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A PRIORI PROPERTIES OF SOLUTIONS OF NONLINEAR EQUATIONS
WITH DEGENERATE COERCIVITY AND L!'-DATA

A. A. Kovalevsky UDC 517.9

ABSTRACT. A Dirichlet problem for a second-order nonlinear elliptic equation in the general divergent form
with a right-hand side from L' is considered. The high-order coefficients in the equation are assumed to
satisfy the degenerate coercivity condition. The main results concern a priori properties of summability
and some estimates of entropy solutions of this problem.

1. Introduction

We consider the Dirichlet problem for the equation
"9
—Z %ai(x,u,VU) +ap(x,u,Vu) = f in Q, (1.1)
i=1 '

where (2 is a bounded open set in R”, n > 2, and f € L'(Q). We suppose that the high-order coefficients
in the equation have an arbitrary growth with respect to u and growth of order p — 1 with respect to Vu,
p € (1,n), and satisfy the conditions of degenerate coercivity and strict monotonicity. The results of
this paper mainly concern a priori properties of entropy solutions of problem (1.1). These results do
not require any restrictions on the growth and sign of the low-order coefficient. In the only theorem of
existence formulated at the end of the paper, it is supposed that the function ag(z,u, Vu) has growth of
order o € (0,p — 1) with respect to v and of order p with respect to Vu, but still no conditions on its
sign are required.

Solvability and properties of solutions for equations of the form (1.1) with right-hand sides from L*(Q) or
from some class of Radon measures were investigated in a number of works (e.g., see [1-4, 6-9, 12-14, 16]).
However, the conditions imposed on the coefficients of equations in these works are less general than the
assumptions made in the present paper. Moreover, as far as we know, the main results of the paper are
new not only in this general form, but also in the particular cases considered earlier.

The paper is organized as follows. In Sec. 2, we give some necessary definitions and formulate the results

concerning elements of the special functional set Tiw (€2) introduced in [3] for the investigation of second-
order equations with right-hand sides belonging to L'. Section 3 contains the problem statement for the
Dirichlet problem under consideration and definitions of different types of its solutions. Also, in Sec. 3
the relations between the types of solutions are established and one result concerning the summability
of entropy solutions is proved. Other a priori properties of summability and some estimates of entropy
solutions are proved in Sec. 4. In Sec. 5, the theorem of existence of entropy solutions is formulated and,
finally, in Sec. 6, we give some bibliographic comments.
It should be mentioned that the main results of this work were announced in [15].

2. Set of Functions ’f'l’p(ﬂ)
Let n € N, n > 2, Q be a bounded open set in R", and p € (1,n).
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For any k > 0, let T}, be a function over R such that

T s if |s] <k,
k(s) = ksigns if |s| > k.

It is well known that if A > 1, u € Vci)/l”\(Q), and k > 0, then Ty (u) € I/%/L’\(Q) and for any i € {1,...,n},
we have
D;Ty(u) = Diju - 14y <y almost everywhere in . (2.1)
By %1’7’(9) denote the set of all functions u :  — R such that Ty (u) € V%/l’p(Q) for any k£ > 0.

Note that any function belonging to Ti» (Q) is measurable. Indeed, if u € Tiw (€2), then the function u
is measurable since the functions T (u), k € N, are measurable and the sequence {T%(u)} converges to u
in the pointwise sense.

It is obvious that

Wie(Q) ¢ TH(Q). (2.2)
For any w:Q — R and z € , set k(u,z) =min{l € N : Ju(x)| < }.

Definition 2.1. Let u € %LP(Q) and 7 € {1,...,n}. Then by d;u denote the function over Q such that
for any z € 2, we have

diu () = DiTy(u,z) (u) (2). (2.3)
Proposition 2.1. Let u € ’%1’1’(9) and i € {1,...,n}. Then for any k > 0, we have
DTy (u) = dju - 1jyj<ky almost everywhere in Q. (2.4)
The proof for this proposition is simple. It is based on the definition of functions T} and Definition 2.1.
It follows from Proposition 2.1 that if u € 75P(Q), then for any i € {1,...,n}, we have D;T),(u) — d;u

]
almost everywhere in . Hence, if v € 75P(Q), then functions ;u, i = 1,...,n, are measurable.

Note also that it follows from (2.1), (2.2), and Proposition 2.1 that if u € V?/l’p(Q), then we have
0;u = D;u almost everywhere in  for any ¢ € {1,...,n}. Moreover, Eq. (2.1) and Proposition 2.1 imply

that if u € %1,;)(9) N I/%/I’I(Q), then we have d;u = D;u almost everywhere in  for any i € {1,...,n}.

Definition 2.2. If u € ’f’l’p(Q), then by du we denote the map from © to R"™ such that we have
(0u(z)); = dju(z) for any x € Q and i € {1,...,n}.

Proposition 2.2. Let u € ’5’14’(9), A€ [1, pl, and |6u] € LNQ). Then u € V%/L)‘(Q) and we have
Dju = d;u almost everywhere in ) for any i € {1,...,n}.

The proof of this proposition is based on Proposition 2.1 and the Sobolev inequality for functions
belonging to WA (Q), A € [1,n).
Proposition 2.3. Let u € %1,;3(9) and v € V?/LP(Q) NL>(S). Then

(1) u—veTh?(Q);

(2) if k>0 and i € {1,...,n}, then D;Ti(u—v) = du — dv almost everywhere in {|u —v| < k}.

Proof. 1t is obvious that there exists a set F C Q of zero measure such that for any = € Q\E, we have

()] < o]l (0)- (2.5)
Choose some k > 0 and let k1 = k + |[v|| Lo (). For any j € N, set
uj = Tj(u) —v. (2.6)
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Now let j € N, j > ky, and = € {|uj| < k}\E. Then
T (u(x)) = v(x)] < k. (2.7)
If |u(z)| > j, then by (2.5) and (2.7) we get
= Tj(u(@))] < |Tj(u(z)) = v(@)| + [v(z)] < k1.

Hence, j < ki, which contradicts the initial assumption about j. Therefore, |u(z)| < j. Then inequal-
ity (2.7) implies that |u(x) —v(z)| < k. Combining this with inequality (2.5), we obtain that |u(z)| < k;.
Then, by virtue of (2.6), we get

uj(z) = Tj(u(z)) — v(z) = u(z) — v(@) = T), (u(z)) - v(2).
Thus,
uj = T, (u) —v almost everywhere in {|u;| < k}.
Then, for any i € {1,...,n}, we get
Djuj = DTy, (u) — Djv almost everywhere in {|u;| < k}.
From the above reasoning, we conclude that the sequence {T}(u;)} is bounded in I/Ll?/l’p(Q). Hence,
since we have Tj(u;) — Ty(u — v) strongly in LP(§2), we see that Tj(u —v) € I/%/l’p(ﬂ). Since k£ > 0 is

arbitrary, we obtain u — v € T (©2). This proves statement (1) of the proposition.
Now we prove statement (2). Let k >0 and i € {1,...,n}. Set k1 = k+ |[v[| (). From (2.5), we get

{Ju —v| < k\E C {|u| < k1}. (2.8)
Then
Ti(u—v) =Tk, (u) —v almost everywhere in {|u —v| < k}.
Therefore,
D;Ti.(u —v) = DTy, (u) — D;v almost everywhere in {|u — v| < k}. (2.9)
Moreover, by virtue of Proposition 2.1 and embedding (2.8), we have
D;Ty, (u) = d;u almost everywhere in {|u —v| < k}.
Combining this with (2.9), we derive the relation
D;Ty,(u —v) = §;u — 6;v almost everywhere in {|u — v| < k},
which proves statement (2). O

Example 2.1. Let y € Q, p > 0, and let B; and By be closed balls with centers at y and radii p and p/2,
respectively. Suppose that By C © and let function ¢ € C1(Q) be such that 0 < ¢ < 11in Q, ¢ = 1 in By,
and ¢ = 0in Q\Bj. Let A > n and w be a function over € such that

u(z) = z—y| N (z) if zeQ\{y},
B 0 if z=y.

