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SEMIMARTINGALE STOCHASTIC APPROXIMATION PROCEDURE
AND RECURSIVE ESTIMATION

N. Lazrieva, T. Sharia, and T. Toronjadze UDC 519.2

ABSTRACT. The semimartingale stochastic approximation procedure, precisely, the Robbins—Monro
type SDE;, is introduced, which naturally includes both generalized stochastic approximation algorithms
with martingale noises and recursive parameter estimation procedures for statistical models associated
with semimartingales. General results concerning the asymptotic behavior of the solution are presented.
In particular, the conditions ensuring the convergence, the rate of convergence, and the asymptotic
expansion are established. The results concerning the Polyak weighted averaging procedure are also

presented.
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0. Introduction

In 1951, in the famous paper of Robbins and Monro “A stochastic approximation method” [36], was
created a method for dealing with the problem of location of roots of functions, which can be observed
only with random errors. In fact, they carried a “stochastic” component in the classical Newton’s
method.

This method is known in probability theory as the Robbins-Monro (RM) stochastic approximation
algorithm (procedure).

Since then, a considerable amount of works has been performed to relax the assumptions on the
regression functions, as well as those on the structure of the measurement errors (see, e.g., [17, 23,
26-30, 41, 42]). In particular, in [28], the generalized stochastic approximation algorithms with
deterministic regression functions and martingale noises (independent of the phase variable) as strong
solutions of semimartingale SDEs were introduced.

Translated from Sovremennaya Matematika i Ee Prilozheniya (Contemporary Mathematics and Its Applica-
tions), Vol. 45, Martingale Theory and Its Application, 2007.
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Starting from [1], a link between the RM stochastic approximation algorithm and the recursive
parameter estimation procedures was intensively exploited. Later on recursive parameter estimation
procedures for various special models (e.g., i.i.d. models, non-i.i.d. models in discrete time, diffusion
models, etc.) was studied by a number of authors by using methods of stochastic approximation
(see, e.g., [7, 17, 23, 26, 27, 38-40]). One should mention the fundamental book [32] of Nevelson and
Khas'minski [32] among them.

In 1987, Lazrieva and Toronjadze proposed an heuristic algorithm for constructing the recursive
parameter estimation procedures for statistical models associated with semimartingales (including
both discrete and continuous time semimartingale statistical models) [18]. These procedures cannot
be covered by the generalized stochastic approximation algorithm proposed by Melnikov, whereas in
the i.i.d. case, the classical RM algorithm contains recursive estimation procedures.

To recover the link between the stochastic approximation and the recursive parameter estimation,
n [19-21], Lazrieva, Sharia, and Toronjadze introduced the semimartingale stochastic differential
equation, which naturally includes both generalized RM stochastic approximation algorithms with
martingale noises and recursive parameter estimation procedures for semimartingale statistical models.

On the stochastic basis (Q,F, F = (Ft)t>0, P) satisfying the usual conditions, let the following
objects be given:

(a) a random field H = {H;(u), t > 0, u € R'} = {Hy(w,u), t > 0, w € Q, u € R'} such that for
each u € R, H(u) = (H¢(u))i>0 € P (i.e., the process is predictable);

(b) a random ﬁeld M = {M(t,u), t >0, u € R} = {M(w,t,u), w € Q, t >0, uc R} such that
for each u € RY, M(u) = (M(t,u))t>0 € ME (P);

(c) a predictable increasmg process K = (K)o (i.e., K € VT NP).

In what follows, we restrict ourselves to consideration of the following particular cases:

1°. M( ) mEMloc( )

2°. for each u € R, M(u) = f(u) - m + g(u) - n, where m € M _(P), n € ./\/lloc( ), the pro-
cesses f(u) = (f(t,u))e=0 and g(u) = (g(t, u))t>0 are predictable, the corresponding stochastic
integrals are well-defined, and M (u) € M2 _(P);

3°. for each u € RY, M(u) = p(u) -m—+ W (u) * (u— v), where m € M _(P), p is an integer-valued
random measure on (R x E,B(Ry) x €), v is its P-compensator, (E,¢) is the Blackwell space,
and W(u) = (W(t,z,u),t >0, z € E) € P®e. Here, we also assume that all stochastic
integrals are well defined.

In what follows, we denote by

t
/Mdsus
0

where u = (u¢)¢>0 is some predictable process, the following stochastic line integrals:

t t
/ F(s,us) dmg + / o(s.112) dn,
0 0

in case 2°;

t

/tw (s, us) dms +//W(s,w,us)(u—1/)(ds7dw)
0 E

0

in case 3° provided they are well defined.
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Consider the following semimartingale stochastic differential equation:
t t
2 = 20 + /Hs(zs_)d[(S + /M(ds,zs_), 20 € Fo. (1)
0 0

The SDE (1) is called a Robbins-Monro (RM) type SDE if the drift coefficient Hy(u), t > 0, u € R,
satisfies the following conditions: for all ¢ € [0, 00) P-a.s.,

(A) H:(0) =0, Hi(u)u < 0 for all u # 0.
The problem of the strong solvability of the SDE (1) is well studied (see, e.g., [8, 9, 13]).
We assume that there exists a unique strong solution z = (2¢)¢>0 of Eq. (1) defined on the whole

interval of time [0, 00) such that M € M2 (P), where

loc
t

M:/M(ds’zs)'
0

Some sufficient conditions for the latter can be found in [8, 9, 13].

The unique solution z = (2z;);>0 of the RM type SDE (1) can be considered as a semimartingale
stochastic approximation procedure.

In the present work, we consider the asymptotic behavior as t — oo of the process (2:):>0 and also
that of the averaged procedure z = e~!(z o &) (see Sec. 3 for the definition of z).

The work is organized as follows. In Sec. 1, we study the problem of convergence:

zz—0 as t— oo P-as. (2)

Our approach to this problem is based, first, on the description of the nonnegative semimartin-
gale convergence sets given in Sec. 1.1 [19] (see also [19] for other references) and, second, on two
representations (“standard” and “nonstandard”) of the predictable process A = (A¢)+>0 in the canon-
ical decomposition of the semimartingale (27)i>0, 27 = A; + mart in the form of the difference of
two predictable increasing processes A! and A%. According to these representations, two groups of
conditions (I) and (IT) ensuring the convergence (2) are introduced.

In Sec. 1.2, the main theorem concerning (2) is formulated. Also, the relationship between groups
(I) and (IT) are investigated. In Sec. 1.3, some simple conditions for (I) and (II) are given.

In Sec. 1.4, a series of examples illustrating the efficience of all aspects of our approach are given.
In particular, in Example 1.4.1 we introduced the recursive parameter estimation procedure for semi-
martingale statistical models and show how can it be reduced to the SDE (1). In Example 1.4.2,
we show that the recursive parameter estimation procedure for discrete time general statistical mod-
els can also be embedded in the stochastic approximation procedure given by (1). This procedure
was completely studied in [39]. In Example 1.4.3, we demonstrate that the generalized stochastic
approximation algorithm proposed in [28] is covered by SDE (1).

In Sec. 2, we find the rate of convergence (see Sec. 2.2) and also show that under very mild con-
ditions, the process z = (2¢)r>0 admits an asymptotic representation, in which the principal term is
a normalized, locally square integrable martingale. In the context of the parametric statistical es-
timation, this implies the local asymptotic linearity of the corresponding recursive estimator. This
result enables one to study the asymptotic behavior of process z = (z¢)¢>0 using a suitable form of
the central limit theorem for martingales (see [11, 12, 14, 25, 35]).

In Sec. 2.1, we introduce some notation and represent the normalized process x?z? in the form

i = 4R, 3)
(L)
where L = (L;);>0 € M} _(P) and (L), is the shifted square characteristic of L, i.e., (L); := 1+ (L\br
(see also Sec. 2.1 for the definition of all objects in (3)).
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In Sec. 2.2, assuming z; — 0 as t — oo P-a.s., we give various sufficient conditions that ensure the
convergence

22 -0 as t— oo P-as. (4)

for all §, 0 < § < dp, where v = ()0 is a predictable increasing process and dy, 0 < dp < 1, is some
constant. In this section, we also give a series of examples illustrating these results.

In Sec. 2.3, assuming that Eq. (4) holds with the process asymptotically equivalent to x2, we study
sufficient conditions that ensure the convergence

R0 as t — o0, (5)

which implies the local asymptotic linearity of recursive procedure z = (z¢)i>0. As an example
illustrating the efficiency of the introduced conditions, we consider the RM stochastic approximation
procedure with slowly varying gains (see [31]).

An important approach to stochastic approximation problems was proposed by Polyak [33] and
Ruppert [38]. The main idea of this approach is the use of averaging iterates obtained from primary
schemes. Since then, the averaging procedures were studied by a number of authors for various schemes
of stochastic approximation (see [1-7, 31, 34]). The most important result of these studies is that the
averaging procedures lead to asymptotically optimal estimates, and, in some cases, they converges to
the limit more rapoidly than the initial algorithms.

In Sec. 3, the Polyak weighted averaging procedures of the initial process z = (2¢)¢>0 are considered.
They are defined as follows:

t
Z = goK /zsdgsgoK (6)
0

where g = (g¢)¢>0 is a predictable process, g; > 0,

t

S
/gdes < 00, /gtth = 00
0

0

and €;(X) as usual is the Dolean exponential.

Here, we state the conditions which guarantee the asymptotic normality of process Z = (Z;);>0 in
the case of the continuous process under consideration.

The main result of this section is Theorem 3.3.1, in which, under the assumption that Eq. (4) holds
with some increasing process v = (y;);>0 asymptotically equivalent to the process (T7(L); )0, we
give the conditions that ensure the convergence

e’z b V2e, €eN(O,1), (7)
where

t
1+/r Vo 1B.dK,.
0

As special cases, we obtain the results concerning averaging procedures for the standard RM sto-
chastic approximation algorithms and those with slowly varying gains.

All the notations and facts concerning the martingale theory used in the presented work can be
found in [12, 14, 25].
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1. Convergence

1.1. The semimartingales convergence sets. Let (Q,F,F = (F;)1>0, P) be a stochastic basis

satisfying the usual conditions, and let X = (X;);>0 be an F-adapted process with trajectories in the

Skorokhod space D (denoted as X = FN D). Let Xo = tlim X¢, and let {X —} denote the set where
—00

X~ exists and is a finite random variable (r.v.).

In this section, we study the structure of the set {X —} for a nonnegative special semimartingale
X. Our approach is based on the multiplicative decomposition of positive semimartingales.

Denote by VT (V) the set of processes A = (A;)i>0, Ao = 0, A € FND with nondecreasing (bounded
variation on each interval [0,%[) trajectories. We write X € P if X is a predictable process. Denote
by Sp the class of special semimartingales, i.e., X € S, if X € F'N D and

X=Xo+A+ M,

where A € VNP and M € M.
Let X € Sp. Denote by ¢(X) the solution of the Dolean equation

Y =1+Y_-X,

where

t
Y. Xy = /stXs.
0

IfI'), Iy € F, thenI'; =T'y P-a.s. or I'y C I'y P-a.s. means that P(I')AT'y) = 0 or P(I'1N(Q\T'2)) =
0, respectively, where A is the sign of the symmetric difference of sets.
Let X € Sp. We set A = A' — A2 where A, A2 €¢ VYt NP. Denote

A=(1+X_ +A%)toa? ( = /(1 + Xso + Ai_)*dAi) :
0
1.1.1. Theorem. Let X € Sp, X > 0. Then
{Ayp <0} C{X -}Nn{A% <x} P-as.
Proof. Consider the process Y =1+ X + A% Then
Y=Yy +A'+ M, Yy=1+ Xo,

Y > 1, and Y_'AA! > 0. Thus, the processes A=Y 'oA and M = (Y_ + AAY)~1. M are well
defined, and, moreover, Aevtn P, M e Mioc. Then using [25, Theorem 1, Sec. 5, Chap. 2], we

obtain the following multiplicative decomposition:

Y = YOE(A\)E(]\/Z),
where e(A) € V¥ NP and 5(]\//.7) € Mige-
Note that AM > —1. Indeed,
AM = (Y_ + AAHYTAM.
But
AM =AY —AA' =Y — (Y_ + AAY) > —(Y_ + AAY).
Therefore, 6(]\/4\) > 0 and {5(]\/4\) —} =Q P-as.. On the other hand (see, e.g., [30, Lemma 2.5]),
e(A) oo = Ay 100 as t— oo.
Hence R
{Aw < 00} C{Y =} ={X =} n{4% < o0},
since A2 <Y and A% € V*. The theorem is proved. O
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1.1.1. Corollary.
(Al <o} ={(1+X_) oAl <oo}={A, <0} P-as.
Proof. Obviously,
(Al <00} C{1+X_) oAl <0} C{Ay <o} C{X »}N{A% <0} P-as.
It remains to note that
{AL < oo} N{X =} N{42 <o} ={Ay <o} N{X -} N{4% <o} P-as.
The corollary is proved. O
1.1.2. Corollary.
{Ase < 00} N{ea(M) > 0} = {X =} N {42 < 00} N{eao(M) >0} P-as.,
as easily follows from the proof of Theorem 1.1.1.
1.1.1. Remark. The relation
{Al < 00} C{X =} N {4% <0} P-as.
was proved in [25, Chap. 2, Sec. 6, Theorem 7] under the following additional assumptions:
(1) EXy < oo;
(2) one of the following conditions («) or () is satisfied:
(@) there exists € > 0 such that A}, € F; for all ¢ > 0;
(B) for any predictable Markov moment o,

EANAL {500y < 0.
Let A,Be€ FND. We write A< Bif B—A¢c VT,
1.1.3. Corollary. Let X € Sp, X >0, A< A' — A%, and A < A', where A', A2 ¢ V* N'P. Then
{AL < oo} = {1+ X )t oAl <00} C{X =}N{A% <0} P-as.
Proof. Rewrite X in the form N
X=X,+A'— A%+ M,

where A2 =Al— A e V! NP. Then the required assertion follows from Theorem 1.1.1, Corollary 1.1.1,
and the trivial inclusion {A2, < oo} C {A% < oo}. The corollary is proved. O

1.1.4. Corollary. Let X € Sp, X >0, and let
X=Xo+X_oB+A+M

with BEVTNP, Ac VNP and M € M. Assume that for A*, A2 c VNP,
A<A'—A® and A< A

Then
{AL <00} N{By < 0} C{X =}N{4A% <0} P-as.

