.
Proof. 1t is easy to verify that
cos (zsin(mp) —mp(p—1)) = -1 for z=m(1+ p(u— 1)) cosec(mp).
Therefore, by Theorem 1.1.3, we have the formula

xﬁ(p)—l—l/p

Folwpinlp)) = =2pexplepcosmp) + oy

(6.4.3)

- % [Il sin <7r <u(,0) - Z)) + Ipsin <7r <u(p) - ;))] , (6.4.4)

where I and s are positive functions of the variable x and the parameters p and pu.

First, we consider the case 1/2 < p <2/3. We express u(p) —1/p — 1 (see (6.4.2)) and u(p) —2/p

through the parameter a:

1 2
plp) = = —1==20+070% pp) - = =-1-a+07a%
p p
Substituting these expressions in (6.4.4) and denoting v(a) by 2a — 0.7a2, we obtain
G Lisinm (o — 0.702) + Iy sin (rov(a))
Fy (23 1(p)) = —2pexp(z, cosmp) + (1 p_ v(a)) T .

Since 0 < @ — 0.7a2 < 1/2 and 0 < v(a) < 1 for 0 < a < 0.5, we have
sinm (o — 0.7%) >0, sinmv(a) >0 for 0<a<0.5,

and we arrive at the following upper estimate:

Fy(zp; 1(p)) < —2pexp(z,cosmp) +
Thus, it remains to prove the inequality

x;v(a)

m < (1 + 2¢) exp ( -, Sil’l7T€)

< 0<v(a)lnz,+InT'(1—wv(a)) +1In(1+2¢) —z,sin(re), 0<a<1/2

(here e = p —1/2).
Obviously, z, > m. We show that x, < 27. Since, owing to (6.4.2),

1 200 — 0.70
plp) —1=-—-vla) = plup)-1)=1-pv(e)=1- ———
P 2 -«
we have
2a — 0.70? 0.3a
—rl2- =" —r(2—a—
T, =T ( 5 > cosec(mp) = < a— 5= a) sec(me)

(6.4.5)

=7 (2 —a—0.6ear) sec(me) < w (2 — ) sec(me).
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Thus, it remains to prove that
2 —a<2cos(me) <= 4sin’*(1e/2) < .

Since

€= <

«
4 — 2« 3

Y

N

for O<a<

we have 5
1 1
2 < 7r9a < —90a2 < 0.504—90 < a,

. o TE
4 sin? > < e

which was required.
Further, we note that if on the right-hand side of (6.4.5) we replace x, by x, we obtain a function
that decreases on the ray 3 < x < 400. Indeed, its derivative with respect to z is equal to

v(@)

. 200 2
—sinmre < — -3 < —a—3 <0,
T x 3

since € > /4. Therefore, the right-hand side of (6.4.5) exceeds the value obtained after replacing x,
by 27. This leads to the problem of the proof of a simpler but stronger inequality than (6.4.5):

1
0 <wv(a)In27 +InT'(1 —v(a)) +In(l 4+ 2¢) — 27sinme, 0<a < 7

This has been proved in Lemma 6.3.1, and we have proved assertion 6.4.1 in the case 1/2 < p < 2/3. [

Consider the case 2/3 < p < 1. We verify that both sines in the representation (6.4.4) are positive
and hence the following inequality holds:

2(p)—1-1/p
L(ulp) —1/p)

sin <7r (u(p) _ 1)) — sin(rh(p)) > 0

p

F,(zp;1(p)) < —2pexp (x,cosmp) +

Indeed,

since 0 < h(p) < 1, and

sin (7 ()= 2)) =sin (7 (h(p) = 1)) =sinr (2 —1-h(p)) >0
(< (- p )

1
0<—-—1-h(p) <1
p
(the left-hand side inequality was proved in Lemma 6.3.2, and the right-hand side inequality is obvious
since 1/p —1 < 1 for p > 1/2 and, moreover, 1/p — h(p) — 1 < 1).
Thus, we have reduced the problem to the inequality (here 1 — p =t)
mig(p)*l

I'(h(p))

since

2
< 2pexp(—x,cosmt), 3 <p<l (6.4.6)
We have the expression
1
Ty, =T (1 +p (p + h(p) — 1>> cosec(mp)

= m(2+ ph(p) — p) cosec(nt) = (1 +t + ph(p)) cosec(nt). (6.4.7)

By Lemma 6.3.2, we have the estimate

t
—_— A49¢.
ph(p) < 5040 < 0.49¢t
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Therefore,
xpcosmt < w(1 4 1.49t) cot it = —Inh(p) + 1.497t cot 7t,

6.4.8
exp(—x, cosmt) > h(p) exp(—1.497t cot t) > h(p)e 4. ( )
From (6.4.6) and (6.4.8) we see that it remains to prove the inequality
xz(p)_l 1.49 1.49_ h(p)—1 2
<2pe Fhip) <= eVt <2pI'(1+h(p)), -<p<L (6.4.9)
I'(h(p)) g 3
Lemma 6.3.2 implies that 0 < h(p) < 1/6 and hence
_ - 4
ghP)=t < ¢35 T(1+ h(p)) > T(1+1/6), 20> 3 (6.4.10)

(since I'(s) decreases on the interval 1 < s < 1.4 and the inequality z, > 1). Replacing in (6.4.9) the
right-hand side by a smaller value and the left-hand side by a greater value in accordance with (6.4.10),
we obtain the inequality

4 1
149,-5/6 _ 2p (14 =
e, 3 < + 6) )
which after taking the logarithm becomes

4 1
Lw—zm%<m3+mrQ+6) (6.4.11)

We estimate the right-hand side of (6.4.11) from below and the left-hand side from above. Since
In(4/3) > 0.287, mnI'(1+y) =y(§), 1 < £ < 14y (y > 0), and the function ¢ increases and
(1) = —y > —0.58, we have

4 1 0.58

On the other hand, from (6.4.7) and the fact that the function (1 + t)cosec(wt) decreases on the
interval 0 < ¢ < 0.4 we obtain

1 8 1
azp>7T(1—|—t)cosec7rt>7r<1—|-3>cosecg:3\7/T§>4.8, 0<t<§.
Therefore,
5 5
1.49 — 5 Inz, <1.49 — 5 In4.8 < 0.185. (6.4.13)

From (6.4.13) and (6.4.12) we obtain (6.4.11). This completes the proof of assertion (1).
Assertion 6.4.2. We set

1 3
36 cos™* TP, 3 <p< T
M(p) = 6 3 P
TN TSP .
h(p) 4

Then for any p € [u(p), 1.5/p), the function E,(z; ) is positive on R\(—=M (p), —1). In particular, its
real roots (if they exist) lie only in the interval (—M (p), —1).

In assertion 6.4.2, we need not consider values of the parameter p > 1.5/p: in the following section
we prove that in the case where p1 > 1.5/p and 1/2 < p < 1, the function E,(z; ) is positive on the
whole real axis. Further, this bound for the parameter y will be lowered.

