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We consider the small mass asymptotics (Smoluchowski—Kramers approximation) for
the Langevin equation with a variable friction coefficient. The limit of the solution in the
classical sense does not exist in this case. We study a modification of the Smoluchowski—
Kramers approximation. Some applications of the Smoluchowski—-Kramers approxi-
mation to problems with fast oscillating or discontinuous coefficients are considered.
Bibliography: 15 titles.

1 Introduction

The Langevin equation
pdy =blay) — At +o(gdf )W, af=q€R", g5 =peR", (1.1)

describes the motion of a particle of mass p in a force field b(q), ¢ € R™, subject to random
fluctuations and to a friction proportional to the velocity. Here, W, is the standard Wiener
process in R™, A > 0 is the friction coefficient. The vector field b(q) and the matrix function
o(q) are assumed to be continuously differentiable and bounded together with their first order
derivatives. The matrix a(q) = (a;j(q)) = o(q)c*(q) is assumed to be nonsingular.

Put p}' = ¢}'. Then (1.1) can be written as the first order system:
q; =Dy

1 A 1 .
- [ iz H YW
Py = —blq p o\q .
t M(t) 'ut_‘_u(t) t
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The diffusion process (p}', g}') = X' in R?" is governed by the generator L:

1
Lu —(b(q) — A\p) - Vg
P4 =53 jZl 8}916})] + u( (@) = Ap) - Vpu+p- Vqu

Note that, since the functions g} are continuously differentiable with probability one,
¢
[ oit@)awd = os(@Wi — [ W (Vo) ph)ds,
0

This allows us to consider Equations (1.2) for each trajectory W individually, and there is
no necessity in the introduction of a stochastic integral. In particular, if (1.2) is considered as a
stochastic differential equation, stochastic integrals in the It6 and Stratonovich senses coincide:

t t
/ o(q) AW, = / o(q") o dW .
0 0

It is usually assumed that the friction coefficient A is constant. Under this assumption, one
can prove that g}’ converges in probability as p | 0 uniformly on each finite time interval [0, T]]
to an n-dimensional diffusion process g,: for any x,T > 0 and any p)) = p € R" fixed,

B?&P(oriﬁ’% a4} — gy|ra > k) = 0.

Here, g, is the solution of the equation

| 1 . .
q; = Xb(Qt) + XU(Qt)Wta qo =g =q<cR". (1.3)

The stochastic term in (1.3) should be understood in the It sense.

The approximation of g}’ by g, for 0 < u < 1 called the Smoluchowski-Kramers approi-
mation. This is the main justification for replacement of the second order equation (1.1) by the
first order equation (1.3). The price for such a simplification, in particular, consists of certain
nonuniversality of Equation (1.3): the white noise in (1.1) is an idealization of a more regular
stochastic process Wf with correlation radius § < 1 converging to W, asé 1 0. Let ¢}’ * be the

solution of Equation (1.1) with W, replaced by Wf. Then the limit of g 9 as 1,0 | 0 depends
on the relation between p and §. Say, if first 4 | 0 and then p | 0, the stochastic integral in
(1.3) should be understood in the It6 sense; if first | 0 and then 6 | 0, g} 0 converges to the
solution of (1.3) with stochastic integral in the Stratonovich sense (cf., for example, [1].)

Consider the case of a variable friction coefficient A = A(g). We assume that A(q) has
continuous bounded derivatives and 0 < Mg < A(g) < A < oco. It turns out, as we will see in
the next section, that, in this case, the solution g} of (1.1) does not converge, in general, to the
solution of (1.3) with A = A(q), so that the Smoluchowski-Kramers approximation should be
modified. In order to do this, we consider Equation (1.1) with W, replaced by Wf described
above:

pad 76 76 ) ’6 - 76
udl” = b(gl’) = Maf gl + olaf )Wy, af’ =aq, @’ =p. (1.4)
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We prove that after such a regularization, the solution of (1.4) has a limit Ejf as | 0, and
@ is a unique solution of the equation obtained from (1.4) as p = 0:

<6 1 ~5 1 ~5\ x50 ~5
q; = ——-b(a@;) + —-0(@)W;, qy=gq (1.5)
@ @

Now we can take § | 0 in (1.5). As a result, we get the equation

: 1 1 .
a. = — b g + —0 q [e] W 3 qo = ) 16
q; )\(qt) (qt) A(qlf) (qt) t do q ( )

where the stochastic term should be understood in the Stratonovich sense. So the regularization
leads to a modified Smoluchowski-Kramers equation (1.6). We prove this in Section 3.

Some applications of the Smoluchowski-Kramers approximation are considered in Sections 4
and 5: the case of fast oscillating in the spatial variable, periodic or stochastic, friction coefficient
is studied; gluing condition at the discontinuity points of the friction coefficient are considered.
In Section 6, we briefly consider some remarks and generalizations.

Notation. We use | ® [ga to denote the standard Euclidean norm in RY. When d = 1,

we set | @ [g1 = | @ |. For a vector-valued function f(x) = (fi(x),..., fa(x)), x € R, we set
| fllcc = max || filloo = max sup |fi(x)]. All the vectors are marked with either bold letters or
1<i<d 1<i<d e

with an arrow on it.

