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Smoothness with respect to a parameter is established under mild assumptions on the
reqularity of coefficients for Sobolev solutions of the Poisson equations in the whole R¢
in the “ergodic case.” An assertion of this kind serves as one of the key tools in diffusion
approzimation and some other limit theorems. Bibliography: 12 titles.

1 Introduction

Let us consider the Poisson equation in R?, d > 1,

L(z,y)u(z,y) = —f(z,y), =eR’, (1.1)
where y € R® (£ > 1) is a parameter and

d 9 d
0
L(z,y) = Z aij(l‘,y)m + sz(%y)%
10X i—1 i

i,j=1

with a = 0o* /2. Such equations with a parameter and in the whole space R —not in a bounded
domain — are important for functional limit theorems in probability. To be well defined, this
equation requires some sort of boundary condition; the role of the latter takes a behavior of
solution at infinity which will be discussed shortly. Under such condition about growth, the
solution turns out to be defined up to an additive constant, which is also quite natural due
to L1 = 0. To fix this constant, it is convenient to use the “centering” condition (cf., for
example, [1])

[ ) () =0 (1.2)
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Here, p% (dz) is a (unique) invariant measure of the Markov process with a generator L(, y) given
y. In order to guarantee the existence of solution, a necessary condition is again “centering” for

the right-hand side f,
[ ) uttan = o (13)
Rd

for each y € R? (cf., for example, [2]). The meaning of the condition (1.3) is analogous to the
centering in the standard Central Limit Theorem.

The problem addressed in this paper is the smoothness of the solution u of the Poisson
equation (1.1) with respect to the parameter y, which would suffice for application of the It
formula with some diffusions plugged in at both variables, u(X;,Y};), say, where Y; is another
diffusion. This is important in diffusion approximation and other limit theorems (cf. [3, 4, 1]).
Note that the most general Poisson equations which arise in relation to diffusion approximation
do not admit “potential term” of zero order, even though such equations may be also of a certain
theoretical interest. Hence we would like to have a simple sufficient condition for two derivatives
— either classical or, at least, Sobolev — with respect to y and, of course, in = as well. However,
derivatives with respect to = are not a problem because we have them for free by virtue of [2]
(cf. the reminder in Proposition 2 below). In the paper [1], Equation (1.1) was investigated
in the Holder classes of functions via fundamental solutions, and all derivatives with respect
to the parameter and the state variable were classical. The approach suggested in that paper
required a certain regularity (at least, C?) of coefficients with respect to the state variable
which may be really desirable to relax. In this paper, we present another idea which provides
similar smoothness results in y (i.e., two derivatives in y) under quite different set of assumptions.
Namely, instead of the regularity of coefficients a, b we assume here the regularity of the right-
hand side f. This change allows us to tackle a much wider class of operators L, although the
class of right-hand sides becomes more narrow. In this respect note that, in the discrete time
theory, there is a series of results in Lipschitz classes, both for coefficients and right-hand sides
(cf. [5]). Hence it seems as if the “total regularity” of coefficients and of the right-hand side
in all known cases equals two, at least, informally (i.e., if we accept to assign regularity one to
the Lipschitz condition). So, it may be said that in this paper we relax conditions on regularity
with respect to z on the expense of regularity of the right-hand side f.

Note that under our assumptions derivatives of solution u with respect to the parameter
turn out to be classical. Another remark is that the assumptions on the right-hand side ((Hy),
(H}), and (HY) below) may be relaxed to similar growth of L, norms of f and its derivatives
and the latter may be understood also in the Sobolev sense.

Unlike [1], in the present paper we do not consider transition densities, nor fundamental
solutions. However, the strategy implemented in [1] will be used essentially; just, now we will
be working with measures rather than with densities. Some new technicalities and difficulties
arise here, while some old ones become easier or even disappear, — such as, e.g., singularities at
time zero. All assumptions will be formulated in the next section.

In the proofs below, there will be a repeating reasoning about series with a general term that
consists of an exponentially decreasing value and another polynomially increasing (in x or in R)
multiplier. This polynomially increasing term may look as an extension which complicates the
calculus. However, in fact, we, apparently, cannot avoid this increasing term, broadly speaking,
because solution of an elliptic partial differential equation with a bounded right-hand side is,
generally speaking unbounded. In other words, those series below with power functions in R are
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natural and seem to be more or less unavoidable.

In order to tackle the problem (1.1), (1.2) in appropriate functional classes, we will need to
deal with the corresponding auxiliary SDE,

dX} =b(X},y)dt + o(X},y)dB;, >0, X=X, (14)

with some (nonrandom) initial data Xg, where X} takes values in R% and {B;t > 0} is a
standard d-dimensional Brownian motion o(z,y) = v/2a(x,y).

In the author’s opinion, it would be desirable to simplify the calculus below, which could
possibly allow to cover more general models. One of possible ways to that might be to use some
ideas from another forthcoming paper [6] based on the notion of extended Poisson equation and
weaker metrics. We postpone this task till further studies.

The paper consists of Introduction and three further sections: assumptions and the main
result are contained in Section 2, auxiliaries in Section 3, and the main technical part about
derivatives of the heat functions — solutions of some parabolic equations — in Section 4, the latter
being split itself into several subsections related to various derivatives. We deal with functions,
vector-valued functions and matrix-valued functions. However, for the notational simplicity all
Euclidean norms are denoted by mean of the same modulus. The crucial point is the derivative
representation (2.3) of Theorem 2: we guess this formula and then prove that the right-hand
side there serves as a derivative dyp(x,g,y). It is possible to study further smoothness under
further natural additional assumptions on the coefficients, but this is not the goal of this paper.

In the calculus below, all constants C' and m may change from line to line.

2 Assumptions and the Main Result

Both coefficients a and b are assumed to be bounded (although this, of course, may be
considerably relaxed); a is uniformly continuous with respect to x and nondegenerate uniformly
with respect to (x,y), i.e. there exist two constants 0 < A < A < oo such that the following
matrix inequalities hold (in the sense of nonnegative definiteness),

(H,) M < al,y) < AT

The existence of an invariant probability measure p% is ensured by the following recurrence
condition:

(Hp) lim sup(b(z,y),z) = —c0

|z| =00 y

(cf., for example, [7]. The assumptions (H,) and (H}) also ensure uniqueness of the invariant
measure, as well as uniqueness of solution of (1.4) in law and strong Markov property (cf. [8]
about the latter). For the function f, we assume that there exist C,mo > 0 such that

(Hy) sup |f(z,y)| < C(1+ |z|™°), in addition to (1.3).
y

Throughout the paper, we assume that two derivatives of f with respect to x have moderate
growth: with some my,

(HY) sup |fe(z,y)] < C(1+ [z]™),
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and

(Hy) sup | fea(2,y)] < C(L+ [2|™).
Y

By (Hy), (H,), and (H{) we understand the same conditions for a generic function (g(z),» € RY),
which does not depend on y (but no centering).

The family of regularity assumptions on all coefficients is as follows: we say that assumption
J) holds with some integer j > 0 if there exists mg suc a
H%J) holds with t > 0 if th t h that

(a,b)(z,-) € C, flz,-) e C,

0,5
(#) sup > [0} ()| < C(1L+[a]™).
Y .
IkI<j

Without the lower index b in C, no boundedness is assumed: instead, moderate (as polynomial)
growth will be used in all such cases. (a,b)(z,-) € CP means bounded continuity in the variable
y, which is uniform with respect to x, i.e., with some modulus of continuity in y only. In the
sequel, only (H%1) and (H?) will be used in Theorems 1-5.

