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We consider generalized Morrey type spaces ,//ﬂ’(')’e(')’“(')(Q) with vartable exponents
p(x), O(r) and a general function w(x,r) defining a Morrey type norm. In the case
of bounded sets Q C R™, we prove the boundedness of the Hardy-Littlewood mazximal
operator and Calderon—Zygmund singular integral operators with standard kernel. We
prove a Sobolev-Adams type embedding theorem /P 01()«1()(Q) — Lg790):02()w2() ()
for the potential type operator I*C) of variable order. In all the cases, we do not impose
any monotonicity type conditions on w(xz,r) with respect to r. Bibliography: 40 titles.

1 Introduction

In the study of local properties of solutions of partial differential equations, Morrey spaces
AP, together with weighted Lebesgue spaces, play an important role (cf. [1, 2]). These
spaces were introduced by Morrey [3] in 1938. The norm in a Morrey space is defined by

A
Il arr@y = sup 72 [[fllL B

x, >
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where B(z,r) = B(z,7) N, 0< A <n, 1<p< oo, and Q CR" is an open set.

During last two decades, there has been an increasing interest in the study of spaces with
variable exponents and operators with variable parameters in such spaces (cf., for example,
[41-17])-

The Morrey spaces 4 p(')7)‘(')(9) with variable exponents were introduced and studied in the
Euclidean setting [8, 9] and in the setting of metric measure spaces [10].

In particular, in the case of bounded sets, there were proved [8] the boundedness of the
maximal operator in variable exponent Morrey spaces .#P()A()(Q) provided that p(-) satisfies
the log-condition and a Sobolev-Adams type theorem .#P()A0) — z10)A0) for potential type
operators provided that p(-) and A(-) satisfy the log-condition and

;relga(x) >0, sup[A(z)+ a(z)p(z)] < n.

z€Q

In the case of constant «, there was also proved a boundedness theorem in the limiting case

n— \x)
ple)="
when the potential type operator I acts from .#?P()*() into BMO.

In [9], the maximal operator and potential type operators were considered in more general
spaces, but under more restrictive conditions on p(x). Hésto [11] used his new “local-to-global”
approach to extend the result of [8] about the maximal operator to the whole space R".

The boundedness of the maximal operator and singular integral operators in the variable
exponent Morrey spaces .#P()A() in the general setting of metric measure spaces was proved in
[10].

For constant p and A the results on the boundedness of potential type operators and classical
Calderén-Zygmund singular integral operators go back to [12] and [13] respectively, whereas
the boundedness of the maximal operator in the Euclidean setting was proved in [14] (cf., for
example, [15]-[20] for further results for constant p and \).

The generalized variable exponent Morrey spaces . p(')’“(')(Q) equipped with the norm

T_P(ZU
Dy = 1<p<
171 ver. xesflz%%o w(z,r) ”fHLp() r))’ SP =0
were introduced in [21]; here,
inf  w(x,r)>0. (1.1)
x€Q,r>0

Owing to the last assumption, the space is nontrivial. Hereinafter, w(z,r) is a nonnegative
measurable function on 2 x (0,¢), ¢ = diam Q. In [21], the maximal, singular, and potential
type operators were studied in the case of bounded sets, £ < co.

We introduce the generalized Morrey type spaces .# p(')ﬂ(')’“(')(Q) with variable exponent.
In comparison with the usual definition of Morrey norm, the L°°-norm in r is replaced by the
L%-norm. Such spaces with constant p were first introduced in [22, 23] (cf. [16], [24]-[30] for
further development).

The case of spaces

LPM(RD) = { [ fllpae = sup [ / / (y)P dy) 9 dr] 9 < oo} (1.2)
0

ZL‘,T‘
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goes back to [31], where such spaces first appeared. In [31, p. 44], a theorem on mapping
properties of the Riesz potential operator in such spaces was given (cf. also a reformulation of
this result in [19, Theorem 3]).

