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We consider splitting type variational problems with general growth conditions and prove
the partial reqularity (and the full reqularity in 2D) of minimizers in the case of x-
dependence. The results obtained generalize the results of Bildhauer and Fuchs concern-
ing such problems with power growth conditions. Bibliography: 17 titles.

1. Introduction

The partial regularity and full regularity in 2D of minimizers of splitting type variational prob-
lems with general growth conditions were proved by the author in [1]. These results generalize
the corresponding results established by Bildhauer and Fuchs [3, 4] in the case of power growth
conditions. In this paper, we extend the statements from [1] to the case of z-dependence. Note
that the autonomous case was treated in the recent paper by the author [5].

The study of the regularity of minimizers u : & — R of the energy functionals

Iu, Q] = /F(Vu) dx, (1.1)
Q
where Q is an open set in R” and F : R™ — [0, 00) satisfies an anisotropic growth condition

Ci|ZIP —e1 S F(Z) < Co|Z|7 4 ¢y,  Z eR™W (1.2)

with constants C1,Co > 0, ¢1,co > 0 and exponents 1 < p < ¢ < oo, was pushed by Marcellini
[6, 7]. The research of Esposito, Leonetti, and Mingione [8] shows that the statements do not
stay true if one allows an additional x-dependence and considers minimizers of functionals

Ju, Q] = [ F(-,Vu)dz, (1.3)
/
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for F': Q x R™™ — [0,00). This is not only a technical extension of the autonomous situation,
and additional assumptions are often necessary.

As is known, in the autonomous case, we cannot expect the regularity of minimizers of
the functional (1.1) if p and ¢ are too far apart (cf. counterexamples in [9, 10]). To get
better results, additional assumptions are necessary. Therefore, Bildhauer, Fuchs, and Zhong
considered decomposable integrands

F(2) = [(Z) + 9(Zn)

where Z = (Z1,...,2y,), Z; € RN, and Z = (Z1,...,Zn—1). Under power growth conditions on
the C2-functions f and g, they get a very general theory in the case p > 2 (cf. [3, 4, 11]). In
[1, 5], we generalized these statements to the case

1(Z)=a(Z]), 9(Zy) = b(|Za))

where a and b are N-functions. Thereby the main assumptions were formulated as follows:

h/(t) ~ h// (t)7

h has superquadratic growth,
where h denotes a or b. The following results were established in [1, 5] on the basis of higher
integrability theorems in [12]:
e the full Cb*regularity in the case n = 2,

e the partial C1®-regularity in the general vector case provided that

b(t) < ct¥a(t), a(t) =0t2"?  for w < 2 and large t, (1.4)

e the full O *regularity in the case N = 1 provided that
b(t) < ct?a(t), a(t) <ct?b(t) fort > 1.

Comparing with the power growth situation, one can see that the above conditions are
natural generalizations to the case of N-functions (except for the case N =1, cf. [3, 4, 11]).

From now on, we consider minimizers of the functionals

TTw] ;:/[a(-ﬁwbm(-,anwb} da, (15)
Q

where a and b are of class C%(2 x [0, 00), [0, 00)) and possess the following properties (h denotes
a or b):

h(z,-) is strictly increasing and convex,

(A1)
7yr% I, 1) =0 and tlim h(i’ t) =00

for all z € ). Furthermore, we assume that for all ¢ > 0

@) (A2)
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uniformly with respect to x € €2, where é\,ﬁ > 0 are constants. Assume that

a(z,t) < c1b(z,t) for all x € Q and large ¢, (A3)

where c; > 0. To have the superquadratic growth condition, we assume that

W (x,t)

; >hyo>0 V=0 (A4)

for all x € . To handle with terms involving derivatives in the spatial variable, we require

0,0 (2, 1)] < ol (z,t) ¥ (2,t) € @ x R (A5)

for all v € {1,...,n}, where ca > 0 is a constant.

Remark 1.1. 1. Assumptions (A1)—(A4) can be regarded as generalizations of the corre-
sponding conditions in [1, 5] to the case of z-dependence. So, it is possible to show that the
(p, q)-growth condition is satisfied in the same way as in (1.2) for the function F.

2. A simple example is given by the function

F(z,2) := a(x)a(|Z]) + B(@)b(|Zn]),  (x,2) € Q@ x R™N,

where the functions a and b of class C2([0, 00), [0, 00)) satisfy the autonomous assumptions from
[1, 5] and strictly positive functions «, 3 belong to the class C1(€2).

