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NONLOCAL WELL-POSEDNESS OF THE MIXED PROBLEM
FOR THE ZAKHAROV–KUZNETSOV EQUATION

A. V. Faminskii UDC 517.956

Abstract. The nonlocal well-posedness of the mixed problem for the Zakharov–Kuznetsov equation is
considered.

We consider the mixed problem in the domain

Π+
T = (0, T ) × R

2
+,

where T > 0 and R
2
+ = {(x, y) : x > 0} = R+ × R, for the Zakharov–Kuznetsov equation

ut + uxxx + uxyy + uux = f(t, x, y), (1)

u(0, x, y) = u0(x, y), (x, y) ∈ R
2
+, (2)

u(t, 0, y) = u1(t, y), (t, y) ∈ ST = (0, T ) × R. (3)

Equation (1) is one of the generalizations of the Korteweg–de Vries equation

ut + uxxx + uux = f,

which describes the propagation of nonlinear waves in a two-dimensional dispersive medium (see [12]).
The purpose of this paper is to prove the well-posedness of problem (1)–(3) for any T > 0. We set

Lp = Lp(R2), Hk = Hk(R2) = W k
2 (R2), Lp,+ = Lp(R2

+), Hk
+ = Hk(R2

+).

To describe the properties of the boundary function u1, we also use the anisotropic Sobolev spaces of
fractional order

Hs1,s2 = Hs1,s2
t,y (R2) =

{
μ(t, y) : (1 + |λ|s1 + |η|s2)μ̂(λ, η) ∈ L2

}
,

where μ̂ = F [μ] denotes the Fourier transform of the function μ:

μ̂(λ, η) =
∫∫

R2

e−i(λt+ηy)μ(t, y)dt dy, μ ∈ L1;

the symbol F−1[μ] is used for the inverse Fourier transform.
For a domain Ω ⊂ R

2, Hs1,s2(Ω) denotes the space of restrictions to Ω of the functions from Hs1,s2

with the natural norm.
For an integer k ≥ 0, by Ck

b (Ω) we denote the space of bounded continuous functions on Ω having all
partial derivatives up to order k. We set

Ck
b = Ck

b (R2), Ck
b,+ = Ck

b (R2
+), Cb(Ω) = C0

b (Ω).

As usual, for a Banach space X and an interval I of the real line, Lp(I;X ) denotes the space of Bochner-
measurable, pth-power integrable (essentially bounded at p = +∞) mappings from I to X . By Cb(I;X )
we denote the space of bounded continuous mappings from I to X (if I is a bounded interval, then we
omit the subscript b).
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Definition 1. A function u(t, x, y) ∈ L2(Π+
T ) is called a generalized solution to problem (1)–(3) if, for

any function φ(t, x, y) such that

φ ∈ L∞(0, T ;H3
+), φt ∈ L∞(0, T ;L2,+), φ

∣
∣
t=T

= 0, φ
∣
∣
x=0

= φx

∣
∣
x=0

= 0,

the following equality is valid:
∫∫∫

Π+
T

[
u(φt + φxxx + φxyy) +

1
2
u2φx + fφ

]
dx dy dt

+
∫∫

R
2
+

u0φ
∣
∣
t=0

dx dy +
∫∫

ST

u1φxx

∣
∣
x=0

dy dt = 0. (4)

We prove the nonlocal well-posedness of the problem in a class Z(Π+
T ) of generalized solutions with

higher order of smoothness.

Definition 2. We say that a function u(t, x, y) belongs to Z(Π+
T ) if

u ∈ C([0, T ];H1
+) ∩ L2(0, T ;C1

b,+) ∩ L2(Rx
+;Cb(ST )),

Dk
xu ∈ Cb(R

x
+;H(2−k)/3,2−k(ST )), k = 0, 1, 2.

The main result of this paper is the following theorem.

Theorem 1. Suppose that u0 ∈ H1
+, u1 ∈ H2/3,2(ST ), and f ∈ L2(0, T ;H1

+) for some T > 0, and
u1(0, y) ≡ u0(0, y). Then problem (1)–(3) has a unique solution u(t, x, y) from the space Z(Π+

T ), and
the mapping (u0, u1, f) 	→ u is Lipschitz continuous on any ball in the norm of mappings from H1

+ ×
H2/3,2(ST ) × L2(0, T ;H1

+) to Z(Π+
T ).