We also note that the two-sided estimate of possible roots in assertion (2) is sufficiently rough; its
refinement required a specific examination.
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Proof of assertion 6.4.2. The positiveness of the function F,(z; ) for z € R such that

r(n+1)
z2> -
IN(D)
was proved in Chap. 3 (Corollary 3.3.1 of Lemma 3.3.1). If u > ¢ > 1, then

Putaq)  Tlg+1) g1
I'(q) I'(q)
This implies the positiveness of E,(z; 1) on the ray [—1,+00) (recall that u(p) > 1/p).
The proof of the positiveness of E,(z;u) for z € R, 2 < —M(p), is more difficult. First, we
consider the case where 1/2 < ¢ < 2/3. We must verify the positiveness of the function F,(x;u) =
2" E,(—2'/P; 1) on the ray x > M?(p). From Theorem 1.5.2 we deduce the estimate

Fy(ain) 2 ~2pexplacosmp) + o by )
Ty ) 2 —2pexp(xcosmp) + ————— T wolx; 1),
8 C(p—1/p) 7

where

30(L—p+2/p) oh=1-2/p wxu—l—%}
5 )

‘Wp(lﬁ u)} < o

Since p > 1/p, we have
2 1 2
l—p+=<14+4-<3 = T(l-p+-)<2
p p p
(obviously, 1 — pu+2/p > 1 since u < 1.5/p). Therefore,
| wols p)| < w1720 < 2t T1P M (p)

and we arrive at the estimate

F,(; 1) > —2pexp(z cosmp) + xh~171/¢ [F(N _1 75~ Ml(p)] : (6.4.14)
We present a lower numerical estimate of the expression
1 1 1. 1 2

Since the function 1/T°(¢) increases on the interval 0 < t < 1 and is greater than ¢, we have

1 1 1 1 7
T~ 1/p) = T(u(p) —1/p) _ T(1—2a+07a?) = T(7/40) ~ 40°
Since
M(p) = 36cos *mp > 36 - 16,
we have

1 1 7
T(u—1/p) M(p) 40 36-16
From (6.4.14) and (6.4.15) we conclude that to prove the positiveness of F,(z;u) on the ray
x > MP(p), it suffices to verify the inequality

> 0.17. (6.4.15)

v(a)

2pexp(zcosmp) < 0.17a7717VP = 2@ exp(z cosmp) < —,

<q<z, x>MP(p) > M'?(p) =6cos>(mp).

N | =
[SCRN )

390



We strengthen and simultaneously simplify the last inequality. Since v(a) < 1, the left-hand side
does not exceed xexp(z cosmp) and the right-hand side is greater than 0.17/(4/3) > 0.1. Therefore,
it remains to verify that

1
zexp(zcosmp) < 0.1 for x> 6cos 2(mp), 3 <P <

The function x exp(z cos wp) decreases on the ray x > |sec(mwp)| and hence for the considered values x

it does not exceed its value at the point = 6 cos™2 7p:

Wl o

2

1 1 2
zexp(xcosmp) < 6sec? mpexp(6secmp) = e e " < ~max(u?e ) = 56_2 < 0.1.

The required inequality is proved.
Now let 2/3 < p < 3/4. Similarly to (6.2.5), we have the estimate

2
mAaMNSLuE<1—M+>ﬂ11WP<Lwr@@x1“WP<Lmﬂﬂlmmﬂm.
P

Therefore, we obtain the estimate

1 1.6
F,(z; ) > —2pexp(zcosmp) 4+ zh171/° [ - ]
g T(p—1/p)  M(p)
As above, we see that the right-hand side increases with respect to u for the considered values of the
parameter and obtain the estimate

1 _16}
L(h(p))  M(p)

Similarly to the above reasoning (here h(p) > h(3/4) = e~™ and M (p) > 36 cos *(37/4) = 36.4), we
have the relations

F,(x; 1) > —2pexp(xcosmp) + x [

1 L6 g 16 . 1 1 1 1
— ——— 2T ——> = —— > —.
T(h(p)) M@p) =" " 9.16 = 90 ~ 24 90~ 36

Thus, we must prove the inequality

1 S 6
R S
12p’ ~ cos?(mp)’

Since the function x exp(z cosmp) decreases for x > |sec7p|, we have the estimate

e~ w

1 2
2pexp(rcosmp) < — <= bGrexp(zrcosmp) < 3 <P <

36x

62 exp(x cos mp) < 36sec? Tpexp(6secmp) = ule ™" < 36e7° < 0.1, x> 6sec’ mp.

However, we have the inequality
1 1
> .
12p — 12
and we have obtained what was required.

Finally, 3/4 < p < 1. By Theorem 1.4.2 (m = 1), we have the formula

4 1
S =2>01,
379

1
E (2 1) = pzPl—1) n_ .+ . 41
P(zmu) pZ exp(z ) ZF(,U— 1/p) +R(Z?p7 M)a (6 6)
where )
|[R(z; p, )| < 22T (b + 1)]2[ 72, b=

Recall that in this representation of the Mittag-Leffler function, we take the principal branch of the
argument in the definition of noninteger powers of z, and on the ray (—o0o,0) we can set either z = |z|e™
or z = |zle”™. A discontinuity of an exponentially small term in the approximate representation of
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E, does not introduce any contradiction. From (6.4.16), taking into account the realness of the
Mittag-Leffler function on R (1 € R), we obtain the following lower estimate:

E,(z;p) > — exp (|z|? cosmp) — N2+ 1)|272, zeR, z< -1

1
[2|T'(h(p))
Further, by the restrictions p > 3/4, cosmp < —1/v/2, and b < 1/p < 4/3, we have the estimate

, hip) _ PN s -
Ep(z;p) > T2 exp( 2 ) 2°°T(1 4 4/3) 2|2,

3/4
(21 Ey(2:1) > h(p) — |2l exp (—'% ) 4.2

This shows that to prove the positiveness of E,(z;u) for z € R, 2 < —6/h(p), it suffices to verify the

inequality
2|3/4 1.8
2| exp (—‘ ) <28 < —emio).

V2 2]

Denoting |z|>/*/v/2 = u, we obtain

ES 16\ '/*
|27 exp | — = (uV/2)¥3e™ = <> ude™ < max(ule ™) = 277" < 1.8,

V2 u u>0
which was required (we have used the fact that h(p) < 1/23 for 3/4 < p < 1 by Lemma 6.3.2 and
hence |z| > 100 and u > 16). Assertion 6.4.2 is completely proved. O

6.5. Proof of Theorem 6.1.1

In this section, we take up one more special function, the Wright function (see [45, 46]):

[e.9] n

n=1

We need the following of its properties obtained by Wright:
eg(y) >0 Yy € (—o0;0), es(y) = 0(e™), y— —oo VA >0, (6.5.1)

+00
/s”_leﬁ(—s) ds = L) Vv > 0. (6.5.2)
0

From (6.5.2) by using the substitution s = tz—# for any = > 0 we obtain
+oo
' leg(—tz P dt = 7PV 2L 6.5.3
[ teat-ta) o (653)
0
The key point of the proof of the theorem is the following.
Lemma 6.5.1. If p > 1/2, ;1 > 0, and the function E,(z;p) is nonnegative on R, then the following
assertions hold:
(1) for any X\ > p, the function E,(z;\) is positive on R;
(2) for any B € (0,1), the function E, 3(z; Bu) is positive on R.
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Proof. For any A > 0, the function E,(z; \) is positive on [0, +00) and no difficulties arise. We must
prove its positiveness on the ray (—oo,0). To test the function E,(z; \) on this ray, it is convenient to
pass to the function

Fy(x;\) = xA_lEp(—xl/p; A).
Consider the operator D™¢, € > 0, defined by the formula

N S 0
D7) =i | G
0

defined, at least, on C[0,+00) and called the integral of order e. We need the result of the action of
this operator on the function F:

D™ F,(x;p) = Fp(x; p+ €). (6.5.4)

Prove Eq. (6.5.4). The power-series expansion of the Mittag-Leffler function yields (here B is the
beta-function)

1

/x Fptip) /Z kt,u 1+k/pdt _ / u:c ,u 1+k/pd( )
(au—tl‘S ,u—i—k/p (x —t)l—= u—i—k/p =1 —u)t—=

0 0

o0
x#+€71+k/p ( k > k k/pr( )
Blpu+—,¢ ghte—l =T(e)F,(x;u+¢).
,; U(u+k/p) S Z u+6+k/p) () Fp(wspte)

Since the operator D~¢ (for all £ > 0) maps nonnegative functions that do not vanish identically in
any right-hand side semi-neighborhood of the origin to positive functions, we obtain the first assertion
of the lemma by setting e = A — u > 0.

