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We consider a two-phase elastic medium with zero boundary condition on the displace-
ment field and zero force. We show that the temperatures of phase transitions are
independent of the domain occupied by the medium. Bibliography: 6 titles.

The strain energy functional of a two-phase elastic medium is defined by the equality

I[u,x,t,Q]:/{X(F+(Vu)+t)—|-(1—X)F_(Vu)}dw—/g-ud:r—/f-udS, (1)
Q Q oN

where Q@ C R™ is a bounded domain with Lipschitz boundary, g € Lo(Q, R™) and f €
Lo (092, R™) are external force fields, the m-dimensional vector-valued function u corresponds
to the displacement field, the characteristic function y defines the distribution of phases labeled
by the superscripts +, the energy densities F* have the form

FH(M) = ajy, (e(M) = ¢F)ij(e(M) = (F)p, (2)

e(M) = (M + M*)/2, M belongs to the space R™*™ of m x m matrices, and the parameter ¢ is
interpreted as the temperature. The components of the elasticity modulus tensors a;tjkl satisfy
the traditional symmetry positive definiteness conditions [1], and the residual strain tensors ¢+
are symmetric matrices. In (2) and everywhere below, we adopt the convention regarding the
summation with respect to repeated indices from 1 to m.

To describe the set of admissible displacement fields, we fix a function ug € Wy (£, R™) and
a measurable subset I'g C 09 (the variants I'g = @ and I'g = 02 are also possible). We consider
the set of admissible displacement fields

X(Q) = {u € Wa (2, R™) : (u — ug)|r, = 0} (3)
The set of admissible phase distributions is the set of measurable characteristic functions:

Z(Q) = {x € Loo(9) : x(x) = x*(z) almost everywhere in Q}. (4)
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By an equilibrium state of a two-phase elastic medium for a given ¢ we mean the pair , X;
minimizing the energy functional

Iug, X, 6,92 = inf Iu, x,t, 9], u € X(Q), Xt € Z(Q). 5
[tt, X, t, et @ [u, x,t, 9], u €X(Q), Xt€Z(Q) (5)

We say that an equilibrium state is a one-phase state if

w=xT=1 or {x=x" =0 (6)

and a two-phase state in the opposite case.

Under some additional conditions, for the variational problem (5) the existence of tempera-
tures of phase transitions ¢4+ = ¢4 (£2) was established in [2]

—o0 < t_ <ty < o0, (7)

which was characterized as follows:
for ¢ < t_ a unique solution to the problem (5) is the pair 4y = u™*, Xy = xT,
for t > t4 a unique solution to the problem (5) is the pair uy =u™, X\ = X, (8)
for t € (t_,t+) the problem (5) has no one-phase equilibrium states,

where 4T are unique solutions to the variational problems
It A0 = i T, 4,9), @ € X(Q). (9)
ueX(Q)

Some sufficient conditions for the coincidence of ¢+ can be found in [3].

The following question arises: whether the phase transition temperatures are determined by

the characteristics of a two-phase medium (afjkl, Zf) and external actions (I'o, uo, g, f). How
the size of () affects the phase transition temperatures?

As was established in [4], in the case
=9, g=0, f:pn (10)

(here, n is the unit outward normal to 092 and p is a parameter) the temperatures ¢+ depend
only on aiijkl, C;';, p, but are independent of €.

It is reasonable to suggest that the phase transition temperatures are independent of €2 under
the following conditions:

u =0, To=09, ¢g=0 (11)

since for an isotropic two-phase media the phase transition temperatures are explicitly expressed
and are independent of Q (cf. [5]). We confirm this suggestion in this paper.

Theorem. Under the conditions (11) for the variational problem (5), there exist phase
transition temperatures t+ that are independent of the domain 2.

Proof. Under the condition (11), the set of admissible displacement fields (3) has the form
X(Q) = Wi(Q,R™). (12)
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Therefore, the solutions to the problem (9) are given by the equalities ¥ = 0. Since these

functions belong to the space WL (€2, R™), according to the results of [2] there exit the phase
transition temperatures ¢..

We introduce the functions

Z'i(t, Q) = inf I[u, Xiatvﬂ] = ‘Q|a’z_]klc2;€]5’

ueX(Q)
af ChCh <t (13)
(1,0 = min i (1, 2), 7~ (1,2)) = [0 { 94K
@315 Cht» t>1t,
= a;klczgclzl B a:;m@?(;} l(ta Q) = uEX(Qi)r,l)f(lEZ(Q) I[Uv X t, Q]a
where || is the measure of Q. By the definitions (13), we have
We set
L(Q) = {t € R" +i(t,Q) < imn(t, )} (15)

The inclusion ¢ € L(Q) is equivalent to the fact that for a given ¢ the functional I[u, x,t, ]
has no one-phase equilibrium states. By the definition (8), the existence of the temperatures ¢

imply
L) = (t-(Q), £+(2). (16)

In the case t_(2) = t4+(Q), the set L(2) is empty.

Let us prove the following relations:
L(Qe) =L(Q), Qe={z+e:2€Q, eis a fixed vector in R™},
LY = L(Q), Q= {\z:z€Q, \is a fixed number in (0,00)}, (17)
L(Q') D L(Q) for an arbitrary bounded domain Q" c R™, Q' > Q.
Making the change of variables, we find
/ (EH (V) + ) + (1 )F~ ()} d = / (REH(VE) + 1) + (1 - DF(Va)} &
Qe Q (18)
r€Qe, T€Q, z=T+e, x(z)=x@), ulz)=u(x), uweX((), x€Z).