The conditions imposed on the boundary data in this theorem can be considered natural, because they
are determined by the properties of the differential operator Dt +D3

x +DxD
2
y. Indeed, let v(t, x, y) be a

solution from the space Cb(Rt;H1) to the Cauchy problem for the equation

vt + vxxx + vxyy = 0 (5)

with initial function v0 ∈ H1. Then

‖v(·, x, ·)‖Ḣ2/3,2 = ‖(|λ|2/3 + |η|2)v̂(λ, x, η)‖
Lλ,η

2
∼ ‖∇v0‖L2

uniformly in x ∈ R (see [5]).
The Zakharov–Kuznetsov equation is a special case of the equation

ut − P (DX)u+ divX g(u) = f(t,X), (6)

where

X = (x1, . . . , xn), P (DX) =
∑

|α|=3

aαD
α1
x1
. . . Dαn

xn
, α = (α1, . . . , αn), |α| = α1 + · · · + αn.

A mixed problem for Eq. (6), which is similar to (1)–(3) for x1 > 0, was considered in [6]. The main
condition imposed on the operator P in [6] is as follows. If P (ξ) =

∑

|α|=3

aαξ
α1
1 . . . ξαn

n is the symbol of the

operator P (here ξ = (ξ1, . . . , ξn)), then the operator Q(DX) with symbol Q(ξ) = ∂P (ξ)/∂ξ1 is elliptic.
Obviously, this condition holds for the operator −(D3

x + DxD
2
y), where X = (x, y). In [6], nonlocal

existence and uniqueness results for generalized solutions to the mixed problem for Eq. (6) were obtained.
As applied to problem (1)–(3), these solutions belong to weaker classes in comparison with the solutions
constructed in this paper.

The Cauchy problem for the Zakharov–Kuznetsov equation was studied in [4, 5, 8]. In [4, 8], more
general quasilinear equations of odd order were considered. In [5], classes in which the Cauchy problem
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for Eq. (1) with an initial function from the space Hk is nonlocally well-posed were constructed for any
positive integer k.

The nonlocal solvability theory of the Cauchy problem for the Zakharov–Kuznetsov equation is based
on a priori estimates implied by conservation laws. If u(t, x, y) is a sufficiently smooth solution to Eq. (1)
with f ≡ 0, which decreases together with its derivatives at infinity, then

∫∫

R2

u2 dx dy = const,
∫∫

R2

(
u2

x + u2
y −

1
3
u3
)
dx dy = const. (7)

Similarly, for the mixed problem, multiplying Eq. (1) by 2u(t, x, y) and integrating the result over R
2
+,

we easily obtain the equality
d

dt

∫∫

R
2
+

u2 dx dy +
∫

R

(
u2

x − 2uuxx + u2
y −

2
3
u3
)∣∣
∣
x=0

dy = 2
∫∫

R
2
+

fu dx dy. (8)

Clearly, if u1 ≡ 0, then equality (8) readily implies an a priori estimate for the solution in L2,+. In
the case of inhomogeneous boundary conditions, obtaining such an estimate is obstructed by the term
uuxx|x=0. In this case, it is natural to pass to the new function U(t, x, y) ≡ u(t, x, y)−ψ(t, x, y), where the
auxiliary function ψ is chosen so that ψ|x=0 = u1. The function U satisfies the homogeneous boundary
conditions (3), but the equation becomes more complicated; it acquires variable coefficients depending on
ψ. Certainly, this approach supposes that the properties of the function u1 must ensure the possibility of
extending it over Π+

T in such a way that the corresponding analogue of equality (8) gives an estimate for
the solution u in the space L2,+.

In [6], a solution to the linear equation (5) of boundary potential type was constructed (in fact, it was
constructed in a more general case for a linear analogue of Eq. (6)). This solution was used as the auxiliary
function ψ. A similar approach was earlier applied to study mixed problems for the Korteweg–de Vries
equation (see, e.g., [7] and the references therein).

In [6], to construct the boundary potential, the function

A(x, y) ≡ F−1
x,y

[
ei(ξ

3+ξη2)
]
(x, y)

was introduced and studied. It was proved that A belongs to the space S(R2
+) of restrictions to R

2
+ of

the functions from the Schwartz space S(R2) of rapidly decreasing functions; at any point (x, y) ∈ R
2
+, it

satisfies the equation
3Axx +Ayy = xA; (9)

moreover, ∫∫

R
2
+

A(x, y) dx dy =
1
3
,

∫

R

A(0, y)y dy = 0. (10)