Let us denote
pe(x,9(-);y) == (9(), il — 1) = Erg(Xy) — /g(x')u%o(dw’) (2.1)

assuming that all the integrals here exist. The same notation will be also applied in case of
centered functions depending on v, (f(z,y), z € R,y € RY),

pt(‘r, f,y) = <f('ay)mug,t - lu’go> = <f(7y)7l'l’z’,t> (22)
Further, let L; 5 := C3 9*7'L/9y*~". By induction introduce the vector-valued functions

t
" (z, g;y) = ai(x, g;y) /Ez XY y)pe—s(XY, 9;y) ds, (2.3)
0
/ oL
@z, f1y) = a(, f(U7); y)|yrmy = /E 8—y(X§’,y)pt—s(X§,f;y) ds (2.4)
0

and the matrix-valued functions

t
(@, g;9) = ¢tV (z, g3y /dsps x, Lo2(-)pi—s(-, 9))
0

+ / ds > g, (2, Lia()pi—s(- 9)) (2.5)
0 li|=1
assuming that all the integrals are well defined.

Let us denote (assuming all expressions exist)

(@, £y) = aile, (00, Wy =y + (Fu (5 0), 18 — 1), (2.6)
o (@, f () y) = g (@, oy, y)lye




and

p1(t2)(x7 f:y) = %El)(xa f(a y)vy) + 2Qt(x7 fy('7y)a y) + (fyy('a y)vuz,t - :U“go> (28>

Here, q:(z, f(-,y),y) is treated so as if f(-,y*) did not depend on y and then a substitution

y* = y is performed and qgl (z, f ( Y),y) is understood similarly. The existence of pgl)(x, 9,Y)

and p§2)(a:,g,y) (and, hence, of pt (l‘ f,y) and p (ac f,y)) will be established below under
the corresponding assumptions in Subsections 4.1 and 4.4 respectively. In the calculus, the
parameter y may be occasionally dropped for the sake of simplicity. If g is a vector-valued
function or a matrix-valued function, then any pgl) (z,g,y) will be understood respectively (with
p§°) (x,9,y) := p(x,9,y)), i.e., as a vector-valued function or a matrix-valued function of the
corresponding dimension. We emphasize that fundamental solutions are not used in the paper

and notation like p,(z, g,y) mean some integration with respect to the distribution of Xj.

Theorem 1. Let assumptions (Hy), (Ha), (Hy), (H}), (HY), and (H2) be satisfied. Then
w2

p>1 W loe () C possesses two continuous derivatives

the unique centered solution u in the class ()
with respect to y with the representations

/ (z, fiy)d (2.9)

0

and

[ee]

uyy(z,y) = /piz) (z, fiy)ds. (2.10)

0

All the expressions and integrals in (2.9) and (2.10) are well defined and u, and u,, are mod-
erately growing in x functions uniformly with respect to y.

Proof By Proposition 2 below, the unique centered solution u of Equation (1.1) in the class
Np=1 W, 2 .M C, has a representation,

u(a,y) = 7Ezf(X§’ s = fpt ) ds. (2.11)
0 0

Note that convergence of all integrals in (2.9) and (2.10) and their continuity follow from the
Proposition 1 and Theorems 2, 3 and 5 below, in particular, from the bounds (3.1), (4.46) and
(2.5). The fact that both expressions for u, and wu,,, indeed, represent the corresponding full
derivatives of the function u, is a consequence of convergence rate bounds and from standard
theorems of Analysis about differentiability under the integral. Polynomial growth of both
derivatives in x is proved in Theorems 2 and 5 below. Theorem 1 is proved. U

Remark 1. For the first derivative u, assumption (H%!) suffices instead of (H%?). More
generally, assumption (H%7) (j > 3) would imply j derivatives with respect to y, which can
be proved by induction. Some of the conclusions might be interesting to extend under certain
growth conditions on b and a (or o). We do not pursue either of these goals here.
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3 Auxiliaries

Before we proceed further, let us remind some previous results related to our problem. The
first estimate is a special case of mixing bounds established in [7]. Proposition 1 is the basis
for convergence of all integrals in (2.9), (2.10) and (2.11). Here, || - |7y is the metric of total
variation.

Proposition 1 ([7]). Under assumptions (Hg) and (Hp), the following convergence bounds
hold for the process X/, t > 0, uniformly with respect to y: for every k > 0, there exist C,m > 0
such that for any t > 0,

(1+ |2|™)

v, —n <C : 3.1
Sl;p ||ium,t /“LOOHTV (1 +tk) ( )
Moreover, for every k > 0 and m > 0, there exist C,m’' > 0 such that
Lt Ja|™
sup su 2"l (de') < C——, 3.2
w s [ ) < 0 (52)
and for every m > 0,
sup /|x’|m,ugo(d:c’) < 0. (3.3)
y

Moreover, for any k > 0 and n > 0, and every function g satisfying |g(z)| < C(1 + |z|™), there
exist C,m > 0 such that

1+ [z[™)

y (

The following result from [2] concerns the existence, uniqueness, and some estimates of
solutions of Equation (1.1), with a minor adjustment to our present setting, which is a bit less
general than in [2].

Proposition 2 ([2]). Under assumptions (H,) and (Hy), the uniform continuity of the
matriz a and growth of f(x,y) in x not faster than polynomially for any vy, there exists a
solution of Equation (1.1) in the class of functions from the Sobolev space ﬂp>1 WilocﬂC
which are locally bounded and grow at most polynomially in |x|, as |x| — oo, unique up to an
additive constant which can be chosen so that for any y the centering equality (1.2) holds.

Moreover, for this solution the representation (2.11) (cf. above) holds with the following
bounds:

o [f for some 3 >0
[/, y)| < Cy) (A +[2)”),

then for any 8 > 8+ 2
([u(e, y)| + [Vau(z, y)]) < Ciy) (1 + =) (3.5)

with some C1(y).
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e If for some B <0,
|f(z,9)| < Cly)(1+|x])72,

then solution u and its gradient V u are both bounded; moreover,
Ju(z, y)|(1+ [2]) ™2 + |Vou(z, )| < Ci(y) (3.6)
with some C1(y).

o [f for some 8 > 4,
|f(@,y)| < Cly)(1 + |2772),

then for some constant C1(y)

[u(a, y)| + [Vou(z, y)| < Crly) (L + |z]%). (3.7)

Remark 2. The gradient V,u is continuous due to the embedding theorem, see [9]. The
boundedness provided by (3.6) in some cases is a very desirable property, even though often a
moderate growth could be also sufficient. The representation (2.11) is a natural extension of
many earlier results, in particular, we refer to [10] (for bounded domains) and [5] (for discrete
equations in the whole space R%).

4 Derivatives of Heat Functions
4.1 First derivatives 0,p:(z, g;y) and D,p.(z, f;y)

Remind the notation:
pe(@, 9:y) = (9() e — 1)
and
pe(x, f39) = (Fy)s 1y — pd)-
Under assumptions (H,) and (Hp), this is a well defined operation, at least, for every g or f with

a moderate growth with respect to z, due to Proposition 1. Occasionally, it will be convenient
to use an equivalent semigroup notation for the same object,

pe(z, 95y) = (9, 1) — (9, 1%) = Ti(g — (9, 1%)),

where T} is a semigroup of linear operators with a generator L on the space of Borel functions
g with a moderate growth, with a weighted norm

lgllm = esssup(1 + |2[™) ™ |g(2)| < co.
X

Note that the functions p.(z,g;y) and p(z,g;y) are continuous in y, for example, due to the
probabilistic representation via the SDE (1.4), continuity of solution of this SDE in y in mean,
moment inequalities and the Lebesgue dominated convergence theorem. We now establish the
differentiability of pi(x,g;y) and p(z, f;y) with respect to y; Dyp, as usual, signifies the full
derivative function (as f also depends on y), while 9, (or, occasionally, V) — the partial deriva-
tive with respect to the third variable. For the purpose of growth control, let us introduce one
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more notation: we say that the function ¢(z), z € R?, belongs to the space Lg‘ﬁ)dc (for moderate
growth) if and only if there exists m > 0 such that

1/p
sup(1 + |x|>—m< W)m) < . (4.1)

v: lv—z|<1

Otherwise, this space may be defined as a family of functions for which there exists m such that

1/p
sgp(l +R)™™ ( / lo(v)[P dv) < 00. (4.2)

v: [v|<R

Similarly, the notation v € W;i’cm‘)d means that u, us, Ug, Ugy € Lg}ﬁi. Either expression (4.1)
or (4.2) may be chosen as a norm of the space Lg‘ﬁ)‘l; we will call the elements of this space

functions of L, with a moderate growth. Note that under (Hy), solution given in Proposition 2
1,2,mod

belongs to ﬂp>1 Wpylocmo
In the following calculus, we treat expressions like dyp or Dyp as if they were functions, for
simplicity of notation. For second derivatives (in the next section), likewise, 85]) is a matrix-
valued function, but again we will use simplified notation as it were a function with values in R'.