The proof is similar to the proof of Corollary 1.1.3 if we consider the process Xe~!(B).

1.1.2. Remark. Consider the discrete-time case.
Let Fy,F1,... be a nondecreasing sequence of o-algebras, let X,, On, &n, Cn € Fpn, n > 0, be
nonnegative r.v., and let

n
Xp=Xo+ > Xi1fi1+ A+ M,
i=0
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(we mean that X 1 = Xo, F_1 = Fp and f_1 = &1 = (_1 = 0), where 4,, € F,,_1 with Ay = 0 and
M € M. Note that X,, can be always represented in this form by taking

n

An =Y (B(Xi|Fia) = Xim) = Y XiaBim1.
i=0 i=0
Denote

n n
AL =D&, AL=D G
=0 i=0
It is clear that in this case,

A< Al —= A4, <&

(AA, == A, — Ap—1,n>1).
Therefore, in this case Corollary 1.1.4 can be formulated as follows: For each n, let

An S Z(gi—l - Ci—l)a AAn S gn—l-
=0

Then - - -
{Z&_l < oo} N { Zﬁi_l < oo} C{X —=}n { Zg}_l < oo} P-a.s.
i=0 i=0 i=0

From this corollary, the result by Robbins and Siegmund (see [37]) follows. Indeed, the above
inclusion holds if, in particular, AA, < &,-1 — (n—1, n > 1, i.e., when
E(Xn ‘ anl) < anl(]- + ﬂnfl) + é-nfl - Cnfla n > 0.

In our terms, the previous inequality means that A < Al — A2

1.2. Main theorem. Consider the stochastic equation (RM procedure)
t t
2z =20+ /Hs(zs_) dK, + /M(ds,zs_), t>0, z9€ Fo, (1.2.1)
0 0

or, in the differential form,
dZt = Ht(Zt_)th + M(dt, Zt_), 20 € To.
Assume that there exists a unique strong solution z = (z)¢>0 of (1.2.1) on the whole interval of time
[0,00), M € M3, where
t
M, := /M(ds,zs_).
0
We study the problem of P-a.s. convergence z; — 0 as t — o0.

For this purpose, apply Theorem 1.1.1 to the semimartingale X; = 22, t > 0. Using the Ito formula,
for the process (22);>0, we obtain

dz} = dA; + dNy, (1.2.2)
where
dA; = Vi (2 )dK; + Vit (2 )dK{ + d(M);,
dAN; = 22— dM, + Hy(z_)AK, dM¢ + d([M], — (M),),
with

Vi (u) :=2Hy(u)u, Vi (u) := H?(u)AK;.
Note that A = (A¢)i>0 € VNP, N € Mige.
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Represent the process A in the form
A= AF — A? (1.2.3)
with
Q) { dA! = VF (2 )dKE + d(M),,
—dA? =V () dE,
(2) { dA% = [V;t__(zt—)I{AKﬁéO} + V;t—i_Ezt—)]—i_ng + d<M>t7
—dA} = {V; (2= ) [{ak,=0y — Vi (=) {arcz0p + Vi ()] HEG,
where [a|T = max(0,a) and [a]” = —min(0, a).
As follows from condition (A), ay(z—) < 0 for all t > 0, and, therefore, the representation (1.2.3)(1)
directly corresponds to the usual (in the stochastic approximation procedures) standard form of the
process A (in (1.2.2), A = Al — A% with A!, A% from (1.2.3)(1)). Therefore, representation (1.2.3)(1)

is said to be “standard,” whereas representation (1.2.3)(2) is said to be “nonstandard.”
Introduce the following set of conditions. For all w € R! and ¢ € [0, 00), we have

(A) for all t € [0,00), H¢(0) =0 P-a.s. and H(0)u < 0 for all u # 0;
(B) (i) (M(w) <K,
(ii) h¢(u) < By(1+u?), By >0, B = (By);>0 € P, Bo Ky < 00, where hy(u) =
(1) (i) Lo sy Ha(w)] < CulL+ ful), o2 0, C = (Colizo € P, C o Ko < o0,
(iz) C?AK o K% < oo,
(i) for each € > 0,

d(M(u))s
th ’

inf |V (u)| o Koo = o0
e<|ul<1/e

D () Vi (wWlakzop + Vi (w)]" < Di(1+u?), Dy 20, D = (Di)ez0 € P, Do K, < o0,
(ii) foreache>0

i (V) a0y + V(0 asin) + V()] ) 0 Koo = 00

1.2.1. Remark. When M(u) =m € M2, we do not claim the condition (m) < K and replace the
condition (B) by
(B') (m)oo < 0.

1.2.2. Remark. Everywhere, we assume that all conditions are satisfied P-a.s.
1.2.3. Remark. It is obvious that (I)(ii)= C' o0 Ko, =
1.2.1. Theorem. Let conditions (A), (B), (I) or (A), (B), (II) be satisfied. Then

z+ — 0 P-as. as t— oo.

Proof. For example, assume that conditions (A), (B) and (I) are satisfied. Then using Corollary 1.1.1
and (1.2.2) with the standard representation (1.2.3)(1) of process A, we obtain

{(1422) oAl < oo} C{2? =} Nn{A% < oo} (1.2.4)
But, from conditions (B) and (I)(i), we have
{1+22)toAl <0} =Q P-as,
and, therefore,
{2 =}n{A% <00} =Q P-as. (1.2.5)
Denote 22, = tliglo 22 and N = {22, > 0}; assume that P(N) > 0. In this case, by simple arguments,

from (I)(ii) we obtain
PV (2-)] 0 Koo = 00) >0,
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which contradicts (1.2.4). Hence P(N) = 0. The proof of the second case is quite similar. The
theorem is proved. O

In the following propositions, the relationship between conditions (I) and (II) are given.
1.2.1. Proposition. (I)=-(II).
Proof. From (I)(i1), we have
Vi () ak, 200 + Vi (@)]T < Vit (u) < CPAK (1 +u?),

and if we take D; = C2AKy, then (IT)(i) follows from (I)(iz).
Furthermore, from (I)(i1), for each € > 0 and u with € < |u| < 1/e, we have

Vi () sy IV @V 0] Ty 2 1V ()= Vit () > [V ()| -G (145 ).
Now (IT)(ii) follows from (I)(iz) and (I)(ii). The proposition is proved. O
1.2.2. Proposition. Under (I)(i), we have (I)(ii) < (II)(ii).

The proof follows from the previous proposition and the trivial implication (IT)(ii)=-(T)(ii).

1.3. Some simple sufficient conditions for (I) and (II). Introduce the following group of
conditions: for each u € R! and ¢ € [0, c0),

(8.1) (i1) Gelu| < [Hy(u)| < Gilul, Gy > 0, G = (Gi)iz0, G = (Gi)iz0 € P, G o Ky < o0,
(i2) G2AK o K% < oo;
(il) G o Ko = 00;

(8.2) (i) G[-2+4 GAK]" o K% < oo;
(i) G{2I{ak—0) + [~2 + GAK] I{af o) 0 Koo = 0.

1.3.1. Proposition. (S.1) = (I), (S.1)(i1), (S.2) = (II).

Proof. The first implication is obvious. For the second, note that

Vi (wliarzoy + Vi (u)
= —2|Hy(u)| [ulIax, 20y + Hf (u)AKy < [Hy(w)| [u] [-2Laf, 20y + GiAKy].  (1.3.1)
Therefore,
Vi (W) Igar, 20y + Vit ()] < [Hy(u)| |ul [-21 k201 + G AR < Gi[~2Itas, 20y + G AK ] u?),
and (IT)(i) follows from (S.2)(i) if we take
D; = ét[—Q + étAKt]+I{AKt¢0}-
Furthermore, from (1.3.1), we have
V" () iak,=op + Vi~ (W) ak,z0y + VT (w)]™ > w*Ge{2Lak, =0y + [—2L{aK, 20} + GiAK] ™}
and (IT)(ii) follows from (1.2.3). The proposition is proved. O
1.3.1. Remark.
(a) (S.1) = (S.2);

(b) under (S.1)(i), we have (S.1)(ii) < (S.2)(ii);

(c) (S.2)(ii) = (S.1)(ii).

Summarizing the above, we arrive at the following conclusions: a) if the condition (S.1)(ii) is not
satisfied, then (S.2)(ii) is also not satisfied; b) if (S.1)(i;) and (S.1)(ii) are satisfied, but (S.1)(i2) is
violated, then nevertheless the conditions (S.2)(i) and (S.2)(ii) can be satisfied.

In this case, the nonstandard representations (1.2.3)(2) is useful.
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1.3.2. Remark. Denote

GtAKt =2 + 615, (St Z —2 forall ¢ € [0,00)

It is obvious that if & < 0 for all ¢ € [0, 00), then [-2 + G;AK,]* = 0. Therefore, (S.2)(i) is trivially
satisfied and (S.2)(ii) takes the form

G{QI{AK:O} + ‘5|I{AK7AO} o Koo = 00. (1.3.2)
Note that if G-min(2, |d|) o K = 00, then (1.3.2) holds, and the simplest sufficient condition (1.3.2)
is: for all ¢t > 0,
Go Ky =00, |6] > const > 0.
1.3.3. Remark. Let conditions (A), (B), and (I) be satisfied. Since we apply Theorem 1.1.1 and

its corollaries on the semimartingales convergence sets given in Sec. 1.1, we get rid of many of the
“usual” restrictions: “moment” restrictions, boundedness of regression function, etc.

1.4. Examples.

1.4.1. Example. Recursive parameter estimation procedures for statistical models asso-
ciated with semimartingale.

1. Basic model and reqularity. The object of consideration is a parametric filtered statistical model
€= (Q7f7IF = (Ft)tZOa {P9>9 € R})

associated with a one-dimensional F-adapted RCLL process X = (X;):>0 in the following way: for
each § € R, Py is a unique measure on (£, F) such that with this measure, X is a semimartingale
with predictable characteristics (B(6),C(0),vy) (with respect to the standard truncation function
h(x) = vl <1})- For simplicity, assume that all Py coincide on Fj.

Assume that for each pair (6,6’), Py % Py. Fix 0 = 0 and denote P = Py, B = B(0), C = C(0),
and v = .

Let p(8) = (p+(0))r>0 be a local density process (likelihood ratio process):

dPy
0) = :

Pt( ) dPt )

where, for each 0 Py := Py|F;, P, := P|F; are restrictions of the measures Py and P to F;, respectively.

As is well known (see, e.g., [14, Chap. III, Sec. 3d, Theorem 3.24]), for each 6, there exist a P-
measurable positive function

V() = {V(w,t,2:0), (w,t,2) €Qx Ra x R},
and a predicable process 3(0) = (8:(6))i>0 with
WY (0) — 1)|xv € AP (P), B*(0)oC € Al (P)

loc loc

such that
( B@)=B+p(0)oC+h(Y(0)—1)x*v,

1
(2) C(9) =C, (3) vy=Y(0) - v.

In addition, the function Y () can be chosen in such a way that

a = v({t}h, R) = 1 <= ay(0) := vy({t}, R) = / Y (8,23 0)v({t})d = 1.

