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SMALL DEVIATION PROBABILITIES FOR SUMS OF INDEPENDENT POSITIVE
RANDOM VARIABLES

L. V. Rozovsky* UDC 519.21

In this note, we give estimates of small deviation probabilities of the sum Z].>1 Aj Xj, where {\;} are nonneg-

ative numbers and {X;} are i.i.d. positive random variables that satisfy mild “assumptions at zero and infinity.
Bibliography: 10 titles.

1. INTRODUCTION

In this paper, we prove results announced in [1].

Let S = > A\; X, where A\ > Ay > --- are nonnegative numbers such that
j=>1

1<n=4#{jl\ >0} < (1.1)

(if n = oo, we assume that the series S converges a.s.) and {X;} are independent copies of a positive random
variable X with distribution function V' (z) that satisfies the following condition:
there exist constants b € (0,1), ¢1, ca > 1, and rg > 0 such that

aVbr) <V(r) < e V(br) (L)

for any r < rg. Here and below, c1, c2, ... denote positive constants depending only on the distribution V' and
on parameters from conditions (L), (1.2), etc which are connected with V.

Condition (L) introduced in [2] is obviously satisfied if the function V(r) is regularly varying at zero. In
particular, this is so in the important Gaussian case, i.e., when X = |£|P, p > 0, where £ is the standard normal
variable.

Condition (L) also implies that

e > V(ur)/V(r) > u®/ea, u <1, 1 <o, 12
uP /ey <V(ur)/V(r) < cpu®, u>1, r < ro, '
csr® <V (r) < ear?, v <, (1.3)

for some constants «, 3 such that loge;/|logh| < 6 < a < logca/|logh|.
We are mostly interested in the behavior of the probabilities P (r —s < S < r) for r, s > 0. Similar problems
(mostly, for the Gaussian case) were considered by many authors (see references in [2] and [3]). The most general
and exact statements (in the context of the present work) were obtained in [2]. Let us formulate the basic result
of this note. For this purpose, we introduce some notation.
For v > 0, set
A(y) = Ee ™, m(y) = —(logA(7))', *(7) = (logA(7))",
Q) = —ym(y) —log A(v).

Theorem 1.1. Assume that a random variable X has
(a) finite variance

and

(b) absolutely continuous distribution

and satisfies condition (L). If {\;} is a nonincreasing positive sequence such that Y A; < oo, then
Jj21

(1.4)

P(S<r)=2m)""2(y0(7) e 0 (1 +0(1)), 7\ 0,
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where the parameter v = ~(r) is a solution of the equation m(y) = r.
Moreover, if E X? < oo and « satisfies condition (1.3), then

P (S <7)=@0) 2 (0(1) e 9 (1+0((o(n) ™ + (o) ) e N0, (1)

for any x € (0, 2).

Note that assumptions (a) and (b) of Theorem 1.1 are essentially used in the proofs.

Our main purpose is to show that relations of the type (1.5) are still valid without assumption (b) and under
an essential relaxation of condition (a).

2. RESuLTS

First we state an assertion which holds under condition (L) only.

Theorem 2.1. Assume that the distribution function V satisfies condition (L). Then
e Q) > P(§<r)>e Qs VIHRD - g < < ES, (2.1)

where «y is the unique solution of the equation m(vy) = r.

Remark 1. Since the function m(u) monotonically decreases on (0,00), m(0) = ES < oo, and m(co) = 0,
relation (2.1) is equivalent to the following relations:

e Q) > P (S <m(y)) > e QW= VIFRM ) < 4 < 0.

Relation (2.1) allows us to find asymptotics of the logarithm of the probability P (S’ < 7“).
To formulate a more sharp result, we require an additional information on the behavior of V' at infinity.
Introduce the following condition:

. P (X >r)

lim sup

o EXZI[X < 7] (F)

This condition, the so-called condition of Feller’s stochastic compactness, is satisfied if X belongs to the
domain of attraction of a stable law, including the normal case. It is also possible to show that condition (F') is
equivalent to the following condition: there exists w € (0, 1) such that

rYE(1ArX?) /,r>0, (2.2)

which implies, in particular, that there exists § > 0 such that E X° < oo.