To prove the second assertion, we use properties (6.5.1) and (6.5.3) of the Wright function. From
(6.5.3) we have

400 » +00 o (_1)kty71+k/p 0 s
O/F(t p)eg(—tz™")dt = O/kzzof(/”rk/ﬂ)eﬁ(_m \t
+00
S T G LY AR TE 0 (_1)kgntH/p |
_kzor(/"i'k/P) O/tu pe ZO ING N"‘Bk/p) pr/B(xaﬁ,U)- (6.5.5)

The validity of swapping summation and integration must be justified. The series representing
F,(t; 1) converges to this function everywhere on (0,+00), but it is also required that a majorant of
the modulus of partial sums of this series multiplied by e%(—tw‘ﬁ ) is summable on R for any x > 0.
The modulus of any partial sum of this series does not exceed

= tHLE,(tY7; 1) = O(eh), > 0.

The Wright function e%(—t) tends to zero faster than e~4! as t — 4oo for all A > 0. This implies
the summability. From (6.5.5) and the positiveness of the Wright function on (—oo,0) we obtain the
second assertion of the lemma. Lemma 6.5.1 is completely proved. O

Taking p = 1/2 and p = 3 (then Ey5(2;3) = 2z~ (cosh \/z — 1) > 0 on R), we obtain the following
consequence of Lemma 6.5.1.
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Corollary 6.5.1. The function E5(2; ) is positive on R for any A > 3. The function E,(2;\) is
positive on R for any p > 1/2 and A > 1.5/p.
Now we can prove Theorem 6.1.1. We introduce the set
B,={u>0|32€R:E,(z;n) <0}.
The fact that the set B, is nonempty follows from assertion (1) in Sec. 6.4 and the simple inclusion
1/p€ B,,1/2 < p < 1. Indeed, for any p > 1/2 and p € C, by Theorem 1.2.1, we have the asymptotics
-1 1 1
E,(z; 1) = — -0 () , z€R, z— —o0. (6.5.6)
g L(p—1/p)  22T(u—2/p) 23

Therefore, for 4 =1/p and p > 1/2, p # 1, the following equivalence holds:

1 —1
E, <z, p) ~ 2T (1/p)’ z€R, z— —o0. (6.5.7)
From (6.5.7) and the positiveness of the I'-function on the interval (—2,—1) we obtain that for all
sufficiently large (in modulus) negative z, the function E,(z;1/p) is negative. Therefore, 1/p € B,,.

Thus, the set B, is nonempty, and Corollary 6.5.1 shows the boundedness of B,. Therefore, there
exists a finite positive function f(p) = supB,, 1/2 < p < 1. From Lemma 6.5.1 we obtain the
implication

p¢EB, = [p,+o0)NB,=0, pn>0,

which proves the inclusion (0, f(p)) C B,. By the continuity (and even holomorphicity) of the Mittag-
Leffler function with respect to the parameter u, the inequality

Ep(ZO;MO) < O) 20, 1O € ]R7

implies the inequality E,(z0;1) < 0 for all p lying in some neighborhood U of the point p9. This
means that U C B, and hence f(p) is a boundary point of B, and does not belong to the set B,,.

Thus, for 1 € (0, f(p)), the function E,(z; ) takes at some points of the real axis negative values,
the function E,(z; f(p)) is nonnegative on R, and for A > f(p), we have the inequality E,(z;A) > 0
for all z € R.

We prove that E,(z; f(p)) has a real root. By assertion (2) from Sec. 6.4, for 1 > u(p), all negative
values of E,(z; 1) (if they exist) are located on the segment [—M (p), —1]. For u(p) < p < f(p), they
exist and, therefore, denoting my,(p) by min {E,(z; 1) | =M (p) < 2z < =1} <0, u(p) < p < f(p), we
obtain that

my(f(p)) = Wlfig;)_o mp(p) < 0.

This proves the existence of a real root of the function E,(z; f(p)).

It remains to deduce the two-sided estimate (6.1.1) and prove that f(p) decreases. The inclusion
1/p € B, means the validity of the inequality 1/p < f(p) and Corollary 6.5.1 of Lemma 6.5.1 im-
mediately implies the inequality f(p) < 1.5/p. But in the case where 1/2 < p < 1, the function
E,(z; f(p)) has a root and hence for these p, the inequality is strong: f(p) < 1.5/p. The second part
of Lemma 6.5.1 means the validity of the inequality

flp) < %f(ﬂo), % < po < p, (6.5.8)

which implies the fact that f decreases. Theorem 6.1.1 is completely proved.

These arguments allow one to give another proof of the theorem, which asserts that the function
E,(z; 1) has no real roots for p > 1 and > 1/p but has for 0 < p < 1 < p. First, we prove that
f(1) = 1. Indeed, if p € (0,1), then from (6.5.6) we see that

Ei(zip) ~—(zT(p-1))"", 22— -0, zeR
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This implies the negativeness of Fj(z; ) for all sufficiently large (in modulus) negative z. However,
the function Fj(z;u) = €* is positive on R. Here, in contrast to the case 1/2 < p < 1, where the
second parameter of the Mittag-LefHler function is equal to sup By, there are no real roots. The reason
is that a real root of F1(z; 1) tends to —oo as p tends to 1 from the left. The same effect also appears
if p> 1.

Taking pp = 1, we find from (6.5.8) that f(p) < 1/p. On the other hand, for 0 < p < 1/p, from
asymptotics (6.5.6) we obtain the equivalence

I\ !
Ep(z;u)~—<zf<u—p>> , z€R, z— —o0,

which implies the existence of negative values of the function E,(z;u). Therefore, f(p) =1/p for
p > 1. In concluding this section, we note that, in our opinion, the function f(p) for 1/2 < p < 1is
unlikely to be elementary.

6.6. Proof of Theorem 6.1.3

Lower estimates of the function f(p) follow from assertion (1) of Sec. 6.4. To prove upper estimates,
it suffices to verify the positiveness of the function F,(z;3 — 2a) on the ray

N (F(3F—(32ié ;al)/ p))p .

Recall that, by Lemma 3.1.1, the function E,(z;u) is positive on the ray

L _Lut1/p)
- L'(p)

of the real axis for ;1 > 0. Thus, we verify the positiveness of F,(z;3 — 2«) for all z € R and hence
prove the estimate

In particular, f(2/3) < 2. This and (6.5.8) imply

7 (5)
f(p)<u<@, p>2

P P 37

<p<

N | =
wl N

which proves the upper estimate (6.1.5).
Obtaining lower estimate of the variable x, which is equal to

rd—-2a+1/p)\”
I'(3 —2a) ’
is rather difficult. We deduce the inequality

<F(u+ 1/p)
L)

and then prove the positiveness of the function F,(z;3 — 2a) for > /2. Taking the logarithm of
(6.6.1), we obtain the equivalent inequality

IN

P 1 2

pt+1/p

In2 < p <1nr (u + /1)) - lnI‘(u)) — / w(t)dt.
t
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Since 9 increases, the last integral mean is no less than its value corresponding to the minimal value

of the parameter p = 2:
2+1/p

o [ i

‘We have the relation
2+1/p 2+1/p

d / 1 1
Lo | wwar| = / wtﬁ—/¢@+><o
z (1) (at - v 2+
2 2
since 1) increases. Thus, the minimum of the left-hand side of (6.6.1) is equal to
L(2+3/2)\* )
= (I(3.5))%? > 3%3 > 2
( D) ) (I'(3.5))“° > 3%/° > 2,
which was required.

To prove the positiveness of the function F,(z;3 — 2a) for x > 2, we use Theorem 1.5.2 with m =1
and p = 3 — 2a.. Taking into account the relations

1 2
p(p—1) =p(2 —2a) = p(2—a) — pa=1-pa, u—;zl—m u—;z—l
and setting € = p — 1/2, we obtain the representation
—«
F,(z;3 — 2a) = —2pexp ( — wsine) cos (z cos me + mpar) + Ti—a) + wp(x), (6.6.2)
-«
in which the remainder w,(x) is estimated as follows:
['(2) sinma a
< amre 9 6.6.3
}wp(a:)‘ T oma? feog2 L 222 ( )
2p

We deduce a two-sided estimate of the operand of the cosine in (6.6.2) for 2 < z < 4. Consider the
function of two variables
o(z, p) = x cosme + Tpa.