At the first step, we establish results on higher integrability.
Theorem 1.2 (higher integrability). Let Assumptions (A1)~(A5) hold, and let u € W;"* N

loc

L2 (Q,RN) be a local minimizer of the functional (1.5). Then the following assertions hold:

loc
(a) b(-,|0nul)|Onul? belongs to the space Li .(S2),
(b) if
b(x,t) < ct“a(x,t)  for large t and w < 2, (A6)

then a(-, |Vu|)|Vul? belongs to the space LE (). Furthermore, u € W22 (Q,RN).

loc loc
Remark 1.3. 1. The main point of the proof of Theorem 1.2 is a regularization procedure:
if we work with an ordinary regularization (cf. [3], for example), we do not have the convergence
ug — u, where ug is a minimizer of the regularized problem, because of the z-dependence. Note
that the same problem was mentioned in [13, 14]. The approach of [14], which is based on a
regularization from below with hy; < h, where h denotes a or b, does not resolve the problem

because it is impossible to get a uniform variant of Assumption (A2) for the function hjyy.
Therefore, we modify the regularization described in [15].

2. In the nonautonomous situation, the superquadratic growth condition is already required
for proving the higher integrability, unlike the autonomous case (cf. [12]).
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3. In comparison with [12], we need Assumption (A6) to get higher integrability. The reason
is that the condition

b(x,t) < ct?a(z,t?) for large t
required in [12] is not extended to the regularized functions ajs and byy.

As in the proof in [1, 5], further assumptions are required in the general vector case

B (x,t)

; <h'(z,t) fort>0ifw<1, (A7)

where x € ) is arbitrary and h = a or h = b, and

a(z,t) = 9t22) for large ¢ (A8)

for 9 > 0, where w is defined in (A6).

Theorem 1.4 (partial C'1®-regularity).
(a) Let Assumptions (Al)—(A6) with w < 2, (A7), and (A8) hold. Suppose that for all B €
argmin, ¢ g a(y,t) is independent of t (A9)
and

a(z,t) < 0, t%25Ya(y, t) for allt > 1 and all z,y € B, (A10)

N
loc loc(Q?R )
of the functional (1.5) there exists an open subset Qg of 0 such that L"(Qy — Q) = 0 and
u € CH(Qo,RYN) for all a < 1.

(b) If n = 2, then Qo = Q without assuming (A3), (A6)-(A10), and the condition u €
L (Q,RY).

loc
(c) If Assumptions (A1), (A2), and (A4)-(A6) hold with w < 2 and N = 1, then any local
minimizer u € I/Vlif N LZ(Q) of the functional (1.5) belongs to the space C1*(Q) for all

a < 1 provided that

where 01 > 0 and 02 > 0 are constants. Then for any local minimizer u € Wh2n L

a(z,t) < ct’b(z,t)  for large t (A11)
uniformly with respect to x € €.

Remark 1.5. 1. The results of [1, 5] concerning partial regularity are extended to the
nonautonomous case with the only restriction that we should assume that b(z,t) < ct“a(x,t) for
w really smaller than 2. The reason is that we cannot prove a uniform variant of the inequality

b(t) < ct“a(x,t)

for our regularization (cf. Section 2).
2. The results are extended completely in the case n =2 or N = 1.

3. As was mentioned in [5], we can remove the assumption u € L (Q,RY) if n = 2.
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Remark 1.6. 1. From (A9) we get the existence of y* € B such that
a(y*,t) < a(y,t) for all (y,t) € B x [0,00).

This is necessary to prove the continuous growth condition in iteration of blow up. The corre-
sponding examples of density (cf. [14]), show that (A9) and (A10) are natural conditions in the
case of z-dependence.

4. Sharp conditions for the regularity of minimizers of nonautonomous anisotropic variational
integrals are indicated in [8], where a condition of the form (A9) was used (cf. (74)). Thus, we
can proceed that this assumption is necessary for regularity.

5. We cannot consider minimizers of the functional

/[(H o) + (4 o) ] de

Q

for p,q € W,2>°(Q,[2,00)) since the functions

loc

(=) ()
a(z,t) == (1+ t2)p2 —1 and b(z,t) = (1+ t2) -1

do not satisfy Assumption (A5).

2. Auxiliaries and Higher Integrability

First of all, we define a regularization. Let

t
/ng:L’s t
0

WV
=

where M > 1, h denotes a or b, and
t
gu(z,t) :== g(x,0) + /n(s)g/(x, s)ds
0

W (x,t)

g(z,t) == ;

’

Here, n € C'1([0,00)) is a cut-off function such that 0 < n < 1,7 <0, || < ¢/M,n=1on
[0,3M /2], and n = 0 on [2M, c0).