2 Some Estimates. The Classical Smoluchowski—Kramers
Approximation Does not Work for Variable Friction
Coefficients

We consider the system
pil =b(gl) — Mgl + Wi, qf=qeR’ gj=peR” (2.1)

Here, 0o > A > A(e) > Ao > 0 is a function of g}'. We assume that the function \(e) and vector
field b(e) are continuously differentiable and bounded together with their first derivatives. The
process W is the standard Wiener process in R?. For simplicity of calculations, we consider
here the case where the diffusion matrix a(e) is the identity (cf. (1.1)). The case of general
diffusion matrix can be considered in a similar way, and we will briefly mention it in Section 6.

Let p}' = ¢}'. Then (2.1) is equivalent to the system

Then
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and

e% OftA(qg)dspf —-p= 1 /te% 0fA(q‘;)drb(q’;)ds + = /tei zA(qg)drchs.
0 . 0
For notational convenience we introduce the function
¢
Alwt) = [ Nah)ds.
0

It is clear that tA > A(u,t) > tho. Using (2.3), we find

t t

_1 1 1 1 1
pl=e wAt) (p—i— —/e;A(“’S)b(qu)ds—i- —/e:&A(“’S)dWs)
I 0
0 0
Therefore,
t t . t s
dt=a+ [phis—qep [ HO0a g L [ ( / emwb@mdr) is
0 0 a 0 0
1 t s
+— /eif‘(“’s)< /eiAW)dWT> ds = q+ a(p) + B(p) + ().
1
0 0

Here, a(p), B(n),v(r) are three (vector) functions on the right-hand side of (2.4):

t
a(p) =p/e_5’4(“’s)ds,
0

t s
Bp) = l/e_iA(“’s)< /e%A(“’T)b(qﬁ)dr> ds,
u
0 0

t s
1 _1 1
,),(’u) — ;/6 iA(NaS)< /eﬁllA(“’T)dWr> ds.
0 0

In the following, we use the relation

%(e‘ﬁf“wvt)) _ 1 tawndAlpt) _ _le—%A(p,t))\(

I dt I

We also use the estimates

t t t
cAt cAs c cAgs cApt
%(1—6_7):/e_Tdsg/e_ﬁA(“’s)dsé/e_%ds:i(l—e_%) < L,

c
0 0 0

(2.5)
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v (2.7)

Here, c is a positive constant.

In this section, we get some bounds for a(u), B(n), (@) which show, in particular, that the
classical Smoluchowski-Kramers approximation does not hold in the case of variable friction.

These bounds will be used to obtain a modified Smoluchowski-Kramers approximation.

2.1 Estimates of a(u)
By (2.5), we have

t t
“1A(us 1 “1A(us
o) = p [ s = p [ () grmateH )
0 0

1
efﬁA(uvt)

t
1 /—lA(us) 1
—pp - — [ e nd(
e o) e
Let

7lA(/”‘7t)
e » 1
Ra(lu’) =pn [ - ] .

Mai)  AMa)

It is easy to estimate |Rq (1) < p/Ao. Therefore, |Rq (1) — 0 as p | 0.
Let

(1)

t
—L A(u,s) 1
/e I d()\(qu))'
0

t t
_lA( ,8) 1 . _lA( ,8) 1 _lA( )8)
_/6 © ® mv)\(qg)pgds— _/€ H " Wé s . v)\(qg)
0 0

S

1 / 1 i
X <p+ m /eflﬂA(”’r)b(qg)dr + % /eiA(“’r)dWr> ds = (I1) + (I2) + (I3).
0 0

Here,
/ VA(gY)
. 7314( ,8) qs
()= -p- [ E0 s
0
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t
1 2 A(us) L / L A(u,r)
I —- _ 122 MY, s d‘/‘/,r d .
(I3) #O/e . )\2<q£f)V)‘(q5) ( er S

Using (2.6) and (2.7), we derive

t
”V)‘”OO‘p‘Rd/e—%/\ost < HVAHOO

)< 5 Pl -
VAl o[ [ Lager
‘(I2)‘ < ” )\H Hb‘oolu/ A(/h )< /euA(u’ )dr)ds
0 0 0
V)\ t S
< H IIOO||bHOO /(/eﬁ(s rnodr)eﬁ/\osds
MO 0
VA /
A s A S
= Ve L / (- By W ds
0 0 Ao
||vx|| / ku
)\
< 161l / 2 ds < bl 1

0

t
/621 ( / *% IA(“’S)+;1LA(M’T)dWT> ds
0

we can estimate, by the Cauchy—Schwarz inequality and (2.6), (2.7),

Since

HV/\HOO

()] <

)

Rd

2

2 ¢ s
E‘(Ig)|2 < (HV;;HOO) iQE /621“14(%3)< /6 2HA( ) iA(u,s)JriA(,u,r)dWT) ds
0 s 0 0 R4
9 t t s 2
< <|!V;2lloo> %E< / o EAGws) ds) ( / o HAGs) / o BAU 2 AWy ds)
0 K 0 0 0 R4
t t s
[Vl 2 1 ([ o RV Y T —
< 2 — /e nods /e #E/e# RN AW L ds
0 . 0 0 0 Rd
t t s
VAl 21 —20s —20s =2 A(p,8)+2 A(pr)
= 2 ? /e r ds /eu /Eeu ST AT dre ) ds
0 0 0 0
t t s
”V)\”OO 2 1 7>\()5 7)\()8 2)\Os+2)\0r
< 2 E /e v ds /e w /e v dr |ds
0 0 0 0
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¢
Moo\ 1 0 o)’
<<||V2H > e /e 0 g <<HW2H ) L
G Ao / 2X0 Y 2);
Combining these estimates, we see that E[(I)[> — 0 as x| 0. So, Ela(u)[2, — 0 as | 0 for
any |plra < o0o.