Since d¢/0z > 0, the maximum of this function in the rectangle

1 2
2<zr<4, —<p< -
is attained at x = 4 and the minimum at x = 2. Further, we have the relations
0 0p(2 Op(4
00@0) _ o psinme) — 22@0) o0 o) o,
dp dp dp
f 1 <p< 2 — 0<e< 1
ro— - e < —.
o g=r=3 =576

Therefore, in this rectangle the following inequality holds:

3T

1 2
22(,0(2,2) §<p(x;p)§g0(4,3) :4COS%—|—§<?.

From this we conclude that the first term on the right-hand side of (6.6.2), which is equal to
—2pe~TSIMTE cog o(x, p), is positive and the following inequality holds:
x @ « 1 1

Foe:3—2)> — % 5 °
(s @) > Nl—«a) 222~ /rx 422

>0, 2<x<A4.
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For x > 4 from (6.6.2) and (6.6.3) we obtain

T« «

F,D(xa?’ - 20[) > m - 2peXp ( —.I‘Sinﬂ'S) — @

Therefore,
2°T(1 — a)F,(z;3 — 2a) > 1 —2pI'(1 — a)z® exp ( — xsin7e) — agi;jaa)
We roughen this estimate slightly and simplify it at the same time. Since
2p=1+2<e*, I'(l-a)</r,

sinme > 3¢ 0<£§%,

227> 2! > 8 >4,
we have

2°T(1 — a)Fy(z;3 — 2a) > 1 —T(1 — a)z%e* 3% — 0.120.

The function x%e~3¢* decreases on the ray
4 -2«

T > 3;

&l

therefore, for x > 4 we have the inequality

xae—&sx S 4a€—12£ < 61.404—125'

This means that it remains to prove the positiveness of the function

1
gla) =1-T(1 —a)e!171% _ 0120, 0<a< 5
where
a
€= .
4 -2«
For 0 < a < 1/4, using the estimates
€ > %, I'(1—a) < e’

(see Lemma 6.3.3), we obtain

gla) >1—e %2 —0.120.
Since
2
1—6_t>t—5 vt >0,

we see that

1
g(a) > 0.08a —0.02a> >0, 0<a< T
In the case 1/4 < a < 1/2, applying the estimates
€ > %, I'(1—a) <t
(see Lemma 6.3.3), we also obtain that
1 1
gla) >1—e7%2% _0.12a > 0, 1< < 2

which was required. Theorem 6.1.3 is proved.
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6.7. Sketch of the Proof of Theorem 6.1.4

In this section, we describe the main steps of the proof of Theorem 6.1.4. We denote 1 — u by s
and consider the sequence

Tn = xn(p, ) = m(n — ps)sec(me), n €N, (6.7.1)

which is useful for the localization of real roots and counting of their number. The proof is based on
the representation of the function

Fp(z§ p) = ZM_IEp(_Zl/p§ 1)

in the half-plane Re z > 0 by Theorem 1.5.2. Namely, setting in this theorem m = 1, we obtain the
equality
Zfsfl/p

Fy(x; ) =2pexp ( — zsinme) cos (zcosme + mps) + =———— +w,(2; 1), 6.7.2
p( ) ( ) ( ) F(IU, _ l/p) P( ) ( )
where € = p —1/2 and w,(z; p1) is a function of the variable z holomorphic in the half-plane Re z > 0:

_ (21/2)°T(s +2/p) [sin <7T (M 3 i)) ‘ +% sin (W (M B ;)) H ‘ (6.7.3)

We see from (6.7.2) that the power of z in the second term is equal to —s — 1/p = p— 3 + «
(where « =2 —1/p — 0 as p — 1/2) and is negative and is separated from zero if ;1 < 3. Therefore,
the exponent (although its operand is also negative but tends to zero as p — 1/24) prevails over

Zfsfl/p
—— at least when x = Rz is less than

I'(p—1/p)

R (g) = bcosec e In cosec e, (6.7.4)

where
- 3—p ifué¢?Z,
S l4—p ifuez
Conversely, if x > R(¢),

R(e) = beosecme < In cosec me + 2 In In cosec 7T6> , (6.7.5)

then the first term becomes substantially less than the second, and real roots are absent.

The asymptotics of the number of real roots is obtained as follows. Denote by n(e) the largest
number n such that x,(p, u) < Ri(¢); a number ny depending only on u but independent of p will be
chosen later. We will prove in the next section that on the sides of the trapezium

T, = {z:x—i—iy ’ Tn <x < Tpp1, — Sygx}, no <n <n(e)—1, (6.7.6)
the following inequality holds:
»—5—1/p ‘
=1/ + }wp(z; ,u)‘ < Qp‘ exp (— zsinme) cos (z cos me + mps) ’ (6.7.7)

It implies the coincidence of the number of roots (with account of their multiplicities) of the function
F,(z; 1) and exp (—z sin 7T6) cos (z cos 7T€+7Tp3) inside any such trapezium. Roots of the latter function

can be easily found:
Tn + T
cos (zcosms+7r,os) =0 <= z=secwe <7m—|— g — 7rps) = %, n € Z.
All these roots are simple. Thus, inside each trapezium T),, ng < n < n(e) — 1, the function F,(z; p)

has a unique root. Since the function F), is real-valued on R and the trapeziums 7, are symmetric
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with respect to R, this root is real. Thus, the segment z,,, < z < x,(.) contains exactly n(e) —ng roots
of the function F,(x; ). We see from (6.7.1) and (6.7.4) that

n(e) = F1E)

cosme + O(1) = bco‘;(ms) b

1 1
Incosece + O(1) = 5 In . +0 <€>

is the principal term of the asymptotics for the number of real roots of E,(z; ).

We prove in Sec. 6.8 that for x > R(e), the function Fj,(x;u) has constant sign for all p suffi-
ciently close to 1/2 from the right and, therefore, has no roots. The following step of the derivation
of the asymptotics for N(p; u) is the estimate of the number of roots of Fj,(x;u) on the segment
Tn(s) = Ri(e) + O(1) <z < R(e). The length of this segment is O(¢ ™' Inlne™!), ¢ — 0+. We prove
that on the sides of the rectangle

II(e) = {l‘ + iy ‘ Tre) ST < Ty, Y] < cosecms}

(the segment considered bisects this rectangle), the modulus of the logarithmic derivative
F(2; 1)/ Fp(2; 1) does not exceed 2 (for all p sufficiently close to 1/2 and fixed ). Therefore, the
number of roots of the function Fj,(z;u) in II(¢) and, moreover, on the center line of this rectangle
does not exceed the perimeter of I1(g) divided by 7, i.e., O(e~!Inlne~1); this is the remainder of the
asymptotics.

The final step of the proof of Theorem 6.1.4 is the upper estimate of the number of roots of E,(z; 1)

that are “nonlarge” in modulus, i.e., roots lying on the ray [—xk{)p ,+00). Actually (see Lemma 6.3.4)

they lie on the segment [—m}z{)p ;8] C [—a2,, s%]. As ng, we take the minimum of the numbers n such
that z,, > A?(s), where
2A(0
As) =245 432, 520, Al =220 acs<o

(recall that s = 1 — u). Since the distance between two neighboring elements of the sequence x,, is
equal to wsec e, we have

Tny < A%(s) +4 < V2A(s) = l‘%o < 2A4%(s),

and it remains to obtain an upper estimate for the number of roots of the function E,(z; ;) on the
segment [—2A4%(s),s?]. It is intuitively clear that the number of roots on this segment is bounded
from above by a value depending only on s (i.e., on x) but independent of p. The strong proof is as
follows. Since the number of roots of an arbitrary entire function, which does not vanish identically,
on any compact is finite (or roots are absent), we see that for all § € (0,1], except for, perhaps, a
finite number of values, the function Ej/5(z; 1) has no roots on the sides of the rectangle

K(;:{ze(C’ —2A4%s) — 6 <Rez < 5% + 0,

Imz‘ < (5}.