, by virtue of a priori bounds (cf. [9, Lemma 2.3.3]).

This simplification is not harmful; in particular, in a bit different manner, it could be understood
as derivatives with respect to some specific variables, e.g., 0y, p, etc. Notations (H,) and (H,)
below signifies assumptions (Hy) and (H}) applied to a function g, which does not depend on
y, i.e., a moderate growth of ¢ and Vg respectively. It is methodically convenient to prove all
estimates firstly for p;(z, g;y) and then expand them to more general p;(z, f;y). Respectively,
all further theorems are split into two parts.

Theorem 2. Suppose that (Hy), (H,), (Hy), (H}), (H}), and (H*') are satisfied and a
function g has an L, moderate growth in the sense of (4.2) (say) with some p > d+ 1. Then
for each t > 0, z, 2’ € R, y € RY, pi(x, g;y) is continuously differentiable in the variable y, and
the gradient Oypi(x, g;y) is given by formula (2.3),

Oy, 9,y) = ez, giy) (= (2, g5v))
t
oL
= /Ema—(Xsya y)ptfs(ng g; y) ds.
Y
0

The vector-valued function g (-, g;-) is continuous in y for any t,z, and it has a moderate growth
in x uniformly with respect to y and locally uniformly with respect to t.

Similarly, if (Hy), (Ha), (Hy), (H}), (HY) and (H%Y) are satisfied, then the following repre-
sentation holds:
Dypi(x, f,y) = @i, f(9)sy) + Eafy(X )
= qu(z, f(9)y) + el fy (5 y)sy)
= ai(@, FCw)iw) + (Fy (o) e — 1), (4.3)

and the vector-valued function qi(-, f;-) is continuous in y for any t,x and has a moderate growth
i x uniformly with respect to y and locally uniformly with respect to t.
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Remark 3. In the proof of this theorem below, ¢ > 0 is fixed and some constants in the
calculus may depend on this value of ¢. Formula (4.3) itself is a consequence of an “educated
guess” due to a formal differentiation with respect to y of the equation on py, i.e., dyp — L(y)pr =
0, po = g(x). This should formally result in

Ou(0ypy) — L(y)(9ypy) = (OyL(y))pt,  Oypy = 0,

or
9(q) — L(y)(a) = (OyL(y))pt, gqo = 0. (4.4)
It is known that solution of the latter equation is given by (2.3).

Proof. 1. In coordinates, Equation (2.3) reads, for any 1,

t
OL
egq%@a%y>:L/Eaggnxgyn%ﬂcX$gund&

0

All formulas in the following proof may be understood in this way in coordinates.

For any function g(x), € R we introduce the notation denote

9@, y) = g(x) — (g, ), (45)
wy(&x) = Emg(Xt s?@/) pt—s($7g§y)'

For given t and y and the function g we set

oL
v(s, z;y) = <a—ypts> (%, 9:9)

(Z“”f"’y mJFZbl (z,9)0 ) 9(Xisy)- (4.6)

(Remind that here ¢ is fixed; below we will use another notation for this function with any ¢,
ft(i)s.) By virtue of (Hy) and a priori bounds (cf. [9, Chapter 4, Section 10] and [11, Theorem 2])
HEQCE\(Xty—say)|’W£’2([07t}XBR) = Hwyllwga([o,ﬂxBR)
CUlwllz,0.4xBr 1) T 19 W2Brs))

and because
18w (8. < C(L+R)™

(straightforward from the assumptions and integration if we take into account that the invariant
measure 1, integrates any power function \:L‘]k, cf. Proposition 1) and

1wl 2, 0,4 Bry) < C(1+R)™
(straightforward), we conclude that with some m > 0,
||Eﬂ?g(Xt svy)HWIQ [Ot]XB ) C(1+R) )
and, consequently,

pis(2,g3y) = Bg(X{ ,y) e Wyt ¥ p>1, (4.7)
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as a function of the variables (s,x) € [0,¢] x R? (see also [11]). Since functions a, and b, are

bounded, we conclude that for every vy,

v(s,z;y) € Lg}ﬁi vV p>1,

i.e., more precisely,

¢
/ds /|U(s,x;y)\pd:v<0(1+R)m
0

Br

(4.8)

(4.9)

where C' may depend on t. Therefore, using Krylov’s estimate [12, Theorem 2.2.4] and Propo-

sition 1, it can be shown that for any ¢ > 0, the function

t
'7: » 95 y /Ex< )pt S(X87g;y)> ds
0
t

E/ExUSXS, )ds
0

(4.10)

is well defined, bounded and continuous in y and has a moderate growth in . For completeness

of presentation, we provide the details.

We use two values
p=d+1 and p' =2(d+1)

(here any p’ > d + 1 could be used). Krylov’s estimate ensures that

tATR

E, /v(s,XS;y)ds<oo VY R >0,
0
where
Tr:=inf(t > 0: |X¢| > R).

Moreover,

tATR

E, / v(s, Xs;y) ds < N|vllL,,, (0,0xBr)-
0

y (4.8), we have

t ﬁ )
1l Loy ((0,0x Br) < (/ds / 1+!:r\m)d+1d:):> < Ct#H (14 R)™
0 Bg

and

L 2(d+1)
Hv|’L2(d+1)([0,t]><BR) < C( / ds /(1 + |x’m)2(d+1) dm) < Ct2'<d_1+1> (1+ R)md
0 Br

(4.11)

(4.12)
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Let R > |z|. Consider a sequence of hitting times,
70=0, 7l:=7g, "Tli=inf(t>7": |X;— Xm|>R), inf(®)=cc.

Then, using the Cauchy—Bunyakowsky—Schwarz inequality, we estimate,

t

E, /|v\ (s, Xs;y)ds = By, Z << ’““)/!vl(s,Xs;y)ds
k=0

0
s ThHIA¢
<E. Y 1(rF <t <o / [v|(s, Xs;y) ds
k=0 0
oo Th+IAL
=> B 1(rF <t <M / (s, Xs;y) ds
k=0 0

Th+tIat

0o 12 2\ 1/2
Z (E (" <t < k+1)) (Ex ( / [v|(s, Xs;v) ds) )
o T(k+1)RAt 2\ 1/2
1/2
Z (E 1(rF <t < TkH)) (Ez ( / [v|(s, Xs;9) ds) > .
0

k=0

Now,
By 1(rF <t <) < P(7F ! <),

By the strong Markov property and induction,
sup P (7" < t) < ¢,
’ (4.13)
gt :=sup Py(sup |Xs—z| > R) <1.
x

0<s<t
Next, by (4.12),

tAT(k+1)R

2 T(k+1)R
E, ( / [v|(s, Xs;9) ds) < Ex<t / ]v|2(s,Xs;y) ds)
0

0

2 1+ 2md 2md
g C't HUHLQ(@H—l)([O:t]XB(k+1)R) § Ct Ta+1 (1 + R) (k + 1) .

Now we can complete the estimate above as follows:

¢ ~ 12 T+ DR 2\ 1/2
E, / [v|(s, Xs;y)ds < Z (Ex (<t < Tk+1)> (Egc ( / [v|(s, Xs;v) ds) >
0

< g VAT (14 Rym(k + 1) < C(1+ R)™
k=0
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This implies that, indeed, for any ¢ > 0 the function ¢ (-, g;y) in (4.10) is well defined and (locally
uniformly in z and uniformly in y) bounded. Remind that R was chosen so as to satisfy the
only condition |x| < R. Hence, indeed, the function ¢(-, g;y) defined in (4.10) has a moderate
growth in z.