2.2 Estimates of 3(u)

By (2.5), we have

/@(M):;/ Al (/ Aln) p( g dr>d
0

O/t < / e%AW"‘)b(qg)dr) (-A (Z@) d(eHAW)

0

= O/t < / eiA(“’r)b(qﬁf)dr> (—A (25)) d(e™w AUy

0

==

_1
e uAlms)

M) /

e_ﬁA(“’) 14 t b(g")
— S [ b+ [ 50
0 0 s

)\(Qt)

We also have
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S S

o A) <p b [ ugnar s [ eiAW”“’dWT) s
p M

0 0
= (IT)) + (IL) + (IT3).
Here,

t

- eiﬁA( ’ 1
(111) _—/)\2(7“< /6 p Al b(q,)dr)V)\(q“) pds,
0 0

- ) F
<H2>=—— AQ @ ( / en ) b( qr>dr)w<qs> ( / ei"“’“‘"”b(qﬁ)dr)ds,
3 0

0

s

77A (,8)
(I113) = BCAR / en )b qr>dr)VA(qs> ( / eﬁ“““’”dwr>ds.
° 0

0

‘We conclude that

T 12\ Y e I i
Tl < By mmW@ S ds < 5 Iplasl bl 5

0

t 2
; 1wwm ) 19N e 1 st
(IT)lpa < - mu/ ds < b2, L
p 32 by

0
1|V 2 | / /
— 2 1 1
E(IIZS)’]%wg( ” ”°°H Hoo) E /e; (/eﬁ"‘w*’“)dr)(/eﬁAW’”dWT)ds
. 0 0
t
/( e—% A(p,s) ,ur) )( /6_% ’))dWT>dS
0 0
A2y (] 2
00 —l 1y
(M ¥ HbHOO> E(/(/e z Ddr) ds)
0
t 2
ds)
R4

; ( /
< (;”V;”mu Hoo>2 <j</ dr) ds)(ﬂ/tE

2

Rd

2

]Rd

/ o h (A=Al gy
0

0

S

/ )= Al gy

2
ds)
Rd
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9 t S 2 t s
(s=7) (s=7)
. (HV;‘Q”OOHbIIoo) (/(/e_ umdr> d5></</6‘2 - AOdT>dS>
. 0 0 0 0
S > Ao 2X0 )

Combining these estimates we see that E|(I_j)|§d

— 0 as @ | 0. This implies that

2

—0 asul0.
Rd

2.3 Estimates of «(u) - the reason why the classical Smoluchowski—Kramers
approximation does not work

We show that
t

7(“) _/)\(%dws
0

2
E

)

Rd

qs)

in general, does not tend to 0 as u | 0. Therefore, the Smoluchowski—Kramers approximation
does not work in the case of purely white noise perturbation.

By (2.5), we have

t s
Y1) = % / e‘iA(“’S)< / e%A<“»T)dWT) ds
0 0
t s
_1 (o7 —LA(u.s)
MO/(/eu dW)( N )>d(eu )
A(p,8) t
[ dW - A(w)_/e—;Aws ( L
Mg

t t S
_ e ) dWs o~ EAGD) 1 —LA() 3 A(ur) 1
= */qu;)dWS/e " / W )d(5q7)
0 0 0

t

:R'Y(M)—Ir/)\(q,;)dw + (IT1).
0

It is easy to check that

t
1 2Xg(t—s) n
E|Ry (1)[za < p/e vods S o
0 0 0
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‘We have

t s

in = [ e AW LAGur) 1
(III)/e w </e# a dWT> <—>\2(qg)>vx\(q‘;)-p’;ds

0 0

— (ITTh) + (ITTy) + (I113)

where

t Alp,s) s s
1 ’ 1 1
(IT) = —— / eA; 4 ( / eiA(W)dWT>V>\(q/;). ( / eiAWv’“)b(qﬁ)dr)ds,
w : qs ) ]
t —3A( s) S s
= 1 M, 1 1
i) =2 [ [aw Jorian - ([ enaw o
0 3 0 0

We can estimate

s

t
/ A u,s>< / o E(AGus)— (“’T))dWT>ds
0
t t
/ e ih M>ds> ( / / o (Alws) = AGwn) gy
0 0 0
t t s
(/e %ﬁd(s)(/(/e_wdr)ds)
0 0 0
|p|al |Wlloo>2 <L> <_)
2X0 ) \ 2X

The term (IfIg) can be estimated in the same way as (Ijg):

~ V/\||Oo 2OeN [ ot
E|(I1L)[3 < | blo) () (2 )-
i< (S ) (%) (5

| 2

2

|PlRal IVAIIOO ?