We assume that the model is regular in the Jacod sense (see [15, Sec. 3, Definition 3.12]) at each
point 6, i.e., the process (pg/pg)'/? is locally differentiable with respect to 6’ at  with the derived
process

(1.4.1)

L(0) = (L(9))e=0 € Mie(Fo).
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In this case the Fisher information process is defined as
1,(0) = (L(0), L(O)):. (1.4.2)

In [15, Sec. 2-¢, Theorem 2.28], it was proved that the regularity of the model at point € is equivalent
to the dlﬁerentlablllty of characteristics (3(6), Y (0), and a(f) in the following sense: there exist a
predictable process 3(0) and P-measurable function W (6) with

3*0) 0 Oy <00, W2O)xvps < oo forall teR,

and such that for all t € Ry, we have as 6/ — 6

(1) (86") = B(O) = BO)(

0 —0)20C/0 —0)* %o,
1/2 1 ’ P,
(( — —§W(9)(9’—9)> *ye,t/(e i

Y () (1.4.3)
IS [Lﬂz D2 - u—%wwﬂ+§a{%%%ﬂﬂw—mr/W—eﬂﬁa
s(0)<
where
= /W(t,x; 0)vy({t}, dz).
In this case, as(0) = 1 = W?(#) = 0 and the process L(f) can be written as
L(0) = B(6) - (X — B(6) o C) + <ﬁ79(9) + 1W9652)> « (1 —vp), (1.4.4)
and N
1(6) = 3%(8) o C + (W(6))* v +Z%. (1.4.5)
Denote N -
o(0) = W(0) + Kiﬁfg)

One can consider another alternative definition of the regularity of the model (see, e.g., [35]) based
on the following representation of the process p(6):

p(0) = e(M(0)),
where R
Y(0)—a
% I{O<a<1}> * (n—v) € Mioe(P). (1.4.6)
Here, X¢ is a continuous martingale part of X under the measure P (see, e.g., [16, 28]).
We say that the model is regular if for almost all (w t,z), the functions 8 : 6 — [;(w;#) and

Y : 0 — Y (w,t,2;0) are differentiable (notation 3(0) := 806( ), Y(0) := C%Y(G)) and differentiability
under the sign of integral is possible. Then

M(0) = B(6) - X° + (Y(e) 1+

889 In p(@) L(M(g), M(H)) = Z(G) S M100<P9)7

where L(m, M) is the Girsanov transformation defined as follows: if m, M € Mjy(P) and Q < P
with % = ¢e(M), then

L(m, M) :=m — (1+ AM)™ o [m, M] € Mie(Q).
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It is not difficult to verify that

L(0) = B(0) - (X — B(0) 0 C) + ®(0) * (1 — vp), (1.4.7)
where
= Y(O) , a0)
*0) =yt T am

with I{a(g)zl}d(9> =0. _
If we assume that for each § € R! L(0) € M2 (Pp), then the Fisher information process is

loc
1.(0) = (L(6), L(0))r.

It should be noted that from the regularity of the model in the Jacod sense it follows that L(f) €
M2 (Py), while under the latter regularity conditions L() € M2 (Ps) is an assumption in general.

loc loc
In the sequel, we assume that the model is regular in both senses given above. Then

W(0) = % We6) =a(6), L©6)=L(0).

2. Recursive estimation procedure for MLE. In [18], an heuristic algorithm was proposed for con-
structing recursive estimators of the unknown parameter 6 asymptotically equivalent to the maximum
likelihood estimator (MLE).

This algorithm was derived using the fg\llowing reasoning.

Consider the MLE 6 = (0;)¢>0, where 6, is a solution of estimation equation

Li(6) = 0.

Assume that

(1) for each § € R!, the process (ft(g))lﬁ(gt — 0) is Py-stochastically bounded, and, in addition,
the process (6;)1>0 is a Pp-semimartingale;

(2) for each pair (¢',6), the process L(¢') € MZ (Py) and is a Py-special semimartingale;

(3) the family (L(#),0 € R!) is such that the Ito-Ventzel formula is applicable to the process
(L(t,0;))i>0 with respect to Py for each § € R!;

(4) for each @ € R!, there exists a positive increasing predictable process (v:(6))i>0 asymptotically
equivalent to I, 1(6), i.e.,

wOL0) 21 as t— oo

Under these assumptions, using the It6—Ventzel formula for the process (L(t, @;))tzg, we obtain an
“implicit” stochastic equation for § = (6;):>0. Analyzing the orders of infinitesimality of terms of this

equation and rejecting the high-order terms, we obtain the following SDE (recursive procedure):
by = (0, ) L(dt, 0, ), (1.4.8)

where L(dt,u;) is a stochastic line integral with respect to the family {L(¢,u), u € R, t € R} } of
Py-special semimartingales along the predictable curve u = (ut)¢>o0.
To give an explicit form to the SDE (1.4.8) for the statistical model associated with the semimartin-
gale X, assume for a moment that for each (u,#) (including the case u = 6),
|®(u)| * € A (Pp). (1.4.9)

loc

Then for each pair (u,#), we have

D(u) * (u—1y) =P(u) * (u—1vp) + P(u) (1 - %) * Vg,
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Based on this equality one can obtain the canonical decomposition of FPy-special semimartingale
L(u) (with respect to measure Pp):

L(u) = B(u) o (X = B(8) 0 C) + (u) * (1 — vp)

+ B(w)(6(0) — B(u)) o C + ®(u) <1 - Y(u)> * Ug. (1.4.10)

Now, in view of (1.4.10), the meaning of L(dt, u;) is

t

j L(ds,us) = / Byus_)d(X" = B(8) 0 C), + / / (s, 2,1, ) (1 — vp)(ds, dx)
0 0

0
+0/tﬁs(us)(ﬁs(0) ﬁs(us))dCS—l—O/t/(I)(s,x,us)(l %%(ds,d@.

Finally, the recursive SDE (1.4.8) takes the form
t t

0 = 0o + /75(95_)65(95_)d(XC - ﬂ(@) © C)s + //73(98—)(1)(5>x7 98—)(/"L - ug)(ds,dx)
0 0

+ [@8.600060.60) - 5000, + [ [ 005,000 (1 D Yas o),
0 0

(1.4.11)

1.4.1. Remark. One can give sufficient conditions more accurate than (1.4.9) (see, e.g., [12, 14, 25])
to ensure the fulfillment of decomposition (1.4.10).

Assume that there exists a unique strong solution (6;)¢> of the SDE (1.4.11).

To investigate the asymptotic properties of recursive estimators (6:):>0 as t — oo, precisely, the
strong consistency, the rate of convergence, and the asymptotic expansion, we reduce the SDE (1.4.11)
to the Robbins—Monro type SDE.

For this purpose, denote z; = §; — 6. Then (1.4.11) can be rewritten as

t
2= 20+ / a0+ 2 )30 + 20 ) (Bal(8) — Ba(6 + 2e_)dC,
0

+ O/t / vs<9+zs_><1><s,:c,6+zs—><l— Y(i’ff;,emfe?—))”‘)(ds’d”

* / o0+ 25) 3(0 + 2)d(X — B(6) o C),
0

+ Vs(0 + 25— )P (s, 2,0 + 25— ) (1 — vp)(ds,dx). (1.4.12)
/)

For the definition of the objects K?, {H%(u), u € R'}, and {M?(u), u € R'} we consider a version
of characteristics (C,vy) such that

Cr=C"0 A, vp(w,dt,dz) = dA{BY (dx),
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where A% = (AY)>0 € A _(Pp), C? = (C?)i>0 is a nonnegative predictable process, B&t(dx) is a
transition kernel from (Q x Ry, P) in (R, B(R)) with Bf ;({0}) =0, and
AA]BS(R) <1
(see [14, Chap. 2, Sec. 2, Proposition 2.9]).
Put K = A?,

HY(u) = (0 + U){Bt(G ) (5u(8) — Bu(8 + u))CY
+ /qﬁ(t,x,ﬁ +u) <1 - Y(;’é:—m)Bz’t(dx)}, (1.4.13)

MO(t,u) = / (8 + 1)Ba(8 + wW)d(XE — B(8) 0 C),q
0

+ //’75(9 + u)P(s,x,0 + u)(u — vp)(ds,dz). (1.4.14)
0

Assume that for each u, M?(u) = (M?(t,u))i>0 € MZ _(Py). Then

t t
= [0+ w0+ pcant + [0+ n( [ 0200405 (@) )aase
0 0

' / 20+ 0B ] [ 02500+ 00 - a0) [ @(s,w70+u)qz,swx))z}dszd,
0

BY (dz
where GS(Q) AAngJ S(R)7 qz,s(dx)j{a5(9)>0} BY 5((3)) I{as( 0)>0}-
Now we give a more detailed description of ®(6), 1(8), H(u), and (M?(u)). Denote

vy ._ Wldn) o e (=
T = F0), o (47) = fur(@,0) (= fi(0)).
Then
Y(6) = FO) oy + "2 FO) 1100
and )
70) = FO1amo + (2 10)+ 2 ) T
Therefore, . . '
@(G)zﬁf{azoﬁ ! (9)+ a(f)a 7 Iia>0} (1.4.15)
F(0) f(0) "~ a(d)(1—a(8))
with )
I{a(9)>0}/%q€(d$) = 0.
Denote
B(0) = £5(0), % = ("(0), % = 00(0), ﬁ = 0%(0).

[P}

The indices ¢ = ¢, w, §, and b have the following meaning: “c¢” corresponds to the continuous

[

part, “r” to the Poisson type part, “6” to the predictable moments of jumps (including a main
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special case, the discrete time case), and “b” to the binomial type part of the likelihood score £(6) =
(£9(0), £7(6),£°(0), £°(6)).

In this notation, for the Fisher information process we have

t
/ (€(0))2dCy + / / (03 (2;60))*BE ,(dz)dA%*
0
t

n / B (R) [ [ e>>2qz,s<d:c>} aa+ [(0)20 - a@)iar. (1416)
0 0
For the random field H?(u), we have

HY ) = (-0 66 0)(30)~ 50 +0)Cl+ [ F(ws6-+0 —%>Bz,t(d@f{mf:0}

a(0) — a(0 + )
ar(0)

O (.. 0 b
n { [0+t + 40 +0)

Finally, for (M?(u)), we have

(M) = (O + )0 + W) o 4l + [ 320+ w) [ (620030 +0)BL ()AL
0

+ [ V20 +u)BY (R)S [ (060 +u) + £5(0 + u))?q], ((da)
ey

— ag(h) < /(zﬁ(m; 0+ u) + 50+ u))qﬁvs(dm)>2}dA§’d. (1.4.18)

Thus, we reduced SDE (1.4.12) to the Robbins-Monro type SDE with K? = A? and H’(u) and
MO (u) defined by (1.4.17) and (1.4.14), respectively.

As follows from (1.4.17)

HY(0)=0 forall t>0, Pyas.
For condition (A) to be satisfied, it suffices to assume that for all t > 0, u # 0 Py-a.s.,

Bi(0+ ) (B:(0) — B:(0 +w)) <0,
F(t,z,0 +u) F(t,z;0+u)\
— B .(d I
< F(t,z,0 + u) < F(t,x;0) > we(d2) {aag=opu <0,

f(t,x; ft,z;0+u) o
( Ptz 0t % {(dz) ) Iaag0yu < 0,

at(ﬂ + u)(at(ﬁ) — at(e + U))U < 0,

and the simplest sufficient conditions for the latter is the monotonicity (P-a.s.) of the functions 3(6),
F(0), f(0) and a(f) with respect to 6.

1.4.2. Remark. In the case where the model is only regular in the Jacod sense, we save the same
form of all the above-given objects (precisely of ®(#)) using the formal definitions:

F(6)
7(0) Liao)=0y == W(0)I146)=0}

a(0) == W,
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% = W(0)L{a(6)>0) — Wg)) I{a(0)>0}-

1.4.2. Example. Discrete time.

(a) Recursive MLE in parameter statistical models Let Xy, X1,..., Xy, ... be observations taking val-
ues in some measurable space (X, B(X)) such that the regular conditional densities of distributions
(with respect to some measure p) fi(zi,0|zi—1,...,20), ¢ < n, n > 1 exist, and fo(xo,0) = fo(zo),
6 € R!, is the parameter to be estimated. Denote P corresponding distribution on (Q,F) :=
(X, B(X>°)). Identify the process X = (X;)i>o with coordinate process and denote Fy = o(Xp)
and F, = o (X;, ¢ < n). If ¢ = ¢(X;, X;-1,...,Xp) is a r.v., then by Ep(¢|F;—1) we mean the
following version of conditional expectation:

Eg(?,/) ’ f,‘_l) = /T/J(Z,Xi_l, Ce ,Xo)fi(z, 9 ‘ Xz'—la . ,Xo)u(dz)

if the last integral exists.
Assume that the usual regularity conditions are satisfied and denote

9 .
% fi(wi, 0 | wi1,...,20) = fiws,0 | -1,...,20),
by

oy i 0w

h(O) 1= 2 (X0 0] Xir.. Xo)

the maximum likelihood scores, and by
In(0) =Y Eg(13(0) | Fi-1)
i=1

the empirical Fisher information. Also denote
bn(0,u) := Ep(ln(0 + u) | Fn1)
and indicate that for each § € R, n > 1
bn(6,0) =0 (Py-a.s.). (1.4.19)
Consider the following recursive procedure:
On = Op—1+ 1, (0n—1)ln(0n—1), 0o € Fo.
Fix 0, denote z, = 0,, — 6, and rewrite the last equation in the form

Zn = Zn—1+ In_l(e + Zn—l)bn(97 ZTL—I) + Igl(e + Zn—l)Amm
zo=0-20,

where Am,, = Am(n, z,—1) with Am(n,u) = 1,(0 + u) — Ep(1n(0 + w)|Frn-1).
Note that algorithm (1.4.20) is embedded in the stochastic approximation scheme (1.2.1) with

H,(u) = I;Y(0 +u)by(0,u) € Fry, AK, =1,
AM (n,u) = I, (0 + u)Am(n, u).

(1.4.20)

This example clearly shows the necessity of considering the random fields H,(u) and M (n,u).
In [39], the convergence z, — 0 P-a.s. as n — oo was proved under conditions equivalent to (A),
(B), and (I) connected with the standard representation (1.2.2)(1).
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1.4.3. Remark. Let # € © C R!, where 6 is an open proper subset of R'. It is possible that the
objects 1,,(8) and I,,(0) are defined only on the set O, but for each fixed # € © the objects H,(u) and
M (n,u) are well-defined functions of variable u on all R'. Then under the conditions of Theorem 1.2.1,
0, — 0 Py-a.s. as n — oo starting from an arbitrary 6y. The example given below illustrates this
situation. The same example also illustrates the efficiency of representation (1.2.3)(2).

