Journal of Mathematical Sciences, Vol. 151, No. 4, 2008

ON THE CHARACTERISTIC LIE ALGEBRAS
FOR EQUATIONS u,, = f(u,uy)

A. V. Zhiber and R. D. Murtazina UDC 517.957

ABSTRACT. A new approach to classification of integrable nonlinear equations is proposed. The method is
based on description of the structure of the characteristic algebra. A basis of the characteristic algebra is
constructed for the sinh-Gordon equation.
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1. Introduction

The symmetry method is one of the ways to classify the integrable equations. This approach is very
effective for the evolutionary equations. However, the symmetry classification of hyperbolic equations
encounters serious technical difficulties even in the simplest situations (e.g., see [7,8]). Therefore effective
study of integrability for hyperbolic type systems requires another approach.

In the present paper, we solve the classification problem using the method based on the analysis of
structure of the characteristic Lie algebras. A notion of the characteristic Lie algebra has been introduced
in the paper [4] for hyperbolic type systems of the form

' i, 12 :
Uy, = fru,uyu"), =12, 0.

In [4] it is shown that the above system is exactly integrable in quadratures if the algebra is finite
dimensional, and the system is integrable by inverse scattering if the algebra admits a finite dimensional
representation.
An important classification result was obtained in the paper [5] for the exponential systems
u;y:exp(ailul—i—...—l—ainu”), i=1,2,...,n. (1)
It was proved that the characteristic Lie algebra for system (1) is finite dimensional if and only if A = (a;;)
is the Cartan matrix of a simple Lie algebra. Also, we note the papers [1,2,6], where the integrability was

analyzed using the characteristic Lie algebras and the method was applied to hyperbolic systems of form
koi=1,2,...,n. (2)

i ]
Ugy = C U Uy,

zy
In particular, it was shown that system (2) possesses two characteristic algebras rather than one, and
these algebras are “glued” to a unique Lie algebra using the zero curvature relations.

Recently the notion of characteristic Lie algebras has also been defined for discrete hyperbolic equa-

tions (see [3]).
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In this paper we consider the following nonlinear equations,

Ugy = f (s ug). (3)

We show that a list of integrable equations can be obtained using the characteristic Lie algebras.

Consider the following set of independent variables u, w1, w1, ug, U2, ..., Un, Un, --., Where u; = ug,
Uy = Uy, U2 = Ugg, U2 = Uyy, ... Let us define the z-characteristic Lie algebra A for equation (3). To
this end, we formulate the definition of a symmetry.
Definition 1. A function F' = F'(u,uy, U, ug, U, . - ., Up, Uy ) is a symmetry of equation (3) if F' satisfies
the determining relation

- of f
DDF = —DF + —
8U1 ou

where D (respectively, D) is the operator of total derivative with respect to z (respectively, y) by virtue
of Eq. (3). For example, we have

Z uk+1— + Z DFY( 8uk (4)

It is known (see [8]) that any symmetry F' of equation (3) can be represented in the form
F= @(Ul, Uz, . - - 7u7’b) + @(uaﬂla U,y - - 7ﬂn)7

where ¢ and @ are two symmetries of equation (3).
We denote by  the set of local analytic functions that depend on a finite number of variables from
the set u, uyi, us, ..., Uy, ..., that is,

S =

<(70 = @(U,Ul, uz, - . - 7un)7 n=12.. >
The operator D (see Eq. (4)) restricted onto this class of functions acts by the rule

.= 09 N et Oy
Dy =u;— D —.
=g, + ; (f(“))auk
Further, let X; and X5 be the vector fields defined through
0
DFY( Xo=—.
Z 8uk 27 Hu (5)
We note that
E:ﬂ1X2+X1. (6)

The z-characteristic Lie algebra for equation (3) is the algebra A generated by the elements X3
and Xo.

Let L,, be the linear space of commutators of length n — 1, n = 2, 3,.... For example, the space Lo
is the linear span of the vector fields X; and X5. The space L3 is generated by the element [X, Xs], etc.