In the spaces ///p(')’a(')’w(')(Q) with bounded open sets 2 C R", we consider the Hardy—
Littlewood maximal operator

M) =suwp B [ 1)y

r>0

B(z,r)

the potential type operator

96 () = / & — gl @y, 0 < alz) < n,

Q
the fractional maximal operator
a(z)
M f(a) = sup B, [ I )ldy. 0<al) <n
r>0
E(z,r)

of variable order a(x), and the Calder6n—Zygmund type singular operator

Tf(x)= [ K(z,y)f(y)dy,
/

where K (z,y) is a “standard singular kernel,” i.e., a continuous function on {(z,y) € Q x Q :
x # y} such that

|K(I7y)‘ < C|JU _y|7n for all x 7é Y,

T
K(en) - Kol <€\ V50 o> 0 it lamyl> 2y -,
|z —&|° .
‘K(xay)_K(‘Say”<C|x_y‘n+g7 o>0 if |.%'—y|>2|.%'—§|

We find a condition on w(x,r) for the boundedness of the maximal operator M and the singular
integral operator 7' in the generalized Morrey space //ﬂ’(')’a(')’w(')(ﬁ) with variable exponent
p(z) provided that p(z) satisfies the log-condition. For potential type operators, under the same
log-condition and the assumptions

inf a(z) >0, supa(x)p(z) < n,
zef zeQ

we also find the condition on w(z,r) and ¢(z) for the validity of the mapping theorem,
P00y o ga0)020)w20) ()

which recovers the Sobolev—Adams type result [8] in the case of the classical Morrey spaces with

variable exponents, when

Az)—n
w(z,r) =71 @
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and
1 1 a(x)

q(z)  plx) n- A=)

The paper is organized as follows. In Section 2, we recall some facts concerning Lebesgue
spaces LP()(Q) and Morrey spaces .#ZP()A()(Q) with variable exponents. Section 3 contains
necessary information about generalized Morrey spaces .’ p(')’“(')(Q) with variable exponent. In
Section 4, we introduce a new type of generalized Morrey spaces .# p(')’e(')W(')(Q) with variable
exponents. In this section, we also prove some embeddings (Subsection 4.1) and formulate the
main results (Subsections 4.2-4.4) which are proved in Section 5.

Note that we do not impose any monotonicity type conditions on w(x,r), which was possible
due to the usage of the results of our previous paper [21]. We assume that the variable exponent
p(x) is log-continuous, whereas for the variable exponent 6(r) no log-Holder condition is used;
only in some reformulations of the results for the case of power functions w, we impose a log-type
decay condition on #(r) at the point r = 0.

Notation

R"™ is the n-dimensional Euclidean space,
) C R™ is an open set,

{ = diam (2,

xe(x) is the characteristic function of a set £ C R,

B(z,r)={y e R" : |z —y| <r}), B(z,r) = B(x,r) N,
¢, C, c1, co etec are various absolute positive constants.

An open set € is assumed to be bounded throughout the paper.

2 Preliminaries. Variable Exponent Lebesgue Spaces L”()(())
and Morrey Spaces .70 ()

Let p(-) be a measurable function on 2 with the values in [1,00). We suppose that
1 <p_ <plx) < pt < oo, (2.1)

where

p— =essinfp(z), p4 :=esssupp(x) < 0.
zef z€Q

We denote by LP()(£2) the space of measurable functions f(z) on Q such that

Ly(f) = / |f ()PP dz < oo.
Q

This space equipped with the norm

Hpr(.) = inf {?7 >0: Ip(.)<:'];> < 1}
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is a Banach space. The conjugate exponent p’ is defined by the formula

Basic facts concerning Lebesgue spaces with variable exponents can be found in [32, 33].

In the case Q = (0,£), we consider variable exponent Lebesgue spaces LY)(0,¢) admitting
the value 6(t) = oo. In this case, we suppose that 0(¢) is bounded outside the set

Ex(0) = {t € (0,0): 0(t) = oo}
and the norm is introduced in the standard way:

Plloy = ¥ . + sup |o(1)].
lellocy = el oe (0,00 B (0)) teEoo(a)| (t)]

We denote by P(0, ¢) the set of measurable exponents 6(¢) with the values in [1, oo] such that

0 € L7((0,0)\Ex (0))-

Definition 2.1. Denote by 2% = 221°8(Q) the class of functions that are defined on € and
satisfy the log-condition

A 1
Ip(z) —p(y)| < e —yl<, wyel, (2:2)

S Clnfe—y|

where A = A(p) > 0 is independent of x and y. If Q = (0,¢), we denote by Zy(0,¢) the set
of bounded measurable functions 6 on (0, ¢) with the values in [1,00) such that there exists the

limit
0(0) = }g% 0(t)
and
A

1
0<t< .

(1/t)’ 2
We write 6 € .#,(0,¢) if there exists a constant ¢ € R! such that ¢ + 0(¢) € (0, £).

o)~ 0(0)| <

The following theorem was proved in [34] under the condition that the maximal operator is
bounded in LP()(Q). As is known, this condition may be omitted due to the result of Diening
[35].