III E

e (M)
prMVMM)2E<
<mmmvwm)2
<

Rd

s

2
ds)
R4

But, in general, one cannot estimate E|([ I_’Ig) up to a term which goes to 0 as i | 0. As an
example, suppose that A = ||A]|oc and for 0 < ¢t < T < oo we have VA(q)') = e;. Here ey is
the unit basis vector e; = (1,0,...,0) in R%. Let W} be the kth (1 < k < d) component of the
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Wiener process W,.. For 0 <t < T we have

t
(o) o)
0 0
214
( — L (A1)~ A )de> ( / R (AGn9)=AGu) g1 ) d) ]
0
t s
TE< /( /ei (1,8)—A(p,r ))dW > d8>
0 0
) t S 1 t S
_ —2 (A(p8)— A1) —2A(s—r)
—W</</Ee# H H dr>d3>>m</</eu dr)ds)
0 0 0 0

t
o 2A9 t n _2At
= g [ 0 i = g - g - ),
0

which does not tend to 0 as p | 0. Since

S

&
[/
(]

= 1
E|(I113)|pa > WE

R4

A(lu‘7 )dWl

o\W

o\
X:\H

\_/

2
k=2

o _
o\

E|(I113)[za > (E[(I113)|pa)?,

we see that E|(IIq.73) 2

|Rd does not go to 0 as u | 0. Now, we have

t 2
1 1 = - -
B 20 = [ 5| > I e~ BBy () — BT — BT e
0 ’ R
Therefore,

¢ . 2
— AW
/ A(gs)
0
is uniformly bounded from below by a positive constant as p | 0.

We can check that the process g}, 0 <t < T, does not converge as i | 0 to the process qy,
go = q. We have

q =q+

o\ﬁ
> |
— |
QR
CRNESS
S— | —
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Suppose that for any &, T' > 0, and any p, =p € R? fixed

limP( ma, b q.|? >/$):0.
lim OgthTIqt Qtlga =

For some A > 0 independent of y and k we have

t t 2
b(gs) b(g,) 1 1 2
E|(¢! —q —/ — = ds—/ — — —— | dW < AE max |q¥ — q
= AN " Na ) el R ) S AR el
2 2 2
< A[P(Orgggt\qé‘ ~ 4slpa 2 £) - B max |qf — q[zs + P (max |qf — q.fpe <r)- H]

< Als + o(p, k)]

since E(§I<1a§t lgt — qsh%{d < 00. Here, the term o(u, k) converges to 0 as p | 0 for every fixed
\s\

k> 0. Fix kK > 0. Letting p | 0, we see that

lim E (qf—qt)—/t<b(q%)
0

2

t
) o O/ <A(;’s‘) - A(L)) Wl < An

R4

b(q,)
140 AMgs)  Mas)

Since x > 0 is arbitrary, we see that

t
limE |(g! — —/(
10 (ai —aq,) )

On the other hand, let us suppose that VA(q)') = e; for 0 < t < T < co. Here, e; is the

2

(-4 ()] -

R4

unit basis vector e; = (1,0,...,0) in R%. We have
[ blat) [ :
qs
E| a(u) + <B(u)—/ 7 d8> + (7(#) —/ B dWs>
; A(g5) ) A(gs) R
1 [ ? (g |
qs
> 3B 100~ [ 5 W]~ Elas ~E| 800 - [ 350
, qs Rl , qs R

By our estimates, this leads to a contradiction.

3 Regularization via Approximation of the Wiener Process

We can regularize the problem via approximation of the Wiener process. FOr this purpose,
we introduce the process

00 1
1 s—1 1 S
w?i = S/Wsp (T) ds = 5/me (5) ds,
0 0
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where p(e) is a smooth C'™ function whose support is contained in the interval [0, 1] such that

/Ip(S)dS =
0

One can prove that (cf. [2] and the references therein)

lim E max |[W? — Wil2a = 0.

3l0  t€0,T]
We have
! / Wi s p(r
4]
We can then introduce the following regularlzatlon of our problem: first we consider the system
uigl”® = b(q?) — @) + Wi, i’ =qeR: ¢ =peR- (3.1)
Equivalently, it is the first order system
q* =pi’, )
0 = bl - I Ly (32)

We can proceed with estimates similar to those in the previous sections. Since for fixed § > 0

L5 1
(W |ga < g( max |p(r)])( max |[Wi|pd) < oo aus., (3.3)

0<r<1 t<s<t+8

we can prove that all the terms

=
Q

Ela(p)|pa,

=

A(g5)

t
0
goes to zero as p | 0. (To be precise, we should write a(u, ), B(u,6), and ~y(u,d) to indicate
the dependence on §, but for the sake of brevity we neglect that.) In particular, with § > 0

fixed, we can estimate the term (/ I_‘Ig) up to a term which tends to 0 as p | 0. We have

0

t s )
E|(I113)|ga < %HV;\QHOO /E /ei(A(%S)A(u,r))Widr ds
0 0 0 R4
_ 1[[VA]eo / Lo [ L (Aes)—AGur) ; . 2
T M /ﬁ /e g /Wr+5mp(m)dm dr| ds
0 0 ; R
t 1 . ,
= %HV;;HOO /%E /p(m)WrJnsmdm/eﬁ(A(u,s)A(u,r))dT ds
° 9 0 0 Rd
A / 5 A( 2
< LI [ 5 e 15m)) "B s W)’ ( [ dr) N
0 0
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VAl t