Definition 3. For a function μ(t, y), we set

J(t, x, y;μ) ≡
t∫

−∞

∫

R

(3D2
x +D2

y)G(t− τ, x, y − z)μ(τ, z) dz dτ, (11)

where x > 0 and

G(t, x, y) ≡ 1
t2/3

A
( x

t1/3
,
y

t1/3

)
= F−1

x,y

[
eit(ξ

3+ξη2)
]
(x, y). (12)

In the definition of the boundary potential J suggested in [6], the integral with respect to τ was from
0 to t (unlike in (11)). However, in this paper, we use the potential J only for functions μ which are
compactly supported as t→ −∞ uniformly in y.
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If μ ∈ L2 and μ(t, y) = 0 for t < 0, then, according to [6], the function J is defined and infinitely
differentiable, and it satisfies Eq. (5) for x > 0. Moreover, it was shown in [6] that, for any T > 0, x0 > 0,
and β ≥ 0 and any integers k, l,m ≥ 0, the estimate

(1 + x)β‖Dl
tD

k
xJ(t, x, ·;μ)‖Hm(R) ≤ c(T, x0, β, k, l,m)‖μ‖L2 (13)

holds at t ≤ T and x ≥ x0. Moreover, if, e.g., μ ∈ C1
b , then the limit J(t, 0 + 0, y) = μ(t, y) exists. These

properties justify the use of the term boundary potential for the function J .
Let us find an alternative representation for J .

Lemma 1. Let μ ∈ L2. Then, for any x > 0,

J(t, x, y;μ) = F−1
t,y

[
er(λ,η)xμ̂(λ, η)

]
(t, y), (14)

where r(λ, η) is the unique root of the equation

r3 − rη2 + iλ = 0

such that Re r < 0 for (λ, η) �= (0, 0) (it is assumed that r(0, 0) = 0).

Proof. Let ξ = ϕ(λ, η) be the function inverse to λ = ξ3 + ξη2 for fixed η. Making a suitable change of
variable on the right-hand side of (12), we obtain

G(t, x, y) = F−1
t,y

[
ϕλ(λ, η)eixϕ(λ,η)

]
(t, y). (15)

Applying the formula for the Fourier transform of a convolution and using the Fourier transform of the
Heaviside function θ (see, e.g., [10]), we see that (11) implies

Ft,y[J ](λ, η) = Ft,y

[
(3D2

x +D2
y)G(t, x, y)θ(t)

]
(λ, η)μ̂(λ, η)

= − 1
4π2

(
eixϕ(λ,η) ∗ (F [θ](λ) × δ(η)

))
μ̂(λ, η)

= −
⎛

⎝1
2
eixϕ(λ,η) +

i

2π
v.p.

∫

R

eixϕ(ζ,η)

ζ − λ
dζ

⎞

⎠ μ̂(λ, η),

because (3ϕ2(λ, η) + η2)ϕλ(λ, η) ≡ 1. To find the last integral, we make the change ζ = z3 + zη2 and
apply Jordan’s lemma. Since the equation z3 + zη2 − λ = 0 has one real root ϕ(λ, η) and two complex
conjugate roots, one of which (−ir(λ, η)) belongs to the upper half-plane, it follows that

v.p.
∫

R

eixz(3z2 + η2)
z3 + zη2 − λ

dz = 2πiexr(λ,η) + πieixϕ(λ,η)

for x > 0. This completes the proof of the lemma.

Lemma 2. Suppose that μ ∈ H2/3,2 and μ(t, y) = 0 for t ≤ 0. Then, for any T > 0,

‖J(·, ·, ·;μ)‖Z(Π+
T ) ≤ c(T )‖μ‖H2/3,2 . (16)

Proof. First, let us prove that
‖J(t, ·, ·;μ)‖H1

+
≤ c‖μ‖H2/3,2 (17)

uniformly in t ∈ R. We use representation (14). For any nonnegative integers k and m, we have

Dk
xD

m
y J(t, x, y;μ) = F−1

t,y

[
(iη)mrk(λ, η)er(λ,η)xμ̂(λ, η)

]
(t, y). (18)

Let us make the change λ = ϑ3. The Parseval equality gives

‖Dk
xD

m
y J‖Lx,y

2,+
=

∥
∥
∥
∥
∥
∥

3
2π

∫

R

eiϑ
3t(iη)mrk(ϑ3, η)er(ϑ

3,η)xμ̂(ϑ3, η)ϑ2dϑ

∥
∥
∥
∥
∥
∥

Lx,η
2,+

. (19)
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In [2], it was proved that if some continuous function γ(ϑ) satisfies the condition Re γ(ϑ) ≤ −ε|ϑ| for
some ε > 0 and any ϑ ∈ R, then