Theorem 2.1. Suppose that p,o € P'8(Q) satisfy (2.1) and the following conditions:

inf a(z) >0, sup a(z)p(r) <n. (2.3)
zeR™ rER?

Then I*C) is bounded from LPC)(Q) to L1C)(Q), where

- - : (2.4)
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Singular integral operators in spaces with variable exponents were studied in [36].
We will use the following estimate (cf. the corollary to Lemma 2.22 in [37]).

Lemma 2.1. Suppose that p, 1 < p(x) < p4+ < 00, satisfies (2.2) and

supv(z) < oo, inf[n+ v(z)p(x)] > 0.
e e

Then

e =1 Oy S CF O, ze0, 0<r<t=dimo, (25

where C' is independent of x and r.
It can be shown that the dependence of the constant C' in (2.5) on € can be expressed as

c = ol o),

where Cj is independent of ).
For the weighted Hardy type operator

¢
Hyw f(1) fOuw(&)dg, te(0,0),
o e

the following assertion was proved in [38].

Lemma 2.2. Let 0(t) and r(t) be measurable functions on I = (0,¢) such that

1< inf 0(t), sup r(t) <oo, 6(t)<r(t), te(0,0). (2.6)
t€(0,¢) t€(0,£)
If
(&)
¢ £ )’
sup /v(ﬁ)r(g) /w[a(g)],(r)dr d¢ < oo,
0<t<t
0 t
where

(€)= in 0(s).

then the operator H, ., is bounded from Le(')(O,K) to LT(')(O,E).

Note that there are no assumptions on the continuity of 6(-) and r(-) in Lemma 2.2.

Remark 2.1. For power weights

1

o) =170, €)=

Lemma 2.2 means that, under the assumption (2.6), the condition

t r(§)
an [ 5 ] e
t€(0,£) o Lte® 180
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guarantees the validity of the Hardy inequality

¢
oy [ f(&)dE

¢ E1+8()
t

< [flloc)s (2.7)
()
where no continuity assumptions are imposed on 6(t), r(t), and «(t).
In the case «a, 5 € #,(0,0), 6,1 € P(0,£), where
1 1

the following necessary and sufficient conditions for the validity of the Hardy inequality (2.7)
are known [39]:

Let A(z) be a measurable function on Q with the values in [0,n]. The variable exponent
Morrey space AP (Q) is defined [8] as the set of measurable functions f on € with the
finite norm

@)
1] arer2000) = Sup e 1 X Byl Lr0) (@)

3 Preliminaries. Generalized Variable Exponent Morrey
Spaces .2")<)(Q)

The generalized Morrey space .#P()«()(Q) was introduced in [21] as the space of functions
equipped with the norm
rip(w;)

| Il ge(rwy = sup
" zeQ,r>0 W(Iv r

) Hf”[,p(-)(ﬁ(x,r))'

In Subsection 3.2, we recall some results obtained in [21] for the spaces .#7()*()(Q). The case
of a constant p is treated in Subsection 3.1.

3.1 Generalized Morrey spaces with constant exponent p

Sufficient conditions on w; and we for the boundedness of a singular operator T from
AP (RY) to P2 (R™) were obtained in [22, 23, 26, 27]. In particular, monotonicity type
conditions, together with some integral conditions, were imposed on w; and wy in [26, 27],
whereas no monotonicity conditions were required in [22, 23].

The following statement containing the results of [26, 27] was proved in [22] (cf. also [23, 28]).

Theorem 3.1 (cf. [22]). Let 1 < p < oo, and let wi(z, ), wa(z,r) be positive measurable

functions such that
oo

dt
/wl(:v,t) ) < crwa(z, ),

r
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where c¢; > 0 is independent of © € R™ and t > 0. Then the operators M and T are bounded
from AP (R™) to AP2(R™).

1 1
Theorem 3.2 (cf. [22]). Suppose that 0 < o <n,l<p<oo, = — . Let wi(x,r) and
q p N

wa(x, 1) be positive measurable functions such that

oo

dt
/to‘wl(x,t) ; < cpwa(x,r).

r

Then the operators M* and I* are bounded from .#P“'(R") to .42 (R"™).