Since the family of functions E,(z; i) converges to Ey9(z; 1) as p — 1/2 uniformly on any compact
in C (in particular, in the rectangle Ks), the numbers of roots of the functions E,(z; ) and Ey (25 1)
in K5 coincide for all p sufficiently close to 1/2, Thus, the number of roots of the function E,(z; 1)
lying on the ray [—:U,llép ,+00) does not exceed the number of roots of the function F; /g(z; @) lying in
the rectangle K, i.e., O(1) for fixed p and p — 1/2+.

The above considerations lead to the following conclusion. Theorem 6.1.4 will be completely proved

if we can perform the following:

(1) prove the fact that the function F,(z;u) has constant sign for > R(e);
(2) deduce the inequality (6.7.7) on the sides of the trapeziums T, defined in (6.7.6);
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(3) prove the estimate

F,S(Z;ﬂ)‘ -
Fp(z;,u)

on the sides of the rectangle II(e).
This will be done in the following section.
In concluding this section, we explain how to choose ng (or, equivalently, A(s)). The value A(s) is
chosen so that the following inequality holds:
|Z‘ s—1/p—5/4
fnles ) < G =71
We prove this inequality in the case p < 1 (s > 0); for p € (1,3), the proof is similar. First, we
note that, by the identity

Rez > A%(s), |Imz| <Rez. (6.7.8)

1 _ sinww
Fw)l(l—w) 7
and the notation « =2 —1/p and s = 1 — u, we have
1 sin(p—1/p)
= I's+2—«a). 6.7.9
T~ 1/p) et (079

It is easy to verify that the inequality

(o) o -2

holds both for u € Z (for all « € (0,1/2]) and for u ¢ Z (for any p sufficiently close to 1/2). Relations
(6.7.3), (6.7.9), and (6.7.10) together with the restriction |z| < 21/2 yields the relations
‘Wp(ZSN) < .

. 1
)

~25-282(s +3—2a)(s +2 — 20)T(s + 2 — 2a)

(6.7.10)

<2

22T (s +4—2a) 5

w(e(o-3)

$5+2/P
22+S/2(s +3)2T(s+2—a)] . 1 22+5/2 (5 + 3)2
sT3/p sin|m(p—— =
T ) :E8+2/p’]_“ (M— 5)‘
22+s/2 (s + 3 S+2/p 2s+4(8 + 3)2 _ A(S)’z‘—s—Z/p

BT o o 1 e ey R e

Since |z| > A%(s) and 1/p > 7/4 (we consider only values of p from the interval 1/2 < p < 4/7 since
p — 1/2+), we arrive at (6.7.8) replacing A(s) by |z|'/2 in the last expression.

We show that the same inequality as (6.7.8) holds for the derivative wj,(z;u), but in a narrower
domain. Namely,

|Z|—s—l/p—s/4

Jwp (25 )] < W
p
The definition of A(s) implies the inequality
2(s+4)A7%(s) < In2. (6.7.12)
We use the fact that if z € C, R > 0, the function ¢((¢) is holomorphic in the disk

={cec|K-21<r},

, Rez>A%(s)+2, |Imz|<Rez—3. (6.7.11)
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and

- M
rggglw(é)l ,

then

d=5 [ Ena — W@l

I(—2|=R
Taking R = 2, we obtain the inequality

1
Wiz m| <5 o, |wo(¢; )] (6.7.13)
From (6.7.8), (6.7.13), and (6.7.12) we obtain
1(Jz| —2)— =71/
W (2; < —
o] < 517
1 |z|=5~1/p—5/ ( 2] >S+1/ﬂ+5/4 _ Lefzertemeid <2(s+1/p+5/4)>
== < — exp
2 0(k—1/p)l \lz] -2 2 |0(u—1/p) |2 — 2
_ 1 |Z|—s—l/p—5/4 (2(8 +4)) |Z|—s—l/p—5/4
= 5 P 9
2 [P(p—1/p)| A2(s) IT(k—1/p)]

which was required.

6.8. Completion of the Proof of Theorem 6.1.4

In this and following sections, we use the notation v = cosec 7e.
Representation (6.7.2) shows that the fact of constant sign of the function F,(z;p) for « > R(e)
follows from the inequality
T z—s~ e
2pexp (—*) < v — | welas )
o) <=1/

1 1
C(p—1/p)  T(p—2+a)
preserves its sign for fixed 4 € R and all sufficiently small positive a. From (6.7.8) we see that

inequality (6.8.1) can be replaced by the following stronger inequality:

T 1 x—s—1/p
— e — > .
2exp( v) < (1 az) T(p—2+4a)|’ 2 Re)

If 4 is noninteger, then, as p — 1/24, the fraction 1/|I'(x — 2 + «)| is separated from zero. This
reduces the problem to the inequality

Caz* 2 exp (—%) <1, x> R(), C=C(s), (6.8.2)

, x> R(e). (6.8.1)

Note that

when the parameter ¢ is sufficiently close to zero. We have the relation
R(e) ~bvlnv, & — 0+, (6.8.3)

and the function 2572 exp(—z/v) decreases on the ray x > (s + 2)v. Therefore (if the parameter &
is small), it suffices to prove inequality (6.8.2) only for x = R(e). Recall that b = s+ 2 (in the case
wu ¢ Z) and

R(e)

v

=b(Inv+2lnlnv) = exp (— Ri€)> = v (Inv) 2.
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Therefore, the left-hand side of inequality (6.8.2) for z = R(¢) is equal to CRb(e)v~’(Inv)~2> — 0 as
e — 0+ by (6.8.3), and hence is less than 1.
If p € Z, then

‘I‘(,u—2+a)} =alt=v, -0+,
and we must prove the inequality
Crvz*t2exp(—z/v) <1, x> R(e), Cp=Ci(s). (6.8.4)

As in the previous case, it suffices to prove (6.8.4) only for x = R(¢). But here b = s + 3 and, after
increasing the left-hand side of (6.8.4) (replacing v by R(e)) we arrive at the inequality

Oy RY(E) exp <—R(€)> <1,

(Y

which has been proved above.
Prove inequality (6.7.7). As above, z = Re z. Since on the straight lines

Rez=m(n—~)secld, 0,7v€R, necZ,

the modulus of the function cos(zcosf + 7) is not less than 1, the relations
1
20>1, —s——-=pu—-3+a<0
p

hold (the parameter p < 3 is fixed, « — 0+), and |z| > z, inequality (6.7.7), with account of (6.7.8)
and bounds for Re z , can be replaced by the following stronger inequality:

(1 + 1) B exp (—f) A2%(s) <z < Ry(e). (6.8.5)
z) [D(p—1/p)| v/’ -

This inequality guarantees that (6.7.7) also holds on the lateral sides of trapeziums since the modulus

of the cosine exceeds 1 on them by the estimates

A%(0) _ 1442

’cos(f+in)‘2]sinhn[2|n|, &,neR, Im(zcosws):xcosws>§2 5 ZT.