∥
∥
∥
∥
∥
∥

∫

R

eγ(ϑ)xf(ϑ)dϑ

∥
∥
∥
∥
∥
∥

L2(Rx
+)

≤ c(ε)‖f‖L2(Rϑ). (20)

It is easy to see that

Re r(λ, η) ≤ −
√

3
2

|λ|1/3, |r(λ, η)| ≤ c(|λ|1/3 + |η|). (21)

Therefore, extending equality (19), we obtain

‖Dk
xD

m
y J‖Lx,y

2,+
≤ c

∥
∥ηm(|ϑ|k + |η|k)ϑ2μ̂(ϑ3, η)

∥
∥

Lϑ,η
2

≤ c1
∥
∥ηm(|λ|k/3 + |η|k)λ1/3μ̂(λ, η)

∥
∥

Lλ,η
2

≤ c2‖μ‖H2/3,2 .

Next, by analogy with (17), we obtain the estimate

‖J(·, ·, ·;μ)‖L2(Rx
+;Ct,y

b ) ≤ c‖μ‖H2/3,2 . (22)

Indeed, representation (14) and inequality (20) imply

∥
∥sup

t,y
|J |∥∥

L2(Rx
+)

≤
∫

R

∥
∥
∥
∫

R

eRe r(λ,η)x|μ̂(λ, η)|dλ
∥
∥
∥

L2(Rx
+)
dη

= 3
∫

R

∥
∥
∥
∫

R

eRe r(ϑ3,η)xϑ2|μ̂(ϑ3, η)|dϑ
∥
∥
∥

L2(Rx
+)
dη ≤ c

∫

R

‖ϑ2μ̂(ϑ3, η)‖L2(Rϑ)dη

≤ c1‖λ1/3(1 + |η|)μ̂(λ, η)‖
Lλ,η

2
≤ c2‖μ‖H2/3,2 .

Moreover, it follows directly from the Parseval equality, equality (18), and inequalities (21) that

‖Dk
xJ(·, x, ·;μ)‖H(2−k)/3,2−k

∥
∥(1 + |λ|1/3 + |η|)2−krk(λ, η)μ̂(λ, η)

∥
∥

Lλ,η
2

≤ c‖μ‖H2/3,2 (23)

uniformly in x > 0 for k ≤ 2.
Finally, let us prove that

‖J‖L2(0,T ;C1
b,+) ≤ c(T )‖μ‖H2/3,2 . (24)

We set

B(x, y) ≡ xA(x, y), R(t, x, y) ≡ 1
t4/3

B
( x

t1/3
,
y

t1/3

)
.

By virtue of (9), equality (11) implies

J(t, x, y;μ) =

t∫

−∞

∫

R

R(t− τ, x, y − z)μ(τ, z) dz dτ

=

+∞∫

0

∫

R

R(τ, x, z)
(
μ(t− τ, y − z) − μ(t, y − z)

)
dz dτ

+

+∞∫

0

∫

R

R(τ, x, z)μ(t, y − z) dz dτ ≡ J1(t, x, y;μ) + J2(t, x, y;μ).

(25)
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First, we estimate J1. We have

|J1(t, x, y;μ)| + |J1x(t, x, y;μ)| + |J1y(t, x, y;μ)|
≤
∫

R+

∥
∥|R(τ, x, ·)| + |Rx| + |Ry|

∥
∥

L2(R)
‖μ(t− τ, ·) − μ(t, ·)‖L2(R)dτ

uniformly in y ∈ R; here

‖R(τ, x, ·)‖L2(R) ≤
1
τ7/6

sup
ξ≥0

‖B(ξ, ·)‖L2(R) ≤
c

τ7/6
,

∥
∥|Rx(τ, x, ·)| + |Ry(τ, x, ·)|

∥
∥

L2(R)
≤ 1
τ3/2

sup
ξ≥0

‖B(ξ, ·)‖H1(R) ≤
c

τ3/2

uniformly in x ≥ 0. Since μ(t− τ, ·) = 0 for τ ≥ t, it follows that

‖J1‖L2(0,T ;C1
b,+) ≤ c(T )

⎛

⎝
T∫

0

( t∫

0

1
τ3/2

‖μ(t− τ, ·) − μ(t, ·)‖L2(R)dτ
)2
dt

⎞

⎠

1/2

+ c(T )
( T∫

0

1
t
‖μ(t, ·)‖2

L2(R)dt
)1/2

≤ c1(T )
(∫

R

∫

R+

1
τ7/3

∫

R+

(
μ(t− τ, y) − μ(t, y)