2. Let us show the continuity of ¢;(z, g;-) for every x and ¢. A natural idea is again to use
Krylov’s estimate with some p > d + 1 (cf. [12, Theorem 2.3.4])

@ (x,959) — @@, g;9)|

t
</)Ex(v(s,Xg,y)—U(S,Xg/,y') ds

0

t

t
< [0l X2) — ol X2 ) ds + [ [Ealos, X20/) = (s, X7 )| ds
0 0

t
< Cllotw) — o) oy + [ [Ealols, X20/) — (s, X2 9] ds. (414)
0

Here, the first term looks small if |y — y| is small and the second term, apparently, tends to
zero as |y’ — y| — 0 because E,(v(s, X¥,1y’) ought to be a solution of some parabolic equation
for which continuity in ¥ is more or less a standard result in the theory of partial differential
equations. Note, by the way, that despite the notation used above E,(v(s, X?,y")—v(s, X;é/ Y,
there is no need to deal with strong solutions, as the latter expression may be considered just
as a short notation for (E,v(s, XY,y') — Ezv(s,Xgl,y’)).

Nevertheless, in this simple form the second inequality above is not very helpful, since the
right-hand side in (4.14) may just diverge (as v(y) may not be in L, in the whole space, but
only locally). However, because of the polynomial growth condition in z, we may localize the
right-hand side and to tackle this localized version similarly to the previous step. So, let us
establish an upper bound

t

[ [ 1e6s.0) ~ vis.g dods < Colly' = w1+ B (4.15)
0 Bg

with some bounded p such that p(0) = 0 and p(s) — 0, s — 0, and then apply an appropriate
version of Krylov’s estimate, from which the desired continuity of ¢f (z, ) would follow.

3. Note that the function v given by (4.6) is a linear combination of the first and second
derivatives of solution of some parabolic partial differential equation (cf. Equation (4.19) below).
Hence, we may use a priori local bounds for Sobolev norms of such solutions. Remind that the
function g was defined in (4.5). Slightly abusing notation, we have

v(s,z,y) —v(s,x,y)
= (ay(z,y)02 + by (2, y)0) EaG(X}_ o, y) — (ay(x,y)02 + by (2, y)0) EG( XY ./ )
= (ay(z,y) — ay(z,y )02 E.g(X{ o, y) + (by(w,y) — by(2, )0 EG( X[, y)

+ay(2,y) 05 (Bog(X{ o, y) — Eog(X{_0,y)) + by(2,y)0:(Bog (X} y) — Bog(X{_ /)
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So, using the notation (eventually, the modulus of continuity in (4.15) may differ)

p(z) == sup sup (|ay(z,y) — ay(x,y")] + |by(z,y) — by(2,9')]) , (4.16)
Wy ly—=y'|<z) T

we estimate,
[o(s,2,y) —v(s,2,9)| < p(y — ¥ )10 EeG(X,)| + 18- Eog(XT,)|
+ ClO(Eg(X{ ) — Exg(X[s,))]

+ Cl0x(Eog(X{_ g, y) — Eog(X{_s ). (4.17)

Thus,

¢ 1/p
< / /"U(S,:L‘,y) - U(S7xay/)‘p dwds) < Cp(y - y,) HEm/g\(Xz%q—s:y)HWpl’Q([(),t]XBR)

0 Bg

t 1/p
+ C ( / / dsdx |a§(E$§(X1:ty—sv y) - Ex/g\(Xtyisa y/))‘p>

0 Bg
t 1/p
e ( [ [ dstzlonBG0cL ) - B y’>>|f’) . (4.18)
0 Bg
Now we will use the fact that the function w¥(s,z) := E,g(X{_,,vy) = pi—s(x, g;y) is a solution

of the Cauchy problem in [0,#] x RY,
1 . .
wg(& l‘) + 5 Z GZ] (87 ‘T)wzzmj (87 l') + Z bl(sa I’)U}il (37 .T) - 07 wy(ta 1)) = /g\(xa y) (419)
ij i

Therefore, the first term in the right-hand side of (4.18) contains a multiplier p(y — y') — which
tends to zero as y' — y — and another multiplier ||E,g(X/_,, y>HW,}*2([0,t}xBR)’ which admits a
bound (4.7), which is the first part leading to the estimate (4.15). Namely, we get,

t
/ / (ay(2,y) — ay(e, o ))O2EG(XY . y)Pdsda
0 Bg

t
[ [ 10y = by oy )G )P < Colly — y) 1+ R)™
0 Bg

4. The second part of this consideration leading to (31) is to establish the bound
¢ 1/p
( / / dsdz |07 (Ezg(X{_,y) — Ezﬁ(Xi’_s,y’))\p> <Cp(ly =y +R)™, (4.20)
0 Bg
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possibly with some new modulus of continuity p(|y’ — y|). We have,
02 EG( X! o y) — EaG(XP_,,y)) = 02 (w(s, ) — w (s, 2)).

Denote
2(s,3,y,y) = wY(s,x) — w¥ (s, ).
Then, z(-,y,y’) is a Sobolev solution (i.e, in ﬂp>1Wp1’liC) of the equation,

1
Zs + _UU*(Samvy)z.rl‘ + b(saxvy)z.r - _F(S7x7y7y/)7
2 (4.21)

Z(t, z,Y, y/) = <g7 Mgo - M&;)a
where

1 * *
F(s,z,y,y) = 5(00 (s,2,9") — oo™ (s,2,9)) uze (s, 2,y") + (b(s,2,y") — b(s,2,v)) uz(s, z,y).

Remind that
loo*(s,2,y") — oo™ (s, 2, y)ll + [b(s, 2,5/) — b(s, 2, y)| < p(ly — y'])-
By virtue of [9],

121 9 oy < O3 naosiaen
+ Hz(t7 '7y7y/)||W3(BR+1) + HF('?y7y/)HLp([0,t]><BR+1))‘

(We apply a slightly weaker bound with a stronger norm || - ||z instead of || - ||j2-2/».) Here,
for example, due to Krylov’s estimates,

129, Y ) Lo Br) < NIF G99 L, (10,0 x Broy)-
Hence also
12Cy ¥ L8Ry < N+ R)™FC 9 9 Ly (10,0 % Bras) -
and
128 2oy < O+ R UEC Y9y t0xBnen) + 120 9.5 w3 3
Note that the function z(t,-,y,y’) at t does not depend on z, so that
HZ(t, '7y7y/)HWp2(BR+1) = HZ(t, '7y7y/)HLp(BR+1) < C(l + R)m/ngv /'Lgo - /’Lgo>‘

Here,
(g, 1 — ) =0 asy' —y =0,

i.e., again with some m and some modulus of continuity p,
(g, 1% — 13) < Cp(ly —y[) (1 + R)™ (4.22)
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by (3.4) and the locally uniform continuity of (g, N%t) in y; the latter may be shown similarly
to the calculus above, but we postpone it till next step. Further, since

I G, ), 01x By < CUY = yDIuC v ) w2 0.0 % 8r)
<Co(ly' —yh(1+ (R+1)"

we get the estimate (4.20), as required. Note that similarly and a bit easier the estimate with
the first derivatives follows, with some m and some modulus of continuity p,

t 1/p
( / / dsdz |0, (Eag(XY. o, y) — Eag(XY. S,y») < CRly —y))(1 + R)

0 Bg

Thus, (4.15) is established.