8

First, we prove (6.8.5) for € (2,3); then b =3 — p € (0,1). In this situation, if the parameter p is
close to 1/2 from the right, we have

1 1
O<p—-<1 = 0<—""—<1.
T L(p—1/p)

Since z > 4A%(0)b=2 = 2882b2, we have
1
I+ —< exp(10~4b%)

and hence, for u € (2,3), inequality (6.8.5) can be replaced by the following stronger but simpler
inequality:

exp (10_4b2)x"‘_b exp Tl = 107%+ (o —b)Inx + < 0, A%(s) <z <Ri(e). (6.8.6)
v v
It is easy to verify the convexity of the function —blnx + z/v and the inequality

alnz < alnRy(e) < 4v'Inw, v>b (6.8.7)
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(recall that Ri(e) = bvIlnv and v = cosecne). As is known, the maximum of a convex function on a
segment is attained at one of the endpoints of this segment. Therefore, to prove (6.8.6) it suffices to
verify the validity of the following two inequalities:

A%(s)

10740 + 40 ' nv — 2bIn A(s) + <0, (6.8.8)
v
R
10742 + 4o tlnw — bIn Ry (¢) + 1@(5) < 0. (6.8.9)
Since )
A
lim <4v1 Inv+ (S)> =0,
e—0+ v

we see that for all sufficiently small €, the left-hand side of (6.8.8) is less than
1073b% — 2bIn A(s) < 1073b? — 2bIn A(0) < 1073b* — 8b < 0.
Thus, inequality (6.8.8) holds. Further, we have the relation
R
—bIln Ry (e) + Rale) _ —bln(blnv) - —co as e — 0+,
v

and hence inequality (6.8.9) also holds.
Prove that (6.8.5) in the case p < 2, u ¢ Z. From (6.7.9) we obtain the inequality

1 < I(s+2—a)
D(w—1/p) ~ ™
This shows that inequality (6.8.5) can be replaced by the following stronger inequality:
a—b z m 2
N - A <z< ) 8.1
x ( a)expv<$+1, (s) <z < Ry(e) (6.8.10)

Taking into account the lower bound for x and the upper estimate (6.8.7) for z®, we obtain the
following, stronger but simpler than (6.8.10), inequality:

z bexp T < e, 1<b<?2, x°T(b) expf <e, b>2  A%s) <z < Re). (6.8.11)
v v

Prove it. Taking the logarithm of (6.8.11) and using the convexity of the function z/v — blnz, we
reduce the problem to the following inequalities:

—blnx—i—%<1, 1<b<2,
—blnz + InT(b) +% <1, b>2, (6.8.12)
= A%(s), x=Re).

As was noted above,

lim (—blan(s) + Rl(s)) = — lim bln(blnv) = —oc0
e—0+ v e—0+
independently of b > 0. Therefore, inequalities (6.8.12) at the point © = Rj(e) for sufficiently small
positive ¢ hold. For x = A2(s), the first inequality (6.8.12) for small ¢ is obvious:

A%(s)

lim =0, —blnzx<O.
e—0+ v

We prove the validity of the inequality
~bln A?%(s) + InT'(b) < 0;
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after this, it suffices to prove the second inequality for x = A2(s). For b > 2, by the choice of A(s),
we have the inequality A%(s) > 4°. Therefore,

—bln A%(s) + InT'(b) < —=b> +InT'(b) = —b* + blnb = b(—b+Inb) < —b.

Thus, inequalities (6.8.12) are completely proved.
Consider integer values of y < 2. Then

(el 2)

and (6.7.9) implies the inequality

sinm(p — 2+ a)| =sinwa < 7a,

1
. <al(s+2-a) (6.8.13)
IT(k—1/p)]
In this case, b = s + 3 and, owing to (6.8.13), inequality (6.8.5) can be replaced by the following:
1
(1 + > al'(b—1— )zt Pexp < 1, A%(s) <z < Ri(e). (6.8.14)
x v

Taking the logarithm of (6.8.14), applying (6.8.7) and estimate In(1+ 1/z) < 1/z, and using the fact
that the function (1 — b)Ilnz + x/v is convex, we reduce the problem to the inequality

1
——1—41)711111)—|—1noz—|—lnl“(b—1—a)—i—(l—b)lna;—i—z < 05
x v (6.8.15)

x=A%s), xz=Ri(e), bEZ, b>2

For x = A2(s), the validity of inequality (6.8.15) for all sufficiently small positive ¢ is obvious since
its left-hand side tends to —oo as € — 0+ on account of the term Ina. For x = R;(e), we have the
expression

Ina+(1—->b)lnx+ - —Inv+O0(1)+ (1 —->b)In(vinv) +blnv=(1—->b)Inlnv+ O(1).
v

This expression tends to —oo as € — 0+ and other terms of the left-hand side of (6.8.15) are bounded
for x = Ry(e) and £ — 0+. Inequality (6.8.15) is proved.

The final part of the proof of Theorem 6.1.4 is the estimate of the modulus of the logarithmic
derivative of the function Fj(z;u) on the sides of the rectangle II(e):

F'(z;
‘ o(2 u)’ <
Fp<z§ﬂ)
We set
P, (2; ) = 2pexp (— zsine) cos (z cos me + mps).
Then
Fy( ) = B35 1) + 2o a5 1)
zip) = @z ) + 5 + wplz; ),
g g L(p—1/p)  *
+1/p)e o
F/ . — @/ . _ <S / .
p(znu) p(za :u) F(/J' _ 1//)) + wp(zv M)?

<I>'p(z; W) = —2pexp ( — zsin 775) sin (z cos e + mps + 7r€).

The plan of further action is as follows. On the left vertical side Re 2z = z,( of the rectangle II(¢)
we prove the inequality

|Z|7571/p 1 x
T —1/p)| + |wp(z; )] + Jwp (25 p)] < 3 eXP (—;) : (6.8.16)
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The sequence z, is such that on the straight lines Re z = z,, we have the inequality
x .
}@;(z;,u)! < }<I>p(z;,u)| = exp <—;> cosh (ycosme), z=uaz+iy.
This and (6.8.16) immediately imply the inequalities
|[Fp(zm)] = *!‘P (] |F )] < *!‘P ()],

which yield the required upper estimate for the modulus of the logarithmic derivative. The inequality
B
IT(k—1/p)]

similar to (6.8.16), is proved on the horizontal sides ) < Rez < xp,(.), Im2 = Fv of the rectan-
gle II(e). As above, taking into account the estimates

1
+ |wp(z; ,u)‘ + ’w;(z;,u)| < OxXP <—%) sinh (v cos e ), (6.8.17)

“Dp(z;u)‘ > 2pexp (—%) ‘sinh (y cos We)}, ‘Cb;)(z; u)} < ‘COth (y cos WE)‘I’p(Z;M)‘ (6.8.18)
(here z = x +iy), from (6.8.17) we deduce the inequality
Fi(z
p@mw§2
Fy(z 1)

on the horizontal sides of II(¢); if 0 < e < 1/6, then
coth (v cos 7r5) = coth (cot 7T€) < coth V3 < 1.1

An upper estimate of the modulus of the logarithmic derivative of the function F}, on the right
vertical side

la—{ze(C‘ReZ—x |Imz\<v}
of the rectangle II(¢) is proved differently. Introduce the notation
Z—S—l/p
Zp(zs 1) = 50—
IT(n—1/p)|

On Ry, the function Z,(z; p) is real-valued and its sign coincides with the sign of 1/T'(1 — 1/p), which
we denote by J, § € {—1,1}. Recall that the number p < 3 is fixed, « = 2 —1/p — 0+, and hence the
sign of
1 B 1
P(p—=1/p) T(p—-2+aq)

(when the parameter « is positive and sufficiently small) is constant and is equal to 1 if the entire
part of 41 is even and to —1 in the opposite case. The function ®,(z; ) is real and preserves its sign
on vertical straight lines x, +iy, n € Z, y € R, sgn ®,(xy, +iy; u) = (—1)". The remainder of dividing
m(e) by 2 is such that

sgn (I)p(xm(a) +iy; p) = 0.
Thus,

z € l.. (6.8.19)

If the variable z “moves” vertically upward or downward from R, the function Z,(z;p) is no longer
real-valued, but ‘ Re Z,(z; ,u)‘ is insignificantly less than ’Zp(z; ,u)‘ while arg z is not large. For z € [,

we have the relation
v 1
| arg z| garctan< ) :O<> .
T (e) Inv

405



Therefore,

E
IU(u—1/p)]
Relations (6.8.19), (6.8.20), and (6.7.8) imply the asymptotic relation

ReZ,(z;p) =9 (1+0(1)), &— 0+, uniformly with respect to z € .. (6.8.20)

| Re Fy(z; )| = |®p(z; )| + |2, (2 1) |(1 4+ 0(1)), € — 04, uniformly with respect to z € ..

