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EXISTENCE OF SOLUTIONS OF CERTAIN QUASILINEAR
ELLIPTIC EQUATIONS IN RY WITHOUT CONDITIONS AT INFINITY

G. I. Laptev UDC 513.84517.9

ABSTRACT. This paper deals with conditions for the existence of solutions of the equations

— Z D;Ai(z,u, Du) + Ao(z,u) = f(z), =eR"™,
i=1
considered in the whole space R™, n > 2. The functions A4;(z,u, &), ¢ = 1,...,n, Ao(z,u), and f(z) can
arbitrarily grow as |x| — oo. These functions satisfy generalized conditions of the monotone operator
theory in the arguments v € R and & € R™. We prove the existence theorem for a solution u € VV&)CP(R")
under the condition p > n.

1. Statement of the Problem and Formulation of the Result

This paper is devoted to the study of the solvability conditions of second-order, quasilinear, elliptic
equations in the space R™, n > 2. We use the methods developed for monotone operators and also the
compact operator method. The monotone operator theory was developed in the 1960s through the efforts
of many mathematicians and enables a wide class of higher-order partial differential equations of elliptic
type to be studied. The totalities of the method are given in [2,8,11]. We stress that the works mentioned
are devoted to equations considered in a bounded domain. If the domain considered is not bounded, then
it is assumed that the solution belongs to an appropriate Sobolev space W™P(Q), which imposes certain
conditions on the solution as |z| — co. In recent years, there arose a considerable interest in solutions
that can arbitrarily grow as |z| — oco. Especially, this remark refers to anti-coercive equations to which
a vast literature is devoted, in particular, [9].

Coercive equations in RY without conditions at infinity are studied in relatively few works. The
subject originates from [1] in which the author proved the solvability of equations of the form

—Au+|uT = f(z), ¢>0, zeR"
In [10], in an unbounded domain 2 € R™, the author studied the equations
Y Di(aijDju) — a(@)|ul’tu= f(z), p>1, a€ Li(Q), alx)>ao>0.
The variational method for the equation
Au = f(x,u), xeR",
was applied in [5]. In [3], the author considered the Dirichlet problem for the equation
- Z(‘uxz’aur)ml + c(@)u = f(z)
in an unbounded domain 2 with compact boundary 0€2. Here,
a>0, cfz)€LigR"), cz)>0, f(z)eLi(R").

Some generalizations of the latter equation were studied in [6, 7].
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The present paper is devoted to the study of the solvability of the equation

- Z D;Ai(z,u, Du) + Ap(z,u) = f(z), zeR"™ (1)
i=1
Here,

D; = (i=1,...,n), Du=(Diu,...,Dyu), n>2.

8.%'

No conditions on the behavior of the solution as |z| — oo are imposed.

Let us list the conditions for the functions entering Eq. (1). It is assumed that the functions A;(x, u, ),
i =1,...,n, and Ap(x,u) are defined for z € R™, £ € R", and v € R and satisfy the Caratheodory
conditions, i.e., they are measurable in z and continuous in u, £ for almost all z € R™. Moreover, these
functions satisfy the following restrictions.

1A. MONOTONICITY CONDITION IN THE PRINCIPAL PART. For almost all x € R™ and all u € R,
§neR,

> Ai(w,u,€) — Ai(w,u,m))(& —m) >0 (€ #m),
i=1
where £ = (&1,...,&,) and = (M1,...,Mn).
2A. COERCIVITY CONDITION. For almost all x € R™ and all u € R, £ € R",

D Ailw,u, )& + Ao, wu > al@) €7 + b(a)|ul? + h(z),

i=1
where n < p < ¢ and the functions a(x) and b(z) are positive; moreover, a(x), a~!(z), b(z), b1 (x) €
L2 (R"), and h(z) € Li (R™).