Theorem 3.3 (cf. [28]). Suppose that 1 <p < oo and 0 <o < 7. Let w(x,t) be such that

o0

r
t

and
oo

tw(z,t) + /Taw(x,r)dr

t r
where ¢ = p and C' is independent of x € R™ and t > 0. Suppose that for almost all x € R™ the
function w(z,r) satisfies the condition

< Cuw(a,t)e,

there exist a = a(x) > 0 such that w(x,-) : [0,00] — [a,00) is a surjection.

Then the operators My and I, are bounded from My ,(R") to M, p/q(R™).

3.2 Generalized Morrey spaces //p(')""(')(Q) with variable exponents

The following three theorems were proved in [21].

Theorem 3.4. Suppose that p € P'%8(Q) satisfies (2.1) and wi(z,7), wa(x,r) satisfy the

condition
V4

/wl(azjt) “it < Cun(e,r), (3.1)

T

where C' is independent of x and t. Then the operators M and T are bounded from .///p(')’wl(')(Q)
to MPO#20)(Q).

Theorem 3.5. Suppose that p,q € 2'°8(Q) satisfy (2.1), a(x), q(x) satisfy (2.3), (2.4), and
wi(z, 1), wa(x,r) satisfy the condition

¢
/t““”m(%ﬂit < Cwa(z, 1),

T

where C is independent of © and r. Then the operators M) and I*) are bounded from

PO O(Q) to . 10)#20)(Q).
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Theorem 3.6. Suppose that p € 2'°%(Q) satisfies (2.1), a(x) satisfies (2.3), and w(z,t)
satisfies (3.1) and the conditions

C

w(w,r) < ral(@)/(1=p() /a(x))’

L
a(z)—1 P(m)
t w(z, t)dt < Cw(z, 1)@,

r

where q(x) > p(x) and C is independent of x € Q and r € (0,£]. Suppose also that for almost
all z € Q the function w(x,r) satisfies the condition

there exist a = a(x) > 0 such that w(x,-) : [0,¢] — [a,00) is a surjection.

Then the operators M) and I*C) are bounded from 4P+ (Q) to .10 (Q).

4 The Main Results

We introduce generalized spaces .#P()«()(Q).

Definition 4.1. Let w(z,r) : © x (0,¢) — [0,00) and 0(r) : (0,¢) — [1,00] be measurable
functions. The space .#P)00)«()(Q) is the set of functions with the finite norm

11 p.00000) () = sup

e

w(z,r)
) ||f||LP(')(§(z7r))

’L‘)(‘)(O,Z)

If §(r) = oo, then .#P)->()(Q) is the space of functions with the finite norm

sup w(iL',T)’r’ip(z) ||f||LP(')(§(x,r))'
xEQ,TG(OJ)

In the above notation, we can write

%P(-),oo,w(-)(g) _ %p(%w%.) (Q)

Note that we impose the standard local log-condition on the exponent p(x) to obtain state-
ments on the maximal, singular, and potential type operators. However, the local log-condition
is not required for the variable exponent 6(r) when we integrate the means

/ )Py
B(z,r)

over balls with radius r. In some statements (for example, Theorems 4.1, 4.3-4.5), there are no
log decay type conditions on 6(r) as r — 0, whereas such a condition is imposed, for example,
in Theorem 4.2.
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Throughout the paper, we assume that w(z,r) satisfies the condition

sup [[w(z, ')HL@M(O,@) < 0. (4.1)
e

Then the space .#P()?0)«()(Q) contains bounded functions (cf. Lemma 4.1) and thereby is
nonempty.

The fact that .#?()?0)«()(Q) is a Banach space can be proved in a standard way.

4.1 Embeddings L>(Q) < .#?O00«0)(Q) and .#700«0)(Q) — LPO(Q)

Lemma 4.1. Suppose that p € 2'°8(Q) and 0 € P(0,¢). Then the condition (4.1) is suffi-
cient for the embedding

L2(Q) s P00 (), (4.2)
If Q is such that
ing2 QN B(z,r)| = er”, (4.3)
T

then the condition (4.1) is also necessary.

Proof. For f(z) =1 we have

HfHLP(')(E(z,r)) - ||X§(z,r)HLP<'>(ﬂ)>
so that

Il arer00)00 @) < sup [w(@, ) Loc)(0,0) < 0
TE

in view of (2.5) and (4.1).