5. Now let us show a more reasonable analogue of (4.14), starting from the preliminary
estimate,

t

e, 9:) — (91 9')| < / | (u(s, XV, y) — v(s, XV, /)| ds
0
t

+ [ Batots X20/) — v(s X7 9] ds. (4.23)
0

Consider the first term on the right-hand side. By (4.15) and (4.13), we have

t

/ |Ba(u(s, XY, ) — v(s, XV, y/))| ds
0

n

t
<2E11(7n<t<7-n+1 /‘ SXsay _U(S Xs7y ’dS
0

t
<Y Eul(r, <) 1(sup|XY| < (n+ 1)R) /}(v(s,Xé’,y) —o(s, X¢,4/))| ds
s<t

0

tATR41 1/2

<S¢ | E / (05, XV, ) — v(s, XV, /)| ds
0
n/2 1/2
< ZQt NH(U(Sa '7y) - U(Sa Y ))||Ld+1 ([o, t]XB(n+1)(R+1))
qu (n+ 1)1+ R)"p(ly - yl)
< C( ,m) (L+R)™ p'2(ly' —y|)

with some m > 0.
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6. Consider the second term in (4.23),

t

/‘Ez(v(s,Xg,y')—U(S,Xgl,y')) ds
0

Denote

Z(s,2,y,9) = Eo(v(s, XY, /) —v(s, XY, y'), 0<s<t,
s,z y) = Eu(o(s, XY, y).

Then Z is a Sobolev solution (i.e., in W;}ji .) of the equation

82 (s, x,y, ) + LYZ(s, 2, y,9') = (LY — LY )2 (s,2,9,9), o)
4.24
z(()? J"? y’ y/) = 0

Note that 2! has a moderate growth in WI} f)c, which implies that the right-hand side in (4.24)

has a moderate growth in L, .. Hence, arguing similarly to the step 4 above, we can see that
IZCo 9, 90lwi2 qo.nxmy < Ceplly’ =y (L+ R)™ (4.25)
with some m > 0. In particular, due to embedding theorems (cf., for example, [9]),

1204, ) e (012 Br) < Cep(ly" —yl) (1+ R)™. (4.26)

So, integrating with respect to s, we obtain,

t

[ |Batots, x2,0/) — v(s, X2 )| ds < Cuplly ~ u) (14 R)™ (4.27
0

Here, we may take any R > |z|. Hence, we get a desired estimate,
lae(z, 9;9) — a2, g;9")] < Op(ly" =y (1 + |=z))™. (4.28)
7. Let us show that

at(z,9;y) = Oype(,9;y),

i.e., the function ¢(z, g;y) is, indeed, derivative (gradient) of p;(x, g;y) with respect to y. We
apply the hint from [1], used there in a slightly different setup. For 1 < i < £, let e; denote the
unit vector in the ith direction of R¢, and let h # 0. We define

pe(z, g5y + he;) — pe(x, g5 y)
h b

h7
¢ (z;y) ==
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omitting the index ¢ for brevity. Note that qg ¥ =0 and

dql®  Owpilw,g;y + hei) — Oypi(, g5 y)

ot h

_ L(y + hei)pi(z, g5y + hei) — L(y)pi(, g5 y)
h

b\, g; +h6’5 — Pe\T, g;
_ [(y2@5y h) 1(z, 95 y)

L(y + he;)pe(x, g;y + he;) — L(y)pe(x, g;y + he;)

h

L(y+h) — L(y)
h

+

= L(y)g,"" +

pe(z,9,y+h). (4.29)

So, treating ((L(y + h) — L(y))/h) pe(z, g,y + h) as a right-hand side of the equation on ¢/"¢, we
get the representation

h7
@ (zyy) =

Ly +h) — L(y)
ds E, < Y

Pro(XY, gy + h)) 7 (4.30)

o —

where we can pass to the limit as A — 0 to get the desired assertion, due to the Lebesgue
dominated convergence theorem. Indeed,

t
ds E,

<L(y i h})L — L<y)pt—S(Xgag§ y+ h))

t
Y . y
—/dsEx(b(XSvy‘Fh) b(XY.y)
h
0

Dxpt—s(Xg7g§ y+ h))

Daapr—s(XY, g5y + h)) )

t
Y _ y
/dsEx <a(Xs,y+ h) —a(X{,y)
h
0

and the applicability of the Lebesgue theorem is due to the condition (4.7) and Proposition 1.
Hence

t
oL
Oyive(z,95y) = /Ex <a—y,~(Xs,y)pt—s(Xs,g; y)) ds.
0

Since the right-hand side here is continuous in y, the desired result follows.

8. Now consider p;(z, f,y) and show formula (4.3) and continuity in y. Due to (2.6),

pgl)(xa fvy) = Qt(xvf("y)ay) + <fy('ay)’/iz,t - Ngo>

So, in comparison to pi(z, g,y), the only difference is a new term:
E0y(f(X{ y))ly=y = pe(, fy(v)iy) = (fy(w)s iy — 1) (4.31)
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First of all, this expression is well defined, i.e., the integral converges. Since f has a moderate
growth in z, this follows straightforward from Proposition 1.

The continuity in y will be proved if we show that the function given by (4.31) is continuous
in this variable, because (locally uniform) continuity of the first term in (4.3) is tackled by the
first part of the theorem (about g). Continuity of the term (f,(-,y), ui ;) follows from the same
calculus, too. Hence, it remains to show that (fy(-,y), %) is continuous in y. But the latter
follows from the former, from assumption (H%!) and from the estimate (3.4) of Proposition
1. Moderate growth of (4.31) also follows from the same estimates. Finally, (4.3) is a direct
consequence of the differentiation rule for the composite function along with the first part of the
theorem about g. Theorem 2 is proved. U

4.2 Behavior of 0,p.(z, g;y) and Dyp:(x, f;y) at t — oo

Starting from this section, we will be concerned with large time behavior. Hence, we ought
to take care about all constants in the calculus, which should not depend on time. The base for
that will be the bounds from [9] and [11], Krylov’s estimate from [12] and the inequality (3.4),
in all of which the constants do not depend on time. Recall that

t
oL
a(z,g5y) = /Exa—y(Xs,y)pts(Xs,g; y) ds.
0

We use the notation oL
fi (@, giy) == a3y D@ 939)- (4.32)
Note that, in fact, this is the same function as v from (4.6), but for the latter the value ¢ was

fixed. Now it is convenient to work with reversed time and we change notation. Let us establish
some simple auxiliary bounds with any p > d + 1. Denote

ht(mvy) = <fy(‘r7y)a Mg,t - :ugo>

Lemma 1. Under the assumptions of Theorem 1 with (H%') instead of (H*?) — including
both for g and f — for any k there exist C' and m such that for any t > 0 the function u(s,z) :=

ps(z, g;y) satisfies

HUHWQ’Q([O,t]xBR) < C(1+|R|™). (4.33)
In particular, uniformly with respect to y
1199, (0. xBr) < C(L+ [RI™). (4.34)
Also, for any t; > 0 and k there exist m, K > 0 such that for any t > t;
1+ |R[™)
el es ) < €7 (4:35)
and, in particular,
1 (1+|R™)
1z, (0 1% BR) < T (4.36)
In addition, for any k there exist m,C > 0 such that for any x, t > 0,
1+ |z™
<C—F——. 4.
huta,)| < 0 =E5 (4.37)
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Proof. By [11, Theorem 2] and [9, Chapter 4, Section 10|, we have

ullgs oy < Cllulle, @0x s + 191w330,): (4.38)
By the assumption on g, there exist C,m such that

lgllwz(Bri) < CA+IR[™).
Further,

[l Lo (oaxBr < C(L+ sup Eglg(X,)]) < C(L+ |R™+t™).