Then u € 717(Q) \ L(9).

This example and embedding (2.2) show that the set TP (Q) is wider than the space Wip (Q).
Now we formulate one general result for the summability of functions w : 2 — R. This result depends on
a qualified estimate of measures of the sets {|u| > k}, k € N, and will be used to establish the summability

o
of elements of the set 71(Q) satisfying some family of integral estimates.
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Lemma 2.1. Let u be a measurable function over Q, M >0, v > 0, and for any k € N, let
meas {|u| >k} < Mk™". (2.10)
Then, for any X € (0,7), we have u € LNQ) and

/ P dz < 2O/ G- M 4 meas Q. (2.11)
Q

Proof. Fix some A € (0,7) and set \; = 2/(y — \). By virtue of estimate (2.10), for any k € N, we have
Ju| doe < 20FMANE2,
{FM <|ul<(k+1)* }

Hence, summing up with respect to k on both sides of this inequality, we conclude that u € L)‘(Q) and
estimate (2.11) is true. O

Next, set p* = np/(n — p). Recall (e.g., see [10]) that V?/LP(Q) C LP" () and there exists a positive

o
constant ¢, ;, depending only on n and p such that for any function u € WLP(Q), we have

. 1/p* 1/p
</u|p da:) §cn,p< /|Vu|pdx> . (2.12)
Q Q

Lemma 2.2. Let u € ’i'l’p(Q), M > 1, and 0 < 0 < p. Suppose that the following inequality holds for
any k> 1:

|oulP do < MK, (2.13)
{lul<k}
Then, for any k > 1, we have
meas {|u| > k} < cﬁtp MM (n=p) |p=(p=6)/(n=p) (2.14)
meas {|du| > k} < (cﬁtp + 1) M (=0) fp=n(p=0)/(n=0) (2.15)

Proof. Let k > 1. We have Tj(u) € I/CI)/LP(Q). Then, from inequality (2.12), it follows from Proposition 2.1
and inequality (2.13) that

p*/p
/ T3 (w)|P" da < czfp( / |dulP dx) <ol M/ ) in/ (n=p), (2.16)
{lul<k}
Since |Ti(s)| = k for s € R, |s| > k, we have
kP meas {|u| > k} < / T} (w)|P” da.
Q

Combining this with (2.16), we derive inequality (2.14).
Next, set
ky = MY (=0 p(n=p)/(n=0)

Since k1 > 1, analogously to (2.14), we have
meas {|u| > ki} < ) M/ (P) @O/ nmp), (2.17)

Moreover, from inequality (2.13), we obtain
\SulP da < MES. (2.18)

{lul<k1}
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It is obvious that
meas {|du| > k} < meas {|u| > k1} + meas {|u| < k1, [du| > k}. (2.19)
If x € {|u|] < k1, |du| > k}, then k < |du| (z), Therefore, taking inequality (2.18) into account, we get

kP meas {|u| < ki, |0u| > k} < / |6ulP do < MES.
{lul<k1}
Combining this with inequalities (2.17) and (2.19) yields
meas {|6u| > k} < i) M7 (p) om0/ 0R) g g, (2.20)
Observe that, by the definition of k1, we have
M/ (n—p) kl—n(p—9)/(n—p) = M/ (n=0) =n(p=0)/(n—0)
MEPE! = M/ (n=0) .—n(p—0)/(n—0)
Combining these equations with (2.20), we derive inequality (2.15). O
Lemmas 2.1 and 2.2 imply the following result.
Lemma 2.3. Let u € ’?'Lp(Q), M >1, and 0 < 0 < p. Suppose that the following inequality holds for
any k > 1:
|6ulP da < MK°.

{lul<k}
Let 0 <A< n(p—20)/(n—0). Then

/ uAn=0)/(=D) gy < €y N (0P,
Q

/|5u|’\d:17 < CyM™ (=0)
Q

where Cy and Coy are positive constants depending only on n, p, meas€), 0, and .

3. Dirichlet Problem for Equations with L!-data.
Types of Solutions and Relations between Them

For any ¢ € {1,...,n}, let a; be a Carathéodory function over  x R x R™. Assume that for any
k > 0, there exist ¢ > 0 and g, € L'(Q) (g, > 0) on Q such that the following inequality is true for
almost all x € Q and all s € R, |s| <k, and { € R™

S Jaila, 5, 6)P/PD < ¢l + gy (a). (3.1)

i=1
Also, assume that there exist p; € [0,p—1), p2 € [0,p—p1), c1,¢2 > 0, and g; € L'(Q) such that g; >0
on 2 and the following inequality is true for almost all x € Q and any s € R and £ € R™:

—~ , cl§lP
Z az(%&@fz > W

i=1

— copa(1+ |3 — g (). (3.2)

Finally, assume that the following inequality is true for almost all z € Q and all s € R and &,& € R

(€ #¢):

n

> lai(z,5,8) — ai(x,5,§))(& — &) > 0. (3.3)

=1
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Let ag be a Carathéodory function over Q x R x R® and f € L}(Q).
Consider the following Dirichlet problem:

— E 8% ai(z,u, Vu) + ap(x,u, Vu) = f in Q, (3.4)
i=1 O
u=0 on 0N. (3.5)

Definition 3.1. We call a function u € V?/M(Q) a weak solution of problem (3.4), (3.5) if
(1) ai(z,u,Vu) € L'(Q) for any i € {1,...,n};
(2) G‘O(:Uauv VU) S Ll(Q)7
(3) for any function v € C3°(2), we have

n

/ { Z a;(x,u, Vu)D;v + ap(z, u, Vu)v} dr = /fv dx.
Q

Q i=1

Definition 3.2. We call a function u € ’%I’p(Q) a T-solution of problem (3.4), (3.5) if
(1) ai(z,u,d6u) € L'(Q) for any i € {1,...,n};
(2) ao(x,u,du) € LY(Q);
(3) for any function v € C5°(€2), we have

/{2

)

a;(x,u, du)D;iv + ap(x, u, (5u)v} dr = /fv dz.
1

Proposition 3.1. Let u be a T-solution of problem (3.4), (3.5) and let |6u| € L'(Q). Then u is a weak
solution of problem (3.4), (3.5).