To prove the necessity, we note that
1l o0 By = IXBam L0 0) Z CllXB@m oo @) = Crre),
where the last inequality is easily checked by the definition of the norm:
X (v) p(y)
/ B(z,r) : dy >1
o A B(x,r)|p@

for some \ > 0, which is valid for p € 2'°5(Q). ||

Corollary 4.1. If Q satisfies the assumption (4.3), then the condition

¢
sup/w(a:,r)dr < 00
xeQ) 5

is necessary for the embedding (4.2).
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The following lemma provides us with a condition on w(z,r) that guarantees the embedding

POOL0 Q) < 120/(Q). (4.4)

Lemma 4.2. Let p be a bounded measurable function with the values in [1,00), and let
0 € P(0,¢). If there exists § € (0,£) such that

;;Ielsf) lw(z, )l Lo 50 > 0, (4.5)
then the embedding (4.4) holds.
Proof. We have
w(z,r) w(z,r)
HE TR > [ 1 o g
rp@) LrOB@m) L9C)(0,0) rp@) LrOB(er)) LOC)(6,0)

> CHfHLp(')(E(z,g)) [|w (2, 7’)HL9<<>(5,£) :

Hence
IF I zmer00) w00

h ||W(9577“)||L9(~)(57z)

for all x € Q. For given & there exists a finite set of balls B(x,r) covering €2, which yields
(4.4). [

I 2oy (B0 < OIS ILarero0000 @)

It is convenient to introduce the following definition.

Definition 4.2. For given § € (0,¢) we denote by #/(,¢) the set of pairs (6,w) satisfying
the condition (4.5).

Thus, for p € 2'°8(Q) the embeddings
L2(Q) — POPO@0)(Q) s LPO(Q) (4.6)
hold if (4.1) is satisfied (which implies the left embedding) and there exists ¢ € (0,¢) such that
(0,w) € #(6,£) (which implies the right embedding).

4.2 Maximal operator

The following assertion extends the result obtained in [8] to the generalized Morrey spaces

AMPOIOSO) (@),

Theorem 4.1. Let p € 22'°8(Q) satisfy (2.1), and let

1<0; <61(t) <Oy <oo, 0<t<{,
1<0; <0,(t) <0f <oo, 0<t<L 41
Assume that there exists 6 > 0 such that
01(t) < 02(t), te(0,9), (4.8)



and

(91, wl) (S W((S, ﬂ)
If

02(8)
t é G

sup /wQ(x,g)Gz(ﬁ) /[rwl( dr _ dé < o0, (4.9)

€N, 0<t<o 5 x}r)}[el(g)}l
where

0,(£) = inf 0
1(€) Jnf 1(8),

then the operator M is bounded from .4P)010)«1()(Q) to aP()020)w20)(Q).

Remark 4.1. Note that the condition (4.9) is imposed only in a neighborhood (0, §), where
d can be arbitrarily small. No log conditions on ;(r) and 65(r) or even log decay type conditions
are imposed at the point r = 0.

Corollary 4.2. Under the assumptions of Theorem 4.1, the following embedding holds:

P00 () ey PO 02()020) ()

Corollary 4.3. If wi(z,7) = wa(z,r) = rP®) 01(r) = Ox(r) =: 0(r), and

1
inf - 4.1
EB@) > = e ey (4.10)
te(4,0)
then (4.9) takes the form
t
B@)0E©) 4
sup /(i) 9:’; < 00 (4.11)
z€Q, 0<t<d 0 10(6)

(there is no log-conditions on 0(§) and B(x)). In particular, if
O(t) =60 =const, 1<6< o0,

then the conditions )
2°(Q), inf —
pe (Q), inf 5 (z) > 0

are sufficient for the boundedness of the maximal operator M in the space ///p(')ﬁ’Ta(Z)(Q).
In the following assertion, we show that for the power functions
wi(x,r) = PP, wo(x,r) = ) (4.12)

where 3,y € #,(0,£), the conditions on 6, (-) and 02(-) can be simplified (cf. (4.14)—(4.13) and
(4.11)) provided that 6;(-) and 62(-) satisfy a log decay type condition as r — 0.
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Theorem 4.2. Suppose that p € P'%8(Q) satisfies (2.1), 01,00 € Po(0,£), and wy, wo
have the form (4.12). Then the mazimal operator M is bounded from .#P0)-01()«1()(Q) to
P020)0220)(Q) provided that

7(0) > — - < B(0) < ~(0) (4.13)

and
= + B(0) — ~(0). (4.14)

Theorem 4.3. Let p € 22'98(Q) satisfy (2.1), and let 6 € P(0,£). Assume that there exists
d > 0 such that (0,w1) € #(5,¢) and

5 o(t) 5

sup / / dt + sup / < 00.
z€Q rwy(x,T) t€(0,0)NEss (0 rwi(z,r)
(0,0)\Eos (0) t t

(4.15)
Then the operator M is bounded from .#P()>%10)(Q) into aPO0()w20)(Q),

Theorem 4.3 recovers Theorem 3.4 with constant 6.
4.3 Potential type operators

We begin with a Spanne type result (with respect to ¢(-)) when 6, (-) is bounded. This result
was proved in [22] (cf. also [23]) for constant p(z), ¢(x), a(z), and O(t).