In fact, take £ € (0,2) and g(z) = 2 *E (22 A X?), 2 > xo. In this case, g(z) = 27° [ V(u)du?, where

O —z

V(u)=1—V(u). Next,
g ()= —Eg(x)/x+ 2017V (z) = 27178222V (z) — €22V (z) — € EX?I[X < z]).

We note that ¢'(z) < 0 if and only if #[(Xxlx]

and (2.2).

< &/(2 — &), which proves the equivalence of conditions (F')

Theorem 2.2. Let the distribution function V satisfy conditions (L) and (F'). Then

—vs 1/a
P(r—s<S<r)=e 90 1me @ (1 +6 (Fl + (@) (1+ ('ys)_l)>> (2.3)

TV 2T T

for allr, 0 <r < ES, and all positive s, where v is a solution of the equation m(y) =r, 7 = yo(y)(see (1.4)),
the constant « is taken from conditions (1.3), and |0| < cs.

Theorem 2.2 is a corollary of the following more general statement.
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Theorem 2.3. Let conditions (L) and (F') be satistied. Then

_ eS8
rl—e

27

1/«
(e—(T—m(v))2/202(7)+9 (T_1+ (bg(i;r T)) (1_'_(78)—1)))

for all positive r, s and 7, where T = vy o(v) and |0] < c7.

P(r—s<S<r)=A(y)e

Remark 2. If n < oo (see (1.1)), then, under the conditions of Theorems 2.2 and 2.3, relations (2.3) for
0<r<m(d/\,) and (2.4) for v > 6/, remain valid for || < ¢(V, §) and for any positive § without condition
Next, we formulate a local version of Theorem 2.3.
By analogy with [2, (3.6) and (3.7)], let us assume that a random variable X has an absolutely continuous
distribution with density f such that

ldf(z)] < CV(z)z ?dw, 0 <z < x0, dv >0, (2.5)
and -
/ (e_‘sxf(x))p dx < o0 (2.6)

for some positive C, zq, §, and p > 1.

Theorem 2.4. Let the distribution function V satisty conditions (L) and (F') and let its density f satisfy
conditions (2.5) and (2.6). Assume also that n > ng, where ny is an integer such that ng > (1+ «)(1V 1/3) and
ng > 2V p/(p—1) (see the notation in (1.1), (1.2), and (2.6)). Then

1—e™7% 2 2
P(r—s<S<r)=A@R)e"" —S (e~ (r=m())?/20°(n) 4 g 1 o
(r-s<S<n=ame” T (e (ot ) @)
with
6] <ecs [ 14X, Y E(1ANX) (2.8)
j=1

for all positive r and s and all ¥ > §/Ay,. In particular, if 0 < r < m(d/A\,,) and m(vy) = r, then
1—e77®
Pr—-s<S<r)=e W ——— (1+0(yo(y)7).
( <7) —a (L0t ™)

We note that, in constrast to (2.4), equality (2.7) is nontrivial for arbitrarily small values of parameter s as
well. Thus, one can divide both parts of (2.7) by s and, letting s tend to zero, find an appropriate asymptotic
of the density ¢(r) of the random variable S.

Thus, under the conditions of Theorem 2.4,

a(r) = (c()V2m) AT (70O T 4 h(y0(7) )
in addition, if 0 < r < m(§/A,,) and m(y) = r, then
a(r) = (6()V2m) 0 (140 (ro (1)),

where 0 satisfies condition (2.8).

Remark 3. If we replace condition (2.6) in the conditions of Theorem 2.4 by a more restrictive assumption that

oo
/ e™""|d(x)) < oo (2.9)
zo

(and omit the assumption that ng > 2V p/(p — 1)), then relation (2.7) holds for 0] < cs.

Recall that the constants cg,...cs,... depend only on the distribution V and on parameters which are

connected with the distribution (including conditions (2.5) and (2.6)).
Remark 4. If ng = n < oo in Theorem 2.4, then its statement remains valid without condition (F).
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3. COROLLARIES

Let n = oo in (1.1), i.e., let {\;} be a nonincreasing sequence of positive numbers such that the series S
converges, or (by the three series theorem)

D> E(1A)X) < oo (3.1)

Jj21

Note that if EX < oo, then condition (3.1) implies the convergence of the series Y A; and vice versa. In addition,
J
condition (3.1) imposes some moment restrictions on the random variable X. For example, if A\; = 7%, w > 1,

then (3.1) <= EXY* < oo, and if \; = ¢/, 0 < ¢ < 1, then (3.1) <= E log(1 + X) < oo, and the last
condition follows from (F').