. 2
535 (o, (m)) B( max | (Wila)”

~X

Therefore, for fixed 6 > 0 we have E\(If[3)|Rd — 0as ¢} 0. By (2.4), we get

t t
b
#”=q+/ (¢ ck+/ dwﬁ
0)\(q 0)\

t 5 ¢
+va(w + (s - | b 4 4 () - [ aw? (3.4)
) A(gh”) S Ag)
Let the process af be governed by the equation
<5 b(d;) I 6 d
q; 5t Wi @=4q€eR (3.5)
MNa@) M)
Then
(6@ [ 1
qf:qu/ ?g ds+/ = dw? (3.6)
s AM@) ) M)
Let

§ _ =0
M(t, 9, ) = E max |5 — gs|pa-

By (3.4) and (3.6), using the estimate (3.3), we get

¢ ¢
M(t,é,,u)éKl/ (55uds—|—K2t5/M55uds+o#()
0 0

Here, 0,(1) is a term which goes to 0 as p | 0. The positive constant K is independent of s,

J, and t. The positive constant Ky = Ks(t,d) may depend on ¢ and J, but is independent of u.
Now, we use the Bellman—Gronwall inequality:

M(t,6, 1) < ou(1)exp((K1 + Ka(t, 0))t).

We conclude that for any 4, x,7T > 0 fixed and any po’é = p fixed

lim P -q) = 0.
lim P( o |q}" = @7lzs > 1)

Now we can take d | 0. Using Theorem 6.7.2 from [3] we obtain the following result
Theorem 3.1. We have, as § | 0,

lim E max — =0,
lim teleqt Gy|re =

where q, is the solution of the problem

(
(

>

§9+ L
q; )\(Qt)

~

q; =

OWt7 aOZqERd'

>
~—



Here, the stochastic term is understood in the Stratonovich sense.

In the general case,

pad 96 76 96 b 76 75 0 ’6 b 75
par” =blg") — Mai")a” +o(g" )W, 4" =q, 43" =p, (3.7)

where the matrix o(e) satisfies the assumptions made in Section 1, for any J, x,T > 0 fixed and
any pj Y — p fixed we have

lim P g = 0.
lim P max |g" —glgs > ) =0

The process ij is governed by the equation

5 b (@) .. -
q; = (qt)+ (gfsiwtv QO:qeRd~ (3.8)

A@f) Mgy

We conclude the section with the following assertion.

Theorem 3.2. Under the above assumptions,

lim E max [0 — g =0,
5—0  te[0,T] 17 = @ilwe

where g, is the solution of the problem

4:)

oW, qy,=gqecR% (3.9)

4 One-Dimensional Case

In the case of one spatial variable, the Smoluchowski-Kramers approximation leads to a one-
dimensional diffusion process ¢; which is defined by the following stochastic differential equation
written in the It6 form:
b(qt) N (qt) 1

— T _ 1
Mar) 223 (@) + )\(qt)Wt’ 0 =q€R". (4.1)

u(g) = / () exp (— 2 / b(y)A(y)dy) de,
0
2/)\(x) exp (2/b(y))\(y)dy> dx.
0 0

Since A(z) > 0, the functions u(q) and v(q) are strictly increasing. Following [4], we introduce
an operator D,D,,, where D, means the differentiation with respect to the monotone function
. flet+h) — f(2)

: D =1
u(g): Duf(q) = lim wlz £ h) —ulz)
that D, D, is the generator of the diffusion process ¢; defined by (4.1).

G =

We set

(4.2)
v(q)

; the operator D, is defined in a similar way. One can check
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Suppose that the friction coefficient A(¢) = A:(q) depends on a parameter ¢ > 0. We
assume that for each ¢ € (0,1] the function A:(¢) has a bounded continuous derivative A.(q)
and 0 < A < Ao(q) < X < co. Let u.(q) and v-(q) be the functions defined by (4.2) with A(q)
replaced by A:(q). Consider the stochastic process ¢.' %€ in R! defined by the equation

o 767 767 757 767 I 757 3 757
n " = b(g) = M (g )+ WYL ™ =a, 60 =p, (4.3)

where WE is, as above, a “smoothed” white noise converging to Wy as 61 0.

Theorem 4.1. Assume that \-(q) converge weakly as e | 0 on each finite interval [a, B] C R
to a function \(q) (possibly, discontinuous). Then the processes q; 0 converge weakly on each
finite time interval to the diffusion process G, governed by the generator DyDy (where u(q) and
0(q) defined by (4.2) with A = X(q)) as, first u | 0, then § | 0, and then ¢ | 0.