Theorem 4.4. Suppose that p,o € P'°8(Q) satisfy (2.1), (2.3) and

1 1 a(z)

g(z)  plx) n

Let 61 and Oy satisfy (4.7). If there exists 6 € (0,€) such that (01,w1) € #'(9,£), (4.8) is satisfied,

and
02 (€)
t é 6-

polz)—1 [61.(€)) G

z€Q, 0<t<§ wi(x,
0 t
n (0,0), then M) and I1*C) are bounded from #PO)010)1()(Q) to .a10)020)w20) ().

The following assertion is also a Spanne type result (with respect to ¢(-)) in the case 6,(r) =
00. It recovers Theorem 3.5 with 6(t) = oo.

Theorem 4.5. Suppose that p,o € P'8(Q) satisfy the conditions (2.1) and (2.3),

1 a(x)

g(z)  pl) n

9

and 0 € P(0,£). Assume that there ezists 6 > 0 such that (0,w;) € #'(5,¢) and
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5
ldr ldr
sup dt + sup (x,t) < 00.
z€Q / w1 (@ £€(0,6)NEoo (0 wi (

(0,0)\ Eoo () t
(4.17)
Then M) and I°C) are bounded from .#P0)>><10)(Q) into .4 10)-00)w20)(Q).

Like Theorem 4.2, the following theorem asserts that for wj(x,r) and we(x,r) of the form

(4.12) the boundedness conditions can be written in a very simple form provided that 6,02 €
Z0(0,¢). We set
a(x) = a = const

(for variable a(z) we must deal with spaces for which 0(¢) may depend also on z; this case is
not considered in this paper).

Theorem 4.6. Suppose that p € P'°8(Q) satisfies (2.1), 01,00 € Po(0,£), and wy, wo
have the form (4.12). Then the potential type operator I%,0 < « < n, is bounded from
%p(')vgl(')awl(') (Q) to %Q(')ﬁ?(')vw?(') (Q) wlth

provided that
a— < B(0) < a+v(0) (4.18)

and

= g1y T B0 =7(0) — (4.19)

The following assertion is an Adams type result (with respect to ¢()) for bounded 6;(-). It
was proved in [28] for constant p(z), ¢(x), a(x), and O(t).

Theorem 4.7. Suppose that p, o« € P2'%8(Q) satisfy (2.1) and (2.3). Assume that q(z) > p(z)
on Q, 61, 03 satisfy (4.7), and w(x,r) satisfies the condition

ta(z)fl
w1 (.%', t)

a(z)p(z)

< Cr a@=p@) (4.20)

L0 ()

where C' is independent of v € Q and r € (0,¢]. If there exists § € (0,€) such that (01,w1) €
# (8,€) and the conditions (4.8) and (4.9) hold on (0,05), then the operators M) and I*C) are
bounded from P10 (Q) to . 10)0200w20) ().

4.4 Singular operators

Consider the maximal singular operator

T.f(x) = sup [T f(x)],

e>0
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where
nmﬁl/meww
|z—y|>e

The following assertion was proved in [22] (cf. also [23]) for constant p(x) and 6(¢) .

Theorem 4.8. Suppose that p € P'°8(Q) satisfies (2.1) and 01,05 € P(0,£). Assume that
there exists 0 > 0 such that (61,w1) € #(0,£) and

02(8)
a (o)

1)
Sup /w2($7§)02(€) / dr 7 dr d¢ < oo.
2€Q, 0<t< J J [rws (@,7)] 1)

t

Then T and T, are bounded from 4PN )1 0)(Q) to .aP0)020)w20)(Q),

The following assertion recovers the result of Theorem 3.4 in the case 62(t) = oc.

Theorem 4.9. Under the assumptions of Theorem 4.3, the operators T and T are bounded
from P00 (Q) dnto P02 ().