Proof. Since u € ’%Lp(Q) and |du| € LY(Q) by Proposition 2.2, we see that u € V(i/l’l(Q) and we have

Dj;u = é;u almost everywhere in  for any i € {1,...,n}. Hence, taking Definition 3.2 into account, we see
that conditions (1)—(3) of Definition 3.1 are fulfilled. Therefore, u is a weak solution of problem (3.4), (3.5).
]

Next, observe that if u € ’%14’(9), v E V?/l’p(ﬂ) NL>®(Q), k>0,and i € {1,...,n}, then the function
ai(z,u,du)(d;u — 6;v) is summable over the set {|u — v| < k}. This follows from Proposition 2.1 and
inequality (3.1).

Definition 3.3. We call a function u € ’5'14’(9) an entropy solution of problem (3.4), (3.5) if
(1) ao(az,u, 5“) S LI(Q);
(2) for any v € C3°(2) and any k > 0, we have

/ { Z a;(z,u,ou)(d;u — 5iv)} dx + /ao(;v, u, 0u) T (u — v) de < /ka(u —v)dz.
{Ju—vl<k} = Q Q

Lemma 3.1. Let u be an entropy solution of problem (3.4), (3.5). Then the inequality in condition (2)
of Definition 3.3 holds for any v € V?/Lp(Q) NL>®(Q) and any k > 0.

One can prove this lemma, approximating a function v € L () N L>®°(Q) by a sequence of smooth
functions uniformly bounded over €2, applying the inequality from condition (2) of Definition 3.3 to the
functions of this sequence, and then proceeding to the appropriate limit, taking into account inequal-
ity (3.1) and Propositions 2.1 and 2.3.

Proposition 3.2. Let u be an entropy solution of problem (3.4), (3.5). Then
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(1) for any X such that 0 < X\ <n(p —1—p1)/(n — p), the function |u|* is summable over §;
(2) for any X\ such that 0 < A <n(p—1—p1)/(n—1—p1), the function |sul* is summable over Q.

Proof. Set o1 = p1p2/(p—p2). By virtue of the inequalities p; > 0 and 0 < ps < p—p;, we have o1 > 0.

Moreover, we have
pp1

pb—p2

=p1+o1. (3.6)

Set
2P1 2p1
My= O gy =2 [ gy ]+ fao(a, s Su)ld
C1 C1
Q
M3z = 2P Mymeas Q + [(2¢5,)"2 M1 (1 + meas Q)]p/(p_m).
Let k£ > 1. By Definition 3.3, we have

n

{Z a;(z,u, 5u)5iu} dx < /[f — ao(x,u, 0u)| Ty (u) dx.
(i<}~ Q
It follows from the latter inequality and from inequality (3.2) that
SulP
1 / % dzx < capo / (1 + |u|)P2dz + /91 dzr + / [f —ao(z,u,0u)] Tk (u) dz.

Hence, taking into account that (1 + |u|)P* < (2k)P! in the set {|u| < k} and |Tj(u)| < k in 2, we obtain

|6ulP de < Mk / (1 + [u])P? do + MakPrF1, (3.7)
{lui <k} {lul<k)

To estimate the first term on the right-hand side of inequality (3.7), suppose that ps > 0. Using the
Holder inequality, inequality (2.12), Proposition 2.1, and the Young inequality, we derive

p2/p*
2P2 PN / | Ty (w)|P? da < 2P2 kPt M, (meas Q)(p*m)/p*< /]Tk(u)p* da:)
Q Q

p2/p
< 2P2EPL My (1 + meas Q)cﬁ%( / |V T (uw)|P da:)

Q
p2/p
= (2¢5,p)P2 M1 (1 + meas Q) kP / |oulP dw)
{lul<k}
< [ (2¢np)P* M (1 + meas Q)]p/(pfm)k:plp/(p_p?) + 2 / |oul? dx.
p

{lul<k}

Then, taking relation (3.6) and the equation Tj(u) = u in the set {|u| < k} into account, we get

My kP / (1+ [u|)P? dow < MakPrtor + 2 / \6ul? d. (3.8)
p
{lul<k} {lul<k}

It is obvious that the latter inequality is also true in the case where py = 0. Inequalities (3.7) and (3.8)
imply that
p

|oulP dx <

{lul<k}

[ M3kPrHor + Mok . (3.9)
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If 01 < 1, then from inequality (3.9), inclusion p; € [0,p — 1), and Lemma 2.3 we derive that state-
ments (1) and (2) are true.

Now let
o1 > 1. (3.10)
Then, by virtue of the inequalities p; > 0 and 0 < ps < p — p1, we have
o1 < p2, (311)
and, therefore,
p1+ o1 <p. (3.12)

From (3.9), (3.10), (3.12), and Lemma 2.3 we see that
n(p —p1 —o1)

the function |u|* is summable over Q for any X such that 0 < A < (3.13)
n—p
Set
(U:m—"@_m_%*% j=2.3.... (3.14)
n—p
For any j € N, we claim that
o; < p2. (315)

Let us prove this by induction. Since (3.11) is true, inequality (3.15) holds for j = 1. Suppose that
inequality (3.15) holds for some j € N. Using relations (3.14) and the latter assumption, we obtain

n(p—p1—o;j n(p—pi1)  noj
0j+1=p2—(TpJ)=pz— (n_p)+n_]p
np —pi1 np2 np—p1—p2
o) e PP —p2)
n—p n-—p n—p

Hence, taking into account that ps < p — p1, we see that inequality (3.15) holds for j + 1. Therefore,
inequality (3.15) holds for any j € N.
Next, let j € N, j > 2. By virtue of (3.14) and (3.15) we have

np—p noj—1 np—p Poj—1
y gy MO TP) Mo ) o
n—p n—p n—p n—p
n — /1 2 n — P1 — P2
<oj1+pa— (p=p1) PP P (p=p1—p2)
n—p n—p n—p
Thus, for any j € N, j > 2, the following inequality is true:
n p— p—
oy <oy — PP PLZP2) (3.16)
n—p

This implies that for any j € N, j > 2, we have

) n(p —p1 — p2)
n—op '

Therefore, there exist numbers j € N such that o; < 1. Set

O‘j<0‘1—(j—1

m=min{j € N: g; < 1}.
Then o,, < 1. Hence, by (3.10), we see that m > 2. Moreover, it is obvious that o,,—; > 1; therefore,

1—om <0ome1—0m - (3.17)
Set )
a=-22"° (3.18)
P—p1—D2

By virtue of (3.10) and (3.11), we have a > 0.
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Choose a number ¢ such that