(b) Galton—Watson branching process with immigration. Let the observable process be
Xi-1
Xi=» Yi;+1, i=12...n Xo=1,
j=1
Y; ; are ii.d. random variables having the Poisson distribution with the parameter ¢, § > 0, to be
estimated. If 7; = 0(Xj, j < 1), then

(0X; 1) ! o0

Py(X;=m | Fi—q) = (m = 1)1 , 1=1,2,...; m>1.
From this, we have
1(0) = X;—1 9— 0Xi_1 L(0) = g1 inel-
The recursive procedure has the form -
On = On_1 + Xn _iili’éilf("l . by € Fo, (1.4.21)
and if, as usual z, = 0,, — 0, then
tn = 2y = niEnol  En (1.4.22)

n n 9
> X > Xia
i=1 i=1
where ¢, = X,,—1—0X,, is a Py-square integrable martingale-difference. In fact, Fy(e,, | Fr,—1) = 0 and
n n
Eo(e2 | Fro1) = 0X,—1. In this case, H,(u) = —uX,_1/ Y. X1, AM(n,u) = Am, =,/ Y. Xi_1,
i=1 i=1
and AK = 1 and, therefore, they are well defined on all R.
Indicate that the solution of Eq. (1.4.21) coincides with MLE

> (Xi—1)
é\n _ i=1
> X
i=1

and it is easy to see that (é\n)n21 is strongly consistent for all 8 > 0.
Indeed,

&
O, —0 ="
> Xi1
i=1
and desirability follows from the strong law of large numbers for martingales and the well-known fact
(see, e.g., [10]) that for all 6 > 0,

Y Xig=00 (Ppras). (1.4.23)
=1

Derive this result as a consequence of Theorem 1.2.1.
First, note that for each 6 > 0, the conditions (A) and (B') are satisfied. Indeed,
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—ulX,,_
(A) Hp(u)u= — "L
> Xia
=1

) X .
(B) (Mmoo =0 Y, —"1 < 00 owing to (1.4.23).

" (£

Now to illustrate the efficiency of the group of conditions (II), let us consider two cases: (1) 0 <
0 <1 and (2) 0 is arbitrary, i.e., 6 > 0.
In case (1), conditions (I) are satisfied. In fact,

\Hy(u y_< nl/ZX_>]u\ Z 1/(2)@ 1) <o, Ppas.

But if § > 1, then the last series diverges and, therefore, the condition (I)(i) is not satisfied.
On the other hand, the proof of desirable convergence by verifying the conditions (II) is almost

~ n [ee]
trivial. Indeed, use Remark 1.3.2 and take G,, = G, = X;,—1/ >_ Xi—1. Then ) G, = oo Py-a.s. for
i=1 n=1

<0 for all u#0 (X; >0,i>0);

all @ > 0. Moreover, 6, = —2 + G, < 0, |0,] > 1.

1.4.3. Example. RM algorithm with deterministic regression function.
Consider a particular case of algorithm (1.2.1) where Hy(w,u) = v(w)R(u) and the process v =
(V)t=0 € P, vt > 0 for all t > 0, dM (t,u) = yedmy, m € M2, i.e.,

dzt = 1 R(2e- )dKy + ydme, 20 € Fo.

(a) Let the following conditions be satisfied:
(A) R(0) =0, R(u)u < 0 for all u # 0;
(B") 7% 0 (m)oo < o0;
(1) |R(u)] < C(1+ |u|), C >0 is constant;
(2) for each e >0, inf ]R( )| > 0;

E U =
(3) vo Ky < o0, ¥Vt >0, fyOK = 00;
(4) ?AK o K& < 0.
Then z; — 0 P-a.s. as t — oo.

Indeed, it is easy to see that conditions (A), (B’), and (1)—(4) imply (A), (B), and (I) of Theo-
rem 1.2.1.

n [28], this result was proved on the basis of the theorem on the semimartingale convergence
sets noted in Remark 1.1.1. In the case where K% # 0, this automatically leads to the “moment”
restrictions and the additional assumption |R(u)| < const.

(b) As in case (a), let conditions (A) and (B’) be satisfied. Moreover, assume that for each u € R!
and ¢ € [0, 00),

(1) Vi () + Vi (u) < 05
(2") for all € > 0,
L= inf {—(V (u)+ VT (u))} oKy = 0
€<u<—
Then z; — 0 P-a.s. as t — oo.

Indeed, it is not difficult to verify that (1'), (2)= (II).

The following question arises: is it possible that (1’) and (2) can be satisfied? In addition, assume
that

Cilu|l < |R(uw)| < Calu|, C1,Cy are constants, (1.4.24)

(3') 2 —CoyAKy > 0;
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(4") v(2 — CoyAK) 0 Koo = 0.
Then (3') = (1) and (4") = (2)).
Indeed,

Vi (u) + Vi (u) < Cryful?[-2 + ComAKL] <0,
I. > C1e%{7(2 — Cy7AK) 0 Ko} = oo.

1.4.4. Remark. (4) = vyo0 Ko = 0.

In [30], the convergence z; — 0 P-a.s. as t — oo was proved under the following conditions:
(A) R(0) =0, R(u)u < 0 for all u # 0;
(M) there exists a nonnegative predictable process r = (r;);>( integrable with respect to the process
K = (K})t>0 on any finite interval [0, ¢] with the following properties:
(a) ro Ko = 00,
(b) AL = 4% (=10 K)o (m)a < oo,
(c) all jumps of process Al are bounded,
(d) ru? + 7P AK R (u) < —2vR(u)u, for all u € R! and t € [0, 00).
Show that (M)=-(B’), (1), and (2/).
It is obvious that (b)=(B’). Further, (d)=-(1’), Finally, (2) follows from (a) and (d) owing to the
relation
IL:= inf —(V (u)+VT(u) oKy >e*roKy = oc0.
e<lul<L
The implication is proved.

In the particular case where (1.4.24) holds and for all ¢ > 0 1, AK; < g, ¢ > 0 is a constant and C;
and Cy in (1.4.24) are chosen such that 207 — gC3 > 0, if we take r; = by, b > 0, with b < 201 — qC3,
then (a) and (d) are satisfied if v o K, = oc.

But these conditions imply (3') and (4'). In fact, on the one hand, 0 < 2C; — ¢C3 < C1(2 — qCy),
and, therefore, (3') follows, since 2 — Coy AKy > 2 — qCy > 0. On the other hand, (4') follows from
Y(2 = C2ayAK) 0 Koo > (2 — qCo)y 0 Koo = 00.

From the above, we may conclude that if conditions (A), (B'), (1.4.24), wAK; < ¢q, ¢ > 0,
2 —qC5 > 0, and v o Ko, = oo are satisfied, then the desirable convergence z; — 0 P-a.s. takes
place, and, therefore, the choice of the process r = (r)¢>0 with properties (M) is not necessary (cf.
Remark 1.2.3, Sec. 1.3, and [30]).

(c) Linear model (see, e.g., [28]). Consider the linear RM procedure
dzy = by z—dKy + ydmy, 2o € F,

where b € B C (—00,0), m € M2 .
Assume that

72 0 (Moo < 00, (1.4.25)
o Ko = 00, (1.4.26)
VAK o K < .
Then for each b € B, conditions (A), (B’), and (I) are satisfied. Hence
2z — 0 P-as. as t— o0. (1.4.27)

Now let (1.4.25) and (1.4.26) be satisfied, but P(v2AK o K% = c0) > 0.
At the same time, assume that B = [by, by}, —00 < by < by < 0, and for all t > 0, 1, AK; < |by| L.
Then for each b € B, (1.4.27) holds.
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Indeed,

Vi~ (W) Ik, 01 + Vit ()] = [blyew[—2 + bl AK I a g, 20] T
< Liag, 201 1blyew? =2 + bl AK T = 0,
and, therefore, (II)(i) is satisfied. On the other hand,

inf  w?{2y|b| I asc 01 + bV[2 — [BYAK] I {aK 20y} © Koo

e<|u |<
> &2|b|y[2 — |DYAK] 0 Koo > €2|bly 0 Koo = 00
Therefore, (IT)(ii) also holds.

2. Rate of Convergence and Asymptotic Expansion

2.1. Notation and preliminaries. We consider the RM type stochastic differential equation
(SDE)

t
2 :zo—I—/HS(zS)sz—i—/M(ds,zs). (2.1.1)
0

As usual, we assume that there exists a unique strong solution z = (z¢)¢>0 of Eq. (2.1.1) defined on
— ot

the whole time interval [0, co[ and M = (Mt)t>0 € M2 _(P), where M = [ M(ds,zs_) (see [8, 9, 13]).
0

Let us denote

H,
B = — lim 2el)
u—0 u
assuming that this limit exists and is finite for each ¢ > 0 and define the random field

)y 0
By(u) = w 1 u#0,
Ot if uw=0.

It follows from (A) that for all + > 0 and u € R!,
By >0 and fi(u) >0 P-as.
Further, rewrite Eq. (2.1.1) as

Zt _ZO_/ﬁSzS—I{BSAKS;ﬁl}dK +/M dS 0 ZZS—I{ﬁsAKs—l}

s<t
t ¢
+/ — Bs(2s—))zs—dKs + /(M(ds,zs_) — M (ds,0))
0 0

(we suppose that M(-,0) # 0).
Denote

Be = Bilig, Ak, 21} R e Zzs Iig,Ar,=1}
s<t
t

t
/ — Bo(25-))2s—dKs, R = / (M(ds, z_) — M(ds, 0)).
0

0
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In this notation,

t t
zt:zo—/ﬁsz / (ds,0) + Ry,
0 0

R, =R"+R” +RY.

where

Solving this equation with respect to z, we have

t

¢
2 :I‘;l <z0—|—/F M (ds,0) —I—/Fsd s), (2.1.2)
0 0

Iy =¢ Y (-FoK).

where

¢
Here, a0 K; = [ asdK; and £4(A) is the Dolean exponential.

0
The process I' = (I't);>0 is predictable (but not positive in general) and, therefore, the process
L= (Lt)tzo defined by

t
/FSM (ds,0)
0
Eq.

belongs to the class M2 _(P). It follows from (2.1.2) that

L
Xt2t = 73/2 + Ry,
(Lt)y

where

t
-1/2 -
Ft<L> / 9 Rt = 1/2 2 /Fsd S
2 g
and (L) is the shifted square characteristic of L, i.e., (L); := 1+ (L)FP
This section is organized as follows. In Sec. 2.2 assuming that z; — 0 as t — oo P-a.s., we give
various sufficient conditions for the convergence

22 -0 as t—oo P-as. (2.1.3)

for all 0 < § < dp, where v = (y¢)¢>0 is a predictable increasing process and dp, 0 < §y < 1, is some
constant. There we also give a series of examples illustrating these results.

In Sec. 2.3 assuming that Eq. (2.1.3) holds with v asymptotically equivalent to x? (see the definition
in Sec. 2.2), we study sufficient conditions for the convergence

Rt£>0 as t— oo,

which implies the local asymptotic linearity of the solution.

We say that the process & = (&)i>0 has some property eventually if for every w in a set Qo of P
probability 1, the trajectory (&(w))e>0 of the process has this property on the set [to(w),00) for some
to(w) < 0.

Everywhere in this section, we assume that z; — 0 as t — oo P-a.s.
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2.2. Rate of convergence. Throughout this section we assume that v = (7)¢>0 is a predictable
increasing process such that P-a.s.

70:17 Yoo = OQ.

Also, assume that for each u € R!, the processes (M (u)) and + are locally absolutely continuous
with respect to the process K and denote

AM @) M@), _ dy
dK;

assuming that g, > 0 for simplicity, and hence I{ak, -0y = [{a,20) P-a.s. for all £ > 0.
In this section, we study the problem of the convergence

hi(u,v) =

'yfzt—>0 as t— oo P-as.

for all 9,0 <60 < dp/2, 0 < dg < 1.

Note that consideration of the two control parameters § and Jy substantially simplifies the ap-
plication of the results and also clarifies their relation with the classical ones (see Examples 2.2.1
and 2.3.1).

We consider two approaches to this problem. The first approach is based on the results on the
convergence sets of nonnegative semimartingales and on the so-called “nonstandard representations.”

The second approach presented exploits the stochastic version of the Kronecker lemma. This ap-
proach is employed in [39] for the discrete time case under the assumption (2.2.23). A comparison of
the results obtained in this section with those obtained before is also presented.

We also note that these two approaches give different sets of conditions in general. This fact is
illustrated by the various examples.

Let us formulate some auxiliary results based on the convergence sets.

Suppose that r = (r);>0 is a nonnegative predictable process such that

riAK; <0, roK;<oo P-as.
for each t > 0 and
roKs =00 P-as.
Denote by e; = &,(—r o K) the Dolean exponential, i.e.,
gt = e_jg rsdKg H(]_ — T‘SAKS).
s<t

Then, as is well known (see [25, 28]), the process e, ' = {&;(—r o K)}~! is a solution of the linear
SDE

8;1 = €t_1Ttth, Eal = 1,

and £, 1 — 0o as t — oo (P-a.s.).