Then we can represent the characteristic Lie algebra A in the form A = U L;. The y-characteristic Lie
=2
algebra A for equation (3) is defined similarly, A = U L;. ’
1=2

In this paper we analyze the dimensions of the spaces L,, and L,, with n,m = 3,4,5,6. We show that
the right-hand sides of equations (3) are completely determined if the growth of the dimensions is not
greater than one. The list of equations we obtain coincides with the known list of integrable equations.
We obtain a complete description of the characteristic Lie algebra for the sinh-Gordon equation, see
Theorem 1 in Sec. 3.
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2. The Klein—Gordon Equations
In this section, we consider the following equations:
Uy = [f(u). (7)

First we recall the result of the paper [7]. It was shown that nonlinear equation (7) which possesses
higher symmetries can be reduced to one of the following equations:

Ugy = e, (8)
Uy = sinu, (9)
Ugy = € + e 2", (10)

The total derivative operator D acts on the set of functions & by the rule

o a
D = E 1=
£ Ui+-1 us

The following statement is valid.
Lemma 1. Let Z be the vector field

Z=a1—+as—+az3—+..., a; =ao;(u, u, uo, ...), 1=1,2,3,....
18U1 28'&2 38”&3 7 7,( 1 2 )

Then [D, Z] =0 if and only if Z = 0.

Proof. We have

) ) . ) 0 |
D.Z] = [ D(ay)—— + D(ag)—— + D(ag)— +... | — - — —~ 4+...]=o0.
D, Z] < (al)aul+ (a2)8u2+ (O‘S)aU3+ ) <a1 - targ - tas 2+ ) 0

Hence we conclude that
a1 =0, D(a;)—as=0, D(ag)—a3=0,...
and thus a; =0 fort=1,2,3,.... U
Further, since D and D commute and in view of [D, D] = fXo + u1[D, Xa] + [D, X1] we arrive at
[D,X1] = —fX,, [D,Xs]=0. (11)

We note that the operators X; and X are linearly independent if f(u) # 0. Let X3 = [X2, X;]. Using
the Jacobi identity and Eq. (11), we obtain

(D, X3] = — fuXa. (12)

By definition, we set

n
Lo=JLi n=34....
i=2
Lemma 2. The dimension of the linear space L3 is equal to 2 if and only if

X3 —cX1 =0,
where ¢ = const. Thus the right-hand side of Eq. (7) acquires the form

Flw) = ae™,

where oo = const # 0.
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Proof. Assume that dim £3 = 2. Recall that
X3:fuaiu1+fuuulaiu2+-ua
and hence X3 = ¢(u)X;. Lemma 1 and formulas (11)—(12) yield
[D, X35 —cXi]| = —fuX2— D(c)X1 + cf Xy =0.
The above relation is equivalent to the following system of the equations:
fu—cf =0, D(c)=0.

Hence ¢ = const and f = ae™. O

This argument shows that the nonlinear equation (7) with the two-dimentional characteristic Lie

algebra A is reduced to the Liouville equation (8).
Assume that X, = [Xo, X3] and X5 = [X1, X3]. Using the Jacobi identity and (11), (12) we obtain

[D;Xll] = _fqu27 [D,X{,] = qu3 _fX4- (13)
Further on, we assume that the dimension of the linear space L3 is equal to 3. We claim that the
cases dim £, = 3 cannot be realized. Indeed, if dim £4 = 3, then
Xy=c1 X1+ X3 and X5=7c¢1X1+ X3, (14)
where ¢; = ¢;(u,uy,us,...) and ¢ = ¢(u,u1,us,...), it = 1,2. By lemma 1 and formulas (11)—(13), the
first relation (14) is equivalent to
D(Cl) =0, caf— fuutcofu=0, D(Cg) =0.
Therefore ¢, co = const and
fuu —c2fu—c1f =0. (15)
The second relation (14) is equivalent to the following system of equations:
D(@)+af=0, af+cfu=0, D()+cf—fu=0.