)2
dt dτ dy

)1/2

+ c1(T )
(∫

R

∫

R+

μ2(t, y)
t4/3

dt dy
)1/2 ≤ c2(T )‖μ‖

L2(Ry ;W
2/3
2 (Rt

+))
≤ c3(T )‖μ‖H2/3,0 ,

(26)

because W s
2 (R+) = Hs(R+) (see, e.g., [1]) and

∫

R+

1
tps

|f(t) − f(0)|pdt ≤ c(p, s)‖f‖p
W s

p (R+)

for 1/p < s < 1 (see [9]); we here use the Slobodetskii space

W s
p (I) =

⎧
⎨

⎩
f ∈ Lp(I) :

∫∫

I×I

|f(t) − f(τ)|p
|t− τ |1+ps

dt dτ < +∞
⎫
⎬

⎭

for s ∈ (0, 1) and p ∈ [1,+∞).
We estimate the term J2 separately for the function itself and its derivative with respect to y and for

the derivative with respect to x. First, we can represent J2 in the form

J2(t, x, y;μ) =

+∞∫

0

∫

|z|<1

R(τ, x, z)
(
μ(t, y − z) − μ(t, y)

)
dz dτ

+

+∞∫

0

∫

|z|>1

R(τ, x, z)
(
μ(t, y − z) − μ(t, y)

)
dz dτ + μ(t, y)

≡ J3(t, x, y;μ) + J4(t, x, y;μ) + μ(t, y),

(27)
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because the first equality in (10) implies

+∞∫

0

∫

R

R(τ, x, z) dz dτ = 3
∫∫

R
2
+

A(ξ, η) dξ dη = 1 (28)

for any x > 0. We have

∥
∥|J3| + |J3y|

∥
∥

L2(0,T ;Cb,+)
≤ c sup

x≥0

∫

|z|<1

∫

R+

|z|1/2

τ4/3

∣
∣
∣B

( x

τ1/3
,
z

τ1/3

)∣∣
∣ dτ dz ‖μ‖L2(Rt;H2(Ry))

≤ c1

∫

R

sup
ξ≥0

|B(ξ, η)| dη
∫

|z|<1

|z|−1/2 dz ‖μ‖H0,2 ≤ c2‖μ‖H0,2 ,

(29)

∥
∥|J4| + |J4y|

∥
∥

L2(0,T ;Cb,+)
≤ c

⎛

⎜
⎝sup

x≥0

∫

|z|>1

(∫

R+

1
τ4/3

B
( x

τ1/3
,
z

τ1/3

)
dτ
)2
dz

⎞

⎟
⎠

1/2

‖μ‖L2(Rt;H1(Ry))

≤ c1

∫

R

sup
ξ≥0

|B(ξ, η)| dη
( ∫

|z|>1

|z|−2 dz
)1/2‖μ‖H0,1 ≤ c2‖μ‖H0,1 .

(30)

To estimate J2x, we again apply (28) and represent J2 as

J2(t, x, y;μ) =

+∞∫

1

∫

R

R(τ, x, z)
(
μ(t, y − z) − μ(t, y)

)
dz dτ

+

1∫

0

∫

|z|>1

R(τ, x, z)
(
μ(t, y − z) − μ(t, y)

)
dz dτ

+

1∫

0

∫

|z|<1

R(τ, x, z)
(
μ(t, y − z) − μ(t, y) + zμy(t, y)

)
dz dτ

− μy(t, y)

1∫

0

∫

R

R(τ, x, z)z dz dτ + μy(t, y)

1∫

0

∫

|z|>1

R(τ, x, z)z dz dτ + μ(t, y)

≡ J5(t, x, y;μ) + J6(t, x, y;μ) + J7(t, x, y;μ) + μy(t, y)
(
J8(x) + J9(x)

)
+ μ(t, y).

(31)

It is easy to see that

∥
∥J5x

∥
∥

L2(0,T ;Cb,+)
≤ 2 sup

x≥0

+∞∫

1

∫

R

|Rx(τ, x, z)| dz dτ ‖μ‖L2(Rt;Cb(Ry))

≤ c

∫

R

sup
ξ≥0

|Bξ(ξ, η)| dη
+∞∫

1

dτ

τ4/3
‖μ‖L2(Rt;H1(Ry)) ≤ c1‖μ‖H0,1 ,

(32)
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∥
∥J6x

∥
∥

L2(0,T ;Cb,+)
≤ 2

∫

|z|>1

1∫

0

1
τ5/3

sup
ξ≥0

∣
∣
∣Bξ

(
ξ,

z

τ1/3

)∣∣
∣ dτ dz ‖μ‖L2(Rt;Cb(Ry))