Since

| Z, (2 )| + |w)y(z: )| = 0| Zp(2311)|, € — 0+, uniformly with respect to z € I

and for z € I, we have the inequality
@), (2 )| < |@p(2;5 )],

we now obtain the required estimate of |F},/F,| on the side I..
Now we deduce inequalities (6.8.16) and (6.8.17). Since the moduli of the remaining w, and its
derivative by order are less that the modulus of the function Z,, |2| > «,

lim R%(e) =1,
e—04+
it suffices to prove the inequalities
4572 z <1
———————exp— , T = Tpe),
T—2+a) "o "
x572 T
T _exp- <01 t7e), <z< ,
Ti—27a) exp - exp(cot me), Ty < T < Ty

which after taking the logarithm become

x'rb
—blnwy,) + (E)<C, —blnx+£<C+cot7ra, Tpe) ST < Tpey, ¢ 7,
v v
an
—lnv+(1—b)lnxn(€)+#<0, —lnv+(1—b)lnx+£<c—|—cotﬂ'8,
v v

Tpe) ST < Ty(e), W€ L

These inequalities are proved by the same way as above. The proof of Theorem 6.1.4 is complete.

6.9. Proof of Assertion (1) of Theorem 6.1.5

Since the function f(p) from Theorem 6.1.1 decreases, it suffices to verify the absence of eigenvalues
for o = 0.45, i.e., the positiveness of the function E,(z;2), p = (2 — a)~! = 1/1.55 = 20/31, on
R. Since there are no roots for z > —I'(4 — «), it remains to prove the positiveness of the function
F,(x;2) for x> (T(3.35))”. But (['(3.35))2%/3! > 27/3 and hence we prove the positiveness of the
function Fy /31 (z;2) for x > 27/3.

Taking m = 1, u = 2, and p = 20/31 in Theorem 1.1.3 and introducing the notation F(z) =
Fy/31(x;2), after transformations we obtain the representation

T . m 0 27 0-55
F(z)= gexp [—:c sin <?52)] sin {x cos <22> — 22] + T045) w(z), (6.9.1)
in which
w(z) = % [Il(x) sin (1%) + I(x) cos (210)} , 0<Ix(z) < I;;(jé.ll)’ E=1,2. (6.9.2)
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Representation (6.9.1), numerical estimates of quantities in (6.9.2), and estimate 1/I'(0.45) > 0.508
yield the inequality

40 (9] . 9m\ 97 ~0.55 —2.1
F(zx) > Thes [ x sin <62)] sin [w cos (62) 62] + 0.508z 0.27z7=". (6.9.3)

From (6.9.3) we immediately obtain the positiveness of F(z) if

Si Cos om om >0 >1
in |z — ] - — T .
62 62 ’

These inequalities hold for 27/3 < x < 4; therefore, F'(z) > 0 on this segment.

If 4 <z <4.5, then
) 97 9 1
sml{xcos|—| —— | > —=.
62 62 2

From this and (6.9.3), taking into account the numerical estimate
9
in{—1]>044
an () 080

2
F(x) > 0.5082 %% — 0.272 %1 — 37(1) exp(—0.44z).

we obtain the inequality

Since

1 40 20 0.6
—t

S Dexp(—04dz) <« — = 22

€ < 31 P! ) < 3 0ddes < 2

for x € (4,4.5] we have the inequality
F(x) > 0.507% — 0.2727%! - 0.627 = 0.507 %% (1 — 0.5427 %5 — 1.2,7049)
> 0.5270%%(1 - 0.54 - 4715 —1.2.4704%) > 0,

since
1—054-4715 _192.47045 5 0.2,

Finally, for x > 4.5 we have the relation

40
F(z) > 0.50827%%% — 0272721 — — exp(—0.44z)

31
0.27 40
— 0508055 [ — 220 —155 _ Y055, ,—0.44a |
v 0.508" 0508-31° ¢
This and numerical estimates

0.27 40

—— < 0.532, ——— <255

0.508 " 0.508 - 31

imply (for z > 4.5)
F(z) > 0.50827 %G (x),

where
G(z) =1—0.53220~ "% — 2552059044,

Since G(x) increases on the ray x > 4.5, the following estimate is valid:
G(z) >1—0.532- (4.5)71% — 2,55 . (4.5)%%%e 7198 > 0.1,

which proves the positiveness of the function F. Assertion (1) of Theorem 6.1.5 is proved.

407



1.

10.
11.

12.

13.
14.

15.

16.

17.

18.
19.

20.
21.

22.

23.

24.

25.

26.

408

REFERENCES

V. V. Anh and N. N. Leonenko, “Spectral analysis of fractional kinetic equations with random
data,” J. Stat. Phys., 104, Nos. 5-6, 1349-1387 (2001).

. N. K. Bari, Trigonometric Series, Holt, Rinehart, and Winston, New York (1967).
. H. Bateman and A. Erdélyi, Higher Transcendental Functions, Vol. 3. McGraw-Hill, New York—

Toronto-London (1955).

. E. F. Beckenbach and R. Bellman, Inequalities, Springer-Verlag, Berlin—Gottingen—Heidelberg

(1961).

. L. Beghin and E. Orsinger, “Fractional Poisson processes and related planar random motions,”

Electron. J. Probab., 14, No. 61, 1790-1827 (2009).

. M. M. Dzhrbashyan, Integral Transforms and Representations of Functions in Complex Domains

[in Russian|, Nauka, Moscow (1966).
M. E. Evgrafov, Asymptotic Estimates and Entire Functions [in Russian|, Nauka, Moscow (1979).

. G. H. Hardy, J. E. Littlewood, and G. Pélya, Inequalities, Cambridge Univ. Press, Cambridge

(1934).

. G. H. Hardy and W. W. Rogosinski, Fourier Series, Cambridge Univ. Press, London (1956).

E. Janke, F. Emde, and F. Losch, Tafeln Hoherer Functionen, Teubner, Stuttgart (1960).

B. Ya. Levin, “Interpolation by entire functions of exponential type,” Mat. Fiz. Funkts. Anal.,
FTINT Akad. Nauk USSR, 1, 136-146 (1969).

B. Ya. Levin, Entire Functions [in Russian|, Moscow State Univ., Moscow (1971).

A. 1. Markushevich, Theory of Functions of a Complex Variable, Prentice-Hall, New Jersey (1965).
A. 1. Markushevich, The Theory of Analytic £unctz'ons: A Brief Course, Mir, Moscow (1983).

n+kv
J. G. Mikusinski, “Sur les fonctions ky(z) = Z(—l)” . (k=1,2,..;n=0,1,...,k—1)”

s (n+ kv)!
Ann. Soc. Pol. Math., 46-51 (1948).
M. G. Mittag-Leffler, “Sur la fonction nouvelle £, ,(v),” C. R. Acad. Sci., Paris (2), 137, 554
558 (1903).
A. M. Nakhushev, “The Sturm-Liouville problem for a second-order ordinary differenrial equation
with fractional derivatives in minor terms,” Dokl. Akad. Nauk SSSR, 234, No. 2, 308-311 (1977).
F. W. J. Olver, Asymptotics and Special Functions, Academic Press, New York-London (1974).
I. V. Ostrovskii and I. N. Peresyolkova, “Nonasymptotic results on distribution of zeros of the
function E,(z;pn),” Anal. Math., 23, 283-296 (1997).
G. Pélya, “Uber die Nullstellen gewisser ganzer Funktionen,” Math. Z., 2, 352-383 (1918).
G. Pdlya, “Bemerkung iiber die Mittag-Lefflerschen Funktionen E, /,(x),” Téhoku Math. J., 19,
241-248 (1921).
G. Pdlya and G. Szegd, Problems and Theorems in Analysis, Vol. 1, Springer-Verlag, Berlin—
Heidelberg-New York (1972).
A. Yu. Popov, “On spectral values of one boundary-value problem and zeros of the Mittag-Leffler
function,” Differ. Uravn., 38, No. 5, 611-621 (2002).
A. Yu. Popov, “On the number of real eigenvalues of one boundary-value problem for a second-
order differential equation with fractional derivative,” Fundam. Prikl. Mat., 12, No. 6, 137-155
(2006).
A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev, Integrals and Series [in Russian], Fizmatlit,
Moscow (2003).
A. V. Pskhu, “On real roots of a Mittag-Leffler-type function,” Mat. Zametki, 77, No. 4, 592-599
(2005).