The third equation implies that ¢ = const, and hence f, = cof. Thus the reasonings are reduced to the
case dim L3 = 2, which has already been considered.
Now assume that dim £4 = 4. Using Lemma 1 and formulas (11)—(13), we obtain the following two
cases. First we have
Xy =1 X1+ X3+ c3X5
and therefore,
D(c1) —ciesf =0,  fuu—c1f —cafu=0, D(c2)+cafu—cocsf =0. (16)
Secondly, we have
X5 =1X1 + 62 X3 + 3 Xy;

then we obtain
D(c1) =0, & f+cfu+fuu=0, D@)—fu=0 D)+ f=0. (17)

The first and the third equations in system (16) imply that ¢1, co = const; indeed, otherwise we have f,, =
cof and thence dim £3 = 2. We note also that the function f satisfies the equation f,, — cof, —c1f = 0.
Finally, if system (17) is valid, then f = 0.

Now we formulate the assertion.

Lemma 3. The dimension of the space L4 generated by the operators X1, Xo, X3, X4, and X5 is equal
to 4 if and only if the function f satisfies the equation

Juuw —Pfu —af =0, (18)
where p,q = const and f, # Bf. Then we also have Xy = pX3 + qX1.
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In what follows we assume that the assumptions of Lemma 3 hold. Let us introduce the operators of

length 4: we set
X@ = [X17X5] and X7 = [XQ,X5].
Using the Jacobi identity, it is easily shown that X7 = pX5. Therefore dim L5 < 5.
Remark 1. If X7 =0, then p = 0 and equality (18) acquires the form
Juuw —qf = 0.

Then equation (7) is reduced to the sinh-Gordon equation (9).

Using formulas (11)—-(13), we conclude that

[D, X¢] = (fu —2pf) X5. (19)
It can easily be verified that dim L5 = 5.
Now we introduce the operators of length 5: we set

Xs = [X3,Xs5], Xo=I[X1,Xe], Xio=[Xz,Xel.
As Xg = —pXg + Xq0, dim Lg < 7.
Furthermore, it follows easily that formulas (12)—(14) and (19) imply
(D, Xg] = —fX10 + (fu— 20f) X6, [D, X10] = (¢ — 2p°) [ X5. (20)
If dim L = 5, we have the following system of relations:
Xg=c1 X1+ X3+ c3X5+caXg, Xig=70¢1X1+X3+3X5+4X5.
By Lemma 1 and formulas (11)—(13), (19), (20), the first relation is equivalent to
D(e1) = gesf =0,
crf +cafu=0,
D(e3) + c3fu — pesf =0,
D(c3) + cafu —2peaf =0,
D(ca) — fu+2pf = 0.

The fifth equation implies that ¢4 =0 f, = 2pf. Then X3 = 2pX;, and hence dim L3 = 2. Asdim L3 = 3,
the assumption dim L = 5 does not hold.

Lemma 4. The dimension of the space Lg is equal to 6 if and only if
X0 =0.
Proof. Assume that dim L = 6. Then we obtain two possible cases: First we have
Xg = c1X1 + 2 X3+ c3X5 + 4 X6 + c5X10
and therefore,
D(c1) —qesf =0, cf +ecafu=0, D(ca)+ecsfu—pesf =0,

D(c3) + cafu — 2pcaf + ¢5 fuu — cspfu — 205p°f =0, D(cs) — fu+2pf =0, D(cs)+ f=0. 1)
Secondly, we have
X0 =1 X1 + 2 X3 + 3X5 + &4 Xg + X9
and hence,
D(e1) —esqf —aesf =0, ef+cfu=0, D()+Csfu—7Cspf—2lsf =0, (22)

D(es) = (¢ = 20°)f +ea(fu — 2pf) =25 f =0, D(ea) —eacsf =0, D(cs) —c3f =0.
Consider the last equation in system (21); we see that f = 0. Let us rewrite system (22) in the form

e3¢=0, Cf+cfu=0, e(fu—pf)=0, —(qg—2p")f+e(fu—2pf)=0,
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where ¢, ¢3, €3, ¢4 = const and ¢5=0.

If ¢35 # 0, then the function f satisfies the equation f, = pf, and hence dim Lo = 2. If ¢3 = 0, then
¢4 = 0 (indeed, we have dim £y = 2 otherwise) and from the fourth equation it follows that ¢ = 2p>.
According to Eq. (21), we have X179 = 0. Thus, the necessity is proved.