1—
0<e< min{ 1, Im } (3.19)

a™(Om—1 — Om)
and for any j € N, j > 2, set '
ﬁj =0+ EOéJ(Uj_l — Uj). (3.20)
Let j € N, 2 <j < m. It is obvious that ead >0. Ifa <1, then, since we have ¢ < 1 by (3.19), we get
ea/ < 1. If a > 1, then, using (3.17) and (3.19), we obtain ea? < o/™™ < 1. Thus, ea/ < 1 in any case
and, therefore, ea’ € (0,1).
Now from (3.20) and (3.16) we derive that for any j € N, 2 < 5 < m, we have
0; < Bj <0j-1- (3.21)
Combining this with relations (3.14) and (3.15), we see that for any j € N, 2 < j < m, we have

0<py— < MPZPLZO5-1) (3.22)
n—p

Then it follows from (3.22) and (3.13) that

the function |u[P?~% is summable over Q. (3.23)
We claim that for any j € N, 2 < j < m,

the function |u[P2~% is summable over Q. (3.24)

Clearly, it is true if m = 2. Let m > 2. Let us apply the method of induction. By virtue of (3.23),
statement (3.24) holds for 7 = 2. Suppose that statement (3.24) holds for some j € N, 2 < j < m — 1.
By the definition of the number m, we have

o; > 1, (3.25)
It follows from the latter inequality and from (3.21) that
B > 1. (3.26)

Choose some k > 1. Combining inequalities (3.7) and (3.26), we obtain
|bulP do < 2p2M1kpl+,6j / (1+ M)m—ﬁj dx + MykPr Tt
{lul<k} {Jul<k}
< { 2P2 M, /(1 + |u|)P2 =5 da + MQ} kPP

where the integral of the function (1 + |u|)P2=% over € is finite due to the assumption. Hence, taking
inequality 0 < p1 + ; < p into account and applying Lemma 2.3, we conclude that

the function |u|* is summable over Q for any A such that 0 < A < w (3.27)
n—p

We claim that ( 5)

n(p — p1 — B
p2 — B < LB (3.28)

n—p
Indeed, using relations (3.14), we obtain
n(p —p1 — ;)

p2 — ,Bj+1 =p2 — 041+ 041 — ﬁj+1 = + 0541 — ﬁj+1

n—p
~ n(p—p1— Bj) +n(ﬁj*0j)
N n—p n—op

+ 0541 — Bj+1,  (3.29)
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and, by virtue of (3.20), we have

n(ij_—paj) +0j41 — i1 = ea? ip(ffj—l —0j) —aloj — o541 (3.30)
Inequalities (3.15) and (3.25) imply that
oj—1—0; <p2— 1. (3.31)
Moreover, combining relations (3.16) and (3.18), we obtain
n(np%—pl) < aloj—oj41). (3.32)

It follows from relations (3.29)—(3.32) that inequality (3.28) is true.

In addition, observe that ps — 3;41 > 0 because of inequalities (3.22). Hence, taking inequality (3.28)
into account, we derive by statement (3.27) that the function |u|[P2~%+1 is summable over 2. Therefore,
statement (3.24) is true for j + 1.

Now we conclude that statement (3.24) holds for any j € N, 2 < j < m.

In particular, this implies that the function |u[P2=#m is summable over Q. Moreover, by virtue of (3.20)
and (3.19), we have f3,,, < 1. Then, using inequality (3.7), for any k > 1 we establish an estimate

|dulP dx < { 2M, /(1 + |u|)P2=Pm da 4 Mg} kpitt
{|u|<k} Q
Hence, taking inequality 0 < p; +1 < p into account and applying Lemma 2.3, we conclude that

statements (1) and (2) of the proposition are true. O

Proposition 3.3. Let u be an entropy solution of problem (3.4), (3.5). Let the function (1+ |u|)P?

be summable over Q and a;(z,u,0u) € LY (Q) for any i € {1,...,n}. Then u is a T-solution of
problem (3.4), (3.5).

Proof. By the assumptions of the proposition, we have u € Tiw (2) and conditions (1) and (2) of Defini-
tion 3.2 are fulfilled.
We claim that condition (3) of Definition 3.2 holds. Let v € C§°(©2). Choose k> max |v| and set

E,, ={|u—Ty(u)+v| <k} for any m € N.
Let m € N. Since T}, (u) —v € VCE/LP(Q) N L>®(2), by Lemma 3.1 we have

n

/ { Z ai(z, u, ou)(d;u — DTy (u) + D,-v)} dx < /[f —ao(x,u,0u)| Tip(u — T (u) + v)dz.  (3.33)

B, =l o
Using Proposition 2.1 and inequality (3.2), we obtain

n

/ { > i, u, 6u)(Siu — DiTn (u) + Dw)} dz

E, =1

:/{Zn:ai(x,u,éu)Dw}dx—i- / { Y ai(x,u,(su)éiu}dx

Ep =1 Emn{jul>m} =1

> / { Z a;(x,u, (5u)DZ-v} dx — copa / (14 |ul)P? dx — / g1 dz.

Em =1 Emn{|ul>m} {Jul>m}
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It follows from the latter relations and from inequality (3.33) that for any m € N, we have

/ { :1 ai(z, u, 5u)DiU} dr < Q/[f — ap(x,u, 0u)] Ti(u — Ty (u) + v) d

7
m

+ cop2 / (1 + |u|)P? dx + / g1dz. (3.34)
{lu|>m} {u[>m}

o0
It is obvious that |J E,, = Q. Moreover, we have FE,, C E,, 1 for any m € N. Indeed, let m € N and
m=1
x € Ep,. The inclusion z € E,, 1 is obvious in the case where |u(z)| < m+1. Suppose that |u(x)| > m+1.
In this case, if u(x) > 0, then u(x) > Tpn41(u(z)) and

—k <v(zr) <u(@) = Tm+1(u(z)) +v(z) =u(r) — Tn(u(z)) — 1 +v(x) < k. (3.35)
If u(z) <0, then u(x) < Thpy1(u(z)) and
—k <u(x) — Tn(u(x)) +v(x) + 1 =u(z) — Ty (u(z)) +v(z) < v(x) < k.

Combining this with (3.35), we see that if |u(x)| > m+1, then « € Ep,41 as well. Therefore, £, C Ep41.
Now we can conclude that meas (2\E,,) — 0. Then, since functions a;(x, u, du) are summable over (2
by the assumptions of the proposition, we obtain
n

/ { > ailz,u, 5u)Dw} dz — Q/ { > ailz,u, 5u)Dw} da. (3.36)

i=1 =1

m

Next, by statement (1) of Proposition 3.2, we have meas {|u| > m} — 0. Hence, since the functions
(1 + |u|)P? and g; are summable, we derive

(14 |u])? dz — 0, / g dz — 0. (3.37)
{lulzm} {lul=m}
Finally, we have
/[f —ao(x, u,0u)| Tp(u — T (u) + v) de — /[f — ap(x, u, du)|v dz. (3.38)
Q Q

This is true because Ti(u — Tp,(u) +v) — v in Q and the functions f and ag(x,u,du) are summable
over ().
By virtue of inequality (3.34) and relations (3.36)—(3.38), we see that for any function v € C§°(Q), we

have
n

/ { > aile, u,éu)Div} dr < /[f — ag(z, u, 6u)v da.
L Q

i=1
Therefore, the following relation holds for any function v € C§°(€2):

n

/{Z “i(%UﬁU)Dw} dx = /[f — ap(z,u, du)lv de.
L Q

i=1

Thus, condition (3) of Definition 3.2 holds and we conclude that u is a 7-solution of problem (3.4), (3.5).
(]

Corollary 3.1. Let u be an entropy solution of problem (3.4), (3.5). Let the functions (14 |u|)P? and |du|
be summable over Q and a;(z,u,du) € LY (Q) for any i € {1,...,n}. Then u is a weak solution of

problem (3.4), (3.5).
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This result follows from Propositions 3.3 and 3.1.
Before we proceed further, note one useful remark.