Theorem 3.1. If condition (L) holds, then
—log P(S<r)~Q(v), r—0, (3:2)
where m(vy) = r, or, equivalently,

—log P (S <m(v)) ~Q(v), ¥ — 0.

If conditions (L) and (F') are satisfied, then
P (S <7) = AG)e " (rv2m) ! (e mmON/T* 2 1 0 (1/7 4 (1/7)2/ logof /o) ), o — ox, (3.3)

uniformly in r. In particular, if m(y) = r, then
P (S <r)=e Q0 (7y2m)! (1 +OQ/7+ (1)) log!/® T) = 0. (3.4)

Here we use the same notation as in Theorems 2.1-2.3, and the case s = oo is considered for simplicity.

Theorem 3.2. Let the distribution function V satisty conditions (L) and (F') and let its density f satisfy
conditions (2.5) and (2.6). Then

Q(r) = (o(mV2m) e %D (1+0((yo(7)7Y)), r— 0, (3.5)

where m(y) = r.

Theorems 3.1 and 3.2 follow from Theorems 2.1-2.4 (see (4.4a), (4.4b), and the proof of relation (4.8) in [2])
since T = yo(y) — oo as v grows, and, in addition, Q(vy) " co and m(y) \, 0 if and only if v /" co.

Note that relations (3.3)—(3.5) generalize and refine the coresponding results of [2, Theorems 2 and 3 and
(6.19)].

Concerning the case of finite n, we only point out that Theorems 1 and 2 of [6] follow from Theorems 2.2 and
2.3 and Remark 2 of the present paper.

Remark. In [7] and [8], conditions for the validity of relation (3.2) were independently obtained under much
weaker, compared to (L), restrictions on the behavior of the distribution V' at zero. Moreover, the right-hand
side of asymptotic (3.2) in these papers is given in an explicit form. But the authors of the above-mentioned
papers examined cases of polynomial (and some other) weights, while our result holds for any admissible {A;}.
Within the framework of the present paper, we prove the following statement.

Theorem 3.3. Assume that
lim sup uo(u)/Q(u) = 0. (3.6)
V70 u>y

Then relation (3.2) is valid.

Note that condition (3.6) follows from condition (L); the former condition is also carried out if the coefficients
A; are roughly equivalent to A(j) as j — oo, where a function A(x) is regularly varying at infinity with index not
exceeding —1 (see (3.1)), and lim |logV (A(u))|/u = 0.

U—00
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4. LEMMAS

Lemma 1. Let v be the unique solution of the equation m(y) =r,0 <r < ES. Then
e > P(S<r)> %e—Qa(1+\/1+2Q(7)/a) e~@0)

and
P(S<r) > %e—Q(’Y)(Hb\/ﬁ)/(l—b\/i)J’) (4.1)
where q = sgp %)ﬂ and b= Slip %u%l
u>y u=zry

Lemma 1 can be proved similarly to Lemma 1 of [4] (see also [5]).
Assume that a random variable S(h), h > 0, has distribution

P (S(h) <r) = / eMAP (S < y)/A(R), 7> 0.

0
Note (see (1.4)) that m(h) = ES(h) and o?(h) = Var S(h).
Denote
Gi(t) = E exp (n%) 7 =ho(h) (h>0),
1/e (42)

0c(h) = / lgn(t) — e=*"/?| dt (£ > 0).
0

Lemma 2. For any positive r, h, s, and €,

P(r—s<S<r)=A(h)e"" 17__7\/62__7:8 (6_62/2 +9(ﬁ6_62/2/7'+ 1/7% 4 p.(h, s))) .
Here B
8= T pelhus) = ) + (L A1+ ) 7

and |0| < ¢, where c is an absolute constant. In particular, if m(h) = r, then =0 and

1—ehs
Pr—s<S<r)=e®W_——— (146001/7%+ p.(h, .
(r—s < S <) =20 e (140(1/7 + pe(h,5))

Lemma 2 is a special case of Lemma 2 of [4]. We point out that we do not assume conditions (L) or (F') to
be fulfilled in Lemmas 1 and 2.