Now we prove the sufficiency. Let X19 = 0. Since Xg = —pXg, we obtain dim Lg < 6. If dim Lg = 5,
then Xy is a linear combination of the operators X1, X3, X5, and Xg, but we have shown above that
dim L3 = 2 in this case. O

Assume that the condition ¢ = 2p? in Eq. (18) holds; then Eq. (7) can be transformed to the Tsitseika
equation (10).
3. Characteristic Algebra for the sinh-Gordon Equation
In this section, we obtain the description of the z-characteristic Lie algebra A for the equation
Ugy = €' +e " (23)
Let us introduce the multiple commutators
X; =ad;, ...ad;, , X; ad; Y = [X;,Y].

Then the linear space L,, is the linear span of the elements X
Consider the elements

1---ln n)

where i, = 1,2, k=1,...,n.

1.04in

Yo =X1.121, Zn = Xo1.121-
Theorem 1. Consider the sinh-Gordon equation (23); we have
2 if n = 2k,
1ifn=2k—1,
The linear space Lop_1 is generated by the vector field X1. 121, and the space Loy, is generated by the vector
fields X1 121 and Xo1..121-

Proof. Recall that the elements X1, X9, and X3 were defined in Sec. 2. For convenience, set X4 = [X1, X3].
Then the space Lj is the linear span of the elements [ X1, X4] and [ X2, X4]. Using the Jacobi identity and
the relations

man:{ k=3.4,.... (24)

[D, Xl] =—(e"+e )Xy, [D,XQ] =0, [D,Xg] = —(e" —e ") Xy, (25)
[D,X4] =—(e"+ e_u)Xl + (eu — e_“)Xg,
we obtain
[D, [ X2, X4]] = 0.

Continuing this line of reasoning and using Lemma 1, we obtain [Xs, X4] = 0. Hence Ls is generated by
the element [Xl, X4] = X1121.

We set X5 = [X1, X4]. Then we have [D, X5] = (e* + e™*)X4. The space Lg is the linear span of the
elements [X1, X5], [X2, X5], and [X3, X4]. Using the Jacobi identity, we obtain

[X3> X4] = [X2a X5]'

This implies that L6 is generated by the elements [Xl, X5] = X11121 and [XQ, X5] = X21121.
Further let [ X1, X5] = Xg. Then we have

[D, Xg] = —(e" —e ") X5 + (e" + e ") [ X2, X5], [D, Xoniz1] = (" +e ") Xy.

The linear span L7 is generated by the elements [X;, Xg], [X2, X¢]|, [X3,X5], [X1, X21121], and
[X2, X21121]. Using the Jacobi identity, we deduce that

(X3, X5] = —[X1, Xo1121] + [ X2, X¢].
It is easily shown that

(D, [ X2, Xon121]] = (" —e )Xy = [D, X5].
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Consequently, [ X2, X21121] = X5. We note also that

(D, [ X1, Xon21]] = —(e" +e7*)[ X2, Xo1121] + (" + e ) X5,
(D, [X2, X6]] = —(e" +e™")[X2, Xor121] + (e" + ") X5,
whence we have [ X1, X21121] = [X2, X¢] and [ X2, X] = 0. This proves that Ly is generated by the element

(X1, X6] = X111121-
Set Xit1 = [X1, Xi]; then we see that

[D, Xit1] = (e" —e ") X; — (e" + e ) [ X2, Xi], (26)
[D, [Xo, [X2, Xi]]] = (" —e ) Xi1 + (e + e ") [Xo, Xi1], (27)
[Xj,Xi,jJrg] =0, j7=3.4,..., (28)
[Xj, Xo1..121] =0, j7=3,4,.... (29)
Note that
[D, [X2, Xit1]] = —(e" +e7")[ X2, [X2, Xi]] + (e" + ™)X, (30)
[D, [X1, [X2, Xi]]] = —(e" 4 e7")[ X2, [X2, Xi]] 4 (" + ) X
This shows that
[X2, Xia] = [ X1, [Xo, Xi]. (31)
Assume that Log_1 is generated by the element [X1, Xo;_o]. Note that
[ X2, Xor—2] = 0.
Then the linear span Loy, is generated by the elements [ X1, Xog—1], [X2, Xog—1], [X3, Xor—2], . ., [Xj, Xo1..121].