Since any pair u € X(€.), x € Z(£2) can be obtained from the pair u, ¥ according to (18), we
have i(t,Q.) = i(t,2). By the definition (13) of imin, we have a similar equality imin(t, Q) =
imin(t, ). Then

Z.min(t; Qe) - i(t, Qe) = imin(tv Q) - i(tv Q)? (19)
which implies the first assertion in (17).

Making the change of variables, we get

/{X(F+(Vu) +t)+ (1 —x)F (Vu)}de =" /{)?(FJF(VE) +t)+ (1 —x)F (Vu)}dzr (20)
(923 Q
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re, TeQ, =M%, x()=x@), ulx)=\I), 1eX(), X<cZ).
Since any pair u € X(2*), x € Z(Q") can be obtained from the pair u, ¥ according to (20),
we have i(t, Q") = \"i(t,Q). By the definition (13) of 4y, we have the similar equality
imin(t, QA) = )\mimin(t, Q) Then
imin (2, Q)\) —i(t, Q)\) = A" (imin (¢, Q) —i(t, Q))7 (21)

which implies the second assertion in (17).
For an arbitrary bounded domain Q C ' C R™ and functions u € X(2), x € Z(2) we set

ooy Jul@), e ) — x(x), =€,
u(m)_{o, re\Q, X()_{o, reQ\Q. 22

Then v’ € X(), X' € Z() and

JWE @)+ 0+ (1= )P (Vi) e
Q/
_ /{X(F+(vu) +1) + (1= ) (Va)} do + 2\ Qlag,.G G (23)
Q

We estimate from below the left-hand side of (23) by (¢, ). Minimizing the right-hand side of
the obtained inequality over all u € X(Q2), x € Z(Q2), we find
it Q) <i(t, Q) + 19\ Qag ;G- (24)

Instead of (22), we consider

ooy Jul@), e ) — x(x), =€,
u()_{o, z e\ Q, X()_{l, r e\ Q. &)
Then v’ € X(V), X' € Z(€) and
JWE@) 0+ (1= )P (Vi) da
Q/
= [ (@0 0+ (= 0 (V) de + 19\ QGG+ (26)
%)
Consequently,
i(t, ) <t Q) + 19\ Qa5 G+ 0). (27)

Combining the inequalities (24) and (27), we conclude that
i(t, Q) <i(t, Q)+ 19\ Qmin{a,, GEGh 1 a5, Gt = it Q)+ dmin (8, Q) — dmin (8, Q). (28)
From the estimate (28) we find

imin (¢, Q) — (2, Q) <imin(t, Q) — (2, ), (29)



which implies the third equation in (17).

To complete the proof of the theorem, we shift the domain €2 by a vector e in such a way that
the origin belongs to .. We fix two balls B,.(0) and Bg(0) by the condition B,.(0) C 2. C Bg(0).
By (17), we have

L(BT(O)) - L<Qe) - L(BR(O))7 L(Qe) - L(Q), L(BT(O>) - L(BR(O)) = L(B)7

where B is the unit ball in R™ centered at the origin. Then L(?) = L(B). Hence, under
the condition (11), the temperatures of phase transitions for the functional (1) in an arbitrary
bounded domain €2 coincide with the temperatures of phase transitions for the same functional
in B. The theorem is proved. U

Remark. Under the condition (11), the estimates for the phase transition temperatures
obtained in [6] imply that the temperatures coincide if and only if

+ = = Y R
QiiSkr = Yiiga Sk aijklckl _aijlekl (30)

respectively. We note that, under the condition (10), the temperatures of phase transitions
always coincide (cf. [4]).

Acknowledgments

The work is supported by the Russian Foundation for Fundamental Research (grant No
11-01-00825).

References

1. G. Ficera, Ezistence Theorems in the Theory of Elasticity [in Russian], Mir, Moscow (1974).

o

V. G. Osmolovskii, “Existence of phase transition temperatures of a nonhomogeneous
anisotropic two-phase elastic medium” [in Russian], Probl. Mat. Anal. 31 59-66 (2005);
English transl.: J. Math. Sci., New York 132, No. 4, 441-450 (2006).

3. V. G. Osmolovskii, “On the phase transition temperature in a variational problem of elas-
ticity theory for two-phase media” [in Russian|, Probl. Mat. Anal. 41, 37-47 (2009); English
transl.: J. Math. Sci., New York 159, No. 2, 168-179 (2009).

4. V. G. Osmolovskii, “Dependence of the temperature of phase transitions on the size of the
domain” [in Russian|, Zap. Nauchn. Semin. POMI 310, 98-114 (2004); English transl.: J.
Math. Sci., New York 132, No. 3, 304-312 (2006).

5. V. G. Osmolovskii, “Exact solutions to the variational problem of the phase transition theory
in continuum mechanics” [in Russian|, Probl. Mat. Anal. 27, 171-206 (2004); English transl.:
J. Math. Sci., New York 120, No. 2, 1167-1190 (2004).

6. V. G. Osmolovskii, “Temperature-dependence of equilibrium states of a two-phase elastic
medium with the zero surface tension coefficient” [in Russian|, Probl. Mat. Anal. 28, 95-104
(2004); English transl.: J. Math. Sci., New York 122, No. 3, 3278-3289 (2004).

Submitted on June 24, 2012

306



	Abstract
	Acknowledgments
	References