Proof. According to Section 3, the processes ¢; e converge weakly as first o | 0 and then
§ | 0 to the process @ which solves Equation (4.1) with A(¢) = A\°(¢). By assumptions, the
functions u.(q) and v-(q) converge as € | 0 to functions u(q) and v(q) respectively for each
q € R, The functions %(q) and v(g) are continuous and strictly increasing. Therefore (cf. [4]),
there exists a diffusion process g, governed by DzDgz. As was shown in [5], the convergence of
ue(q) and v-(q) as € | 0 to u(q) and v(q) respectively implies the weak convergence of processes
g; to the process corresponding to Dy Dy as € | 0. O

Theorem 4.2. Let A\.(q) = Xq/e), and let one of the following conditions be satisfied:

(1) X(q) s a continuously differentiable positive 1-periodic function,

(2) A(q) is an ergodic stationary process (independent of the process Wy in (4.3)) with contin-
wously differentiable trajectories and 0 < A_ < A(q) < Ay < oo for some constants A_,
At

1
Put \ = /X(q)dq if condition (1) is satisfied and X = EX(q) is condition (2) is satisfied.
0

Then the process q; € defined by (5.3) converges weakly as first p | 0 and then € | 0 to the
process q, defined by the equation

1 1..
q, = :b q + = 5 Jn = .
q¢ 3 (Qt) )\Wt do = ¢

The proof of this theorem follows from Theorem 4.1 since each of conditions (1) and (2)
implies the validity of the assumptions of Theorem 4.1 and \(q) = .

Assume that A\.(q) is a bounded and separated from zero uniformly in e € (0, 1] positive
function such that lifg Ae(q) = A\ for ¢ < 0 and lifg Ae(g) = Ao for ¢ > 0. Assume that A.(q) is
> £

continuously differentiable for each ¢ > 0. Let X(q) be the step function equal to Ay for ¢ < 0
and Ay for ¢ > 0. Let functions u(q) and v(q) be defined by formula (4.2) with A(q) = A(q);
u(q) and v(q) are continuous strictly increasing functions. Denote by ¢ the diffusion process
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~ 1 .
in R! governed by the generator A = DzDg. The process ¢; behaves as )\—Wt on the negative
1

1
part of the g-axis and as /\—Wt on the positive part. Its behavior at ¢ = 0 is defined by the
2

domain of definition ® 4 of the generator A: a continuous bounded function f(q), ¢ € R!, twice
continuously differentiable at ¢ € {R!\ {g = 0}} belongs to D 4 if and only if its left and right
derivatives at ¢ = 0, f*(0) and f’ (0) respectively, satisfy the equality

Ly =r0

A1 A2
and Af(q) is continuous.

It is easy to see that the functions u.(q) and v.(q) defined by (4.2) with A(¢) = A\-(¢) converge
as € | 0 to u(q) and 9(q) respectively for each ¢ € R'. This implies the following result.

Theorem 4.3. Let the friction coefficient A\c(q) satisfy the above conditions. Then the
stochastic process q; e defined by (4.3) converges weakly to the diffusion process g; in R gov-
erned by A = DDz as first 4 0, then 6 | 0, and then € | 0.

This means, roughly speaking, that, if the friction coefficient is close to the step-function
A(q), then the process ¢}', for 0 < p < 1, can be approximated by the diffusion process g.

5 Multidimensional Case

In this section, we consider the problem of fast oscillating periodic environment in multidi-
mensional case. We consider the system

5, 5 5, 5, i 0 5, 5,
pdl e = b(gl"" Je) — N@"°Je) gt + Wy, qh’" =qeRY, G =pc R (5.1)

Here, as in Section 3, the process Wf is the approximation of the Wiener process in R9.
We make the same assumptions on the functions A(e) and b(e) as in Section 2. In addition, we
assume that the functions A(e) and b(e) are 1-periodic, i.e., A(x + ex) = A\(x) and b(x + e;) =
b(z) for x € R? and e, = (0,0,...,1(kth coordinate),...,0), 1 < k < d. Under this assumption,
the system (5.1) can be regarded as a system on the d torus T¢ = Rd/Zd Fix ¢ > 0. We can
proceed as in Section 3 to see that first as p | 0, then as 6 | O the process g}’ %€ converges in
probability to the process g; such that

: b(q; /<) 1 i d
q; = oWy, gq5=qcR"
" Mai/e)  Maife) T

The above equation, written in the form of the It6 integral, takes the form

L blg/o) 1Y@/ 1
%= Nai ) =N/ Mg

The generator corresponding to (5.2) is the second order differential operator

Leu(z) = (b(w/ e _ iM) Vu(@) + S — Au(x). (5.3)

g5 = q < R (5.2)

Mz/e) 2 N(x/e) 2\%(x/¢)
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Our goal is to study the homogenization properties of (5.3) in the general multidimensional
case. Homogenization problems were considered by many authors (cf., for example, [6]-][10].)
However, we provide here an elementary probabilistic way of doing this. Our method follows [6]

and [11, pp. 104-106].
t 1
We first make the change of variable q_ y and — = s. The process y; = —qj corresponds
€ € €
to the generator

1 VA(y) b(y)

= Ay — . by) ¢
)T ) )
We regard yS as a process on T¢. Then we have the bound
Eq/-f(y5) /f x)dx| < Ke™ .

Here, K > 0 and a > 0 are independent of € for small e. The function f is bounded and
measurable. The function p°(x) is the density of the unique invariant measure of y on T and

/ pt(x)de = 1.
Td
li li x)de =
fim p2* (= “(x) = p(z), i / f(z x = / flx
for f € C(T?), where p(x) is a unique invariant measure for the process with generator A° on

T¢ and
/u(aj)da} =1.