2.2.1. Proposition. Suppose that

o0

/5t15t_ [re — 284 (2—) + B (2 ) AK{ ) TdK; < 00 P-ass., (2.2.1)
0

oo
/5t1ht(zt,zt)th < o0 .P—EL.S.7 (222)
0

where [z]t denotes the positive part of x. Then ¢ 122 — P-a.s. (the notation X — means that
X = (X¢)e>0 has a finite limit as t — 00).

232



Proof. Using the Ito formula, we have
d(e;122) = 22 dey 4 e d2? = e 2 (e — 26i () + B (2 ) AKy)dK,
e iz, 2 )dKy + d(Mart) = ;122 dB; 4+ dA} — dA? + d(Mart),
where
dB; = Et_lz?t— [Tt — 2B (z—) + ﬁg(zt—)AKt] - dKy,
dA} = e; " hy(zm, 2 )d Ky,
dA} = e; e [ry — 2Bi(z) + B (z-)AK,| ™ dK;.
Now, applying Corollary 1.1.4 to the nonnegative semimartingale (¢, '2?);>0, we obtain
{By <00} N{AL < o0} C {7122 =1 N {42 < 0}
and the result follows from Egs. (2.2.1) and (2.2.2). O

The following lemma is an immediate consequence of the Ito formula applied to the process (”yf )0,
0<d<1.

2.2.1. Lemma. Suppose that 0 < § < 1. Then
7 =g (-1’ 0 K),
where

_ _ 1—(1—Ay/n)’
rl =T0gc/v, T = 0L{ay—0y + Ay Hawo)

The following theorem is the main result based on the first approach.

2.2.1. Theorem. Suppose that for each §, 0 < d < dp, 0 < §p < 1,

s -5
/ <f):;—_> [7"? — 2,8t(zt7) + ﬁf(zt,)AKt]+th < oo P-as. (223)
t
and
/ Vohi(z—, 2 )dK; < 0o P-as. (2.2.4)
0

Then 9z} — 0 as t — oo P-a.s. for each §, 0 < § < &y, 0 < dg < 1.

Proof. 1t follows from Proposition 2.2.1, Lemma 2.2.1 and the conditions (2.2.3) and (2.2.4) that
Py =) =1

for all 4, 0 < d < dp, 0 < dg < 1. Now the result follows since

{222 - forall 6 0<d<d}t= {122 =0 forall § 0<<d}.

2.2.1. Remark. Note that if Eq. (2.2.3) holds for § = dp, than it holds for all § < dy.

Some simple conditions ensuring Eq. (2.2.3) are given in the following corollaries.
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2.2.1. Corollary. Suppose that the process

2
2.2.5
X (225)
1s eventually bounded. Then for each d, 0 < 6 < &g, 0 < 9y < 1,

{ [(MWZO} + I a0} % —28(z_) + 52(2_)AK] i Koo < oo}
C { [(5 +(1-9) %)% —2B(z_) + ﬁQ(Z)AK} i Ko < oo}

c {(%)5[7«6 —28(2_) + B2 (2_)AK]" 0 Ko < oo}.

Proof. The proof immediately follows from the following simple inequalities
1-(1-2)°<dx+(1-0)® <z
if 0 <z <1and0< 6 <1, which with x = A~v;/~; yields

_ Ay
Tg < (6 + (1 o 5) %t> < (6I{A’Yt:0} + I{A7t¢0})‘
It remains to apply condition (2.2.5). O
In the next corollary, we need the following group of conditions: for §, 0 < § < dy/2,
_l’_
[(5% - ﬁ(z)] o KS, <oo P-as,; (2.2.6)
51+
Ay
> A= Bz )AK, — (1- == Iigi(o )AKe<1y < 00 P-as; (2.2.7)
>0 Yt
51+
Ay
> Bz ) AR —1— (1- == I8 (s )AK>1) <00 P-as. (2.2.8)
>0 Yt

2.2.2. Corollary. Suppose that the process
(Bt(2t-)AKt)i>0 (2.2.9)

is eventually bounded. If Eq. (2.2.5) holds, then

(1) {(2.2.6), (2.2.7), and (2.2.8) for all 6, 0 < § < §p/2} = {(2.2.3) for all 6, 0 < § < dp};

(2) if, in addition, the process & = (& )t>0, with & = sup(A~vs/vs) is eventually < 1, then the reverse
implication “=" holds in (1); st

(3) {(2.2.6), (2.2.7), (2.2.8) for § = 65/2} = {(2.2.6), (2.2.7), (2.2.8) for all §, 0 < § < §o/2} (here,
do is some fized constant with 0 < dy < 1).

Proof. By simple calculations, for all §, 0 < § < dp, 0 < §p < 1, we have

3 - s +
_ 1—-(1-A
/ <%—> [<5I{mt:0} + ( /%) I{A%#O}) % —28(z—) + 5,:2(Zt—)AKt} dK;

Tt A/t
[l e g () (- meoan - (- 42)
— 0/ [5% Qﬁt(zt_)] th+1;zzo - 1— Bz )AK, — (1 -

Ay 521"
X [1 — Bi(z-)AK, + (1 - T) ] LB, (- )R <1}
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+> <%—> (ﬁt(zt_)AKt 14 <1 - %)m>

t>0

AL +
X [ﬁt(zt—)AKt -1- (1 - 7) ] Iig, (2 )ak,>1y- (2.2.10)

Now for the fulfillment of implications (1) and (2), it suffices to show that under conditions (2.2.5)
and (2.2.9), the processes

(1 —B(2-)AK + (1 — AW/V)”) Lig_yar<1y
and
(5(2—)AK —1+(1- A7/7)5/2> g yak>1

are eventually bounded, and, moreover, if £ < 1 eventually, these processes are bounded from below
by a strictly positive random constant. Indeed, for each 0 < 6 < 1 and ¢t > 0, if 5;(2;— )AK; < 1, then

Ay
1 — sup j <1- Bz )AK; + (1 — Ay /y)% < 2, (2.2.11)
s>t s

and if B¢(z— )AK; > 1, then

Ay
1= sup 77 < Bz )AK; — 1+ (1 — Ay /)% < Byl )AK,. (2.2.12)
s>t s

The implication (3) simply follows from the inequality (1 — z)® < (1 —z)"/2if 0 < < 1 and
0<d<1/2 O

The following result is an immediate consequence of Corollary 2.2.2.

2.2.3. Corollary. Suppose that

A\ 2
ZI{ﬁt(zF)AKﬁZl} < oo and Z <ﬁ> < oo P-as. (2.2.13)
t>0 >0 \ Tt
Then Eq. (2.2.7) is equivalent to
i d
/ [ %ﬁt = ] PYt < oo P-as. (2.2.14)
; i

and

{(2.2.6), (2.2.14) for all 5, 0 < 5 < 80/2} < {(2.2.3) for all 6, 0 < & < 5o}
Proof. Conditions (2.2.8) and (2.2.9) are automatically satisfied, and also £ < 1 eventually (£ = (&)t>0
is the process with & = sup(A~s/vs)). Therefore, it follows from Corollary 2.2.2 (2) that
s>t

{(2.2.6),(2.2.7) forall ¢, 0<0<dp/2} = {(2.2.3) forall §, 0<0d<do}.

It remains to prove that Eq. (2.2.7) is equivalent to Eq. (2.2.14). This immediately follows from
the inequalities

[a+bT <[aT+]", dx<1—(1-2)°<dz+(1-20)a>
O<z<l, 0<d<l,

applied to = = (A~s/vs) and to the expression

+
1= Bz )AK: + (1= Aya/7)’]
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and from the condition Y (Av;/7)? < oo P-a.s. O
>0

2.2.2. Remark. Condition (2.2.14) can be written as
A +
Z [5i — Bi(z-)AK;| <oo P-as.

>0

Below, using the stochastic version of the Kronecker lemma, we give an alternative group of condi-
tions that ensure the convergence

'yfzt—>0 as t— oo P-as.

forall 0 < < dp/2,0 < dp < 1.
Rewrite Eq. (2.1.1) in the form

t
o= zO+/zs_st+Gt,
0

where
dBy = —B4(z-)dKy,  Bi(uw) = Bi(w)Is,(u)aK,#1}
and
t
_Zzs—j{,@t(zt—)AKt:]-} +/M ds Zg— (2.2.15)
s<t 0

Since AB; = —f,(21—)AK; # —1, we can represent z as
t

2 =e1(B) <Z0 + / &5 '(B) dGs),

0

and multiplying this equation by ’yf , we obtain
t
V2 = signst(B)Fga) <zo + /signes(B){I‘g‘s)}_lfyg dGs>, (2.2.16)

where I'\® = 43|e,(B)|.

2.2.1. Definition. We say that predictable processes & = (&;)i>0 and n = (7:)¢>0 are equivalent as
t — oo and write £ ~ n if there exists a process ( = ((¢)s>0 such that

& = Ceme,
and
0< ¢ <|¢l <<
eventually for some random constants ¢! and (2.

The proof of the following result is based on the stochastic version of the Kronecker lemma.

2.2.2. Proposition. Suppose that for all §, 0 < 6 < §p/2, 0 < dp < 1,

(1) there exists a positive decreasing predictable process T(0) = (fgé))tzo such that
ng) =1 P—a.s., P{ %IH(l)fEJ) = 0} = 17 F(5) ~ f(6)7

and

236



Y g aki=1y <00 P-as., (2.2.17)
t>0

/'yf‘sht(zt_,zt_)th < oo P-as. (2218)
0

Then
vfzt —0 as t— oo P-as.

for all 0 < § < d0/2, 0<dg <1.

Proof. Recall the stochastic version of the Kronecker lemma (see, e.g., [25, Chap. 2, Sec. 6]):

Kronecker lemma. Suppose that X = (X;)i>0 is s semimartingale and L = (L¢)¢>0 s a predictable
increasing process. Then

{Loo = 00} N{Y =1 C {% - 0} P-as.,

where Y = (1+ L)~ - X.
We set

(1+L)" =T?, X, = / (TO) " signey (B dG.

Then it follows from condition (1) that L is an increasing process with L., = oo P-a.s. and

A={TY =0}n { / TOTO) "t signe (B2 dGs — }
0

{1 Q) / ~!signeg(B)y2dGs — 0} C {1z — 0},

0

where the latter inequality follows from the relation T®) ~ T'(®) and Eq. (2.2.16).
At the same time, from Eq. (2.2.15) and the well-known fact that if M € M2, then {{(M)o <
oo} C{M —} (see, e.g., [25]), we have

t>0

{fc(g) = O} N { ZI{Bt(zt—)AKtzl} < oo} N { /735ht(zt_,zt_)th < OO} C A.
0

Now the result follows from Eqgs. (2.2.17) and (2.2.18). O

Now we establish some simple results, which are useful for verifying condition (1) of Proposi-
tion 2.2.2.
By the definition of €/(B),
el(B) =" [J(1+ ABy)

s<t

'yfexp<5o/t ;tl ( A%) )

and since
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we obtain

t
. p 1+ AB;
ﬁ)_em<B-+ﬁ/’y+§: | A%’>::wp<—/iMK@0, (2.2.19)
0

s<t s )

where D; = 1/ and

0 — Pslzs)vs _ s 1+ AB,|
C; —0/<{ 5}I{A'ys =0} — Are log (1_%)5 Iiaqy, 20y | ds. (2.2.20)

9s

Integrating by parts
d(D¢Cyt) = DdCy + Cy—_dDy

d (i) _ _L d%
i Y-
we obtain from Eq. (2.2.19) that
¢
o 1 dy,
Fgé) :exp<—L—/C’§6)—i>.
M Vs— Vs
0
T = T, (2.2.21)

t t
- o+ @ Lo
: Vs— Vs Yt , Vs— Vs

The following proposition is an immediate consequence of Eq. (2.2.21).

and using the relation

Therefore,

where

2.2.3. Proposition. Suppose that for each §, 0 < 0 < §p/2, 0 < 09 < 1, the following conditions
hold:

(a) There exist random constants C(8) and C(8) such that

c®
—oo<Q(5)<T<C(5)<oo

eventually, where C) [~ = (Ct((;)/%)tzo-

i C()
(b) /[—] @<oo P-as.
Yi— Tt

% C(é) +
(c) / [L] o =00 P-as.
5 Yi— Tt

Then T'®) ~TO) for each §, 0 < & < 8y/2.

2.2.4. Corollary. Suppose that
d0/2 0
<C(O/) <Q<U(O)<oo
v Y
eventually, where C(0) is some random constant and the processes C%/?) and C©) are defined in
Eq. (2.2.20) for 6 = dp/2 and 6 = 0, respectively.
Then T'®) ~ TO) for each §, 0 < 6 < 8p/2, 0 < &y < 1.
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This result follows since, as is easy to verify,
0
o <o < and ¢ - > (50 - 5) Y

for each 9§, 0 < 0 < dp/2, which yields

5o )
E -0 < T < C( )
and )7+ ()7
[C—] @ -4 and [C—} =0
g 2 Y
eventually.

We now formulate the main result of this approach, which is an immediate consequence of Propo-
sitions 2.2.2 and 2.2.3.

2.2.2. Theorem. Suppose that conditions (2.2.17), (2.2.18), and the conditions of Proposition 2.2.3
hold for all §, 0 < § < 00/2, 0 < 69 < 1. Then P-a.s.,

*yfzt—>0 as t— oo

for all §, 0 <6 < 0p/2, 0 < dp < 1.