Let a random variable X (h), h > 0, have distribution E~""V(dr)/L(h), where L(h) = Ee "X. Denote
G(h) = E(1A(hX)?) and G1(h) = E(1 AR X).

Lemma 3. (1) If condition (F') holds, then

Co S hEX(h)/Gl(h) S C10, (43&)
Cg S hQVarX(h)/G(h) S C10, (43b)
and
RE X?(h)/VarX (h) < ey (4.3c)
for all0 < h <1.
(2) If condition (L) holds, then
Co S hEX(h) S C10, (44&)
Cg S hQVarX(h) S C10, (44b)
and
h3 EXg(h) S C11 (44C)
for all h > 1.

The first statement of Lemma 3 was established in [9, Lemma 4.1] and can be proved by the same reasoning;
the second statement coincides with [6, Lemma 1].
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Lemma 4. Denote fi,(v) = Ee® X" If condition (L) holds, then
1— |fn(v)) > c15e” GOy (1/0) )V (1/R), V > (2w 4+ b)/ro, h > 0. (4.5)

If condition (F') holds, then
| fn(v)] < e G E/MT ap <4y < ay, (4.6)

for any sufficiently small positive vy and for any e € (0,1), where § = §(V,e,v9) > 0 and w = w(V) € (0, 2).

Proof of Lemma 4. Relation (4.5) was obtained in [6, Lemma 1]. Let us check estimate (4.6). We assume that
E X? = oo (the opposite case is considered similarly with simplifications). Obviously,

1/v

L) o) =1 <] [ M =0 Vi) +] [ e e =) Vi) =1+,
0

1/v

I< 2/00 MV (dy) < 2(1— V(1/v)),
1/v

J =] / (€Y — 1 —dvy) V (dy) + / wy V(dy)
0<y<1l/v

0<y<1l/v

+ [ e nE - yvi)

0<y<1l/v

< 0.51}2/ y* V(dy) + v/ y V(dy) + vhe? / y* V(dy).
0<y<1l/v 0<y<1l/v 0<y<1l/v

The reasoning above implies that

|fn(v) — 1] < c12€t% /e (G(v) + vEXTI[0 < X < 1/v)) (4.7)

and

for any positive vy that is small enough and for all h and v such that eh < v < vy. Now, if condition (F) holds,
then

7 -1
L(h)Re(fi(v /mw—lWWMS /9%%—mmwwm
0 0<y<1l/v
< (cos1—1)e V2 / Y2 V(dy) < —c1se”YEG(v) (4.8)
0<y<1l/v

under the same restrictions on h and v (we use condition (F') in the last inequality only).
Since
EZXI[|X| < 2] = 0(22G(1/2)), z — o0,

if EX? =00 (see [9, (4.9)]), we deduce from inequalities (4.7) and (4.8) and the estimate
1/h
L(h) > / MV (dt) > e~V (1/h)
0
that

|fh(U)| < eRe(fh('U)—l)"l‘lfh('l/)—1|2 < 6_616‘(11)7 ch<wv< 0, (4_9)

for vy small enough.
Further, under condition (F') (see (2.2)) there exists an w € (0,2) such that v=“G(v) " for all sufficiently
small v. Thus, if eh < v and € € (0, 1), then

G(v) = v*v™“G(v) > v“(ch)"“G(ch) > > “v*h"“G(h).

These inequalities and (4.9) imply estimate (4.6).
Lemma 4 is proved.
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Lemma 5. If condition (L) holds, then (see the notation in (1.4))
Q(u) > crau®o?(u)

and
um(u) > crsu? o (u) (4.10)
for any positive u.