Remark 3.1. If p; < (p—1)/(n —p+ 1), then we have

n(p—1-—p1)
1< . 3.39
(- 1= p)-1) (3:39)
Proposition 3.4. Let

p—1
< — 3.40
b1 n—p+1 ( )

_1—
py < P =1=pP1) (3.41)

n—p

0<p<p'p—1-—p1)/(p—1), ©>0, ge L' (Q), and g >0 in Q. For almost all x € ), any s € R,
and & € R", let the following inequality hold:

> lai(w, s, PP < (|slP + [€°) +g(x). (3.42)
=1

Let w be an entropy solution of problem (3.4), (3.5). Then
(1) ai(x,u,6u) € LK) for any number X such that

p(p—1—p1) np—1-p1) }
pp—1)  (n—=1-p)(p—1)

1<A< min{ (3.43)

and any i € {1,...,n};
(2) u is a T-solution of problem (3.4), (3.5).

Proof. First, observe that inequality (3.39) holds by virtue of inequality (3.40) and Proposition 3.1. This
inequality and the assumption on p imply that the set of numbers A\ satisfying inequality (3.43) is not
empty.

Let A satisfy inequality (3.43) and let 7 € {1,...,n}. By virtue of (3.42) and the inequality A(p—1) <
p, we have

la;(z, u, 6u) > < (64 1) | JuPP~VP/P L 5u P~V | £G4+ 1 almost everywhere in Q. (3.44)

Inequalities (3.43) imply that

Ap—-Vp/p<nlp—1-p1)/(n—p), Ap-1)<nlp-1-p1)/(n—1-p1).

Then the functions |[u[*®P~VP/P and |§ul*®=1) are summable over Q by Proposition 3.2. Combining
this with (3.44), we deduce that a;(x,u,du) € L*(Q), which proves statement (1). It follows from this
statement that we have a;(z,u,du) € L'(Q) for any i € {1,...,n}. Moreover, by inequality (3.41) and
Proposition 3.2, the function (1 + |u|)P? is summable over €.

Thus, all the conditions of Proposition 3.3 are fulfilled, and, by this, statement (2) of the proposition
is true. O

Corollary 3.2. Let p>2—1/n,

. n 1 p—1
B (p2g ), 4
p1<m1n{n_1<p +n>, n—p+1}7 (3.45)

nip—1-—
Dy < (p p1)7
n—p
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0<p<p'(p—1-p1)/(p—1),e>0,ge LYQ), and §> 0 in Q. For almost all x € Q, all s € R, and
all £ € R™, the following inequality holds:

> lai(w, s, P/~ <e(|sf? + [¢°) +g(x).
i=1

Let w be an entropy solution of problem (3.4), (3.5). Then w is a weak solution of problem (3.4), (3.5).

Proof. Since all the conditions of Proposition 3.4 are fulfilled, it follows by this proposition that u is a
7 -solution of problem (3.4), (3.5). By virtue of (3.45), we have

n 1
me (o2 ).
n—1 n
Then 1 < n(p—1—p1)/(n—1—p1). Combining this with statement (2) of Proposition 3.2, we see that
|6u| € L1(2). Then, by Proposition 3.1, we conclude that u is a weak solution of problem (3.4), (3.5). O

4. A Priori Properties of Summability and Estimates for Entropy Solutions
Let us begin with the following auxiliary result.
Lemma 4.1. Let h € CY(R) and h(0) =0. Let u € IX/LP(Q) NL>(Q). Then h(u) € V?/l’p(Q) N L>(Q)
and D;h(u) = W' (u)Dju almost everywhere in Q for any i € {1,...,n}.

Proof. By the continuity of the function h in R and the inclusion u € L% (), we obtain h(u) € L>().
Next, set m = ||u| () + 1, and let {u;} be a sequence of functions belonging to C§°(Q2) such that

uj — u strongly in WhP(Q), (4.1)
uj — u almost everywhere in (2, (4.2)
VieN |uy[<m in Q. (4.3)
Since h € C1(R) and h(0) = 0, we have

{h(w;)} € G5(9). (4.4)

From relations (4.2) and (4.3) and the inclusion h(u) € L*°(2), we deduce that
h(uj) — h(u) strongly in LP(Q). (4.5)
Choose some i € {1,...,n}. Since u € L*(Q), D;u € LP(Q), and the function A’ is continuous in R,

we have h/(u)D;u € LP(Q). Taking inequalities (4.3) into account, we obtain (for any j € N)

/ |Dih(u;) — h'(u)DjulP dz < 2p/ W (uj) — W (u)|P| DyulP dx + (2 [513%} IW|)" / |Diuj — Diu|P dx.
0 Q 7 0

Combining this with relations (4.1)—(4.3), we see that
Dih(uj) — h'(u)Dsu strongly in LP(€). (4.6)

It follows from relations (4.4)—(4.6) that the generalized derivative D;h(u) exists and D;h(u) = h/(u)D;u
almost everywhere in (.
Thus, we conclude that h(u) € WHP(Q). Moreover, relations (4.5) and (4.6) imply that h(u;) — h(u)

strongly in W1P(€2). Hence, using (4.4), we see that h(u) € VOVLP(Q). O

Proposition 4.1. Let po =0 and g1 =0 in Q. Let u be an entropy solution of problem (3.4), (3.5).
Let h € CY(R), h(0) =0, the function h be bounded in R, and h' >0 in R. Then the function
|dulPh/ (u) /(1 + |u|)Pr is summable in Q and the following inequality holds:

[dulP 1
Q/m h(u)de < o Q/ [f— ao(z,u,ou)| h(u)dz. (4.7)
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Proof. Choose some k > sup |h|. For any m € N, set
R

Um = T (u) = h(Tim(u)), (4.8)

Ep = {|u—Tn(u) + h(Tr(u)| <k} (4.9)

Let m € N. Since u € ’f'l’p(Q), we have T, (u) € V([)/'l’p(Q)ﬂLOO(Q). Then h(T),(u)) € V([)/'LP(Q)OLOO(Q)
by Lemma 4.1 and, for any i € {1,...,n}, we have

D;h(Tp(uw)) = B (Tyn(u))D; Ty (u)  almost everywhere in Q. (4.10)

Clearly, vy, € V?/Lp(Q) N L>(£2). Then, by Lemma 3.1, we have

n

/ { Z; ai(w, u, 6u)(diu — 5ivm)} dz < /[f — ao(x, u, 6u)] Ti(u — vy, dz. (4.11)
= o)

m

Using Proposition 2.1, inequality (3.2), relation (4.10), the inclusion {|u| < m} C E,,, and the nonneg-
ativity of the function A’ in R, we obtain