Theorem 4.10. Suppose that p € P'°8(Q) satisfies (2.1), 01,00 € Po(0,£), and wy, wo
have the form (4.12). Then T and T, are bounded from .A4P)010)«10)(Q) to aP()02()w2() ()
provided that the conditions (4.13) and (4.14) are satisfied.

5 Proofs of the Main Results

To shorten the notation, we write

XP i gPO0O@0 | XT— gi000@0 1,

5.1 Maximal operator

In this subsection, we use the estimate

l
n _n 1
||Mf||Lp(~)(j§(x¢)) < Ctr@ /7“ r(@) ||f||Lp(~)(§($7r))d7“> 0<t<, (5.1)
t

for f € LP)(Q), where C is independent of f,z € Q and ¢ (but depends on § and increases as
§ — f). By [21, Theorem 4.1], this estimate is valid if p belongs to 22'°8(Q) and satisfies the
condition (2.1).

Proof of Theorem 4.1. Let f € X?(9). We have

wo(z,t)
‘ n) HMfHLp(-)(E(x,t))

trl=

IM £ xp < sup
FISY) L2 (0,6)
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wg(x t)
tr(®)

+ sup

M
Sup IMFI o) (Bt

=: 11 + Is. (5.2)
L92()(5,0)

An estimate for the term Iy directly follows from the embeddings (4.6). Indeed, by the
condition (4.1) for (03, ws2),

S CIM S| ooy o lwa (@ )l o2 5,0 < CIM S| Lo @)

Then
I < C| fll ey

since the maximal operator is bounded (cf. [35]) in variable exponent Lebesgue spaces if p(x)
satisfies the log-condition. Consequently,

I < O|lfllxr

by the embedding in (4.4).

To estimate the term I;, we use (5.1) and find

L

B < Csup (e t) [ 170 1 - (53)
e
t L92(')(07§)

Now, we need to estimate the one-dimensional Hardy operator in the variable exponent
Lebesgue spaces. Splitting the integral with respect to r into two integrals over (0, ) and (4, ¢),
we estimate the integral over (d,¢) as above and the integral over (0,d) by using Lemma 2.2.
This lemma can be applied in view of the embedding (4.4). Then we find
wi(x,t)

tp?)

||f||Lp(~)(§($7t)) < C'||f||X{’-

héﬂﬁMrﬂth
€N Lf10)(0,68)

The theorem is proved. O

Proof of Corollary 4.2. This assertion is an immediate consequence of the inequality

flz) < Mf(x). O

Proof of Corollary 4.3. It suffices to note that the inner integral in (4.9) is explicitly
calculated in the case wi(z,7) = r*@), O

Proof of Theorem 4.2 is the same as that of Theorem 4.1 with the only difference that
the Hardy operator in (5.3) is now estimated by using the criterion in Remark 2.1. O

Proof of Theorem 4.3. In the expression for || M f|| ,»().60),02(), We split the integral with
respect to ¢ in the same way as in (5.2). Hence it suffices to consider only the integral over (0, 6).
We have

L

< Csup ngt /T’ P(z) ||f||Lp() (z,7) d
LG)(0,5) z€Q / L94)(0,5)

t
sup w2 (:U )
e

s IM A o) (B
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)

S CIfIgreroowrr | 14 sup ||wa(z,t) / - dr : (5.4)
zeN 7“10(98) Wl T 7’)
t L9C)(0,8)

Indeed, the first inequality follows from the estimate (5.1). We split the integral with respect to
r in the second line of formula (5.4) into two integrals over (6,¢) and (0,d). The first integral
is easily estimated in the same way as in (5.3). Thus, the required assertion will be proved if
we show that the second integral is finite. But this term is the norm in the variable exponent
Lebesgue space LO) and, as is well known, it is finite if and only if the corresponding modular
is finite, which is the condition (4.15). O

5.2 Potential type operators

To prove Theorem 4.4 for potential type operators, we use the following estimate similar
o (5.1):
¢
. " —no1
IO F Ny, By < Ot / 1O Tl ) By drs 0 <t <0, (5.5)
t
where 0 < § < £ and
1 1 o)
q(x)  plx) n
This estimate is valid for f € LPO)(Q) if p and « bleong to Z2'°8(Q) and satisfy the conditions
(2.1) and (2.3) (cf. [21, Theorem 5.1]), where the constant C' is independent of = and ¢, but
depends on d. If p(z), ¢(x), a(zx), 0(t) are constant, this estimate was proved in [22] (cf. also
[23]).