≤ c

∫

R

sup
ξ≥0

|ηBξ(ξ, η)| dη
∫

|z|>1

|z|−2 dz ‖μ‖L2(Rt;H1(Ry)) ≤ c1‖μ‖H0,1 ,

(33)

∥
∥J7x

∥
∥

L2(0,T ;Cb,+)
≤ c

∫

|z|<1

1∫

0

|z|3/2

τ5/3
sup
ξ≥0

∣
∣
∣Bξ

(
ξ,

z

τ1/3

)∣∣
∣ dτ dz‖μ‖L2(Rt;H2(Ry))

≤ c1

∫

R

sup
ξ≥0

|ηBξ(ξ, η)| dη
∫

|z|<1

|z|−1/2 dz ‖μ‖L2(Rt;H2(Ry)) ≤ c2‖μ‖H0,2 .

(34)

Setting B̃(x) ≡
∫

R

Bx(x, y)ydy, we see that B̃(0) = 0 by the second equality in (10); therefore,

sup
x≥0

|J ′
8(x)| ≤ sup

x≥0

∣
∣
∣
∣
∣
∣

1∫

0

1
τ
B̃
( x

τ1/3

)
dτ

∣
∣
∣
∣
∣
∣
≤ c

∣
∣
∣
∣
∣
∣
∣

∫

R+

B̃(η)
η

dη

∣
∣
∣
∣
∣
∣
∣
< +∞, (35)

and, moreover,

sup
x≥0

|J ′
9(x)| ≤

1∫

0

1
τ

∫

|η|>τ−1/3

sup
ξ≥0

|Bξ(ξ, η)η| dη dτ < +∞. (36)

Combining (25)–(27) and (29)–(36), we obtain (24). This completes the proof of the lemma.

Remark 1. In proving Lemmas 1 and 2 and substantiating calculations, we can first assume that μ ∈
C∞

0 (R2) and then pass to the limit on the basis of the estimates obtained.

Now let us study the properties of the linear problem on Π+
T , that is,

vt + vxxx + vxyy = f(t, x, y), (37)

v(0, x, y) = v0(x, y), (38)

v(t, 0, y) = v1(t, y). (39)

First, we introduce two potentials related to the Cauchy problem for Eq. (37):

S(t, x, y; v0) ≡ F−1
x,y

[
eit(ξ

3+ξη2)v̂0(ξ, η)
]
(x, y), (40)

K(t, x, y; f) ≡
t∫

0

S(t− τ, x, y; f(τ, ·, ·))dτ. (41)

In what follows, we assume that if the functions v0 and f are defined only on R
2
+ and Π+

T , respectively,
then the potentials S and K are constructed for their extensions over the entire plane R

2 and the layer
ΠT = (0, T ) × R

2 with the same properties.

Lemma 3. Suppose that v0 ∈ H1
+, v1 ∈ H2/3,2(ST ), and f ∈ L2(0, T ;H1

+) for some T > 0, and v1(0, y) ≡
v0(0, y). Then problem (37)–(39) has a unique solution v(t, x, y) from the space Z(Π+

T ), and

‖v‖Z(Π+
t0

) ≤ c(T )
(
‖v0‖H1

+
+ ‖v1‖H2/3,2(ST ) + t

1/6
0 ‖f‖L2(0,t0;H1

+)

)
(42)
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for any t0 ∈ (0, T ]; here v is the function on Π+
T defined by

v(t, x, y) = S(t, x, y; v0) +K(t, x, y; f) + J(t, x, y; ṽ1), (43)

where
ṽ1(t, y) ≡ v1(t, y) − S(t, 0, y; v0) −K(t, 0, y; f)

for t ∈ [0, T ] and ṽ1(t, y) ≡ 0 for t < 0.

Proof. The uniqueness of a generalized solution to problem (37)–(39) in the larger space L∞(0, T ;L2,+)
was proved in [6] by the method of Holmgren.