E{ { > el u) B — mm)} do

n

_ / { Z; i (1, 000) (510 — D,Tm(u))} do + / { 2 a1, 5u)Dih(Tm(u))} dx

B, -
ZE{ { Z: ai(z, u, 5u)Dih(Tm(u))} dx :E[ { Z: ai(w, u, 6u)D; Tm(u)} W (T (u)) dv

{Z (2, u, 6u M} B (u) dz > e / 1l da

- L+ [ul)
{luf<m} {lul<m}

Combining this with inequality (4.11), we get (for any m € N)
|ou|P 1 /
— r < — — ou)| T (u — vpy,) d. 4.12
/ A+ ju <2 ag(x, u, 0u)] Tk (u — vy,) dz (4.12)
{lul<m} Q

Taking into account that Ty (u — vy,) — h(u) in  and using the Fatou lemma, from inequality (4.12)
we deduce that the function [du[Ph/(u)/(1 + |u])P! is summable in  and inequality (4.7) is true. O

Corollary 4.1. Let po =0 and g1 = 0 in Q. Let u be an entropy solution of problem (3.4), (3.5). Then
the following statements are true:

+oo
(1) if he C(R),h >0 in R, and [ (14 [t|)P*h(t)dt < o0, then the function |du|Ph(u) is summable
mn -
+oo
(2) if he CLR), h(0) =0, and [ (1+ [t|)P|N/ ()P dt < 400, then h(u) € LP" ().
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+oo
Proof. Let h € C(R), h>0in R, and [ (14 [¢t])P*h(t)dt < +oo. Let hy be a function over R such that

(L+ |t])Prh(t)dt if s> 0,
if s=0,

(1+[t)Ph(t)dt if s <o.

>
=
—~
»
SN—
I
m\o [a) O\_.m

Then h; € CY(R), h1(0) = 0, the function h; is bounded on R, and h}(s) = (1 + |s|)PLh(s) for any
s € R. Hence, by Proposition 4.1, we deduce that the function |du|Ph(u) is summable over 2. Therefore,
statement (1) is proved.

“+o0o
Now let h € CL(R), h(0) =0, and [ (14 [t[)P*|W/(t)|P dt < +oc. Choose some k € N. By Lemma 4.1,

we have h(Tj(u)) € ch/Lp(Q) and |VA(Ti(uw))| = | (Tk(u))||VT(u)| almost everywhere in Q. Then,
using (2.12) and Proposition 2.1, we obtain

[ @< fwmwpenwra) <ol [ wepsral™ @
Q Q {lul<k}

Due to the assumptions about h and statement (1), the function |h'(u)|P|dulP is summable over .
Then, applying the Fatou lemma, from (4.13) we derive that h(u) € LP (Q). Therefore, statement (2) is
proved. O

Proposition 4.2. Let po <n(p—1—p1)/(n—p) and let u be an entropy solution of problem (3.4), (3.5).
Leth € C1(R), h(0) = 0, h and b’ be bounded in R, and h' > 0 inR. Then the function |6u|Ph’(u) /(1 + |u|)PL

is summable over ) and the following inequality holds:

/% B (u) dx < é [ f— ao(x,u,du)] h(u) de + é / [copo(1 + |u|)P* + g1] W (u) dz.  (4.14)
Q Q

Proof. Choose some k > sup |h| and define the function v,, and the set E,, by (4.8) and (4.9) for any
R
m e N. o
Let m € N. Reasoning analogously to the proof of Proposition 4.1, we see that h(T,(u)) € WP(Q),

Um € I/?/l’p(Q) N L>(2), and relations (4.10) and (4.11) hold.
It follows from the assumption about ps and from Proposition 3.2 that the function (14 |u|)P? is
summable over €. Taking this into account and using Proposition 2.1, relations (3.2) and (4.10), the
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inclusion {|u| < m} C E,,, and the fact that A’ is nonnegative and bounded in R, we obtain

/ { zn: a;(z, u, ) (51 — mm)} dx

Em =1

-/ {3

ai(w, u, 6u) (yu — DiTm(u))} do + / { ai(z, u, 6u)Dih(Tm(u))} dz

n

- =1 . i=1
= / { Z a;(z,u, 5u)5iu} dx + / { Z a;(x,u, 5u)5iu} h'(u) dx
Emn{ju/>m} =1 {lu<my =
> o / 0y de - / [copa(1+ [u)?? + gi] I (u) da
- (1 + Jul)Pr
{Jul<m} {lul<m}

- / [eapa(1+ [ul)? + gi1] da

{lul=>m}
Combining this with (4.11), we get (for any m € N)
dul” 1
/ Wh(u)dzg a/[f—ao(x,u,éu)]Tk(u—vm)dm

{lul<m} Q

1 1

+ o / [copo(1 + |u])P? + g1] B/ (u) dz + o / [cop2 (1 + |u])P? + g1] dx.  (4.15)
1 1
{lul<m} {lul>m}

Observe that statement (1) and Proposition 3.2 imply that meas{|u| > m} — 0 as m — oo. Then,
taking into account that Tj(u — vy,) — h(u) in 2 and using the Fatou lemma, from (4.15) we derive that
the function |[dulPh/(u)/(1 + |u|)P? is summable over Q and inequality (4.14) holds. O

Corollary 4.2. Let po <n(p—1—p1)/(n—p) and let u be an entropy solution of problem (3.4), (3.5).
Then the following statements are true:

(1) if he C(R), h>0 in R, and

400
/ (1+ [N h(t) dt < +00,  sup (1+ [¢)P h(#) < +oo, (4.16)
teR
then the function |dulPh(u) is summable over §;
(2) if h € CYR), h(0) =0, and
400
/ (1 + [¢))P B ()P dt < +o0, sup (1 + [t))PHR ()P < +oo0, (4.17)
teR

then h(u) € LP" ().

Proof. Let h € C(R), h > 0 in R, and inequalities (4.16) hold. We define the function hj in the same
way as in the proof of Corollary 4.1. We have h; € C*(R), h1(0) =0, hy and h/ are bounded in R, and
Ry > 0 in R. Then the function |du|Ph)(u)/(1 + |u|)P* is summable over © by Proposition 4.2. Hence,
taking into account that h}(s) = (1 + |s|)P*h(s) for any s € R, we deduce that |du[Ph(u) is summable
over 2. Thus, statement (1) is proved.
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Now let h € CY(R), h(0) = 0, and inequalities (4.17) hold. Then inequality (4.13) is true for any
k € N. Moreover, by statement (1), the function |h’(u)[P|du|P is summable over Q. Hence, using the Fatou
lemma, we obtain that h(u) € LP"(Q). Thus, statement (2) is proved. O

Corollary 4.3. Let po <n(p—1—p1)/(n—p) and let u be an entropy solution of problem (3.4), (3.5).