0<s<t

Whence, a similar bound holds — with some new C, m — for the norm HUHLP([O,t]xBRH)y too. So,
by (4.38), we obtain the provisional estimates

H“HW1 2(0xnr) S C(L+[R[™ +17) (4.39)

and
11599, (0xBry < C(L+ | R[™ + 7). (4.40)

Now let us establish (4.35). Remind the estimate (3.4); we need similar bounds for d;p; and

02p;. Remind a priory bounds (of which we show a particular case) for 0 < Ty < T,
HUHW12 ([To, T]><BR) (HUHL ([0,T)xBr+1)
+ H(as - L)UHLP([O,T}XBR_‘_l) + HU(TO? )HW&(BR+1)) (441>

and also, for 0 < d < Ty < T,
Va2 ) < Ol s + 10 = Dl oy 0) (442)

(cf. [11, Theorem 2] and [9, Chapter 4, Section 10]). In our case, (05 — L)u = 0. By (3.4),

(L+[R™)
el it xBr) < CW'
By (4.42),
" L+ 17p)
Wy ([t1,4]x Br) Ltk

So, we obtain (4.35) which implies (4.36) as well. Finally, combining (4.35) and (4.36) with
(4.39) and (4.40), we get (4.33) and (4.34). The last inequality holds due to (3.4). Lemma 1 is
proved. O

Our next task is to show that the following integral converges,

/dt a@(z,9:Y) — 40 (9, Y)]
0

where
QOo(gay) = thnl Qt(xyg§ y) = aypoo(gay)7 (4'43)
—00
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and that we have a representation

(e o]

oo (9,Y) = / </f§($”7g;y) Mgo(dﬂf”)> ds. (4.44)

0

This representation may be considered as an “educated guess,” given (2.3). So, let us define g
by (4.44); then, of course, (4.43) is to be proved. Since, clearly, (f,(z,y), uf — ps) — 0, t = oo,
let us also set

o0

P00 = ax (TGl = [ ([ R g ia) as @)

0

Theorem 3. Assume that (Hy), (H,), (Hy), (H}), (H), and (H%') hold. Then for each k
there exist C,m > 0 such that for ally € RY, t > 1,

(1+]z™)
) — )| <o) 4.4
|90 (9, y)| < C5 (4.47)
MOoTeover,
G0 (95 Y) = OyPoo(9, V)- (4.48)

Furthermore, if (Hy), (Ha), (Hy), (H}), (HY), and (H%Y) hold and also for each k there ewist
C,m > 0 such that for ally € R, t > 1,

14 |z|™
I @, £9) = 2D (fi9)] < C%, (4.49)
P (f,y)] < C (4.50)
P (£,y) = Oypoo(f, 1) (4.51)

Proof. 1. Assuming (4.46) is established, the statement (4.48) follows from taking the limit
as t — oo in the identity

h
pe(x, g5y + he;y) — pe(x, g5 y) = /fﬁ(fv, g;y + ae;) da
0
since the function

t

: oL

q(z,g,-) = Oyip(w, g5 y) = E:ca—yi(me)pt—s(X&g;y) ds

0

is continuous, being a component of the vector function ¢q;. FExistence of go, and the bound
(4.47) follow from the calculus in last step of this proof and due to Lemma 1.
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2. Let us establish (4.46). We drop y for simplicity. We have

ds /f 2", g) pll o (da") — /ds /f 2", g) proo (dz")

2

qt(,9) — goo(, 9)

ds/ Fs (2", g) (o (da”) — p(da"))

/w/f L g) L (da) /%/ﬂ ") ul(da”).  (452)

t/2 t/2

O\Q o\w

Now, the assertion (4.46) follows from the estimates of Lemma 1 — in particular, applied with
t; = t/2 — and Proposition 1. Indeed, we have with any a=! +b~! = 1, by the Hélder inequality

and having in mind (3.1), (3.2) and (3.3):

t/2
1/a
(7, 9) — goo(z, 9)| < /ds (/!fsl(fv”,g)\“\ui,t_s(dw”) — Mgo(dw”)!) 14— — ||
0
t 00
4 / s / F1 @ ) iy (de") + / ds / F1 (", g)] i (da™).
t/2 t/2

3. The term with 0 < s < t/2 we may estimate similarly to the calculus in the proof of

Theorem 2 (cf. step 1). We have

1/a
([1re ol s = faa)

\a 1/a
< (Bl F*(Kisr 92 0)) /™ + ( / Ez\f;r%xt_s,g,y)uzo(d@) . (4.53)

Let us consider the first expression here integrated with respect to s:

t/2

t/2
a 1/a t2 a 1/a
/(Ex’fsl| (Xt—sagvy)) / dS:§Z /(Exfsl| (Xt—sagay)) / ds
0 0
t/2 1/a t/2 1/a
<2 le(x d e e(x d /
X 5 Z Ex‘fs| ( t—87g7y) S - 21_—1/(1 El"fs| ( t—87g7y) S .
0 0

According to Krylov’s estimate, the latter integral admits the bound:

t/2
/ Bl £ (Xt 9,9) ds < NIf 1o (00722
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So, if the last norm were finite, we would have achieved our goal to estimate this term. However,
since the norm of f! is only locally bounded with a possible moderate growth in the appropriate
L, sense, the last bound is, generally speaking, useless and we ought to repeat our localization
procedure. Given t, we modify stopping times as follows:

=0, M =inf(s >71": |Xs— X.u| = Rt), inf(@) = oco.
The value of R we assume here large enough, but independent on z, so that

sup P (" < t/2) < ¢", q:=supsup Py(sup |X;—z| > Rt) <1. (4.54)
x t x 0<s<t
The second inequality here for R large enough (say, R > (||bl|z.. V ||o]lr.,) follows from the
Chebyshev—Markov and Burkholder—Davis—Gundy inequalities,

P,| sup |Xs—z| >Rt
0<s<t/2

t/2 t/2

< P sup /b(XT)dr > Rt/2 | + P,| sup /O’(XT)dWT > Rt/2
0<s<t/2 0<s<t/2
0 0
s t/2
< (Rt/2)7'E, sup /O‘(Xr)dWT < (Rt/2)7! Ex/Ha(Xr)Her < oz, <1
0<s<t/2 R
0 0
Now,
t/2
Ez/lfsl\“(Xt—s;g,y) ds
0
. t/2
=F, Z 1(rF < t/2 < 78 /|fs (Xi-s;9,y)ds
k=0
o 1/2 TEYIA(t/2) 2\ 1/2
<> <Ex (% < t/2 < T’f“)) (Ex ( IfH (X5 9,9) d5> ) .
k=0 0
Further,

(t/2)/\7’kJrl 2
Ex < / ’fsl|a(Xt—S;gvy) dS) < ECC t
0

12 1+ 2md 2md
SO oy (015 B ey < CE T (1 [l + ROk +1)2m,

P (Xi—s;9,y) ds

O\};
BN

Hence, simplifying a little bit the formulas, we may write
t/2 -
l%/wW&ﬂ%ww<CuHWm+mem§:k”k+2MW2
k=0

=C(1+t")1+|z|+ R)™. (4.55)
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The point is that the right-hand side here increases as a fixed power function (in time), while
convergence in total variation to the stationary distribution is faster than any polynomial rate.
But before turning to the details, we ought to consider the second term in (4.53).

4. We estimate, as above,

t/2

/ ( / E|f1%(X0 s, g, y)pt (d2) ds) "

0

t/2 1/a
75171/a L
<o [ [ Bl g ds ) itaz)
0
<Oy [ o+ B (dz) < O+ )1+ R,

where we used (4.55).

5. Returning to (4.52), we conclude that

t/2 1" !/ 1
1 mey(1 m(1 m
/ ds / " gt o(de) — pt ()] < QDX RTAFET) - o)
’ (1+t+)
0

where R, m/, and m” are some fixed values while &’ may be chosen as large as we like; the choice
of k" here affects only the multiplier C.