27

28.

29.

30.

31.

32.

33.
34.

35.

36.

37.

38.
39.

40.
41.

42.

43.

44.
45.

46.

47

A. M. Sedletskii, “Bases from exponents in spaces E, on convex polygon,” Izv. Akad. Nauk SSSR,
Ser. Mat., 42, No. 5, 1101-1119 (1978).

A. M. Sedletskii, “On zeros of Laplace transforms of finite measures,” Integral Transforms Spec.
Funct., 1, 51-59 (1993).

A. M. Sedletskii, “Asymptotic formulas for zeros of a Mittag-Leffler-type function,” Anal. Math.,
20, 117-132 (1994).

A. M. Sedletskii, “Addition to Pdlya’s theorem on zeros of Fourier sine-transforms,” Integral
Transforms Spec. Funct., 9, 65-68 (2000).

A. M. Sedletskii, “On zeros of a Mittag-Leffler-type function,” Mat. Zametki, 68, No. 5, 710-724
(2000).

A. M. Sedletskii, “Nonasymptotic properties of zeros of a Mittag-Leffler-type function,” Mat.
Zametki, 75, No. 3, 405-420 (2004).

A. M. Sedletskii, “On zeros of the Laplace transforms,” Mat. Zametki, 76, No. 6, 883-892 (2004).
A. M. Sedletskii, Classes of Analytic Fourier Transforms and Exponential Approzimations, Fiz-
matlit, Moscow (2005).

A. M. Sedletskii, “Asymptotics of zeros of the confluent hypergeometric function,” Mat. Zametki,
82, No. 2, 262-271 (2007).

A. M. Sedletskii, “Asymptotics of zeros of a Mittag-Leffler-type function of order 1/2,” Vestn.
MGU, Ser. Mat. Mekh., 1, 22-28 (2007).

A. M. Sedletskii, “Localization of small roots of finite sine and cosine Fourier transforms,” Vestn.
MGU, Ser. Mat. Mekh., 4, 35-41 (2009).

E. Seneta, Regularly Varying Functions, Springer-Verlag, Berlin—Heidelberg—New York (1976).
G. E. Shilov and B. L. Gurevich, Integrals, Measures, and Derivatives [in Russian], Nauka,
Moscow (1967).

L. J. Slater, Confluent Hypergeometric Functions, Cambridge Univ. Press, Cambridge (1960).

I. V. Tikhonov, Inverse, nonlocal, and boundary-value problems for evolutionary equations [in
Russian]|, Thesis, Moscow State Univ., Moscow (2008).

G. E. Tsvetkov, “On roots of Whittaker functions,” Dokl. Akad. Nauk SSSR, 32, No. 1, 10-12
(1941).

G. E. Tsvetkov, “On complex roots of Whittaker functions,” Dokl. Akad. Nauk SSSR, 33, No. 4,
290291 (1941).

A. Wiman, “Uber die Nullstellen der Funktionalen E,(z),” Acta Math., 29, 217-234 (1905).

E. M. Wright, “On the coefficient of power series having exponential singularities,” J. London
Math. Soc., 8, No. 29, 71-79 (1933).

E. M. Wright, “The generalized Bessel function of order greater than one,” Quart. J. Math.,
Ozford Ser., 11, 36-48 (1940).

A. A. Yukhimenko, “On a class of sine-type functions,” Mat. Zametki, 83, No. 6, 933-940 (2008).

A. Yu. Popov

Moscow State University, Moscow, Russia
A. M. Sedletskii

Moscow State University, Moscow, Russia
E-mail: sedlet@mail.ru

409



	PREFACE
	Chapter 1 INTEGRAL REPRESENTATIONS, ASYMPTOTICS, 
AND ESTIMATION OF MITTAG-LEFFLER FUNCTIONS
	1.1. Integral Representations of the Mittag-Leffler function
	1.2. Basic Theorems on Asymptotic Behavior of Mittag-Leffler Functions
	1.3. Complete Asymptotic Expansion of One Integral
	1.4. Asymptotic Expansions of Mittag-Leffler functions of Order ρ ≥ 3/4
	1.5. Asymptotic Expansion of Mittag-Leffler Functions of Order ρ ≤ 3/4

	Chapter 2 ASYMPTOTIC PROPERTIES OF ZEROS 
OF MITTAG-LEFFLER FUNCTIONS
	2.1. Asymptotic Formulas for Zeros
	2.2. Matching of Asymptotics and Numeration of Zeros

	Chapter 3 PROBLEM ON THE REALNESS OF ALL ZEROS OF THE MITTAG-LEFFLER FUNCTION 
OF ORDER LESS THAN 1/2
	3.1. Main Results
	3.2. Meaning of Proofs of Theorems 3.1.1–3.1.3
	3.3. Absence of Zeros of the Mittag-Leffler Function with Positive Parameter μ in a Neighborhood of the Point z = 0. Asymptotics of the First Zero of Eρ(z; μ) by the Parameter ρ → 0+ 
Uniform with Respect to μ ∈ (0, 2/ρ]
	3.4. Inequalities for the Gamma-Function and Its Derivatives
	3.5. Proof of Lemma 3.1.1
	3.6. Proof of Theorem 3.1.1 in the Case 0.4 ≤ ρ < 0.5
	3.7. Proof of Theorem 3.1.1 in the Case 0.25 < ρ < 0.4
	3.8. Proof of Theorem 3.1.1 in the Case 1/6 < ρ ≤ 1/4
	3.9. Completion of Proof of Theorem 3.1.1 (Case 0 < ρ ≤ 1/6). Proof of Theorem 3.1.2
	3.10. Proof of Theorem 3.1.3
	3.11. Proof of Theorem 3.1.4
	3.12. Proof of Theorem 3.1.5

	Chapter 4 NONASYMPTOTIC PROPERTIES OF ZEROS
	4.1. Real zeros
	4.2. Distribution of Roots in Angles
	4.3. Case ρ = 1/2
	4.4. Absence of Multiple Zeros
	4.5. Zeros of the Function E1(z; μ), Incomplete Gamma-Function, and the Error Function

	Chapter 5 ZEROS OF LAPLACE TRANSFORMS AND DEGENERATE HYPERGEOMETRIC FUNCTION
	5.1. Statement of the Problem
	5.2. Zeros of Finite Laplace Transforms
	5.3. Zeros of the Confluent Hypergeometric Function

	Chapter 6 REAL ROOTS OF THE MITTAG-LEFFLER FUNCTION 
OF ORDER ρ ∈ (1/2, 1)
	6.1. Statement of the Problem and the Main Results
	6.2. Proof of Theorem 6.1.2
	6.3. Auxiliary Inequalities
	6.4. Existence of Real Roots of the Mittag-Leffler Function for Particular Values of the Parameter μ > 1/ρ
	6.5. Proof of Theorem 6.1.1
	6.6. Proof of Theorem 6.1.3
	6.7. Sketch of the Proof of Theorem 6.1.4
	6.8. Completion of the Proof of Theorem 6.1.4
	6.9. Proof of Assertion (1) of Theorem 6.1.5

	REFERENCES


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile (Color Management Off)
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 290
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.01667
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 290
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 2.03333
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 800
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 2400
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /DEU <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [594.000 792.000]
>> setpagedevice