3A. GROWTH CONDITIONS. Fori=1,...,nand z € R”, u € R, and £ € R",
|Ai(@,u,€)] < ar(@)[€P7H + b (@) |u|? + I (2),
where p +p/ = pp/, a1(x), bi(2) € LS, (R™), and hy(z) € LY, (R™);

loc loc

[Ao(z, w)| < ao(lul)ho(),

where the function ag(t) increases and is continuous for ¢ > 0, ho(z) € Lfc/)c
1f. f(z) € L _(R™).

loc
Here and in what follows, we use the traditional notation for the spaces of Lebesgue integrable

functions. Let © C R™ be a bounded domain. All measurable functions u(x), x € Q, with finite norm

(R™).

Jullfniy = [ @) dz, 1<p <
Q

compose the Banach space LP(2). All measurable functions u(z), * € R", with finite norm [[ul| .»(q) for any
bounded domain €2 € R™ compose the space LfOC(R”), which is no longer a Banach space. The Sobolev
space W1P(Q) consists of all measurable functions u(x), x € €, having measurable partial derivatives
Du(z) with finite norm
[ullwrr ) = [1Dull o) + llullLr(o)-
We say that u(z) € VV&)?(Q) if the function u(z) is measurable on R™ and, moreover, u(x) € WHP(Q)
for any bounded domain @ C R™. If p > 1, then the duality between the spaces LP(€) and L? (Q) is
denoted by (f,u) = [ f(z)u(z)dz, u € LP(), f € LP' (). Also, by (f,u) we denote the duality between
Q

the spaces W1P(Q) and its dual (WLp (Q))>k The space of continuously differential compactly supported
functions on R” is denoted by C}(R™).
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Definition 1. A function u(z) € VV&)? (R™) is called a solution of Eq. (1) if the following identity holds
for any function ¢ (z) € C¢(R"):

/(iAi(a;,u, Du) Dy —i—Ao(a:,u)z/J) dr = /fz/J dx.
i=1 R

R
Now let us formulate the main result of the paper.

Theorem 1. Let Conditions 1A-3A and 1f hold. Then Eq. (1) has a solution in the sense of Definition 1.
Remark 1. We can take the right-hand side of Eq. (1) in the form

@) =3 Difilw) + fola),
=1

where f; € Lﬁ;c(]R") and fy € Lﬁ;C(R”). Such a form of the function f(z) formally looks more general

than that in Condition 1f. In this case, the functions D;f;(x) must be included into the summands
D;A;(z,u, Du) of Eq. (1). Conditions 1A-3A allow us to do this.

2. Approximations by Bounded Domains

In the space R", we consider a bounded domain €2 with Lipschitzian boundary 92, which ensures the
possibility of application of the Sobolev embedding theorems. Let two numbers p,q € (1,00) be fixed.
The main role for what follows is played by the space

X ={u(x) € LY(Q), Du(x) € LP(Q)}
with the norm
lullx = [[Dul| ey + llull Laq)-
We can give a more clear characteristic of the space introduced.
Lemma 1. If ¢ > p > n, then X = WIP(Q).
Proof. In the case where 2 is a bounded domain, the following inequality holds for any ¢ > 1:
HUHL‘J(Q) < CIHUHC(Q)-
Since p > n, the space wihp () is continuously embedded in C' (ﬁ), i.e.,
lullogy < eollullno):
Combining the presented inequalities, we obtain
lullx = |1 DullLe(o) + l[ullLa) < lullwre@) + cllullwir@) = (1+ ) |lullwieq)-
This means that WP () € X. Conversely, since ¢ > p, it follows that
[ullLr@) < cllullLe@),
whence
ullwrr@) = | Dullp) + lull ey < 1Dullpr) + cllullpa@) < (1 +o)flullx.
Hence X C WP(Q), which completes the proof of the lemma. O

Now we pass to the description of the operators of the problem. Our goal is to show that under
Conditions 1A—3A, the differential expression