Using formulas (28) and (29), we see that that all these elements except the first two are equal to zero.
Thence Loy, is generated by the elements [X1, Xor_1], [X2, Xor—1], and

[D, [XQ, ngfl]] = —(e“ + 67“)[X2, [XQ, X2k72]] + (e“ + eiu)X2k72 = (e“ + eiu)X2k72.

Now assume that Loy is generated by the elements [Xi, Xox_1], [X2, Xok—1], then Lok, is the
linear span of the elements [X7, Xog], [Xo, Xok], [X1,[X2, Xok—1]], [X2, [X2, Xok—1]], [X3, Xok—1], -,
[X;, X21..121]. Relations (28) and (29) imply that

(X3, Xop—1] = [X4, Xop—o] = ... = [Xj, Xo1..121] = 0.
From Egs. (26), (27) we obtain the equalities
(D, [X2, [X2, Xop—1]]] = (" —e™") Xop_o + (" +e7")[ X2, Xop—2] = [D, Xop_1].

We have proved that [Xo, [X2, Xop_1]] = Xop_1.
Now, relations (30) and (31) acquire the form

[ Xo, Xog] = [ X1, [Xo, Xog—1]] = —(e" + e ) Xop_1 + (e“ + ) X1 = 0.

Hence Loy is generated by the element [X7, Xox]. We also see that equalities (24) hold. This is proved
by induction. O

We have proved that the basis of the x-characteristic Lie algebra A consists of the elements X7, X,
X217 YE)M }/47 }/57 Z57 Y67 Y77 Z77 cey YQTM Y2n+17 ZQn-i—lv RS

Finally, we note that in the paper [6] the sinh-Gordon equation is represented as a quadratic system.
Another basis of the characteristic algebra is found in that paper.
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4. The Equations u,, = f(u, u)
The z-characteristic Lie algebra A for equation (3) is generated by the vector fields

= d d
X = ZD’_l(f)au and X = .
i=1 ’

The y-characteristic Lie algebra A is generated by the fields

0 0
o7 and Yz_a—m,

0 2 i1
Y1 =u1— D
1 ul@u + ;_1 (f)
Let us recall that

o) o) n
A:UL@, Z:UZ“ ﬁn:ULl, Zn:UffL, n:3,4,,
1=2 1=2 ] =2

where L, (respectively, L,) is the linear span of the vector fields X; s, ;. (respectively, Yi i, i ); see

Sec. 3.
The classification of equations (3) is based on the following lemma.

Lemma 5. Let

o0
X = E o=, o = (U, U, ur, Uy ..o Up,), T=1,2,...,
— u;
1=

(o]
0
Y = Zai?, o; = Ei(u,ul,ﬂl,ﬂz, . ,ﬂni), 1=1,2,....
i=1 Ui
Then [D,X] =0 and [D,Y] =0 if and only if X =0 and Y = 0, respectively.
The analysis of the linear spaces L, n = 3,4 provides the following result.
dim £3 = 2: Then equation (3) has the form

Uzy = Uz R(0).
dim £4 = 3: Then three cases are possible; we have either

Ugy = R(ug), R — Yz _ A, A = const,

R
or
Ugy = €"R(uy), RR —u, =0,
or
Ugy = s(u)uy + B, B = const # 0.
dim £4 = 4: Then we have either
Ugy = s(u)uz + B(u),
or "
Ugy = s(u)R(uy), R — aﬁx =)\, A= const,

or

Uzy = €"R(ug),
where the function R satisfies the system
AR+ 2c1R = Mugyc2R% ¢i(1 - AR)(uzR — R) + R’ = 0.
Under the same assumption we may have also either

Uzy = €"R(ug),



where the function R satisfies the equations
R"+ esA(R—u,R') =0, c3(R —c3uzAR) + 4R =0,

or, finally,
Uzy = R(U’az) (40)
The equations ug, = e“R(u,) can be rewritten as
vy =¢€", Uy = p(v)
This equation is reduced to
VUgy = Ux@(v)- (41)

The problem of integration of equations (32)—(34) and (38)—(40) is reduced to integration of the
ordinary differential equations; therefore these cases will not be considered. Now we analyze equations (36)
and (37).