Lemma 2.1. The sequence (hyy) satisfies the following conditions:
(1) hyr € C2(Q2 x [0,00)), har(z,t) = h(x,t) for all t < 3M/2, and
N}im har(w,t) = h(z,t) V (z,t) € Q x R{,

(2) har < h, g < g, and h/& < (M) on Q x R by Assumption (A2),
(3) the same assertion holds for hyr by Assumption (Al),
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(4) by Assumption (A2),

Wy (e, t

c M(xa )
t

uniformly with respect to M,

b h/M(x,t)

< Ry, t) <A M

(5) Assumption (A3) is uniformly extended to apr and by :
ap(x,t) < crbpyr(x,t)  for all x € Q and large t,

(6) By Assumption (A4), the same inequality holds for hyr uniformly with respect to M :

th (z,t)
t
provided that, in addition, Assumption (A2) is satisfied,

>hyg>0 forallt>0

(7) Assumption (Ab) is extended to hyr uniformly with respect to M :
\8711/]\/[(56,75)\ < cohyy(x,t)  for all (z,t) € Q x Ry and all v € {1,...,n},

(8) if b(x,t) < ct“a(z,t¥) for large t, then the same inequality holds for ayr and by uni-
formly with respect to M.

Proof. By the definition of hjys, we get assertion (1) and the first two statements of assertion
(2). To prove the remaining assertions, we need the equalities

t
hM(tx’t) =gum(x,t) = n(t)h (f’t) + / {—77 is) } b (z,s)ds (2.1)
0

for (z,t) € Q x R§. By the definition of g, we have
g(z,0) = h"(z,0).

Therefore,
t t
h// h/ h/ t /
gM(as,t):h"(ﬂz,O)+/n(s){ (f’s) - (;”2’5)} ds = (1) (f’ H/{—”f)}h'(x,s)ds.
0 0
We have
Wy (2,t) = g (@, t) + tgy(z, t)
and, consequently,
W (x,t
thalot) = el o 6) = () [1.0) = 0]

By (2.1) and (A2), for € := min {1,£} we have
¢

WY (2, t) = n(t)R" (z,) + / {—”I(S) } B (z, ) ds
0

S
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y (A2) and (2.1), for h := max {1,%} we have

o (x,t W(x,t
ety =" e [y - M
Ry (z,t) B (z,t) Ry (z,t)
< M ’ h -1 ’ < h M ’
t { }"( )y t
which proves assertion (4). Now,
2M

Wy (@) < cgrr(a,t) < cg(z,0) —|—c/ g (z,8)| ds < c(M).

Since hps(z,0) = 0, we have

. h (x,t) Y,
%E% ) = hy(z,0) =0
Furthermore,
¢
1
thm ; /ng(x, s)ds = tlim tgn(z,t) =
0
because
2M
hmngt / {=7'(s)} g(z,s)ds > 0,
3M/2

which follows from (2.1) and the monotonicity of h. By Assumptions (A3) and (A2),
a (x,t) <cb (z,t) fort >t
Thus, by (2.1), for ¢t > ¢y we have

alM(;U’t) :U(t)a/(f’t) +O/t{n/is)}a'(as,s) ds
<c[ +/t{ }b'xs)ds]:cbh(f’t)
0

provided that 3M /2 >ty
(6) From Assumptions (A1) and (A4) we find that for ¢ < 3M/2
Wy (2,t) = ho.

In the case 3M/2 <t < 2M,

Bz, t) = egnr(m,t) >

t
e | hon(t) + ho / { n'( )}ds]:hos,

3M/2
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and for t > 2M we get
2M

B (x,t) = ehg / {-n'(s)} ds = hee.
3M/2

The proof of the estimate for d,hy can be found in [15, p. 14]. To prove the last assertion,
based on Assumptions (A6) and (A2), we find

V(x,t) < ct¥d (w,t) for t > ty.

By (2.1), this relation remains valid for ¢ > ¢y provided that 3M/2 > tq (note that 1 (t) = 0 for
t < 3M/2):

0

t
/ / /
t
< ct” n(t)a(?t) —l—/{—nis)}a'(az,s)ds :ct‘“aM(;:7 ) for all t > tg.
0

The lemma, is proved. O

Remark 2.2. 1. By [13, Lemma A.1], from Assumptions (Al) and (A2) it follows that
h(z,2t) < 2 h(z,t) V3> 0. (2.2)
Thus, by Lemma 2.1, (3) and (4), we obtain the uniform As-condition on hjs. Based on the
same quotation, we deduce

W (z,2t) < 2MW (z,t) Wt 0,
which is extended to hjp; uniformly.

2. By the monotonicity of A’ and Assumptions (A1), (A2), for pu:= 92h+1 e have
o th (x,t) < Wz, t) < th'(x,t) YVt>0,

which is extended to hjp; uniformly.