Au=— Z D;A;(xz,u, Du) + Ao(x, u) (2)
i=1
defines a bounded, continuous operator from W'P(Q) into the dual space (WP (Q))* for any bounded

domain ). Let us project Conditions 1A-3A and 1f on a bounded domain €. In other words, we assume
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that the functions A;(z,u,&), i = 1,...,n, Ag(z,u), and also f(x) introduced early are defined only for
x € Q. In the case considered, we can represent Conditions 1A-3A and 1f as follows.
1Agq. For almost all z € 2 and all uw € R, and &, 7 € R™,

n

> Ai(z,u,€) — Ai(,u,m)](& —m) >0 (€#£m).

i=1
2Aq. For almost all x € Q and all u € R, and £ € R",

> Ailw,u, )& + Ao(w, w)u = (€l + [ul!) + h(z),
=1

where n < p < ¢, the constant cq is positive, and h(z) € L1(9).
3Aq. For almost all x € Q, all u € R, £ € R", and certain constants C1q, Caq,

|Ai(2,u,€)| < Cralé[P™! + Conlu|¥? + hi(z), i=1,...,m;
|Ap(z,u)| < ap(u)ho(z), ap€ C(R), ho(z)€ LPI(Q).

If. f(x) € LY (Q).

All the written conditions are consequences of Conditions 1A-3A and 1f. Therefore, Condition 1Ag is
obvious. In Condition 2Aq, the constant cq > 0 arises as a consequence of the condition a=!(z),b~!(z) €
LY (R™). The constants C1qo and Caq appear as a consequence of the local boundedness of the functions

a1(z) and by (x) in Condition 3A.
For comparison, let us write conditions from [4, 16.16 (3), p. 119] in the case p > n considered:

204i(w, w, ) < eulful) (@) + €77, g€ L7(@), i=1,.m;
| Ao(z, )| < collul)go(z), g0 € LN(Q),
where ¢9 and ¢; are nonnegative continuous functions. Under conditions (3), the formal differential

operator (2) defines a bounded continuous operator A defined on the space W1P(Q2) and assuming its
values in the dual space (Wl’p(Q))* [4, Theorem 16.14, p. 115]. This operator is defined by the form

(3)

(Au,v) = /<ZAZ'($,U,D’U,)D1"U + Ao(m,u)v) de, u,v€ WhHP(Q). (4)
Q i=1

Obviously, Conditions 3Aq imply conditions (3), and, therefore, the following assertion holds.

Lemma 2. Under Conditions 3Aq, the formal differential operator (2) defines a bounded continuous
operator A defined on the space WHP(Q) and assuming the values in the dual space X*. This operator is
defined by form (4).

We now turn to the corresponding differential equation

- Zn:DiAi(x, u, Du) + Ag(z,u) = f(z), x€Q, (5)
i=1

which is considered in a bounded domain €2 € R™. According to Lemma 2, we can represent this equation
in the operator form Au = f, where the operator A is defined by (4). Recall that the specification of
a form defines certain boundary conditions on 0f2, which we do not explicitly write now, since they do
not play a special role in the case considered.

We can also describe Conditions 1Aq and 2Aq as the properties of the operators A introduced above.
Precisely, Condition 1A defines an operator that is monotone in the principal part, and Condition 2Aq
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implies its coercivity, which means the fulfillment of the following relation as |u||y1.p(q) — oc:

(Au,u) / o |
wammqummmn X;M%%DWDW+AM%@udmeL
o =

Therefore, the operator A: X — X* introduced in Lemma 2 is a bounded continuous operator
monotone in the principal part. For each function f € (Wl’p (Q))*, the equation Au = f has a solution
u € WHP(Q) [4, Theorem 29.11, p. 207]. By Lemma 1, the identity WP (€2) = X holds, and the structure
of the function f(x) from Condition 1f shows that f € X*. All that was presented above leads to the
following assertion.

Theorem 2. InR", let Q be a bounded domain with Lipschitzian domain 02 and let Conditions 1Aq-3Aq
and 1fq hold. Then the operator equation Au = f, where the operator A is defined in Lemma 2, has
a solution u € X satisfying the following identity for any function v € X:

/<zn: Ai(z,u, Du) Div + Ao (s, u)v) d = /fu i
Q

o ti=l
3. Estimates for Solutions in Expanding Domains

As bounded domains € from the previous section, we choose the balls By = {z € R": |z| < N} of
integer radii N = 1,2,3,.... Then we can reformulate Theorem 2 as follows.