Consider the following two cases in more detail: (1) all the processes under consideration are
continuous; (2) the discrete time case. In addition assume that M (t,u) = M(t) for all u € R, ¢ > 0.

In the case of continuous processes, conditions (2.2.7) and (2.2.8) are trivially satisfied, the condition
(2.2.6) takes the form

/[5 ’Wt (e )] %<oo P-as., (2.2.22)
t
0

and also
{(2.2.22) for 0 =20p/2} = {(2.2.22) forall §, 0<d < dy/2}.
Further, since

c® 1 [ B
t___/¥d75_52_5’
Vi 9s

Ve

conditions (a)—(c) of Proposition 2.2.3 can be simplified to the following conditions:

¢
1 S S S
<_/ﬂ@%vmg
Yt 4 9s t>0
is eventually bounded.

/[ /5523% 5—6] @<oo P-a.s.
Tt Tt

%
i
(c)) /[l/wd%—é] ﬂ:oo P-a.s.
0 K

(a’) The process

t
(d0/2)
(bc’) L = (i / Bsl2s )75 drys — %) > 0, eventually,
Js >0
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then (b) and (¢’) hold for each §, 0 < § < dp/2.
In the discrete-time case, we additionally assume that

2
Z (ﬂ> <oo and Z(ﬂt(zt—l))z < oo P-as. (2.2.23)

>0 \ Tt >0

Then the conditions of Corollary 2.2.3 are trivially satisfied. Hence conditions (2.2.3) and (2.2.14)
are equivalent and can be written as

+
Z |:5 . Vtﬂt(ztl)] A’Yt < 00 P-a‘s,, (2.2.24)
>0 gt VMt

and also
{(2.2.24) for 0 =100p/2} = {(2.2.24) forall 4§, 0<9<dp/2}.

Note that the inverse implication “<” does not hold in general (see Example 2.2.3).
It is not difficult to verify that (a), (b), and (c¢) are equivalent to (), (b), and (¢) defined as follows.

(&) The process
< Zﬁs Rs— 1 )
>0

Tt s<t

is eventually bounded.

=~ Ay
(b) Z{ Zﬁs Zs-1) ] — < oo P-as.
>1 N1 Tt
Ay
() [ Bs(zs—1) ] —— =o0 P-as.
7:221 Ye—1 SZQ Ve

Also, if (a) holds and
(EC) ( Zﬁs Zs—1) ) > 0g/2 eventually,
>0

s<t
then (b) and (€ ) hold for each 4, 0 < < dp/2.
Hence {(a), (bc)} = {(a), (b), (€) for all §, 0 < § < dy/2}. However, the inverse implication is not
true (see Examples 2.2.3 and 2.2.4).
Note that the conditions imposed on the martingale part of Eq. (2.1.1) in Theorems 2.2.1 (see
Eq. (2.2.4)) and 2.2.2 (see Eq. (2.2.18)) are identical. Therefore, assume that these conditions hold in
all the examples given below.

2.2.1. Example. This example illustrates that Eq. (2.2.22) holds whereas (a’) is violated.
Let
Ki=v=t+1 and By(u) = (t+1)"1/2T),
where 0 < oo < 1/2.
Substituting Ky, ¢, B on the left-hand side of Eq. (2.2.22), we obtain

it [ dt
(t+ 1)~ 1)) " /5—t 1)/t
/ + E+ D] g = [ -+ )
0 0
Since ([0 — (t + 1)/279]");50 = 0 eventually, the condition (2.2.22) holds.
Conditions (a’) does not hold, since
¢
]' S S —
_/ﬂ(z)’y /s+11/2 s o (t+1)/*7* S 00 as t — 0.
Tt 0 gs 9
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Note that conditions (b") and (¢’) are satisfied.
Note that although Eq. (2.2.22) holds for all §, 6 > 0, if, e.g.,

dt
(t + 1)3/2Fa

conditions (2.2.4) only holds for ¢ satisfying 0 < 0 < dp = 1/2 + a.

(M), =

2.2.2. Example. In this example, conditions (&) and (bc) hold for & = 1, while Eq. (2.2.24) fails
for some §, 0 < 6 < 1/2 = dp/2.
Consider the discrete-time model with K; = v, = ¢, B;(u) = 5 and

1/24+a if t isodd,
Beye = .
1/2 —b otherwise,

where 0 < b < 1/2 < a. Then, since

1 1 1 azb if t=2%k k=12,... 1
—4a>— =+ 9 b ’ " > =
2 %;ﬁsvs 2 {’“(gk?ﬁ“ if t=2k+1, k=1,2,... 2

conditions (&) and (bc) hold for 6 = 1.
It is easy to verify that if 1/2 —b < ¢ < 1/2, then

Z[‘S - 5t%]+% = Z [5 - % + b} ' %I{t is even} = OO
t>1 t>1
which implies that Eq. (2.2.24) does not hold for all § with 1/2 <b<d < 1/2.
2.2.3. Example. In this discrete-time example, 5o = 1 and
{(2.2.24) forall ¢, 0<d<1/2} A {(2.2.24) for §=1/2}.
Suppose that Ky = v = t, fi(u) = (¢ and
1 1 *
=5 )
Then for 0 < 6 < 1/2 and large ¢,

[6 — BT =0,
and it follows that

Z[d - ﬁt'yt]Jr% < 00.

t>1
But, for 6 = 1/2,

1 1 1
Z [5 - 5t7t] n > Z 7tlog(t 1) Tog(t+1)>13 = 0.
t>1 t>1
Also, note that by the Toeplitz lemma,
1 1 1 1 T
- = - — t .
tzﬁs% tZ[Q ]og(s—f—l)] T2 ot

s<t s<t

Therefore, for all 6, 0 < § < 1/2, conditions (a), (b) and (¢) hold, whereas (bc) does not.
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2.2.4. Example. This is a discrete time example illustrating that Eq. (2.2.24) holds for § = 1/2

(hence for all 0 < § < 1/2) and for all §, 0 < § < 1/2, conditions (&), (b) and (¢), hold whereas (bc)
does not.
Suppose that Ky = v = t, Bi(u) = B, and for ¢t > 0,
1 1
Bive = 5 - ; .
Then for § = 1/2, condition (2.2.24) follows, since
1 1 1
Z [5_@5%] Z:ZLE < 0.
t>2
It remains to note that ! ]
7 Z Bsys 1
s<t
by the Toeplitz lemma.

2.2.5. Example. Here, we drop the “traditional” assumptions

> <ﬂ>2 <oo and Y (Bi(z-1))* <oo P-as.

>0 \ Tt >0

and give an example where the conditions of Theorems 2.2.1 and 2.2.2 are satisfied.
Suppose that K; =t and the process v and (u) = [ are defined as follows: v; = 1,

Zq 1—q) where ¢ > 1,
and A
o
ﬁt = ’Yt )
5 Yt
where o = ¢/(¢ — 1) and 3, 3 > 1, are some constants satisfying (1 — 1/a)'/? > 1 —1/. In this case,
Ay
— > — a8 t—
Tt «
and A
G AKy = e 1 — =<1 as t— oo.

5 Tt 6

Therefore, the conditions of Corollary 2.2.3 hold, and it follows that conditions (2.2.3) and (2.2.14)
are equivalent.

To verify Eq. (2.2.14), note that for all 0 < 6§ < 1/2,

+
A\
> [1 — Bi(z-)AKy — <1 - ﬂ) ] L3, (2o ) aki<1y
>0 Tt
+
A’}/ 1/2
< Z !1 — Bi(z-)AK; — (1 - Tt) Lig, (2o Ak <1}
>0
+
1 qt 1 qt 1/2
- [1 Thd—1 <1 Cag—1 lgnaristy:
>0

But since
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we have

1 g 1 g 1/2+_
3 (-2 -
)

)

1 ) 1 11— Bs(zs—1)| s
—C) = —-— A~ lo — a,
t t Z 7 g (1 _ %)5 A’Ys

for large ¢t. Hence Eq. (2.2.
To verify conditions (a),

where

1-1/8
— >0,

= 1/a)

which implies (a), (b), and (c).

2.3. Asymptotic expansion. In Sec. 2.1, we have derived the representation

L
Xtet = —t + Rt, (231)
(L)

where all objects are defined there.
Throughout this section, we assume that

(L)oo = 00 P-as.

and there exists a predictable increasing process v = (7¢)r>0 such that 9 = 1, 700 = 0o P-a.s., the
process y/~_ is eventually bounded, and

v~ T2(L)~h
In this section, assuming that 70z — 0 P-a.s. for all 0 < § < 6y/2 (for some 0 < §y < 1), we

establish sufficient conditions for the convergence Ry L 0ast— .
Consider the following conditions:

(d) There exists a nonrandom increasing process (((L))¢)+>0 such that

d
—( as t— oo,

d e . .
where — denotes the convergence in distribution and ¢ > 0 is some random variable.

(e) Zl{ﬁtAKt=1} < oo P-as.
t>0

(f) There exists e, 1/2 — 0p/2 < € < 1/2, such that

¢
1
T / 1Bs — Bs(zs—)|75_(L)sdKs — 0 as t— oo P-as.
0

t
1
(g) m /Fg(hs(38—7 Zs—) - QhS(ZS—v 0) + hS(O’ 0))dKS E’ 0 as 1— oo
t
0

2.3.1. Theorem. Suppose that 4z — 0 P-a.s. for all 5,0 < § < 6p/2 (0 < &g < 1), and conditions
(d)—(g) are satisfied. Then

Rtio as t— oo.
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Proof. Recall from Sec. 2.1 that

1 .
Ri=——z2+RY+R?+R®

172
(L)’
where
m___1
Ry =——g5 erzs—f{ﬁsAKszl}a
<L>t s<t
t
1
R — e /Fs(ﬂs—ﬂs(zs_))zs_sz,
(L
t
RY = L [r, M (ds,0
t I 1/2 S( ( S’ZS*)_ ( = ))
(L) )
Since (L); — oo, we have zo/(L>t1/2 — 0 as t — oo. Further, it follows from (e) that the process

(Is,aK,=1})t>0 = 0 eventually, and, therefore, Rgl) — 0 ast— oco.

Since the process 7/v_ is bounded eventually and %1 / Q_Ezt — 0 as t — oo P-a.s., we obtain that
the process v'/2~¢z_ is bounded eventually for each e, 1/2 — 8y/2 < & < 1/2. Also, [T|(L)~1/2 ~ 41/2,
Therefore, it follows that there exists an eventually bounded positive process 17 = (1;)¢>0 such that

t

1
RO < — 1016 = Azl oK,
DRer,
1 dK L
= — o [ = B i@ = — o [ Duacs,
i YT
where
1 t
Di= e = [0 AL

(L), J

Using the formulas d(D;Cy) = DdC; + Cy_dD; we obtain
1 1 /
R(Q) < —CE——/CECZL ;1/2 )
’ t ‘_<<L>t t <L>tl/20 ( >

Cypy 1Ay,
A = P

It is easy to verify that

and
t

(2)) 1 € 1 / 1 e 1/2
‘Rt |— <L>t Ct + <L>t1/2 J <L>37cs—d<L>s .

Now, from the condition (f) and the Toeplitz lemma, R?) — 0 P-a.s.
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To prove the convergence Rg‘g) — 0 note that by condition (d), it suffices to consider the case where

(L)¢ is nonrandom. Denote
t

[ v (s, 20— M(as,0)).
0
Using the Lenglart—Rebolledo inequality (see, e.g., [25, Chap. 1, Sec. 9] and [22]), we obtain

Ny

PYULY; N, > a} = PUL);'NE > a?} = P{N? — (Lye > (a? — £)(L.}
b
= @

for any @ > 0, b > 0 and 0 < € < a?. Now, the result follows, since (L), = 0o P-a.s. and

+ P{{N)i — (L) > b}

t
1 1 P
— (N)y = — 1“§ hs(zs—, zs—) — 2hs(z5—,0) + hs(0,0))dKs — 0 as t — oo.
@#>t<MJ (halzems20-) = 2ha(20-,0) + B (0,0)
The theorem is proved. O

2.3.1. Remark. Suppose that P-a.s.,
B o Ko = 00, %gg Biliar, 20y > 0, ilzlg BtAK I Ak, 40y < 2.

Then, as is easy to see, |['| is an increasing process with [['w| = co P-a.s..

2.3.2. Remark. (1) Condition (f) can be replaced by the following one: (f') there exists ¢ >
(1 —80)/d0 such that

t
1
W/WS—BS(ZS)HZS|_E<L>des—>0 as t— oo P-as.
t
0

(2) It follows from Eq. (2.3.1) that under the conditions of Theorem 2.3.1, the asymptotic behavior
of the normalized process (x¢2¢)i>0 coincides with the asymptotic behavior of (L;/(L)¢)i>0 as
t — oo.
(3) Assume that the first two conditions in Remark 2.3.1 hold, and, moreover,
sup ﬁtAKtI{AKHEO} <1 P-as.
>0
In this case, (5, = Bilig.ar,21y = B, I' = e71(—Bo K) is a positive increasing process, I'; T co
P-a.s. as t — oo, and if we suppose that I' ~ (L), then taking v = (L), we obtain

vy THL) LT

and under the conditions of Theorem 2.3.1,

L
I‘tl/2zt:<>—i/2+Rt, Rtg() as t— oo.
L),

Note that for the recursive parametric estimation procedures in the discrete time case, [?(L)~! =T
(see [39]).