Now, we define up; as a unique minimizer of the functional

Ttlw] ::/FM(-,Vw)dx ;:/[aM(.,ﬁwaM(-,anw) do
B B

in u—H/VO1 2(B,RN), where B := Bg(zo) € Q is arbitrary. The following assertion concerns some
properties of the regularization wuyy.
Lemma 2.3. Let Assumptions (A1)—(Ab) be satisfied. Then
(1) ups belongs to the space W22 (B,RN),

loc

(2) an (-, |V )| Vurr? and bas(-, |Opuns|)|Onunr|? belong to the space LL (B),

loc
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(3) ifn=2 or N =1, then up; € WE2(B,RY),

loc

(4) forye{l,...,n} Oyun is a solution to the equation

/D%FM(-,VUM)(VUJ,V@) dx + /67DPFM(-,VUM) :Vodr=0
B B

for all p € W01’2(B,RN) such that spt(¢) € B,
(5) ups belongs to WY2(B,RN), is uniformly bounded, and

sup/FM(',VuM)dx < 00,
M
B

loc

(6) if u € L (Q,RY), then S}\l/[p Junrf oy < 0.

Proof. (1), (3), (5). Assertion (1) follows from [13, Lemma 2.5], and assertion (3) is proved
in [15, Theorem 1.1, (ii), (iii)] for p = ¢ = 2. For assertion (5) we refer to [14, Lemma 1.2].

(2). The minimization of 7j; is a variational problem with splitting condition and power
growth conditions with p = ¢ = 2. As was noted in [12, Remark 3b], it is possible to extend the
approach of [12, Theorem 1] to the nonautonomous case. Hence we get Vuy € Li (B, R™Y).
By the quadratic growth of aj; and bys, we obtain the required assertion.

(4). Tt is clear that Ojups is a solution if only ¢ € C§°(B,RY) are allowed for test func-
tions. But D%F) (-, Vuyr) are bounded (cf. Lemma 2.1, (2)); moreover, d,DpFa(-, Vupr) €
L%(B,R™V) which follows from Lemma 2.1, (2) and (4), and Assumption (A5). Assertion (4) is
obtained by approximation.

(6). The uniform boundedness of uys is obtained by the maximum principle [16]. O

Proof of Theorem 1.2. We set
T'yi=1+ |VuM|2, fM =1+ ‘61”\4‘2, Fn,M =1+ \6nuM|2

We want to estimate the integral

/WZkbM('a [Onunr)|Opun | d
B

independently of M in the same way as in [12]. Hence we consider n € C§°(B) such that
0<n<1l,n=1on By(xg) for r < R and |Vn| < ¢/(R — r). Integrating by parts and using the
uniform bound on wuys (cf. Lemma 2.3), we see that it suffices to consider only the term

[ #4100 s 0,uar 0 23)
B

Here, one can see

T < c/n2k|8nbM(-,|8nuM)|8nuM|dx+ c/n%b'M(-, Onuns )|Ontins||Ondnting | da
B B

= cTy +cT3.
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By Lemma 2.1, (7),

O (,8)] = /6nb’M(:c,s) ds| < cbu(, b).

By the Young inequality,

7 <7/n2kbM(-,anuM|)|anuM|2dx+c(7)/n2kbM(.,|anuM|)dx
B B

Furthermore, taking into account Remark 2.2, we get

5 |Onunrl)

Oy Opups|? dx.
19| (On O | dax

b
T2 <T/n2kbM(-,8nuM|)|8nuM|2dx+c /n% i
B B

Absorbing 7-terms in (2.3), we get

b Optt
/n%bM(.,wnuM)anuM?dxg +c/172k M8|UM|M|)6n8nuM|2dx, (2.4)
B

B

where ¢(r) is a constant such that ¢(r) — oo as r — R, but ¢(r) is independent of M. To
estimate the integral on the right-hand side of (2.4), we need a Caccioppoli type inequality,
similar to that in [12]. It suffices to consider only the term

—/8nDpFM(-7VuM) :V {n%anuM} dx.

The first estimate yields the bound

e [ larCRurDIF (o} do-+ e [ ol lBuunl) o {1 O} do

= c[W1 + Ws]
in view of Lemma 2.1, (7) We consider the terms separately:

Wi e [P Fua) [Vallduundo + ¢ [ 1Paly (. [Funi IO, Fun| do
B B

=c W] +Wi].
By the Young inequality,

/ . %
W2 < T/n%“M(;| Do G2 d + () / 264 () [V |) [V de,
|Vup| J
which can be treated in the same way as in [13, Section 3]. For an upper bound for Wi we can
take
(- [Vuar)

|Opupr|? da.
V|

/ ~ ~ a,
/ Py (- [Tt Funr] do + / k=272 M
B B
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The second integral can be estimated in the same way as in [3, Section 3] because all the
assumptions on a and b are extended uniformly to aps and bys. Taking into account Remark 2.2
and Lemma 2.3, (5), we can estimate the first integral independently of M. Thus,