Lemma 3. Let Conditions 1A-3A and 1f hold. For each N = 1,2,3,..., in the ball By, there exists
a solution uy € Xy = WYP(By) of the problem

/ <ZAi(x,uN,DuN)Div + Ao(x,uN)v> dx = / fvdx, ve Xpy. (6)
By =t By
Thus, we have defined a sequence {uy, N € N} of solutions of problem (6). Fix an integer m € N

and introduce a truncating function ¢ € C}(By,42) with the condition ¢(x) > 0 for |z] < m + 2. In
identity (6), we set v = unyp for N > m + 2 and represent the obtained result in the form

/ <Z Ai(x,un, Dun)(Dsun)p + Ao(x, uN)uN<p> dx = /fuNcp dx — /Z Ai(xz,un, Dun)unD;p dz.
i=1 B By =1 (7)
We stress the following important fact. With account for the factor ¢ € C3(Bp+2), all the integrals

in identity (7) are calculated over a fixed bounded set supp ¢ C By, +2. Let us estimate the left-hand side
of identity (7) from below using the coercivity Condition 2Aq for Q = B,,12:

/ (ZAi(:U,uN,DuN)(DiuN)go + Ao(m,uN)uNg0> dx > ¢, / (|IDun? + lun|?)p(z) de — Cop.  (8)

i=1 B2

Here, ¢y, = cq > 0 for Q@ = Byyq and Cp = [ h(z)p(xz)dz. Let us estimate the right-hand of
Bm+2
identity (7). We begin with the last integral and represent it in the form

/ZAi(:c,uN,DuN)uNDigpdx: / ZAi(x,uN,DuN)gpl/p/uNcpl/qcpf(l/purl/q)Digpdx.
By =1

Bm+2 =1

Apply the Holder inequality with three factors with exponents p’, ¢, and s = % to the last integral.
Note that the necessary condition

—_

1 1
—f-+-=1
Y% S

Q
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holds, and, moreover,

therefore,

I/ZAi(m,uN,DuN)uNDigodx
By =1

" O\ /g Vs
< ( / Z|Ai(:v,uN,DuN)\p<pdx) < / |uN|qg0dx> ( / cp_s+1|Dg05d:c>
By =1

m—+2 Bm+2
n
<e / Z |Ai(z,un, Dun)|P pdx +¢ / lun|?p dz + C(e) / 0 T Dyl da. (9)
Bm+2 =1 Bm+2 Bm+2

Here, we have used the Young inequality with an arbitrary exponent ¢ > 0. According to the growth
Condition 3Aq for 2 = B,,,49, for i = 1,...,n, we can estimate the summands

/ |Ai(z, up, DuN)]plw dx

Bm+2

< / (Chon| Dun PP + Comlun |97 + by (2))7 o da < Chp, / (|Dun|? + Jun|9) ¢ dz + Capm, (10)

Bm+2 Bm+2

where Cyp, = [ |hi(2)|” p(x) dz. Here and in what follows, the symbols C' with subscripts stands
Bm+2

for the constants independent of the number N > m + 2, although it is possible that they depend on

a given m. Substituting estimate (10) in (9), we obtain

’ / Z Ai(z,un, Dun)unyD;p dz

=1

Bm+2

< enCsm /(’DUN’p+’UN|q)<Pdw+E / lun|%p dz + enCyy, + C(e) / | D55 da.