To prove the Adams type result in Theorem 4.7, we use the pointwise estimate

l
|Ia(')f(x)| < Co@) Mf(z) + C/T‘a( ()~ HfHLP<> )dr7 0<t<s, (5.6)
t

where 0 < § < £ and p,a € 2'°8(Q) satisfy the conditions (2.1) and (2.3) (cf. [21, Theorem
5.4]), the constant C is independent of = and ¢, but depends on J. In the case where p(z), ¢(x),
a(z), 0(t) are constant, this estimate was proved in [28].

Proof of Theorem 4.4. By the well known pointwise estimate

MO f(z) < CUIO|f[) (=),

it suffices to consider only the case of the operator I*(). Let f € XP(€Q). As usual, we split the
integral with respect to t in the expression for the norm as follows:

1120 g < sup<H 20110 o ey

Lf20)(0,8)
AT . =) H AL 6D
talo o200 (6,0) z€Q
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To estimate Jo(x), we note that
HIQ(')f||Lq(~)(§($¢)) < Hla(.)fHLQ(')(Q) < CHfHLP<‘>(Q)
in view of Theorem 2.1. Using the embedding (4.4), we find

Sup Jo(z) < C||fllxr. (5.8)
e

To estimate Ji(x), we use (5.5). We have

]

Sung( z) < O fll oy +Csup wa(z,t) /7“ o)~ HfHLp<> (2. 4T ' (5.9)
ve : £020)(0,5)

It remains to use the embedding (4.4) for the first term and apply Lemma 2.2 for the last term,
which yields

w1 (.%', t)
sup 1(a) < C1Lxg + €30 |10 51 <Clflr-
€N € tr(@) L91()(0,6)
The theorem is proved. O

Proof of Theorem 4.5. Let f € .#P()>~1(Q). We argue in the same way as in (5.7).
Hence it suffices to estimate the term J;(z). Using (5.9) and (4.2), we find

)

sug Ji(z) < C’||f||//(p<<>,oo,wl<<>(ﬂ) 1+ sug wa(x,t) / o
€ €
’ ’ 0 L9C)(0,6)

Thus, we obtain the required result if we show that the L¢)(0,§)-norm in the last expression is
finite, which is equivalent to the condition (4.17). O

Proof of Theorem 4.6 is the same as that of Theorem 4.4, but, in this case, the Hardy
operator in (5.9) is esitmated by means of the criterion in Remark 2.1. O

Proof of Theorem 4.7. It suffices to consider only the operator I*(). The intial steps of
the proof are exactly the same as in the case (5.7), (5.8) in the proof of Theorem 4.4. Hence it
suffices to estimate Jy (). For this purpose, we use the estimate (5.6) where we first apply the
Holder inequality with the variable exponent 6 (-) to obtain

’()

tp(z)

a(z)—1

110 £ (2)] < Ct*® M f(z) + C 11l Loty (Bary)

w(z,r) L0 (10 Lo O (t,0)

By (4.20), we have

a(z)p(z)
190 f(@)] < 0@ M f(x) + O 575 |z

(z)—p(x)
t = HfHXP Oé(av)q<ac>
~ A\ Mf@) :

Then we choose

440



where f is not identical to 0. Hence for every = € €2

_ (=)

1190 f(2)] < CM (@) 50 || ][

1
X7

The required assertion follows from the boundedness of the maximal operator M in the space
AP0 (Q) because of Theorem 4.1 and the condition (4.9).

5.3 Singular operators
The estimate

V4
n _ n _1
HTfHLp(»(E(x,t)) < Ctr@@) /7’ p(z) HfHLp(»(E(x,T))dra 0<t<0, (5.10)
t

with 0 < 0 < £ and f € LPO)(Q), where p, o belong to Z2'°%(Q) and satisfy (2.1), (2.3), is the
same as the estimate (5.1) for the maximal operator (cf. [21, Theorem 6.1]). Therefore, the
proof of Theorems 4.8 and 4.9 for the operator T is the same as that of Theorems 4.1 and 4.3
with the only difference that in order to estimate the term Is, we should use, instead of the
boundedness of the maximal operator in the space Lp(')(Q), the boundedness of the operator
T in such spaces established in [36]. Theorem 4.10 is obtained in the known way by using the
results in [39] for Hardy inequalities.

The boundedness of the operator T} follows from the known pointwise estimate [40, p. 34]
Tof(x) < c[M(Tf)(x) + M f(x)]

and the corresponding theorems on the maximal operator.
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