2.3.1. Example. The RM stochastic approximation procedure with slowly varying gains (see [31]).
Consider the SDE
aR(z) a

) K, +—2 am,.
O A F A T

dZt:—
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Here, K = (K})t>0 is a continuous increasing nonrandom function with Koo = 00, 1/2 < r < 1,
0<a<l m=(m)so € ML .(P), dim) = 0?dK;, and 0} — 0> >0 as t — oo and the nonrandom
regression function R satisfies the following conditions:

R(0)=0, uR(u)>0 if uw#0,

for each e >0, inf wR(u) >0, and
€<|u|<%

R(u) = fu+wv(u) with v(u)=0(?) as u— 0.

In our notation,

af aR(u)
=———— and _
be 1+ K) Pulw) = u(l+ Kp)
It follows from Theorem 1.2.1 that z; — 0 P-a.s. as t — oo.
From Sec. 2.1, it follows that
L
Xtz = —i/2 + Ry
(L)
with Ty = &, ' (=30 K),
¢
@
L,=|T d (L
t /8(1+Ks) Ms, (L),
0
and
. ¢
z
Rt - 1/2 /FS(/BS ﬁS(ZS ))zs dK + 01/2
(L ()
On can verify that
20
(14 EK)7"xi — o2
as t — oo. Since
BTN
(L) o
it follows that if the convergence R; Lo holds, we have
9w aoc?
(14 K2 SN (0, %> . (2.3.2)
It remains to prove that R; L 0ast — co. Let us first prove that if 1/2 < r < 1, then P-a.s.,
1
(1+K)®z —0 forall §<1-— o (2.3.3)
r

It is easy to verify that

2rd
2ré _ -1
14+ Kp)™° =¢ < (1—|—K)OK>'

Therefore, conditions (2.2.3) and (2.2.4) of Theorem 2.2.1 can be rewritten as

T 26 2a3 2aw(zt) yr
. dK; < P-as. 2.3.4
/[1+Kt A+ K 20t K) £ 00 fmas (2.3.4)
0
and

T 5 a202

/ + Ky 1+Kt) dK; < 0o P-as. (2.3.5)

0
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Condition (2.3.4) holds since

[ 2rd 2a8 20v(z) 1T _o

(1+ Ky) B (1+ Ky)r - 2t (1 + Ky)"

eventually. Condition (2.3.5) is satisfied, since 2r—2rd > 1if § < 1—1/(2r). Therefore, Theorem 2.2.1
yields Eq. (2.3.3). Conditions (d) and (e) of Theorem 2.3.1 are trivially fulfilled. To verify (f), note
that from the Kronecker lemma, it suffices to verify that

[e.9]

/Wt — Bi(z)|7idKy < o0 P-aus.
0

for some € with 1/2 —6p/2 < e < 1/2 do=2—1/r. Foreach §,0 <6 < 69/2=1—1/(2r), we have

!ﬁt Br(2t) i dKy = | )| |2e|vg (1L + Ky) " dK, <§ (14 Ky) @094k,
‘2

for some random variables &. Therefore, it follows that if there exists a triple (r,d,¢) satisfying the
inequalities

1 1

§<r<1, 0<5<§, e>0, r(l+d—¢)>1,

11 1 1
- = 1——,
2~ gy 0<lTgn

then Eq. (2.3.2) holds. It is easy to verify that such a triple exists only for » > 4/5. Therefore, it
follows that Eq. (2.3.2) holds for r > 4/5.

3. The Polyak Weighted Averaging Procedure
3.1. Preliminaries. Consider the RM type SDE

t
zt:z0+/Hs zs) dK —i—/f zs) dms, (3.1.1)
0

where

(1) {Hi(u), t >0, u € R} is a random field described in Sec. 0;
(2) {M(t,u), t >0, u € R'} is a random field such that

M (u) = (M(t,u)e=0 € Mg (P)

for each v € R and M(t,u) fﬁ )dms, where m = (my);>0 € MZ°(P), M(-,0) # 0;

loc

l(u) = (¢¢(u))e>0 is a predictable process for each u € R!. Denote /5 := £5(0).
(3) K = (Kt)¢>0 is a continuous increasing process.

Suppose that this equation has a unique strong solution z = (z¢):>0 defined on the whole time
interval [0, 00) such that

(M(1)) 150 = ( / (=) dm) € MZL(P).
/ >

In Sec. 1 we have established the conditions that guarantee the convergence

zz—0, as t—oo P-as. (3.1.2)
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In Sec. 2, assuming (3.1.2), we have stated the conditions under which the following property of
z = (z¢)1>0 holds:
(a) for each §, 0 < 0 < dp, 0 < §p < 1,

'yfzf —0 as t— o0 P-as.,
where v = (y¢)+>0 is a predictable increasing process with 79 = 1, oo = 00 P-a.s.
Furthermore, assuming that z = (z;);>¢ has property (a) with the process v = (y¢)¢>0, equivalent
2 —1
to the process T?(L) ™! = (T7(L); V>0 (i.e., tlim % =771,0 <7 < 00), in Sec. 2, we have found
> L
the conditions under which the asymptotic expansion

Ly
T (L)%, =
t (L),

+ Ry, (3.1.3)

where Ry L oast— 00, holds.
Here, the objects 7, L, and (L); are defined as follows:

t
Ft:5t(/BOK> = eXp( /Bdes>v
/

¢
where 5 = —H{(0), Ly = [T'sls(0)dms, and (L) is the shifted square characteristics of L, i.e.,
0

¢
(LYe = 14 (L)}, where (L)1 = [T202dK,.
0
Now let us consider the following weighted averaging procedure:

t

/zs des(go K), (3.1.4)

0

1

= Et(gOK)

where g = (g¢)1>0 is a predictable process, g > 0 for all ¢ > 0, P-a.s.,

t t 00

ey =¢e¢(go K) = exp /gdeS , /gdes<oo, t>0, /gdes:oo P-a.s.
0 0 0

The aim of this section is to study the asymptotic properties of the process Z = (Z¢)r>0 as t — oo.
First it should be noted that if z; — 0 as t — oo P-a.s., then by the Toeplitz lemma (see, e.g., [25]),
it immediately follows that

zZt—0 as t—00 P —a.s.
In Sec. 3.2 we establish the asymptotic distribution of the process Z in the ”linear” case where
Hi(u) = —fru, M(t,u) = M(t) = jﬁs dmg with deterministic g, 3, ¢, and K, and d(m); = dK;.
The general case, i.e., when the (E)rocess z in (3.1.4) is a strong solution of SDE (3.1.1), is considered
in Sec. 3.3.
3.2. Asymptotic properties of Z. “Linear” case. In this section, we consider the “linear” case

where the SDE (3.1.1) is of the form
dzy = — Gz AKy + by dmy, 20, (3.2.1)
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where K = (K});>0 is a deterministic increasing function, 8 = (8;)>0, and £ = (¢;)¢>0 are deterministic
functions, G; > 0 for all ¢ > 0,

[e%9) t )
/ﬁdes = 0, /ﬁdes <oco Yt>0, /egsz < 0.
0 0 0

Define the following objects:

t ¢
Ft:exp</ﬂ5sz>, Lt:/Fsﬁsdms, t> 0.
0 0

-1

Under the above conditions, we have I's, = oo, I'2 (L)3

Kronecker lemma (see, e.g., [25]) yields

= oco. Indeed, the application of the

t

1
I72(L) = = /rgeg dKs — 0 as t— oo,

"

o
since [ (2 dK, < oo.
0
Solving Eq. (3.2.1), we obtain
t
2= Ftl{zo + /FSES dms}, t>0. (3.2.2)

From (3.2.2) and CLT for continuous martingales (see, e.g., [25]), it directly follows that

zz— 0 as t— oo, (3.2.3)

TUL); 2% S ¢ as t— oo, (3.2.4)
where “%” denotes the convergence in distribution and £ is a standard normal random variable
(& € N(0,1)).

Now let Z = (Z;) be an averaged process defined by (3.1.4) with the deterministic function g =
(g9t)t>0,

o0 t
/gtth = 00, /gdes <oo Vt>0.
0 0

Denote

t t
B; = /Psldgs, B, = /(Bt — By)?%d(L)s, e =ei(goK).
0 0

3.2.1. Proposition. Suppose that (L)~ = 00, (L) 0 Bs, = 00, and Boo = c0. Then
el V2, 4 as t—oo, €€ N(0,1), (3.2.5)

Proof. Substituting (3.2.2) in (3.1.4) and integrating by parts, we obtain

t
B
7, = Z[; t +5;1/(Bt — B,)dL,
t
0
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Hence

t
e.B; %2, = 2B,/ (By)Y? + (B,) Y2 /(Bt — By)dLy = I} + I (3.2.6)
0
First, we show that

It is easy to verify that

B, = O/(Bt — By)%d(L) = 20/ </<L)u dBu> dB;. (3.2.7)

Rewrite (I})? in the form

t s -1
2/33 /(L)udBu dBs
0 0

(1})? =B{(B)" = B,

Since Eoo = 00, applying the Toeplitz lemma, we obtain

lim (I})? = lim

By
t—o00 t—oo t '
/ (L), dBy,
0

oo
Furthermore, as [ (L), dB, = oo, applying the Toeplitz lemma once again, we obtain
0

/ (L)L) dB,
By 0

0/ (L) dB,

= lim
t—o00

lim
t—o00

It remains to show that
Ifié as t—o0, £€N(0,1).

For any sequence t,, — oo as n — oo, we define the sequence of martingales as follows:

/(Btn - Bs) dLg
M"™(u) = tno 70 we0,1].
/ (Bi, — BJ)d(L),

0

Obviously, (M™); =1 for each n > 1, and from the CLT for continuous martingales, we have
M”(l)z]fn ig as n—oo, £€N(0,1).
The proposition is proved. O
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3.2.1. Remark. Note that aooB ? = . Indeed, by the Toeplitz lemma,

t
N / / (L)ydB, | T e 1de? .
0

. By 0 -1
t]irélo g B tEI& €t2 t—)OO tht / dgs
0
t t
= — < — =
tlgrolo Te, (L)sI'y“Tgdes < lggo - /<L5>Fs des =0,
0 0
since e, = 00 and (L)oo ['2 = 0.
Now let us define the process 5§a) = gt(g(a) o K) as follows: let (a¢)t>0 be a function, o > 0 for all
t > 0, and let tlim ar = a, 0 < a < co. Define () by the relation
—00
t
el =14 /asﬂs<L);1F§dK8. (3.2.8)
0
Note that
(L) 'y 25§a)gta)/ﬂt = og. (3.2.9)
Indeed, it is easily seen that if
t
et(y) =1+ /SOSdK&
0
then
_ Pt
Ve = e(p oK)
Hence, if £;(g\® o K) = Ega) then
g = uBu( L)y T /=1,
and (3.2.9) follows.
It should be also noted that for each (ay)i>¢ with tlim o = a,
= —00
t
= 112
tligloT + [ afs(L); TidK, = 1.
0
3.2.2. Proposition. Let z(® = (Ega))tzo be the averaged process corresponding to the averaging
process €@ (see (3.1.4)), i.e.,
¢
1
= w / ZSdE O
€
0

Then

¢ 1/2
(1+/BS<L>;1F§sz> zZY L V2e as t—oo, £eN(0,1).
0
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Proof. By virtue of Proposition 3.2.1, it suffices to show that
o

— —2 as t— oo, (3.2.10)
(=B
where
t t
B = [t B = [ (B - B,
0 0
We have
, e , a§1> §§“) 1 B
e 5@ ! RO fim @
t—o00 (Et )2(Bt )—1 tﬂoo at—>oo
t S
2 / / (L)dB® | 171 de(® ,
1 1
= = lim —2 ¢ ~ 2 gim L / (L)sdB\®).
« t—o0 61(50[) o t—oo Iy J

Now, applying relation (3.2.9) and the Toeplitz lemma, we obtain

1
im — (@) — lim — 1ge(@)
th—glo Iy /<L>sdB5 th—glo I /< ) d
1 t (a) 1 t
= | —_— -2 (a)gs = — =
tli>IIolo T, /<L>SF5 €s 34 [sBsdKs = llglo T, /asdrs Q.

3.2.1. Corollary. Let v = (v)1>0 be an increasing process such that yo = 1, Yoo = 00, and let

Ly;'r7
tlim (L Ti =51 as t— oo,
—00 ’}/t

where 4 is a constant, 0 <7 < oo. Then

1) 72 L AV2 ¢ as t — oo;
t 1/2
2) 1+/%6de3 0 4 = a5t oo

0
(3) if vsBs = 1 eventually, then (1 + K, )1/2 —/27& ast — o0, £ € N(0,1).

3.2.2. Remark. (1) Let
B
7= (W0 = (g—;)
t/t>0

be an increasing process, Yo = 1, Yoo = 00, dy < dK. Then v can be represented as a solution of the
SDE dy: = 4 \d Ky, 0 = 1, with some A = (A¢)>0.
Assume that \; — 0 as t — oo and \;/f; — 0 as t — oo. Then

L);7'r2
hm < >t t

= 2.
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Indeed,
(L) 'Te _ Tiy!
v oo (L)
and integration by parts and the application of the Toeplitz lemma yield

t

/r255751dK / 2y Py AdK
(L);]'T?