6. The next integral in (4.52) may be estimated by virtue of the bounds (4.36), (3.2) and
(3.3) as follows, by Krylov’s estimate (p = d + 1),

t

t
/ ds / @ g) i, (") = E, / (X ds < N o /s

t/2 t/2

As earlier in similar expressions, the right-hand side here may diverge, so, again a localization
procedure is needed. Given ¢, let

0 =1t/2, = inf(s > 7" : | X, — X;n| > Rt), inf(@) = oco.
The value of R we assume to be large enough, R > ||b]| V ||o]|, so that

sup P (7" < t/2) < ¢", q:=supsup Pr( sup |Xs— X;pp| > Rt) <1 (4.57)
x t = t/2<s<t

and R > |z|. Then

t 00 t
E, / P (X gy ds = By S 1(7F <t < 740) / FH(Xesi g,y) ds
k=0

t/2 = t/2
0o 1/2 TR 2\ 1/2
<> (Ex (% <t/2< Tk+1)> (Ex ( / IFH(Xis;9,0) ds> ) .
k=0 t/2
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Further, due to (4.36),

tATEHL 2 Th+1
t
E:c( / |fal(Xe—s:9,9) d8> < E, ( 3 / 1fiP(Xi—s59,9) dS)
t/2 t/2
141 2md 2md
<CtHf1H2 < t T (14 Rt)*™(k+ 1)
Laa(a+1) ([t/2:4] X B(ky1)Rt) 14+ (t/?)k )

where k may be chosen arbitrarily large. Hence

t
L+t"™) (14 R)™ 1/2
E 1 X, . < ( k/2 1 2md
m/\fs!( t=si9:y) ds S O ;:0: (q (k+1) )

t/2

(1+t™)(1+R)™ 0(1 + R)™

=C
14tk 14tk

Here, R > ||b]| V ||lo|| V |z], so we finally get,

(1 +Ja™)

4.
14tk (4.58)

t
Ea:/’fleXt—s;guy) ds <

t/2

7. Now consider the last integral in (4.52),

//Ifs 2", g) . (da") ds = (/Em » >ds>uoo<dz>

t/2 t/2

(5]

]+1 )t/2

E:|f;1(Xs,9) d8> pdo(dz).

jt/2
Quite similarly to the previous step (cf. (4.58)), each term in the above sum admits the estimate

(G+1)t/2

B f(Xog)ds < ¢ LTI

L+ (jt)k
Jt/2

Therefore, we get,

oo o0 1+‘Z‘)m/ C
Ty y " < (7 y <
[ 1816 sy as < > O | ) < e

t/2

as required. All estimates for ¢;(z, g;y) are established.
(1)

8. The claims about p;”’(z, f;y) follow straightforward from the corresponding inequalities
for ¢:(x, g;y) by virtue of (2.6), (4.37), (4.44) and (4.45). Theorem 3 is proved. O
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4.3 Derivatives 0,¢(x,g;y) and (9xp§1)(x, fiy) at t — oo

We now study the derivative 9,¢;(z, g;y). The assumptions of Theorem 1 with (H%?) relaxed
to (H%!). are satisfied throughout this subsection about the coefficients of the SDE and the
function g. Recall that

t
1,‘ » 9; y /EJ: pt 8(X87g;y) ds.
0

‘We have

t
oL
02q1(, 95 y) =3x/Ex—(ijy)pt—s(Xs,g;y) ds

dy
0
t/2
=0y /E X, y)pi—s(Xs, 95y) ds + 0, /E (Xs,y)pi—s(Xs, g;y) ds
t/2

To estimate both integrals I 2, let

L
) ;:Ez/g—yu(t—r,XT)dr, 0<s<t,

t/2

L
v2(s,x) = B, / g—u(t —r,Xp)dr, 0<s<t/2
Y

Note that I} = 0,v*(t/2,7) and Iy = 0,v'(0,z). The idea of estimation is that the value
v (t/2,z) is small in some W, space because uy,(t — s, -) is small when ¢ — s is large. On the
other hand, the value v%(0, z) is small in a similar Sobolev sense because of the integration with
respect to pd over large values of s, the latter measure being close to j%. Both functions are
solutions of certain parabolic partial differential equations. So, estimates in Sobolev spaces will
be based on a priori bounds from [9]. Let us now show the details.

Lemma 2. Under assumptions (Hy), (Ha), (Hg), (H}), (H]), and (H™), for any k > 0
there exist C,m > 0 such that for every t > 0,

10! 120 gx By < CA+R™), (4.60)
C(1+R™)
1 —_—_—
HU ”WI}’Q([D,t—tl]XBR) S 1 T t’f . (461)
Proof. The function (v'(s,z): 0 < s <t, x € R%) solves the equation
vl(s,z) + Lot (s x)——a—Lu(t—s z), vi(t,z)=0 (4.62)
s ) ) - 8y ) ) ) — Y. .
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Note that for any t; <ty and D € ZB(R?),

oL
It =My sy < Clult =2, gy

Due to a priori bounds (4.41) and/or (4.42) and taking into account the terminal condition

vi(t,z) = 0, we have

1
HU1HW1}’2([0,1€}><BR) < C(HU HLP([O,t]xBRH) + ”uHW,}‘Q([O,t]xBRH))’

and with 0 < t1 < t,

1 1
[v HW,}’Q([O,tl]xBR) < C(”” ||Lp([0,t1+5leR+1) + HUHWPI’?‘([t—tl—(S,t]><BR+1))’

Here, as we know, for any 0 < t; < t with arbitrarily large k£ and some C,m

HUHWI}’Q([O,t]XBR) < C(l + Rm)

and
(1+R™)
Hu||Wpl’2([t1,t]><BR)< Tt’f

On the other hand, due to Krylov’s estimate (with some new m),

Hvl”Lp([O,t}xBRJrl) < CRYPyt/p HUIHLOO([O,t]XBRH)

< CRYP (/P laly 1.2 < CtYP (1 + R™)

([0,t]x Bry1)
and, similarly,

RA/P /P v

1 1
I ”Lp([O,t*tl]XBRH) <C HLoo([O,t*tﬂXBRﬂ)

d/p 11/p
SCRYPEP lullyrz 1, gxBrin) S 1+ dF

Note that the latter two inequalities imply the following improvement of (4.63):

HU1HLP([0,t]xBR+1) < C(1+ R™).
Hence we obtain (4.60) and (4.61). Lemma 2 is proved.

(1+Rm).

(4.63)

O

Lemma 3. Under assumptions (Hy), (Ha), (Hy), (H}), (H]), and (H™), for any k > 0

there exist Cym > 0 such that for every t > 0,

C(1+ R™)

2 2.2
10207, (0,t/2x Br) + 10507 L, ((0,t/2)x Br) < T i

Proof. Let us use the representation
t/2
oL
v (s, ) = E, / 8—yu(t —r, X,)dr
S

t/2 t/2

— 6L _ aL / Yy /
—/Exayu(t T,Xr)dr—/<8yu(t r,x),ul,vr(dx)>dr.

s

(4.64)
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So,
t/2

oL
2 _ el _ / Y /
00 (s,x) = Oy /<8yu(t rx), py . (de )> dr

t/2
- oL , y y ,
=0, [ (Grult=ra)ut - ) de'))

Hence

HaxUQ ”Lp([o,t/2} xBR) < ||62 ||W,}’2([0,t/2]><BR)’

where
t/2

Ps,0)i= [ (Gt —ra). (it — ) o)) dr

Repeating our localization arguments and using the estimate (3.4) as in the previous theorem,
we get the bound

B C(1+Rm)
2
| HWI}’Q([O,t/Q]XBR) S 14tk

The same bound also guarantees a similar estimate for the second derivative,

2.2 ~2
Harv ||Lp([0,t/2]><BR) < HU ||W,}’2([O,t/2]><BR)'
Lemma 3 is proved. O

Theorem 4. Let assumptions (Hy), (H,), (Hy), (H}), (H}), and (H*') hold. Then for all
k > 0 there exist real numbers C' and m such that for ally € R¢, z, 2’ € R% and all t > 1

1+ |z™
(1+t)k"

Moreover, under assumptions (Hy), (Ha), (Hg), (H}), (HY), and (HOY), for all k > 0 there
exist real numbers C' and m such that for ally € R, z,2' € R and all t > 1

0zq¢(2, 93 y)| < C (4.65)

1+ |z™

T (4.66)

2.0 (x, f1v)| < C

Proof. 1. The proof of (4.65) follows straightforward from Lemmas 2 and 3 by virtue of the
embedding theorems [9, Lemma 2.3.3].