Bm+2 Bm+2 Bm+2

It is easy to estimate the remaining summand of identity (7):

'/f“Wd“f = / |l un] /9 de < e / lun|%pdz + C(e) / 17 da.
B2 B

m+2 Bm+2 Bm+2
Substituting all the presented estimates in identity (7), we obtain the inequality

D S
(cm — enCsp) / |Dupn P dz + (¢ — 26 — enCspy,) / lun|odr < Csp + C(e) / ’@ﬁ’l dx.
B2 B2 B2
Choosing € > 0 sufficiently small but fixed here, we obtain the estimate
D S
[ (Dt +tuxpds < o1+ [ B2 ar). (1)

B2 B2

Recall that the function ¢(x) is compactly supported, and, therefore, we need to justify the existence
of the last integral in estimate (11). Choose a function ¢ € C}(B,,12) with the condition v (z) > 0 for
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x € Bp42 such that ¢(z) = 0 only on the boundary of the ball B,,12. Let us verify that it suffices to
assume that ¢(x) = 1°(z). Indeed, on the set || < m + 2, we obtain

DQO s swslew s . . .
‘ws"l - P31 "o |DY[*, ¢ € Cg(Bumas2)-

The required fraction |Dep|*p~5*! becomes a continuous, compactly supported function, and, therefore,

D S
/ L;'DL dr < s° / |Dol® de = Crppy,.

Bi42 B2

Finally, we obtain from estimate (11) that

/ (IDun[? + un|")p*de < C, (12)

Bm+2

where the constant Cp, is independent of the number N > m + 2. Choose a function ¢ (x) such that
Y(x) =1 for || < m+ 1. Then estimate (12) implies the inequality

/ (IDunl? + [ux|?) dz < Croy N >m +2. (13)

Bm+1
Let us formulate the result obtained.
Lemma 4. Let Conditions 1A-3A and 1f hold. Fir a natural number m. Then for the sequence of

solutions uny, N = 1,2,3,..., constructed in Lemma 3, estimate (13) holds, in which the constant C,,
can depend on m but not on N > m + 2.

We use estimate (13) in several variants. So, it directly follows from it that |Dun||zr(B,,.,,) < Cm
and ||un||e(B,,,,) < Cm for N > m + 2. This implies that for N > m + 2,
lun | Xmer = 1DuN o8B + 1uNLa(Bryr) < COm, (14)
and inequality (10) implies the estimate
[Ai(z, un, Dun)l 1 (g,,,,) < Cm- (15)

It follows from (14) and the reflexivity of the space X,,+1 = W"P(B,,+1) that there exist a function
u(m e Xm+1 and a subsequence of integers K,,, C N such that u; — u(m) weakly in X, 11 as k — oo,
k € K,,, and Duj, — Du™ weakly in LP(Bp+1). Therefore, since k — oo, k € Ky,

ukéu(m) in X;a1, DukéDu(m) in LP(By41)- (16)

The space X, 1 = WHP(B,,41) is compactly embedded in LP(B,,;1) and also in C(B,,+1), since we
consider the case where p > n. Therefore, we can assume that the following strong convergence holds as
k— o0, ke K,

|luk — u(m)HLp(BmH) — 0, |lug — u(m)||c( ) = 0. (17)

Bm+1
Thus, we have proved the following assertion.

Lemma 5. Let Conditions 1A-3A and 1f hold, and let a natural number m be fixed. Then there exist

a function u'™ € WYP(B,,41) and a subsequence Kyr C N such that relations (16), (17) hold.
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4. Proof of Theorem 1

Our next goal is to perform the passage to the limit in identities (6), which are used only on the
set K, constructed in Lemma 5. These identities have the form

n
/(ZAi(x,uk,Duk)Div + Ao(x,uk)v> de = (f,v), veXy, keéeKy. (18)

B, "i=1
Fix a function ¢ € C}(Bmy1) and substitute the product v = (ux — u™)y in identities (6); this is
possible if we assume that the function () is extended by zero outside the ball By, 1, so that v € X},

for all £ > m + 1. Let us write the resulting identities in detail taking into account that, in fact, all the
integrals are calculated only over the set By, for the subscripts k € K,,:

/ Z A;(z, g, Dug)(Dsug, — Diu™)p da + / Z A (2, up, Dug) (up — u"™) Dy da
i=1

B4 Bmt1 i+l

+ / Ao(w, ur) (w, — w™)pda = (f, (ug —u™)). (19)

Bm+1

According to the construction of the subset K,, C N, the weak convergence u; — u(™ in WP (B, 11)
holds, and hence (f, (uy — u(™)p) — 0 as k — oo, k € K.