Proof of Lemma 5. Set Q(u) = —u E X (u) —log L(u) and o7 (u) = A3 Var X (u);), j > 1.
Let k satisfy the condition uA; > 1 > uMg41. Then

k
Q(u) =>_QuX;) + Y Qu;) = Q1+ Q2 (4.11)
Jj=1 i>k
and (see (4.4b)) )
Q1 > kQ(uhy) > kQ(1) > c16 Y _ 07 (u). (4.12)

Further, by [9, Lemma 2.2] (without assumption (L)),

Q(Y) = c1ry’G(1/7) > c1sv* Var X (), 0 <y < 1;

hence,

Q2 > crou® Y 07 (u). (4.13)
i>k
The first statement of Lemma 5 follows from inequalities (4.11)—(4.13). Relation (4.10) is checked similarly. It

is enough to note (see Lemma 3) that uG1(1/u) > u?G(1/u).
Lemma 5 is proved.

Lemma 6. Let conditions (L) and (F) be satisfied. Then (see (4.2))
Tp
/ lgn(t) — e_t2/2| dt < eoo(LA1/T) (4.14)
0

for any h > 0, where p = & (7/+/log (1 +7))?/®, 6 = 6o(V) is a sufficiently small positive constant depending
on V only, and « is defined in (1.2) and (1.3).

Remark. Assume that n < oo in condition (3.1). If h > §/\,, for some positive d, then inequality (4.14) is valid
without assumption (F') with constants cog and dp depending, in addition, on é.

Proof of Lemma 6. Estimate (4.14) for 7 < 7¢ is obvious. Thus, in what follows, we assume that 7 is large
enough and p > 1.
It is known (see [10, Chap. 5, Lemma 1]) that

42 42
lgn(t) — e 2| < 16pe” 3, |t < 1/4p,

where
1

"= 53(m)

> ONE|X(hA) — EX(hA))]%.

Jj21

By Lemma 3 (see (4.3¢) and (4.4c)),

. 3 .
8 Z 2(h)h)\JEX (hA)) <

8 TEX?(v)
Var X (h\;) T

su < 8cy11/T. 4.15
S0 Varx(y) © e/ (4.15)
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For & = (32¢11) 7!, inequalities (4.15) imply that

/ lgn(t) — e_t2/2| dt < co1/T. (4.16)
0

If p < e, estimate (4.14) follows from (4.16). Let p > e. Consider I(h f lgn(t)| dt. In the notation of (4.2)

and Lemma 4 (see (4.5)), we have the equality

lgn(®)] =[] 1fax, /o (R))- (4.17)
J
Let k be chosen from the condition that
k k—1
Zo?(h) > o?(h)/2 > Zo?(h). (4.18)
j=1 j=1

Set v = vy /g, where the constant v is the same as in (4.6). If p < v/h, then
ehA; <tXj/o(h) <TpXj/o(h) <TvX;/(ha(h)) <voXj/Ak <o

for any j > k and all t € [e7, 7p]. These inequalities combined with (4.17), (4.18), and (4.6) imply by virtue of
(4.3b) that

Tv/h v/h S

I(h / Hlfh)‘ (tA;/o(h ))|dt<r/HeXp —8y07 (h)th“)dt<T/eXp( Som2t¥) dt < 63/, (4.19)

i>k j>k

ET € €

where §; = 0;(V, vg). The statement of Lemma 6 for £ < p < v/h follows from (4.16) and (4.19).
Taking into consideration equality (4.17), we see that to complete the proof of Lemma 6, it is enough to derive
the estimate

p
J(h) =1 [T 1fon, R A dt < can/7. (4.20)
eVvv/h 1<j<k
For this purpose, we show that
| frr, (Eh X)) < e7e2 "t >eVu/h, j <k (4.21)

|f7( |, Ho = (27 +b)/ro, and ¥ = Hy/e.

For brevity, denote h\; (1 < j < k) by v and set (see (4.5)) £(t) =
(4.5) and (1.2) that

At first let e < v/h. If 4 < 7, then for ¢t > ¢ we derive from (4.
§(t) <1 —caaV(1/ty) <1 —cost™®, ty > Ho, (4.22)

for t > ¢, and, moreover,
£t) <e™®, §=26(V,v), tv € [vo, Ho), (4.23)

since the random variable X is nonlattice and the mapping between the distributions X and X (h) is continuous
in h.

Since ty > vo Aj/ Ak > vo for t > v/h, estimates (4.22) and (4.23) imply (4.21).