2. Due to (2.6), the difference between pgl)(a:, f,y) and q(x, f(-,y%),y)|y==y consists of the
integral (fy(-, y),uzvt — %) = pi(x, fy;y) (cf. (2.2)). So, it suffices to show the estimate

1+ |z™

. <C—_
|axpt($afy7y)| X C (1 —I—t)k

(4.67)

This follows straight away from (4.35) and embedding theorems (cf. again [9, Lemma 2.3.3]).
Theorem 4 is proved. U
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4.4 Second derivatives 0.p(x, g;y) and D2p(z, f;y)
We now study the matrix-valued functions qt(l)(a:, g,y) and p§2) (z,g,y) defined in (2.5) and
(2.8). Remind that

( )( (1)

,9:y) =q, (T,9;Y)

Z/dsm (%Lo,z(',y)pt_s(wg;y))+/dS D s (@, Lio(y)pes(,9: )
0 0 li]=1

and

(I‘ f) ) = 4 )( 7f(7y)’y) + QQt(Jj) fy(ay)vy) + <fyy('ay),/igzé,t - Ngo>
Here, (H 0’2) is assumed instead of (H%!). The function p®(z, g;) formally should satisfy the
equation

(2)

oy (. 9:9) = Ly (2, g5) + > Liopy ) (z, ;). 5 (@.9:9) =0, (4.68)

0<li<1
with -

9*'L

Z 2= CZ 8 2—q°

This follows from the (formal) differentiation with respect to y of Equation (4.4) on p(!) = ¢.

(2 )( (1)

This is a reason to define p;”’ (x,9;y) = ¢, ' (z, g;y) by formula (2.5),

t

W2 w.g:0) = [ dsp(oLoaCpao) + [ ds Y 0, LiaCpia().
0 0 li]=1

Then we have the following result.

Theorem 5. (I). Suppose that (H,), (Hy), (Hg), (H}), (H}), and (H*?) hold. Then the

matriz-valued function pff) (z,9;y) = qﬁl)(x, g;y) is well defined by (2.5), continuous with respect

to y, has a moderate growth in x uniformly with respect to y and the equality holds for every
x? y7 t7

O2pe(x, g3y) = P (@, g:9) = 0 (2, g3 y). (4.69)
Moreover, there exists a limit
lim V(@ g9) = d(g5w). (4.70)
this limit admits a representation
qéi)(gsy):/dsps (x,Lo,2(~,y)poo(-,g;y))+/ds > o (@, Lia()poo(-9)) (4.71)
0 0 li]=1

and for any k > 0 there exist C,m > 0 such that (uniformly over y)

(1) 14 |z[™
(14 t)k’

" (2, g:9) — gL t>0. (4.72)

(y) <C

75



Moreover, for any k > 0 there exist C,m’' > 0 such that

C(1+ |z™)

Sl VA ) 4.
T 120 (4.73)

0.0 (2, g )] <

Moreover, for any T > 0, (qgl)(a:,g), 0 <t <T) has a moderate growth in x in the sense of

plocforanyp>1 i.€.,

lgs" (2, g; Do (o.gx ) < <C+R™), t>0, (4.74)
and, moreover, for any k > 0 there exist C,m’ > 0 such that

C(1+4 R™)

“UTr ) s, 4
(ET (4.75)

1
X% )(3779;y)”wg‘l([tl,t]xBR) S

(I1). Let assumptions (Ha), (Hy), (Hy), (H}), (HY), and (H%2) hold. Then the matriz-

valued function pt (m f;y) is well defined by (2.8), is continuous with respect to y, has a mod-
erate growth in x uniformly with respect to y and the equality holds for every x,y,t

Rpi(x, f3) = p (@, f1y). (4.76)

Moreover, there exists a limit
Jim p? (2, fiy) = 22 (fiy), (4.77)
this limit admits a representation (cf. above (4.71) and (4.45))

P2 (f;y) = d (f;9) + 200 (@, £, (-, y), v) (4.78)

and for any k > 0 there exist C,m > 0 such that (uniformly over y)

O ) — pD (i) < o s 4
P (s fry) — pd (f59))] \C(1+t)k’ > 0. (4.79)
Moreover, for any k > 0 there exist C,m’ > 0 such that
\Bxp(z)(x fiy)| < w t>0. (4.80)
t v (1+t>k 9
Moreover, for any T > 0, (p§2) (z,f), 0 <t <T) has a moderate growth in x in the sense of
;l?l})c foranyp > 1, ie.,

Ip? (2, f: Dllwor (0,0xBr) < <C(+R™), t>0, (4.81)
and, moreover, for any k > 0 there exist C,m’ > 0 such that

C(1+ R™)

S ) 4.82
g 120 (4.8

2
10507 @, £39) 0 1, ) <
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Remark 4. Here, the main assertions are (4.69), (4.70), and (4.72), i.e., the existence of
the second derivative 85u, its continuity and some properties at ¢ — oo, which all, in particular,
may help apply It6’s (in our case, more precisely, It6-Krylov’s) formula in the corrector method
(cf., for example, [1]). However, (4.74) and (4.75) may be helpful in further studies such as
establishing higher derivatives.

Proof. 1. If we denote

2x59) = Y Lin(e.y)p) (2, 93y),
0<i<1

then formula (2.5) may be written in the form,

Pz, g;y) = /Exffs(Xs,g;y) ds.

Now let us remind which properties of the functions v and f! (cf. (4.6) and (4.32)) have been

used in the proofs of Theorems 2 and 3, which guarantee similar properties for p,gl)(x, ;).

Clearly, if we show the same properties of f2, then the desired results about p§2) (x,9;y) will
follow. The crucial about v were inequalities (4.9) and (4.15), while about f! the estimates
(4.34) and (4.36) sufficed; also notice that practically (4.9) follows from (4.34). So, all we need
to know about f2 now is the following four assertions:

12-C3 92 0y + 1052 G 9) lwo 0.3y < C(LHIRI™), (4.83)
1903 9) 2 ey + 105 G5 Dl < % (4.81)
[ [ e = puto P dods < Ciplly — D1+ R)™ (4.85)
0 Bg
[ [ tasegi) = 0w gsa) ) dnds < Gy~ w1+ B (4:86)
0 Bg

the latter one with some modulus of continuity (even depending on R). Note that, in fact, (4.83)
follows from the estimates (4.33) from Lemma 1, (4.60) from Lemma 2 and (4.64) from Lemma
3; (4.84) also holds due to (4.35) from Lemma 1, (4.61) from Lemma 2 and again (4.64) from
Lemma 3; and (4.85) have been established above in (4.15). So, it only remains to check (4.86).

2. The function ¢ satisfies the equation

Ohq; — L(x,y)q; = (9yL(z,y))pt, g0 =0
(cf. (4.4)). Hence the difference

a(z,y,y) = p (@, giy) — (2, 910/
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solves

2o (2, g39) — 1V (2, 9:9)) — L) (0 (@, 5 9) — P\ (2, 93 9/))

= (L(y) — LW)pM (2, 9:0") + Oy L(w))pe (2, 35 9) — @y Ly )i, 93 1/), (4.87)
C P C) M
Py (x7g7y) Y2 (ﬂf,g,y) =0.

Denote

—Fi(z,y,9') = (L(y) — Ly)p (2, 9:9') + (0, L(y))pe (@, g 9) — (O, L(y))pe(w, 9: 9)-

Then

atzt(x7y7y/) - L(y)zt(x7y7y/) - _Ft(x7y7y/)7 ZU(‘T’y7y/) = O (488)

It is already known that the right-hand side in Equation (4.88) is continuous with respect to
the parameter y in the sense of L, locally in (z,¢) (with a moderate growth in z). Hence, we
may conclude similarly to the step 3 in the proof of Theorem 2 that, indeed, (4.86) holds.

3. The claims about pgz) (z, f;y) follow due to the first part of Theorem (about qlfl)(x, £;v)
and by Theorems 2—4, which guarantee all similar bounds for the second and third terms in the
right-hand side of (2.8), i.e., for 2¢,(x, fy(-,v),y) and <fyy(-,y),uz’t — 1u%). Thus, Theorem 5 is
proved. O
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