/n%bM(-, Onun Owuns 2 dz < e(r). (2.5)
B

Now, we want to estimate the integral

/nZkaM(-, e ) [ Va2 da. (2.6)
B

As above, after integrating by parts, the only difference with the calculations of [13] is the
integral

/UMn%aw [GM(', WUMI)} Oyupr dx.
B

We have
< c / 72410y (- [Vuad )| Vuar] do + ¢ / 2l (- [Fuag ) Va0, 0y g | da
B B

= cU} 4 cU3.
Using Remark 2.2 and Lemma 2.1, (7), we find

U3 < 7 [ e Fuas) Funs P o+ ofr) [ 1 ans (. [Fu]) da
B B
and

(-, [Vual)

‘67€UM|2d.%'.
Vun]

a
U< / Pans (- [Funt )| Funtl? da + e(r) / 2k
B B

We absorb the first term in (2.6) and use a Caccioppoli type inequality like in [12] for the second
term. Then it remains to consider

/67DPFM(-,VUM) :V {nZkﬁyuM} dx.

By Lemma 2.1, (7), we obtain the upper bound

e [ el [ FunI {2 0un} do+ [ by l0,uniIon {0y} | o

B B
=clUy +Us.
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Consequently,

U < 0/77%_1@3\4(» Vune )| Vlldyunr| da + ¢ /772ka/]\4('7|€uM)8’y6ude
B B

=c [Ull + L{ﬂ .
By the Young inequality, we obtain the inequality

Ly, _ -
Uz < T/n%aM(N’VUMD(97VUM|2d:U+C(T)/772kaM(',VUMDd:U
|Vup| A

which can be treated in a standard way. Furthermore,

Us < / P b, [Onunr|) | Vung| do + / s (-, [0nunt )0y Opuns | da.
B B

From the Young inequality and Remark 2.2 we obtain the upper bound for the second integral:

, .
T/n%bM( s [Onupr)

o100, uadf do -+ (7 /n%bM(-, Opune|) da

B

which is uncritical. For the first one we see

0?1 0|6y (-, |Onung ) [ Vung | da

CU\

_ bhr (-, O ~
< /,'7214: 2|v,'7‘2 M(6|UMM|)VUM2de+/772kbM(>|anuM|)dw
B

which can be bound in the same way as in [12, Section 3]. Therefore, we need the inequality
bar(z,t) < ct?apr(z, t2).

However, we have the stronger inequality
bar(z,t) < ct?apr(z,t).

Thus, we get

/n%M(-, IVun|) [ Vun | de < e(r). (2.7)
B

By Lemma 2.1, (1), (6),
/772|V2uM2d:U < /D?;FM(-,VuM)(87VuM,87VuM)dw.
B B

Using a Caccioppoli type inequality as in [12], we can obtain an estimate independent of M
(note that the right-hand side of the inequality is bounded in the rest of the proof). Thus, we
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obtain the uniform boundedness of uy; in W22(B,RY) (cf. Lemma 2.3, (5)). By arguments

loc
similar to those at the end of Section 2 in [14], we find

up — w o in I/VIOC(B RY),
Vauy — Vu in LE (B,R™),

Vuy — Vu ae.

(2.8)

as M — oo. This implies u € I/V1 (Q,RYN). By the Fatou lemma, (2.5), and (2.7), we obtain

the assertion of Theorem 1.2.

3. Partial C'“-Regularity

We define the excess function

E(x,r):= ][ Vu — (VU)W«\Qdy + ][ a(-, |Vu — (Vu)z.|) dy,

By (x) By (z)

where
a(x,t) = a(z,t)t*

and w € (0,2) is taken from Assumption (A6). If r < Ry, where x + 62 Ry <
1.2 and Assumption (A10) guarantee the existence of E(z,r). To show this we estimate

][ ][ aly, [Vuly) — Vu(2)]) dydz
][ ][ aly, [Vuly )dydz+c][ ][ aly, |[Vu(2)|) dydz.
)Br(x z) By

bV

By (z)

B (x

For the second term we use (A10) and without loss of generality assume that |Vu(z)| > 1:

a(y, [Vu(2)]) < ¢ Vu(z)| V= Vu(z)[“a(z, |Vu(z)]) <

Vu(z)|a(z, [Vu(z))).

O

2, then Theorem

Considering the integration over the set where [|0,u| < WUH and its complement, we prove the

existence of the excess.

Lemma 3.1. Let Assumptions (A1)—(A10) hold for w < 2, and let L > 0 be fixred. Then
there is C*(L) such that for every T € (0,1/4) there exists ¢ = e(r,L) > 0 possessing the

following property: if

|(Vu)r| < L,

E(z,r)+ " <e

for a ball B.(x) € Q, then
E(z,1r) < C*T[E(x,r) + 1]

where v* € (0,2) is arbitrary.