Td

We have

Combining these estimates, we conclude that for any n and t > ¢ > 0 there exists gg(n,d) > 0
such that for any 0 < e < g¢(n, 6)

I ("—) - [ H@n()de| < .
Td
This implies that for any f € C(T%)
@
g (%) = [ emierie] -0
Finally, we calculate the density pu(x). Since
A = By = 5 Ty = g (A~ TllnA) - V)
we see that .
(@) = CA(x), C = ( /A(m)dm) ,
Td
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and we have the following result.

Lemma 5.1. For any f € C(T%)

) f@)\(z)dx
DR L

Corollary. For any bounded continuous function f(x) on T?, q € T?,
2

L R t x)\(x)dx
E, /f<&>ds— T 50
0 c ANx)dz

limsup |Eq f
el ¢>6 1

as e 0, for 0 <t < oo.

The proof of this corollary is the same as that of the corollary after Lemma 1 in [6].

Now, let us consider auxiliary functions Ng(y), & = 1,...,d, which are periodic bounded
solutions (i.e., on T%) of the equation
1 VyA(y 1 0A
W) g, N ) = A(Ni(w) = W), yeT'. (5

2X2(g) e(w) = 223 (y) 2X3(y) Oy

The solvability of this equation comes from the fact that (A%)*\(y) = 0 and

1 0A
| 357 5 @A =0

Td

The boundedness of a solution comes from our assumptions on the function \(e). Now, we apply

the Ito6 formula:
t )
b (g 1 VA (¢ Wi
) (2 (%) 2 YA ([ 9s d
=c| [ v ( > (A() 2eA3(e>+A<qz/e>>S
0

(T)

1
€

o () -em (9
j (%) ]
. L 9N (45

Let N(y) = (N1(y),...,N4(y)). Using (5.5), we have
E_qg= b + W, ds
T\ Nai/e) T Mai/e)

Jom ()2 ()sii)a((8) -»(0)

MIH
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Here,
ON;

dy;

<DN><y>=( ) e e T
<i,J<

Therefore, using the corollary after Lemma 5.1, we see that g; converges weakly to a process
q;,q90=4q €< R? governed by the operator

S 52 i_ 9
L=— a;q i —— .
2 l.jzzl 7 Oy 0y, - ; b yi (5.7)
with the coefficients
_ VNZ(y) : VN](y) 1 (8]\73 8NZ > 1 > /
;5 = + + — + 5z i< d )\ d y
’ / ( Ay) Ay) \ 9y ®) dy; W) Ny )Y w)dy
Td Td
ON;
[y o [ )
b = 2L +y T Y . (5.8)

/Td ANy)dy k=1 /Td A(y)dy

Here, d;; = 1 if ¢ = j and §;; = 0 otherwise.

We can simplify the expression for @;;: using (5.5), we get

(L () o fr)
-/ (div (Avnm) - S8 anw) - 5w vnw v ()

<5107 (50 0+ G, ) *‘5”'@)‘@ / < T/ My)dy)
- T/ (£ (501557) = S 3

L (0N, 4 N s
+ ) <8y: (y) + ay; (y)> -I—%My))dy/( /A(y)dy)

ON; . 1 / 1
—d —d
_ Jra 9y (y)/\(y) Y 5., T Y

/Td Ay)dy

So, we have the following assertion.

Theorem 5.1. As € | 0, the process q; converges weakly to the process q;, gy = q € R?,
governed by the operator (5.7) with coefficients given by (5.8) and (5.9).
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This Theorem implies a homogenization result for the process g}’ ¢ defined by (5.1).

6 Remarks and Generalizations

6.1 Small mass — large friction asymptotics

Let the friction coefficient in (1.1) be as follows: A°(q) =& 'A(q), g € R", 0 < e < 1. As it
follows from Theorem 3.1, the Smoluchowski—Kramers approximation in this case has the form

-eeb(g) VA(g) € v we
q = =\ e AN y 4o =4g.
! )‘(Qt) 2)‘3(%) )‘(Qt) ! 0

Put ¢; = q; = Then g; satisfies the equation

= b@) V@) | VE

q; = — — + = i—/"\//h aazqv 61
CCR@) 2@ NG 0 (6-1)

where W, is a Wiener process.

Assume that the vector field b(q), ¢ € R", has a finite number of compact attractors
Ki,..., K. Let, for the sake of brevity, each K; be an asymptotically stable equilibrium, and let
each point of R", except for a separatrix set & C R", be attracted to one of these equilibriums.
The separatrix set & is assumed to have dimension less than n. Then, if g5 = q € &, q; first
comes to a small neighborhood of a stable equilibrium K;, i = i(q), with the probability close
to 1 as € | 0 and spends in this neighborhood a long time. Because of the large deviations,
the trajectory will switch to the neighborhood of another attractor, then to another, and so on.
We see from (6.1) that the long-time behavior of the system with a large friction is similar to
the behavior of a system with small noise. Applying the results of [12, Chapters 4 and 6], we
see that for 0 < ¢ <« 1 the sequence of transitions between the attractors, the main term of
transition time logarithmic asymptotics, and the most probable transition paths are not random
for generic systems. These characteristics of the long-time behavior are defined by the function

T
_ 1 . n
V(z,y) :1nf{§/|>‘(¢s)¢s_b(cps)‘st:500237) SOT:yaT>O}7 z,ycR
0

and the extremals of this variational problem.