: |oulP
Let 1. Then th t
et > 1. Then the function (3= i@ 1 fu])] [In I3 + [u])]

Proof. Let h be a function over R such that

3 is summable over (.

1
(1+ [s)Pr+1[In(2 + [s))] [InIn(3 + [s[)]?

for any s € R. We have h € C(R), h > 0 in R, and inequalities (4.16) hold. Then |du[Ph(u) is summable
over ) by statement (1) of Corollary 4.2. Therefore, the corollary is proved. O

h(s) =

Corollary 4.4. Let po <n(p—1—p1)/(n—p) and let u be an entropy solution of problem (3.4), (3.5).
Let h € C(R) and the following conditions be fulfilled: h is even, h >0 in R, h is nonincreasing in the
set [0,400), and

—+00

/ %[h(t)](”’p)/” dt < +oc. (4.18)
1

Then the functions |u["P=1=P)/(=P)p(y) and |u|?P—1=P)/(n=1=p0)[ b (y,)]|(n=P)/("=1=P1)  gre summable

over (2.

Proof. Let hy be a function over R such that

/( ()] dt if s> 0,
0

1+ [¢])pr+D)/p

hl(S) = 0 if s=0,

[ ol
—/ ( dt if s <0.

1+ [¢])pr+D)/p

We have
hi € CYR),  hi(0) =0, (4.19)
VEeR (14 )P ()P = % (4.20)
It follows from relations (4.18) and (4.20) that
+00
/ (1 + [¢))P* Ry (#)P dt < +oo0. (4.21)
Since h is even and nonincreasing in [0, +00), we have
VteR h(t) < h(0). (4.22)
Combining the latter inequality and (4.20), we obtain
sup (1 + [t)PHR] ()P < +o0. (4.23)
teR
Using relations (4.19), (4.21), and (4.23), by statement (2) of Corollary 4.2 we derive
hi(u) € LP" (). (4.24)
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Let s € R. Since h is even and nonincreasing in the set [0, +00), we have

[A(s)]'7"

5|

()l 2 A apen - (4.25)
If |s| > 1, then, using (4.25), we get
|s|' =P[R < 2 | (5)]. (4.26)
If |s| < 1, then, by virtue of (4.22), we obtain
s\ PrAD/PL B ()P < [R(0)])VP (4.27)

Inequalities (4.26) and (4.27) imply that
|| D/ R ()P < 2 |hy(s)] 4 [R(0)]VP7
for any s € R. Then
|u["@=1=P)/(=P)fy(4)) < 4P |y ()P + 2P R(0) in Q.

Hence, taking inclusion (4.24) into account, we conclude that |u|"®~1=PV/("=P)h(y) is summable over .
Next, set

11— _
qzn(P 101)’ \ = n—p '
n—1-—m n—1-p
Observe that g < p,
g1+p) nlp—1-—p) (4.28)
p—q n—p '

p n—p
A-1)=+1= . 4.2
L (4:29)

Let s € R and £ € R™. Using the Young inequality with parameters p/q and p/(p — q) and equa-
tions (4.28) and (4.29), we obtain

al p(s)] A 1+a/p
o = RO oot o

_ leP[h(s)nrn
=T s

+ (1 4 |s])P==P0)/(n=P)py(5).
Then
|G| P 1=P1)/ (n=1=p1) [ ()] (P=P)/ (R = 1=p1)
[GulP[A(w) P/
= T
It follows from the properties of the function h and from statement (1) of Corollary 4.2 that the
[ulP[A(w) /"
(L + ful st
is summable (as was proved above) and using inequalities (4.22) and (4.30), we deduce that the function

+ (14 |u)MP=1=P0)/(=P)p () in Q. (4.30)

function

is summable over Q. Hence, taking into account that |u|*®P—1-P1)/(n=P)p(y,)

|§u [P 1=P1)/ (n=1=p0) ()] (PP) (0= 1=p1)
is summable over (). O

Corollary 4.5. Let py < n(p—1—p1)/(n—p), the function u be an entropy solution of problem (3.4), (3.5),
and > n/(n—p). Then the functions

|| (P=1=P1)/(n=P) |Gu|(P—1=P1)/(n=1=p1)
[+ a7 @+ [u)]P [+ [ul) /=0 [T In(3 + [u]) 7o)/ 01—

are summable over Q.
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Proof. Let h be a function over R such that
1

h =
)= M@+ oD@ + 5P
for any s € R. The function h satisfies the conditions of Corollary 4.4, which completes the proof. ]

From Corollary 4.5, we derive the following result.
Corollary 4.6. Let ps < n(p—1—p1)/(n—p), function u be an entropy solution of problem (3.4), (3.5),
and 3>1/(p—1—p1). Then

|ul

[In(2 + [u)]V/=1=P)[In1n(3 + [u]))?
|0ul

[In(2 + [u)]V/=1=P)[In1n(3 + [u])}?

e pp=1=py)/(n=p) (),

Lrp=1=p)/(n=1=p1) (),

5. Existence Theorem
Theorem 5.1. Let py < (p—1)/(n—p+1), po=0, and g1 =0 in Q. Let c>0, 0<o<p—1-—p1,
geELY (), g>0in Q, o€ CR), p>0 in R, and

“+oo

/ (1 + [t))Prep(t) dt < 4o0.

—00
Suppose that the following inequality holds for almost all x € Q and all s € R and £ € R™:

|ao (@, 5, &) < c[ [s]7 + €] + [€F o(s) + g(). (5.1)

Then there exists an entropy solution of problem (3.4), (3.5).

The proof of this theorem contains a lot of technical details, which cannot be fully described within
the framework of this paper. Detailed proofs of this result and of the analogous result in the case where
p2 # 0 and ¢ satisfies the additional condition sup (1 + |¢|)P*¢(t) < +oo will be published soon. Here we

teR

just describe the main steps of the proof of Theorem 5.1. They are as follows.

o
First we consider the sequence of generalized solutions u; € W1P(Q) N L°°(Q) of approximating prob-
lems

=3 A e, Vu) + AP (w, Vu) = [ i 0, (5.2)
i=1 v

u=0 on 09, (5.3)
where f; = T};(f), while Al(j ) and A(()j ) are functions on Q x R x R” such that

Az(‘j)(qj’ S, f) = CLZ'(SC, CTJ'(S), 5)7 Aéj)(xa S, 5) = 71j(CLO(:’Ca S, g))
for any triple (z,s,&) € Q x R x R™.

Substituting h(u;) for w in the integral identity corresponding to the approximating problem with the
right-hand side f;, where h € C1(R) is any bounded function such that h(0) =0 and A’ >0 in R, we
obtain (using Lemma 4.1 and inequalities (3.2) and (5.1)) the integral inequality, from which we derive a
series of uniform integral estimates for functions wu;.

o
In particular, this allows us to prove the existence of the function u € 7'P()) and the increasing
sequence {j;} C N such that

uj, — u almost everywhere in €, (5.4)

Vk>0 Tip(u;) — Te(u) weakly in WLP(Q). (5.5)
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Then, using the integral identities corresponding to approximating problems (5.2), (5.3), inequali-
ties (3.1)—(3.3), and properties (5.4) and (5.5), we derive that

Vie{l,...,n} Djuj — d;u in measure, (5.6)

Yk >0 Ti(uj) — Ti(u) strongly in WhHP(Q). (5.7)

From the above-mentioned uniform integral estimates for the functions u; (including a uniform estimate

for the integrals of |Vu;[P ¢(u;) over §2), inequality (5.1), and properties (5.4) and (5.6), we deduce that
ao(z,u, 0u) € L1(Q).