(3.1)

(3.2)
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Proof. We extend the ideas of [1, 5]. For z € By := B1(0) we set

1
U (2) = - (u(xm + Tmz) — Gy — ’I“mAmZ),
am = (W) 1o s
Ap = (vu)xm,rm,5

(f)zr denotes the mean value of a function f over the ball B,(z). For A2, := E(xp, rm) + o
from (3.1) we deduce that

|An| < L, ][ Vi, |* dz + A2 ][ a(Tm + Tz, A | V| )dz + X200 = 1. (3.3)
Bl Bl

Scaling, we can write (3.2) in the form

][ Vi — (Vi )or|* dz + A2 ][ a(Tm + Tz, Am | Vm — (Vum)o-|)dz > Cur?. (3.4)
B. B,

Using (3.3) and passing to subsequences, if necessary, we have
Ap —: A, Uy —:u in WH2(B, RY), (w)oq =0, (Vu)o1 =0, (3.5)
AV, — 0 in L*(B;,R™) and a.e. on By. (3.6)

Analyzing the proof in [1, 5], we see that it is not difficult to verify the limit equation. Thus,
to complete the proof of Lemma 3.1, we need to show that

Vi, — Vu in LE (B), (3.7)
lim /\,712 ][ a(xm + Tm2, Am |V — (Vug)or|)dz =0 Vr<1. (3.8)
B,

If we want to establish a Caccioppoli type inequality as in [1, 5], we need to estimate, in addition,
the integral

/aYDPFM(‘vVUM) :V {n? [Oyun — P} da,
B

where P € R™ is arbitrary. By Lemma 2.1, (7), we find

Tl = [ by a1, Funglef da,
B

T3, = / dys (- |Funt])| Vuss — Pln|Vn] de,
B
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1. 6 _ ~
thy < [ Do S o+ ot [anit Funto? do
B

for 7 > 0. For T ]%4 the same arguments lead to the upper bound

() / o (| Funt]) d + e(n) / arr (- |Funt]) dz + e(n) / gt o e
B B Bnsptn M

Similarly,

/ .
T]:\)’/[ <7—/bM(’6nuM)|676nuM|2772d.7}+C(7')/bM(',(9nUM|)772,

|anuM‘
B
by (-, |1 0pu ~

Ty <ctn) [ Shlowunilyde + ) [ourt ) de + et [ 0500 Gy 20

B B Bnsptn "

After absorption of 7-integrals we need to justify that we can interchange integrals in the re-
maining terms as M — oo. We follow arguments of [1, 5]. For arbitrary s > 0 we choose a
subset S C B such that Vuys — Vu uniformly on S and £"(B — S) < s (here, we need (3.6)
and the Egorov theorem). Arguing in the same way as in [1, 5], we see that the integrals over
B — S are less than c»*. Furthermore, we need to establish the convergence almost everywhere,
based on

[Vun| ,
W:L/¢W@w%
/ t
Ontunt|
o \/bM(t:U7t) u

against 7:5 and (™ (with a suitable definition). By the arguments at the end of Section 2,
Vupy — Vu a.e. Thus, we need to establish the convergence almost everywhere of

mmﬁ:]¢%?”w
0

roY (st
X3P (@, 5) ::/\/ M(tx’ ) at.
0
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By Lemma 2.1, (2), this is true in view of the Lebesgue dominated convergence theorem. In
addition,

‘%UM|

— !
/l/}M,CE = / vx\/aM(tI7t) dt7
0
R
Wi, = / vx\/ M(f’ ) at.

But, by Lemma 2.1, (7), these terms can be bounded by 1ZM and 101(\2) which can be estimated
in the same way as in [1, 5. In the limit version of the essential Caccioppoli type inequality, it
is necessary to add

T! = / o, [Sul)r? d,

U:J\UJ

2= [ (-, |Vu|)|Vu — Ply|Vn| dz,
T3 :/b(-,ﬁnu)nzdx,
B
T4 = / V(.. |0u]) [V — Pln| V) de
B

on the right-hand side. To prove (3.7), we scale and set
T! — T (T + T2y | Am + A V)12 dz
m — )\gn m m~<s |4im m m|)7] )
By

2 ~ ~
Tr?l = ;gn /a'(:ﬁm + rmZ, ‘Am + Amvum)>‘7nvum77|fn dz,
mBl m
5 Tm (n) 2
Ty, = 22 b(@m + rmz, [ A3y + AmOpum|)n” dz,
mBl

2
T = ;’2” /b’(xm + Pz, AT 4 /\manum\)\)\mVum\n|vm dz.
m T'm
B1

To bound these expressions uniformly with respect to M, we separate into the sets Hﬁm +
A V| < K] and [| Ay, + A Vg, | > K] and use the uniform boundedness of \,,?r2,. By (3.3),

Tr}l < oK) + ¢(K) /a(xm + Tz Am [V |)dz < o(K).