Recall that the linear space L, is generated by the operators

Vi, Y2, Ys=[Yo, V1], Yi=[Y3,¥3], and Y;=[V1,Y3].

We have Yy = 0 for equation (36), and for equation (37) we have
a

Y= ———(Y1 —u1Y3). 42
1= e (0 — w¥i) (42)
Further, let Ys = [Y2,Y5], Y7 = [Y1,Y5], Ys = [Ya,Y7], Yo = [V1,Y7], and Yo = [Y3,Y5]. We see that

Ys = 0 and Yjp = Y3 for equation (36). Similarly, for equation (37) we have

Y auy au
6= —

ﬁYS, Yio = R721Y7 + Ys.

Therefore dim L5 = 5, and dimLg < 7. Assume that dim g = 6; then equation (36) is reduced to
equation (32). Under the same assumption, for equation (37) we obtain

" =0 and =2\ (43)
If s = u, then equations (37) and (43) imply that
Upy = 3uR(ug), (uz — R)(R+ 2u;)? = 1. (44)

Equation (44) is related [9] to the equation vy, = €' + e~2¥ by the differential substitution
1
v=-—3 In(u, — R).

Now we consider the x-characteristic Lie algebra and pay special attention to the linear spaces Ls
and L£4. Then we obtain the following assertion.
dim £3 = 2: Then equation (3) acquires the form

Upy = € R(uy), o = const. (45)
dim £4 = 3: Then we have
Uzy = S(U) Uy, (46)
where the function s satisfies the system
s" —c1s—c3s' =0, cs+c3s’ =0,
Ci+cs=0, T+cgs—s =0, ¢ =const;, ¢ =7¢(u),i=1,3.
dim £4 = 4: In this case, we have
Uzy = S(U) Uy
where the function s satisfies either the system
s" —c1s—c3s' =0, ¢ = acs,

47
s :cgs, ¢+ css’ —esess =0, ¢ =ci(u), i =1,3,5, (47)
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or s satisfies the equations

s" +¢1s+7¢c38 =0, C3 =8,

G, = —s, ¢ = const,c3 =7C3(u), = c5(u). (48)
Under the same assumption dim £4 = 4 we may also have
Uzy = S(u)R(uz), (49)
where the function s is such that
s" —c38 —c15 =0, c1,c3 = const. (50)

Equations (46)-(48) belong to the class defined by Eq. (41).
Let us consider equations(49) and (50) such that dim £4 = 4 and such that the function R(u,) is a

solution of the equation
Uy

R — == B, (B = const. (51)

Note that X4 = ¢1 X7 4+ ¢3X3 and set
Xo = [Xo, X5], X7=[X1,X5], Xg=[Xo,X7], Xog=[X1,X7], Xio=[X3 X;5]

It is easily shown that Xg = c3 X5 and X9 = —c3 X7 + Xs.

Assume that X, = 0; then we have s(u) = u, and if X = 0, then we obtain s(u) = sin u.

We see that dim £5 = 5. The condition dim £ = 6 for equations (49)—(51) is equivalent to s(u) = u.
Then we have also Xg = — X7 +uX3 + 0X5.

If A = 0 for the function s = sinwu, then equations (49)-(51) are related to the equation vy, = sinv
using the differential substitution v = arcsin u, + u. If s = u, then equations (49)—(51) are related to the
equation v,y = sinv by using the differential substitution v = arcsin u,.

The structure of the z-characteristic Lie algebra for the equations

Ugy = uy/1 —u2 and ugy =sinuy/1—u2 (A=0)

is similar to the z-characteristic algebra of the sinh-Gordon equation (9), and the structure of the y-
characteristic algebra for equation (44) coincides with the structure of the characteristic algebra for the
Tsitseika equation (10).

We conclude that the list of integrable equations we have obtained coincides with the known list.
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