The Cauchy problem (37), (38) was studied in [5]. In particular, it was shown that if Z ′(ΠT ), where
ΠT = (0, T ) × R

2, is the space of functions v(t, x, y) such that

v ∈ C([0, T ];H1) ∩ L2(0, T ;C1
b ) ∩ L2(Rx;Cb(ST )),

Dk
xv ∈ Cb(Rx;H0,2−k(ST )), k = 0, 1, 2,

then problem (37), (38) has a solution ṽ(t, x, y) belonging to the space Z ′(ΠT ), and

‖ṽ‖Z′(Πt0 ) ≤ c(T )
(‖v0‖H1 + ‖f‖L1(0,t0;H1)

)
(44)

for any t0 ∈ (0, T ] (see [5]); moreover,

ṽ(t, x, y) = S(t, x, y; v0) +K(t, x, y; f). (45)

To determine the smoothness properties of ṽ with respect to t, we prove the following auxiliary estimate:
if v0 ∈ Hs for some s ∈ R, then

‖S(·, ·, ·; v0)‖Cb(Rx;H(s+1)/3,s+1((−T,T )×R)) ≤ c(T, s)‖v0‖Hs (46)

for any T > 0. Indeed, let us represent the function S in the form

S(t, x, y; v0) =F−1
x,y

[
eit(ξ

3+ξη2)v̂0(ξ, η)χ(ξ, η)
]
(x, y)

+ F−1
x,y

[
eit(ξ

3+ξη2)v̂0(ξ, η)(1 − χ(ξ, η))
]
(x, y) ≡ S1(t, x, y; v0) + S2(t, x, y; v0),

where χ(ξ, η) is the characteristic function of the unit disk {ξ2 + η2 < 1}. The function S1, which is
infinitely smooth, is estimated in an obvious way; to estimate S2, we make the change λ = ξ3 + ξη2 and
obtain

S2(t, x, y; v0) = F−1
t,y

[
ϕλ(λ, η)eixϕ(λ,η)v̂0

(
ϕ(λ, η), η

)(
1 − χ(ϕ(λ, η), η)

)]
(t, y)

by analogy with (15). As a result, we have

‖S2‖2
H(s+1)/3,s+1 =

∫∫

ξ2+η2>1

(
1 + |ξ3 + ξη2| + |η|3)2(s+1)/3|v̂0(ξ, η)|2 dξ dη

3ξ2 + η2
≤ c(s)‖v0‖2

Hs

for any x.
To estimate the potential K, we use an idea from [3]. First, applying (46) with s = −1, we obtain the

uniform (in x) estimate

‖K(·, x, ·; f)‖L2(St0 ) ≤ c(T )t1/2
0 ‖f‖L2(0,t0;H−1). (47)

Moreover,

Kt(t, x, y; f) = f(t, x, y) −
t∫

0

S(t− τ, x, y; (D3
x +DxD

2
y)f(τ, ·, ·))dτ.

Again applying (46) with s = −1, we see that

‖Kt(·, x, ·; f)‖L2(St0 ) ≤ c(T )‖f‖L2(0,t0;H2) (48)
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uniformly in x. Interpolating (47) and (48), we obtain the uniform (in x) estimate

‖K(·, x, ·; f)‖H(s+1)/3,0(St0 ) ≤ c(T, s)t1/3−s/6
0 ‖f‖L2(0,t0;Hs) (49)

for s ∈ [−1, 2].
Combining (45), (46), and (49), we conclude that

‖Dk
xṽ‖Cb(Rx;H(2−k)/3,0(St0 )) ≤ c(T )

(
‖v0‖H1 + t

1/6
0 ‖f‖L2(0,t0;H1)

)
(50)

for k = 0 and k = 1.
By virtue of the compatibility condition, we have ṽ1(0, y) ≡ 0. Therefore, ṽ1 ∈ H2/3,2((−∞, T ] × R),

and, according to (44) and (50),

‖ṽ1‖H2/3,2((−∞,t0]×R) ≤ c(T )
(
‖v0‖H1 + ‖v1‖H2/3,2(ST ) + t

1/6
0 ‖f‖L2(0,t0;H1)

)

for any t0 ∈ (0, T ]. The properties of the potentials S, K, and J (in particular, (16), (44), and (50))
imply that the function v defined by (43) is the required solution to problem (37)–(39). This completes
the proof of the lemma.

In the following lemma, we obtain auxiliary integral inequalities for the solutions to problem (37)–(39),
which are analogues of the conservation laws (7).