B1
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By Assumption (A6), we obtain the same estimate for T3 . Taking into account Remark 2.2, we
deduce

T2 < o(n, K) / Vttm| dz + e, K) / a(m + Tz A [Vt )2
B Blﬁ[...>K]

< e(n, K) + o, K) / 0 + T, Ao |Vt )2
By

< c(n, K),

where the L2-bound for Vu,, and (3.3) were used. We estimate T}, in a similar way with the
help of Assumption A6). Proving (3.8), we define

[ ArrAAr Vit |

~ 1 a'(x,t)
Ym = A / \/ t dt,

| Am]

1 b (z,t)
(TL) = ’

1A%

Following the argument of [1, 5], we again get uniform Wé’f—bounds (additionally to the terms
TL ..., T4) and can complete the proof of the blow up lemma just in the same way as in [1, 5].
Now, we can iterate this lemma as in [17], for example. The only difference is connected with
the inequality

E(zo,7) < ¢(1)E(x0, ™" R), "R <r < 7*R.
However, by Assumption (A9),

E(xg,7) < c(1)E(zo, 7" R) + c(7)r. (3.9)

By the convexity and As-condition on a,

][ a(y, [Vu(y) — (Vu)ral) dy <C][ a(y, [Vu(y) = (Vu) g z,l) dy
Br($0) BT(xo)

te ][ a4, (V)b g — (Vid)riaol) .
Br(xo)

It is obvious that the first integral is estimated by

() f 0y [Vu(y) — (V) ag]) .

B‘rk R(xo)

For the second integral we introduce

y" = argming, () a(y,t) (3.10)
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which is independent from ¢ by Assumption (A9). Then we get the bound

][ |a(y, (V)b rag — (Vraol) = aly™, (V) sk g oy — (Vt)raol)| dy
BT(Z'O)

+ ][ 0y |(Vt) st g — (V)] .

Br(z0)

The first term can be estimated by

sup. Vea (y+ " = ). (V) kg gy — (Vit)ra )|y — 9l < c(r)r
telo,

By Assumption (A5), we have the inequality

(V) pmg — (V)] < ][ IV — (V)b gy | d
By (960)

<er) o IV (V)| ds < ofr) [Blao, 7B +1] < c(r)
B.,.kR(xo)

because
E(xq, TkR) <

€
which follows by iterating the blow up lemma (cf. [17]). By the Jensen inequality and Assump-
tion (A9),

Cb(y*, ‘(vu)TkR,zo - (vu)ﬁIOD dy < ][ a(y*v |vu(y) - (VU)T’“R,IOD dy
By (z0) By (o)

< f a(y, |vu(y) - (vu)TkR,xo D dyC(T) ][ a(y, \Vu(y) - (vu)TkR,xo D dy
B”'(‘ZO) B‘rkR(xO)

with an appropriate choice of y*. Hence we obtain (3.9). O

Proof of Theorem 1.4, (b). As was noted in [5], a 2D-result can be deduced from the
proof of [15]. O
4. Regularity Results for N =1

Let N = 1.

Lemma 4.1. For allt < co and B, € B

sup [|[Vuns| 15,y < o0
M
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We want to estimate the integral

2%k a+2
/n bar (-5 Onune )T, 5 ez, (4.1)
B

where n € C§°(B) is a cut-off function such that n = 1 on B,(x¢) for p < R and 0 < n < 1.

Following [12], we integrate by parts and, using uniform local bounds for uy; (cf. Lemma 2.3,
(6)), find

a+2
/n%bM(-, |Onune )T, % de < e(n) [L+ 1+ Io + I3 4 1] (4.2)
B

where

I = /bM(-,8nu;\4)f‘rf7]\/[das7

spt(n)

~ a+2
I = an (- |[Vuarl) [bM(x, = ((IM(-LVUMD)] dz.