Let now 7 > 4. Then we deduce from (1.2) that

1 1
C_(t_a A 1) (g /\Ea)t_a, t > g, Y > 1/7“0, (424)

V({A/ty)/V(1/y) =
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for t > e, where ty > ey > 5 = Hy, i.e., inequalities (4.24) and (4.5) imply estimate (4.21). Thus, the case
e < v/h is analyzed completely.

Let ¢ > v/h and t > e. In this case, 7 > ¥ = wvp/e and ty > ey = vg. If ty > Hp and v < 7, we use estimate
(4.22); if ty < Hp, we apply (4.23). If v > 7, then ¢ty > Hy, and one can apply (4.24) to prove relation (4.21).

Now we use estimate (4.21) to obtain the required estimate (4.20). It follows from (4.3b), (4.4b) and (4.18)
that

k
k> ey W03 (h) > cah?o®(h)/2 = o™

therefore,
p
J(h) <r / e—@;;kt‘“ dt < Tpe_CQS 2pe < 50T1+2/a e~ ¢29 5« log (1+7)

evv/h
It remains to make the constant g small enough. Lemma 6 is proved.

The remark to Lemma 6 is proved similarly; we refer to the fact that in the case € > v/h, condition (F) is
not applied (see also (4.15)).

5. PROOFS

Theorem 2.1 follows from Lemmas 1 and 5.
Theorem 2.3 for 7 < 1 is obvious; for 7 > 1, this theorem follows from Lemmas 6 and 2 with e = 1/7p.
To establish Theorem 2.4, one can use Lemma 2 with € = co; we only have to prove that

o0
0]t < s (5.1)
for all 7 large enough. For any integer m > 1,

/|gh |dt</H|fh,\ (thA)lde <27 max /|f1]|mdt+2_ /|f2J| ), (5.2)

p J=1
where
fij = ! /e(” Vst f(x)de, fo; = ! /e(”_l)sxf(x)dx 5 = h\;j. (5.3)
T L(s) P L(s) ’ !
0 zo

Integrating by parts for tszg > 1, we see that

—itsL(s) f1j = (1 — €"5%0) e75%0 f(1q) + (—s) /(e”sx — e *"f(z) dz
0

1/ts x0
o[+ e v =1 n e,
0 1/ts

6943



In this case, we deduce from (1.2) and (2.5) that

1/ts
L] < 25L(s), || < Cts / Vi) /ode < CtserV(1/s)t" /3,
0
1/s o
Bl [ el + [re )
1/ts 1/s
1 SZo
<205 / V() s)du/u? + / Vu/s)e="duju2) = 2Cs (Jy + Ja),
1/t 1

Jy < V(l/s)CQ/ua_Qe_“du, and J3 <V(1/8)ey k(t),
1

where k(t) = (3—1)"1if 3> 1, k(t) = logt if B =1, and k(t) = ! /(1 — B) if B < 1. Since

L(s) > e 'V(1/s) < e tezs™®, (5.4)
1f1j] < st (077 +log(1+1)/t), s > 8, ts > 1/ (5.5)

Thus,
/|f1j|m dt < e3a/7%, m > (1+a)/min(1, 8), hAy, > 6. (5.6)

p

Assume that condition (2.6) holds with some p > 1 and m > max(2,p/(p — 1)). Then (see also (5.3) and

(5.4))

it B m—1
/ | fos|™ dt < ¢33 /(s%—”f(x))m/m—ldx
< Sam/m—l /e—sa:f(x) dx _'_/(e—sa:f(x))pdx

The above estimate, inequality (5.6), and the estimate 72 = h?0%(h) < cgq4 max(1,h) > E(1 A \; X) (which is
Jj21
valid by virtue of Lemma 3) imply (5.1).
To check Remark 3, we use an inequality similar to (5.2) and the fact that an estimate similar to (5.5) holds

for [ fan, (t)]-
Finally, Theorem 3.3 follows from Lemma 1 (see (4.1)).

This research was supported by the RFBR (project 06-01-00179-a) and by the Program “Leading Scientific
Schools” (project 4222.2006.1).

Translated by L. V. Rozovsky.
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