Let us estimate other summands of the system of relations (19) taking into account the strong
convergence (17):

‘ / ZAi(x,uk,Duk)(uk—u(m))Dgoda:

Bomi1 =1

n
. , _ . m)
< e 1Dl D 1A e D)l ik = 0 i

< Cllug — ™| o, y) = 0 (k— 00, k€ Kp).

Here, we have used estimate (15) for || 4| L#' (Byny)- Furthermore, we have

‘ / Ao(w,uk)(uk—u(m))cpdw

Bm+1

< max Jo@) o =0l oz, [ Aol de

Bt

< Clluk — "™ e mmmyaolukllo@y) = 0 (k— o0, k€ Kpy).
Here, we have used the following sufficiently obvious chain of estimates on the set Bj,11:

< - —)<cC
ao(|uk) < a0(|x\123n)i1 lukl) = ao(lluellc@rmm) <

since
lull e < Clluillwiogs, )

in the case p > n considered.
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We use the convergence presented above in identities (19); as a result, we obtain the following relation
as k — o0, k€ Ky,:

n
/ Z Ai(z, up, Dug)(Dyuy, — Diu'™)p dz — 0.
By =1
Represent the obtained relation in the form

n

Z(Ai(x, ug, Dug) — A (x, ug, Du(m))(Diu/,C — Diu(m))go dz

+ / A(x, up, Du™)(Djug — Diun™)pdz — 0 (k— oo, ke Ky). (20)
B7n+1

The growth Condition 3Aq for Q = B,,+1 implies
|Az-(a:,uk,Du(m))\ < Clm\Du(m)\p_l + CQm|Uk|Q/pl + hi(z), x € Bpmi1-
Since the function u(™ is fixed, we can represent the latter inequality in the form
A, g, DU™)| < ha(@) + Clugl?, @ € By1, ha € I (Buya).

The estimate obtained shows that the Nemytskii operator A; (x,uk(:c),Du(m) (a:)) with respect to the

argument uy(z) is a bounded continuous operator from the space L?(By,41) into L (Bpyy1).
It follows from (17) that u, — u(™ in C(B,,41) and hence in LY(B,,1), and, therefore, by the

properties of the Nemytskii operator, the following convergence holds for all i = 1,...,n as k — oo,
ke K,,:
Ai(@,up, Du™) — Ag(z,u™, Du™) in LP(Bpi1). (21)
Recall that Du, — Du(™ weakly in LP(By4+1) by construction. In combination with the strong
convergence (21), this means that as k — oo, k € K, fori =1,...,n,

/ A (z, ug, Du(m))(Diuk — Diu(m))go dx — 0.
Bwn+l

Then (20) implies that as k — oo, k € Ky,

/ Z(AZ(I‘, Uk, Duk) — AZ'(ZL', Uk, Du(m))) (Dzuz — Diu(m))go dz — 0. (22)
=1

B

We have chosen the functions ¢(z) satisfying the condition ¢(z) > 0 for x € By,+1. Now, we also
assume that ¢(z) = 1 for |x| < m. According to the monotonicity Condition 1A, the function under the
sign of the integral in (22) is nonnegative, and, therefore, the following relation holds for k € K,,:

k—o00

lim / Z(Ai(z:,uk, Duy) — Ai(x, ug, Du(m)))(Diuk — D™ dz < 0. (23)
B, =1

As was shown in [8, Chap. 2, Sec. 2, Lemma 2.2, p. 196], (23) implies that Duy(z) — Du(™(z)
almost everywhere in the domain B,, and that the weak convergence A;(z, uy, Duy,) — A;(z, u(™), Du(™)
holds in the space Lp'(Bm) as k — oo, k € K, so that the following relation holds for every function
v € WHP(B,,):

n n
/ ZAi(a:,uk,Duk)Div dx — / ZAi(:c,u(m),Du(m))Div dz. (24)
5=l 5=l

m m
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In particular, the convergence uj, — u(™ in C(B,,+1) implies that the following relation holds for
every function v € WHP(B,,) as k — o0, k € K,