‘VUM‘Q T‘VUM‘Q
spt(n)

" 3
Iy = [ 9¥10nbas (-, |0nunt )T, 3 da,
B

I = / 0, DpFa (-, Vupy) : V[anuMnZFjMndx.
B

Note that, comparing with [12], we have additionally I3 and I because of z-dependence. Since
anr(z,t) < ct®bpy(z,t)  for large t

(cf. Lemma 2.1, (6)), I can be bound by

() |1+ / ant (- VT2, da |

spt(n)

where we used the uniform As-condition on b]_wl. This fact follows from the uniform variant of
Assumption (A2). From Lemma 1.1 (7) and the Young inequality we find

a+1

L <ec /nZkbM(-,ﬁnuMDFn"}wdx
B

a+2
+T/n2kbM(-7|8nuM)Fn’QMd:L’—}—c / 2kbrs (-, |0 uM\) W dx.
B B
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We absorb the first term on the right-hand side of (4.1). Furthermore, we write

Iy < / ‘77267DPFM('>VUM) : 8nVUMFE,M‘ dx
B

ok / 2510, Dp Py (-, Vaag) : VnduunT2 | da
B

a—2
+a / n** 0y DpFar(-, Vunr) : 0, VunT 3 0nuiy | da
B

=1+ I +I3.
Taking into account the splitting type structure and Lemma 2.1 (7), we deduce

I <e /n%a'M(-, Faun )00 Frung T2 i + /n%b'M(-, Bt )|OnButurt T2 e
B B

Taking into account Remark 2.2, we obtain the following upper bound for the first integral:

/ 5 % ~ o d 3
. /UQkGM(J “M)anVuM2F57de+c(7)/772kaM(',|VUM)Fﬁ,de-
J |Vup| A

For the second integral we use the same arguments. We can absorb 7-terms in a Caccioppoli
type inequality (cf. [12, Section 5]). Similarly,

2 < W2, (T \V F”‘? d -1y (19 v Faf d
1 <c [ 7 ay (L Vun)IVIT, 5 de e [ 07 by () [Opun ) V|, 5y da.
B B

By Remark 2.2, the first term is estimated by

~ « _ a, Y 6UM a+2
/nZkaM(.,VuMDFide—F /n% 2 M(N‘ |)\V77|2an’]v[dx.
A |Vup|

The second term exactly corresponds to the term Sz in [12, Section 3|, and the estimation of
this term leads us to I3. The second integral in the estimate for I? is bounded by

c(n) [1+ 1]

(cf. Lemma 2.3, (5)). Combining all the above estimates and taking into account Remark 2.2,
we finally obtain the inequality

ok a;»Z
/ P01 (- [Otund )T, By d
B

< ce(n)

1+ /bM(-,anuM)FTiMdaz—k / ar (- |Vun )T 2, dae

spt(n) spt(n)

v [ o G, do (43)
B
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Now, we separate the integrand in the last term =: Z. Therefore, for 7 > 0 we define an
N-function ; by the formula (we can ignore the case a = 0)

Ko(z,t) = 7t byy(z,ta). (4.4)

The conjugate function K satisfies the inequality

Ki(z,s) < S/()\M(l', Nt (S> ,

T

where

bar(a,t) == taby(z,te).

By Lemma 2.1, (8), for t > 1 we have

aM(Ivt) < Ct2bM(xat) _ CBM(xata) (4 5)

X
T T T

It is obvious that

~ 1

bar(z,t) = Mg, te) for Apr(x,t) := t2bps(z, 1)

and

~

bar(w, ) 7H(t) = [Mar(e, ) (1))

Using Lemma 2.1, (4), we obtain the uniform As-condition on Ay (z,-)~! and thereby on
bar(z,-)~ 1. Thus, from (4.5) it follows that

By the Young inequality for N-functions, we get

I<c 1+/ﬁ2kKT(\5nuM\a)d$+/UQk’Cf—(aM(wﬁuMD)df]
L B B

N
o

147 / 25 b0t (- O tint ) Ot |+2 d + o(7) / 2 ans (- [V unt )V uar | d:v] .
I % B

Inserting this expression into (4.3) and absorbing 7-terms, we find

2%k of?
/ 72001 (- Ot ) T iy e
B

< c(n)

1+ / bar (e Ot )12 s + / aM(-,\%MDfo]. (4.6)

spt(n) spt(n)
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No

te that the relation between aj; and bps is symmetric and they have the same properties.

Therefore, using the same arguments, we can show that

2% = ~ 12
/ P ar (- [V Fyp da
B
(4.7)

g - 5
< e(n) 1+/bM(-,|8nuM|)|FZ7Md93—|—/aM(-,VUMDFi/Idx
B B

Now, we iterate (4.6) and (4.7) with the induction base a = 0. Using Lemma 2.3, (5), we arrive
at the assertion of Lemma 4.1.

Now, to obtain assertion (c) of Theorem 1.4, we need to show that

S}&P IVunl oo 5,y < 00, (4.8)

where B, € B. Note that

MNXP < D3Fy (2, 2)(X, X) < A(L+|22) " [X]?

and

for

1
0, DpF(Z2)] < e(1 +1Z?) "2

all Z,X ¢ RV, z € Q, v € {1,...,n} uniformly with respect to M. Using this growth

estimates and Lemma 4.1, we can obtain (4.8) by the same arguments as in [14, Lemma 5.4].

10.
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