Y <L>t

t t
1 As 1 /As
=2 — — d{L)g =2 — —— —d(L)s —2 as t— oo.
<>t0/vs€§ ) @i 5.1

in the above Corollary 3.2.1, then all the assertions hold with

Y
Ve ega Y 2

_ B

Thus, if we set v = @

(2) Let ¢; = o3, where (3 is a decreasing function, 3; — 0 as t — oo, df; = —3;dKy, and (] > 0.
Then, if
Bi/B; =0 as t— oo,
we have

lim (L), 'T26; = 202

t—o0
From Proposition 3.2.2, it immediately follows that

(1+ Kt)1/23§a) L \V2oE as t— oo

3.2.3. Remark Summarizing the above statements, we conclude that: as t — oo,
(a) ()22 5 V2g;

(e
) () 1/““ L2

(© ()2 5 V2

(@ o0V
where £ € N(0,1).
3.2.1. Example. Standard “linear” procedure.

— -1 p _ -1 2/7\—1 _ 2a8-1

Let By = afB(1+K¢) ™, by = ao(1+K¢) ™, af > 0,and let 2a3 > 1. Then I'; (L), " = “ 55 (1+K3).

Hence, from (3.2.4) it follows that

14+ K2 & 27 t e N(0,1).
( + t) Zt_)Wg as — 00, g (7 )
On the other hand,
2 2
el =1 P20 VdK, =1+ ——~ 7 K,
+//Bs +ﬁ(20¢ﬁ—1> ts

and it follows from Proposition 3.2.2 that if we define

t t

(1) 1 _ 1

t :T/ de(l) Zy = 1+Kt/zdes,
S0 0
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then

2c
1 1/2-(1) d o> R
(1+ Ky)'/°z o 5(2aﬁ—1)£ as t— o0,
2a
1+ K)V%z, 4 YT S —— — N(0,1).
1+ Ky)'z — 0o ﬂ(2a,6—1)§ as t—o0, £e€N(0,1)

Hence the rate of convergence is the same, but the asymptotic variance of the averaged procedure z
is smaller than that of the initial one.

3.2.2. Example. “Linear” procedure with slowly varying gains.

Let By = af(1 4+ Ky)™", by = ac(1 + K¢)™", a8 > 0, % < r < 1. Then the process v = (y)t>0
defined in Remark 3.2.2 is v = %(1 + K", dye = 7"5 z(1+ Ky)" 1—1%({ Hence \; = CCf‘ﬁg(l + Kt
and A\¢/B; — 0 as t — oo. From Remark 3.2.2, it follows that

r2(r); !
hm t < >t
t—o0 ’yt

=2, (3.2.11)
and from (3.2.4), we have

(1+Kt)r/2zti>a1/%§ as t— o0, &€ N(0,1).

On the other hand,

. I3 (L
a§1>—1+/ﬂsr2 1dK—1+/65% dK—1+ﬁ/7< )l ik,

Vs
0

Hence, taking into the account (3.2.11), by the Toeplitz lemma, we have

1
65) BQ as t— oo
1+Kt 0'2 '

Therefore, from Remark 3.2.3 (c), we obtain
1+ K2z 4 ;,5 as t—oo, £€N(0,1).

and
1+ K,z % %g as t— oo, £€N(0,1).
Note that if a8 > 2, then the asymptotic variance of Z is smaller than that of the initial one.

3.2.3. Example. Let §5; = (1 4+ t)_(lJra), where « is a constant, 0 < a < %, 2 =q( —i—t)_(%“‘).

If we take v = ﬁt/EQ = (1+¢)~Groa + t)§+a =14+t dy = 'thJlrtdt then \; = (1 +¢)7!
B_t =(1+¢)7'1(1 +t) =(1+t)*" 2 — 0 as t — oo. Therefore, from Remark 3.2. 2 (1) it follows that
2
lim L (L) =2,
t—oo 14+t

and from Corollary 3.2.1 (1), we have
1
(141)2% < \/;5 as t—o0, &€ N(0,1).
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Now, if we define

t t
L 1
6§1):1+/ﬁ<>1F2ds—1+/ﬁsfys d8_1+/1+5__a (D) ds,
0 0 7
then egl)/(l +1)3/27 +—, and from Corollary 3.2.1(2), we obtain
1 3/2—a=(1) N(0.1).
(1+1) Z — 3o 2a£ as t—o0, &€ N(0,1)

In the last two examples, the rate of convergence of the averaged procedure is higher than that of
the initial one.

3.3. Asymptotic properties of Z. General case. In this section, we study the asymptotic
properties of the averaged process Z = (Z)¢>0 defined by (3.1.4), where z = (z;);>0 is the strong
solution of SDE (3.1.1).

In the sequel, we will need the following objects:

o e it w0,
Bt = —H,(0), ﬁt(w_{ﬁt if u=0,

t

Ft = 8,5(5 (¢} K) = exp /,BdeS y Lt = /Fsﬂsdms, ft = Et(O), d<m>t = th
0

Assume that processes K, 3, and ¢ are deterministic. Rewrite Eq. (3.1.1) in terms of these objects:
dzy = —Prz2ed Ky + bdmy + (Bt — Be(2t)) 2ed Ky + (£e(zt) — L) dmy. (3.3.1)

Furthermore, formally solving the last equation as the linear one with respect to z, we obtain

t t
%:F;{%+Lf+/FﬁEmﬂ+/Fﬂ§ﬂ®} (3.3.2)
0 0
where
¢ ¢
'y = exp </ﬁs d53>, L= /sts dms, dRi(t) = (B —Be(2t)) 2ed Ky,  dRa(t) = (€(z) — ) dmy.
0 0

Now we consider the following averaging procedure:
t

1
z=—/wm, (3.3.3)
€t
0

where
1
=g = 1+/r Vo 1B.dK,
0

i.e., it is defined by relation (3.2.8) with ay = 1.
In the sequel, it will be assumed that the functions 3, ¢, K, and g satisfy all the conditions imposed
on the corresponding functions in Propositions 3.2.1 and 3.2.2.

r
Let v = (7)¢>0 be an increasing function such that 9 = 1, 70 = 00, and hm —_— =%
t—o0 ’yt
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3.3.1. Theorem. Suppose that vfzf —0ast— oo forall §, 0 < § < dg, 0 < dg < 1. Assume that

the following conditions are satisfied:
(1) there exists §, 0 < § < 0o/2 such that

[e.o]

/5;1/2’7;5‘,815(2’15) — ﬁt‘th < o0 P—a.s.;
0
(i) <<]LV>>t 0 as t — oo, where
t
¢
N; = /I‘s(ﬁs(zs) — €s)dms.
0
Then

52/2Eti V2€ as t— o0, €€ N(0,1).

Proof. Substituting (3.3.2) in (3.3.3), we obtain

t
zoB 1
7 =22+ = [ LdB,+R!+R2,
Et Et

where
S

t
// <Lud§i(u)> dB,, i=1,2,
0 0
and dB; =T'y 1d€t.

Integration of the second term in (3.3.4) by parts results in

R} =

L=

t

B 1
7, = 207 +—/(Bt—BS)dLS+Rt1+Rt2.
Et Et
0
Denoting B; = f(f(Bt — By)?d(L)s, we have
S>—1/ Bt fot(Bt - BS)dLS Rtl R?

2_
EtBt Zt = Z

— + — + — 4+ — .
O (B2 (B (B2 (By)L/2

(3.3.4)

(3.3.5)

(3.3.6)

As is seen, the first two terms on the right-hand side of (3.3.6) coincide with those in (3.2.6), and
since by our assumption, the conditions of Propositions 3.2.1 and 3.2.2 are satisfied, taking into the

account (3.2.10) with o = 1, one can conclude that it suffices to show that
sz/QRf;gO as t—oo, 1=1,2.

Let us investigate the case i = 1:

t s t s
1 _ 1 _
e//’R} = 1—/2/ (/Fude(u)>st = 1—/2/ (/Fude(u)>Fsldes
13 g
0 0 t 0 0

S

(3.3.7)

t
2 = -
= E/ </FudR1(U))FS 15;/26152/2.
t

0 0

256



Since ¢y is an increasing process, €4, = 00, by virtue of the Toeplitz lemma, it suffices to show that

t

1 _
/Fstl(s) —0 as t— oo, P-as.

A =
Ft€1/2 /

For all §, 0 < § < 80/2, since ¥|2| — 0 as t — oo, we have

t t
1 1
A <y [ TulB = ezl < constlw) 7y [ Tar 18, = () K.
Pt &t FtEt
0 0
t

1 - _
= const(w) 73 / Tt/ ?e 29718y — Ba(2s)|dKs.
t&¢
0

Now the desired convergence A; — 0 as t — oo follows from condition (i) and the Kronecker lemma
applied to the last term of the previous inequalities.
Now let us consider the second term

S

t
1 _
e//?R? = P / (/ru(eu(zu) —eu)dmu>rsldas. (3.3.8)
0 0

Denoting N; = f ['s(ls(zs) — £s)dms and integrating by parts, from (3.3.8), we obtain

t

c1/2 1

/2p2 — T /(Bt—Bs)dNS.
0

Furthermore, for any sequence t,, t, — o0 as n — 00, let us consider the sequence of martingales

Y., u € [0,1], defined as follows:

thu tn
1 1
Vi = [B BN, (= [(B, - BRAN)..
£ tn
no 0

Now, if we show that (Y™); L oasn— 0o, then from the well-known fact that (Y"); Lo=

Yy Lo (see, e.g., [25]), we obtain Et/QRz 12 R? - 0ast— oo.

Thus, we need to show that

— 0 as n — oo, and hence ¢,

t
1
— /(Bt — B,)%d(N)s -0 as t—oo P-as.
&t

0

Using the relation
S

0/ (Bi— By2d(N), =2 0/ [z, ) as.

0
we need to show that
1 1
— [ (Bs — Bs)%d(N), = 2?/ /<N>udBu I ldey -0 as t— o0 (3.3.9)
t

€t
0 0 0
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Applying the Toeplitz lemma to (3.3.9), it suffices to show that

1

t
T /(N)Sst —0 as t—oo0 P-as. (3.3.10)
9
But
1 / 1 / 1 /
0 0 0

(recall that des = I'2(L);13:dK5).
Applying the Toeplitz lemma to (3.3.11) once again, we can see that (3.3.10) follows from condi-
tion (ii). O

vi(u)
u2 vt

3.3.1. Corollary. Let Hi(u) = —fu + vi(u), where, for each t € [0,00),

—0asu—0

P-a.s. Assume that the following condition holds:
(i') there exists §, 0 < § < do, such that

e}

/ 1/2% By |dEK; < 0.
0

Then condition (i) of Theorem 3.3.1 holds.

Proof. Since |B(u) — B¢ = \%“)L for §,0 <9 < %0, we have

[e.e] o

[l e = uars < [ <l 52 dars
0 0
o0 (o.¢]
< Const(w)/ 1/2%,25‘7% ) ’th < const(w )/ 1/2% 2| dK; < 0.
0 0
The corollary is proved. O

3.3.2. Corollary. Let y(u) — ¢, = wi(u), where, for each t € [0, 00),

’wt(u) —wt‘ —0 as u—0 P-as.
Assume that the following condition is satisfied:
(it") there exists §, 0 < & < &, such that

t

1
n /I‘g’y;‘s\wSPdS —0 as t— oo P-as.

0
Then condition (ii) of Theorem 3.3.1 is satisfied.

Proof. For all §, 0 < § < &g, we have

t

t t
es s _Es 2 —
(N), = /F?(Bs(zs) —0,)%dK, = /F§<L> 22dK, < const(w)/F?*ys O|ws|?ds,
0 0

Zs
0
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since 7927 — 0 as t — oo P-a.s., and
L 4
t(2t) t _wt‘ _ ‘Wt(z)t)

Finally, we can conclude that the assertion of Theorem 3.3.1 holds if we replace conditions (i) and (ii)
by (i') and (ii"), respectively. O

—wt‘—>0 as t— oo.
2t

3.3.1. Example. Averaging procedure for the RM stochastic approximation algorithm with slowly
varying gain.

Let Ht( ) = (1+OI‘() R(u), where 3 < r < 1, R(u) = —fBu + v(u), and v(u) = 0(u?) as u — 0,
b = w3y e B o? is deterministic, 0 — o2 ast — oo, and K = (K;) is a continuous increasing function
with Ko = oco. That is, we consider the following SDE:

t t
« ¢
= ———— R(zs) dK ———d
S +/ AT Ry ) dis + / T A
0 0

If r > ‘—51, then, according to Example 2.3.1,

| o2
(1+Kt)r/22ti> a;f as t— oo, &€ N(0,1),
1

and, moreover, for all §, 0 < § < %0, dp=2— 1
(1+K,)°% —0 as t—oo P-as.,

Thus, for the convergence

[ 2
(1—|—Kt)1/22ti> %5 as t— oo, &€ N(0,1),

it suffices to verify condition (') of Theorem 3.3.1, since condition (ii) is trivially satisfied.

In this example, the object vy(u) defined in Corollary 3.3.1 is
av(u)
(1+ Ky’

and for condition (i') of Corollary 3.3.1 to be satisfied, it sufficed to require the following: there exists
0,0 <0 < g, 50—2—;,suchthat

ve(u) =

t
/ (14 EK)Y?1 + K) ™1 + K;)"dK; < oo,
0

or, equivalently, there exists §, 0 < § < (50, 8o =r — L such that r(1+6) — 3 > 1.
It is not difficult to verify that if r > 2, then such a 0 exists.
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