Using the same uniform integral estimates for functions wu; and properties (5.4), (5.6), and (5.7), we

pass to the limit in the integral identities corresponding to the approximating problems (5.2), (5.3). This
implies that w is an entropy solution of problem (3.4), (3.5).

To conclude, we consider an example of functions a;, 7 = 1, ..., n, satisfying inequalities (3.1)—(3.3), and
an example of a function ay, satisfying inequality (5.1) with ¢ complying the conditions of Theorem 5.1.

Example 5.1. Let p > 2, aa € [0,p—1), 6 € R, v € (0,p — 1 — ), ¥ be a nonnegative continuous
function over R, gg € Lp/(p_Q)(Q), and go > 0 in Q. For any i € {1,...,n}, let a; be a function over
p—2¢.
Q x R x R™ such that a;(z,s,&) = (|1£LL—\£)1°‘ + B + go(z)(s)&; for any triple (z,s,£) € Q x R x R™.
s
Then inequalities (3.1)—(3.3) hold and

—2
o = 670V, g = (311K D+ 32/ 6D ( max ¢)p/ "2 pie-2)

ayN p .
p1 =, p2:<7+5)ﬁ7 g1=0 in Q.

Example 5.2. Let 8> 1, f1, 3 €R, 0<o<p—1—p1, g€ L' (), g>0in Q, and ¢ be a function

over R such that 1

L+ [s))P11[In(2 + |s])]7
for any s € R. Let ag be a function over €2 x R x R” such that
ao(z,8,8) = Buls|” + B2/€|7 + [€]F ¢(s) + g(x)
for any triple (z,s,£) € @ xRxR"™ Then ¢ complies with the conditions of Theorem 5.1 and a( satisfies
inequality (5.1).

p(s) = (

6. Bibliographic Comments

The set 77 (©) and some wider sets of functions were introduced in [3]. Equation (2.4) is used in [3]
for the definition of a gradient for elements of a function class containing the set T Lp(Q). The direct

definition of functions d;u for u € Ti» (©) by (2.3) and the proof for Proposition 2.1 are given in [14].
Proposition 2.2 can be found in [12, 14]; the particular case for A\ = p is given by [3, Lemma 2.2].
A statement similar to statement (1) of Proposition 2.3 is mentioned without a proof in [3, Sec. 2].
Lemma 2.1 is essentially proved in [11]. For the analogous results using more qualified estimates instead
of (2.10), see [12, 13]. For 6§ = 1, inequalities (2.14) and (2.15) under condition (2.13) were established

earlier in [3]. The proof of Lemma 2.2 is analogous to the one described in [3]. An analog of the set ’5’1’7’(9)
suitable for investigation of the solvability of fourth-order nonlinear elliptic equations with right-hand sides
belonging to L! is introduced in [11].

The idea of using inequality (3.1) allowing an arbitrary growth of the coefficients a;, i = 1,...,n,
with respect to s was inspired by [5], where an analogous inequality was introduced for coefficients of
a parabolic equation with L'-data. A particular case of the degenerate coercivity (3.2), where p = 2,
p2 = 0, and g1 = 0, was considered, e.g., in [6] for a linear equation with respect to the gradient of

1536



the unknown function. In [1], the Dirichlet problem was considered for Eq. (3.4) with a zero low-order
coefficient and the following restrictions regarding a;, i = 1,...,n: these coefficients satisfy (3.2) with
p € (L,n), pr € [0,p—1), po =0, and g; = 0, while their order of growth with respect to s and ¢ is
not greater than p — 1. Conditions of the strict monotonicity of the form (3.3) are usual for proofs of
existence and (in some cases) uniqueness of entropy solutions (e.g., see [1, 3, 8, 16]). For Definition 3.1,
see, e.g., [8], and for Definitions 3.2 and 3.3, see [3]. For p; = 0, Proposition 3.2 describes the properties of
summability actually obtained in [3] for entropy solutions of nonlinear elliptic equations with the standard
coercivity condition (p; = 0, po =0, and g; = 0). If p; # 0, but po = 0 and g; = 0, then the properties of
summability formulated in Proposition 3.2 were essentially established in [1] for entropy solutions which
are limits of solutions of the corresponding approximating problems. Here we considered the general case,
where the proof of Proposition 3.2 is more complicated than in the above-mentioned particular cases.
Propositions 3.3 and 3.4 and Corollary 3.2 generalize the results obtained in [3] for p; = 0, po = 0, and
g1 = 0.

As far as we know, Propositions 4.1 and 4.2 together with their corollaries formulated in Sec. 4 are new
even in the case where p; = 0. In particular, even for p; = 0, po = 0, and g; = 0, Corollary 4.6 gives
stronger results of summability than results obtained in [9] for weak solutions.

Note that estimates (4.7) and (4.14) play an important role in the investigation of the properties
of summability of entropy solutions under conditions of the form (5.1) for the function a¢ and in the
improvement of the summability of f. On the whole, this is a subject of a separate publication.

If the high-order coefficients of Eq. (3.4) do not depend on u, have a growth of order p—1 with respect
to Vu, and satisfy the standard coercivity condition (p; = 0, po = 0, and g; = 0), while the low-order
coefficient ag does not depend on Vu, has an arbitrary growth with respect to u, and is nondecreasing
with respect to w, then the existence of an entropy solution of problem (3.4), (3.5) is proved in [3]. The
proof of Theorem 5.1 mainly follows the method used in [3]. However, in the case under consideration
the low-order coefficient without a fixed sign satisfying estimate (5.1) complexifies the necessary uniform
estimates of solutions of approximating problems. If the high-order coefficients of Eq. (3.4) have growth
of order not greater than p — 1 with respect to u, have growth of order p —1 with respect to Vu, and
satisfy the standard coercivity condition (p; = 0, po = 0, and g; = 0), the low-order coefficient a satisfies
inequality (5.1) with ¢ =0 and ¢ € L'(R), and the right-hand side of the equation is a bounded Radon
measure on ), then the existence of a 7-solution of the Dirichlet problem is proved in [16]. This article
contains interesting (and similar to ours in some sense) methods of proving integral estimates of solutions
of the approximating problems and the ideas used in the proof of Theorem 5.1 concerning the proof of
strong convergence in W1P(§) for cross sections of such solutions. Finally, it should be mentioned that if
high-order coefficients of Eq. (3.4) satisfy the standard growth condition with respect to u and Vu, while
p1 €[0,p—1),p2 =0, 91 =0, and ag = 0, then the existence of entropy solutions of problem (3.4), (3.5)
was proved in [1].
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