Assume that the dynamical system ¢, = b(q,) has a first integral. Assume that, say, n = 2
and b(q) = VH(q) for some smooth generic function H(q), ¢ € R?, such that lim H(q) = oo.

lg|—o0
In this case, H(q;) = H(q,)-

Assume that the friction is strong: A\°(q) = e 'A\(q). Making the time change g; = qy/e2, We

have 1 V@) | 1
& —~ qt
= —=VH(q;) — = + —=
e A
We identify points of each connected component of every level set of H(q). The set obtained after
such an identification is homeomorphic in the natural topology to the graph I'. Let Y : R2 = T"

be the identification mapping. Then the long-time evolution of the system can be characterized

Wt, ag =qc Rz.

by the stochastic process %,° = Y (q;) on I'. The process %,°, in general, is not Markovian. But
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%= converges weakly in the space of continuous functions ¢ : [0,7] — I" as € | 0 to a diffusion
process on the graph I' (cf. [12, Chapter 8]). This limiting process is defined by a family of
second order differential operators, one on each edge of I', and by the gluing conditions at the
vertices. Following [12], one can evaluate these operators and the gluing conditions.

6.2 Fast oscillating random friction in multidimensional case

Let us consider the case of fast oscillating in the space variable, random friction, in dimension
d > 2. Let (,.7,P) be a probability space. Let A\(z,w), w € Q be a random field in R? with
the following properties:

(i) For any fixed w € Q and = € R?, the function oo > A > A\(z,w) > \g > 0.

(ii) For every & € R? the random variable \(z,w) is independent of the Wiener process W.

(iii) The random field A(x,w) has the form A(x,w) = A(T(x)w) where T'(x) : Q@ — Q is a
d-dimensional dynamical system which preserves the measure P and is ergodic with respect to
P.

Let us now consider an analogue of (5.1):

H,0,e
. . ) .
)" ==\ (qtg ,w> QLW gt =qeR?, g’ =peR?. (6.2)

For each fixed w € €, as we proved in Section 3, we have that q}' 0e (w) converges weakly to
a process g5 (w) as first p J 0 and then ¢ | 0. The process ¢} is subject to

&
p VA (%’“) 1
77 + W, ¢g=qcR?. (6.3)

9y = — 5=
(%) )
€ €

We conjecture that as ¢ | 0, gf converges weakly to a process q;, gy = q € R? subject to the

= 1 4 _ 2
operator L = 3 MZ:lﬁijm with effective diffusivity
N, 1 1
EU —E Td OY; €Tr,w + 6” Td €Tr,w (64)
ANz, w)dx ANz, w)dx
T T

Here the functions N (z,w) (1 < k < d) shall satisfy certain auxiliary problem. (We actually
have a formulation of this problem but we are not sure about its validity: we let Ni(x,w) be
the solution of the equation

E[(Vme(wvw) - ek) : vmgp(wvw)] =0,
for all ¢(z,w) smooth and compactly supported in & € R? and measurable with respect to
w € Q. The existence of solutions to this problem is guaranteed by the Lax-Milgram lemma.)

However, we are not aware of the validity of this conjecture nor a proof of it. We are also
not sure about the correct reference of such a problem. (We thank E.Kosygina for pointing out
to us two relevant papers [13] and [14].)
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6.3 Motion of charged particles in a magnetic field

One can expect that, using the regularization by smoothed white noise, it is possible to get
the Smoluchowski-Kramers approximation for the equation

pdl =b(gl) — A(gHdl + oWy, d =q,4f =p, q,pcR", (6.5)

Here, 0 > 0 and A(q) are matrix-valued functions having strictly positive eigenvalues for each
g € R™. In particular, if A(q) = A(q)A, where A(q) > 0 and A is a constant positive defi-
nite symmetric matrix, the problem can be reduced to the case considered in Section 3 by an
appropriate linear change of variables.

If A has a negative eigenvalue, the Smoluchowski—Kramers approximation is not applicable.
The case of A with pure imaginary eigenvalues is of interest since such equations describe the

1 0
the problem was considered in [2]. In this case, the Smoluchowski—Kramers approximation holds

-1
motion of charged particles in a magnetic field. In the case A = const, n =2, and A = (0 > ,

after a regularization. If b(q) = —VF(q), ¢ € R?, and A = <(1) _01>, one can show that the
regularization by the smoothed white noise leads to the equation

. Vi 2 VA(q,) o = 2

4= @V (@) —o 2X3(q,) )\(Qt)Wt % =acR" (66)
If the noise in (6.5) is small (0 < ¢ < 1), the motion described by (6.6) has a fast component
and a slow component. Applying the results of [12, 15], one can describe the limiting (as o | 0)
slow component of gf = q, /o2 as a diffusion process on the graph corresponding to the potential
F(q) (the graph is homeomorphic to the set of connected components of the level sets of F(q)
provided with the natural topology).
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