/Ai(x,uk)vd:c% /Ai(x,u(m))vda;. (25)
B

m

We use the presented relations for passing to the limit in identities (18); for this purpose, we fix
a natural m € N and choose a function v € C(B,,) such that for k € K,,, identities (18) become

n
/ (ZAi(xauk>Duk)DiU + Ao(%%)“) dx = / fvdz, veC5(Bp).
Bm =1 Bm

Letting k € K, tend to oo in these identities and applying relations (24) and (25), we obtain the following
relation for v € C¢(By,) in the limit:

/ <ZA¢(1’, u™, Du™)Djv 4 Ay (z, u(m))v) dx = / fvdz. (26)
i=1 B

m

Now, let us formulate the obtained result.

Theorem 3. Let Conditions 1A-3A and 1f hold. If the natural number m € N is fixed, then the function
u™ € WHP(B,,11) introduced in Lemma 5 satisfies identity (26).

Now let us construct a function u € I/Vlif(]R") that is a solution of the initial Eq. (1). Fix a natural
number m = 1 and, in accordance with Lemma 5, construct the function u(")(z) € W'?(B;) and the
infinite set of natural numbers K; C N such that uy(z) — u")(z) weakly in the space X, as k — oo,
k € K. Moreover, according to Theorem 3, identity (26) with m = 1 holds for the limit function u()(z).
Then we fix a number m = 2 and, in accordance with Lemma 5, construct the function «((z) € X3 and
the infinite set of natural numbers Ky € N satisfying the additional condition Ko C K such that ug(z) —
u® (z) weakly in X3 as k — 0o, k € Ko. According to Theorem 3, the limit function u(®(z) satisfies
identity (26) with m = 2. With account for the condition Ko C K7, on the set By = {z € R": |z| < 1},
both limit functions coincide, i.e., u(®(z) = uM(z) for |z| < 1. Now extract an infinite subset K3 C Ky
from the set Ky such that according to Lemma 5, ug(z) — u(® () weakly in X as k — oo, k € K3,
and, moreover, the limit function u(® (z) satisfies the identity (26) for m = 3. With account for the
condition K3 C Ko, the relation u® (z) = u(? (), |z| < 2, holds on the set By. Clearly, we can perform
the described construction for all m = 1,2,3,...; as a result, we construct a sequence of functions
uM (), u®(z),u® (z),..., and, moreover, each of the function is an extension of the previous to a wider
set, precisely, u(™*1)(z) = u(™(z) for |z| < m. As a result, as m — oo, we define a unit function u(z),
x € R™, such that

w(z) = u™(z) € Xppy1, |z < m. (27)
This means that u € VVl})f (R™), and, by relations (27) and identities (26), the function u(x) satisfies each
of the following relations for m =1,2,3,...:

/ (f:Az‘(IL",U, Du)D;v + Ao(x,u)v> dr = / fodz, ve CHBn). (28)
Bm

=1
m

Fix a compactly supported function ¥(z) € C}(R"). Its support is contained in a certain ball
By, = {z € R": |x| <m}, m € N, and, therefore, 1)(z) € C}(Bn), i.e., we can substitute this function for
v(z) in identity (28), which leads to the relation

/(Zn:Ai(:c,u, Du)D;1p —i—Ao(:v,u)z/J) do = /fw dx.
i=1 B

R
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According to Definition 1, such a relation means that the constructed function u(z), z € R™, is a solution
of the initial Eq. (1). This completes the proof of Theorem 1.
Let us present an example of an equation for which the conditions of Theorem 1 hold:

- ZDi(ai(m)]Diu|p_2Diu + a1 (@)|ul™w) + ao(x)|u|%u = f(z), =€ R,
i=1

where the functions a;(x) are positive and a;, a;l € LY (R") for all i =0,1,...,n+ 1. We assume that
n<p<qandr+1§z%.
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