Lemma 4. Suppose that the conditions of Lemma 3 hold and the function v1 is extended over the entire
plane R

2 so that the extension belongs to the same class and v1(t, y) ≡ 0 for t ≤ −1. Let

V (t, x, y) ≡ v(t, x, y) − J(t, x, y; v1), (51)

where v is the solution to problem (37)–(39) from the space Z(Π+
T ). Then, for any t ∈ (0, T ],

∫∫

R
2
+

V 2(t, x, y) dx dy +
∫∫

St

V 2
x (τ, 0, y) dy dτ ≤

∫∫

R
2
+

v2
0 dx dy + 2

∫∫∫

Π+
t

fV dx dy dτ + c‖v1‖2
H2/3,2 (52)

and ∫∫

R
2
+

(
V 2

x + V 2
y − 1

3
V 3

)
ρ(x) dx dy +

1
2

∫∫∫

Π+
t

(V 2
xx + V 2

xy + V 2
yy)ρ

′(x) dx dy dτ

+2
∫∫∫

Π+
t

V Vx(Vxx + Vyy)ρ dx dy dτ ≤ c(ρ, ‖v0‖H1
+
, ‖v1‖H2/3,2)

+2
∫∫∫

Π+
t

(fxVx + fyVy)ρ dx dy dτ −
∫∫∫

Π+
t

fV 2ρ dx dy dτ

+c(ρ)
∫∫

St

(f2 + V 2
x )
∣
∣
∣
x=0

dy dτ + c(ρ, ‖V ‖C([0,t];L2,+))
∫∫∫

Π+
t

(V 2
x + V 2

y )ρ dx dy dτ,

(53)

where ρ(x) ∈ C3
b (R+) is a positive nondecreasing function on R+.

Proof. The function V is a solution to the problem of type (37)–(39) with the same right-hand side f ,
initial function V0(x, y) ≡ v0(x, y) − J(0, x, y; v1) ∈ H1

0 (R2
+), and zero boundary function. Moreover, by

virtue of (17), we have
‖V0‖Hk

+
≤ ‖v0‖Hk

+
+ c‖v1‖H2/3,2

for k = 0 and k = 1. According to [11], if the functions V0 and f are smooth, then the corresponding mixed
problem has a smooth solution. In this case, inequality (52) is obtained similarly to (8) by multiplying
the equality (37) for V by 2V (t, x, y) and integrating the result.
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To derive (53), we multiply the equality (37) for V by

−(2Vxx(t, x, y) + 2Vyy(t, x, y) + V 2(t, x, y)
)
ρ(x).

After integration, we obtain

d

dt

∫∫

R
2
+

(
V 2

x + V 2
y − 1

3
V 3

)
ρ dx dy +

∫∫

R
2
+

(3V 2
xx + 4V 2

xy + V 2
yy)ρ

′ dx dy

+
∫

R

(
V 2

xxρ+ 2VxxVxρ
′ − V 2

x ρ
′′)∣∣

x=0
dy −

∫∫

R
2
+

(V 2
x + V 2

y )ρ′′′ dx dy

+2
∫∫

R
2
+

V Vx(Vxx + Vyy)ρ dx dy +
∫∫

R
2
+

V 2(Vxx + Vyy)ρ′ dx dy

= 2
∫∫

R
2
+

(fxVx + fyVy)ρ dx dy + 2
∫

R

(fVxρ)
∣
∣
x=0

dy −
∫∫

R
2
+

fV 2ρ dx dy.

(54)

The well-known interpolation inequality (see, e.g., [1])

‖g‖Lp,+ ≤ c(p)‖∇g‖(p−2)/p
L2,+

‖g‖2/p
L2,+

, (55)

where 2 ≤ p < +∞, yields
∣
∣
∣
∣
∣
∣
∣

∫∫

R
2
+

V 2(Vxx + Vyy)ρ′ dx dy

∣
∣
∣
∣
∣
∣
∣
≤ 1

2

∫∫

R
2
+

(V 2
xx + V 2

yy)ρ
′ dx dy + c

∫∫

R
2
+

V 4 dx dy

≤ 1
2

∫∫

R
2
+

(V 2
xx + V 2

yy)ρ
′ dx dy + c1

∫∫

R
2
+

(V 2
x + V 2

y )ρ dx dy
∫∫

R
2
+

V 2 dx dy;

thus, (54) implies (53) in the smooth case.
In the general case, the required inequalities are obtained by passing to the limit on the basis of (42).

This completes the proof of the lemma.

We return to the initial nonlinear problem. Theorem 1 is implied by the following two lemmas.

Lemma 5. If the conditions of Theorem 1 hold, then there exists a t0 > 0 depending on T , ‖u0‖H1
+
,

‖u1‖H2/3,2(ST ), and ‖f‖L2(0,T ;H1
+) such that problem (1)–(3) on Π+

t0
has a unique generalized solution

u(t, x, y) belonging to the space Z(Π+
t0

). The mapping (u0, u1, f) 	→ u is Lipschitz continuous on any ball
in the norm of mappings H1

+ ×H2/3,2(ST ) × L2(0, T ;H1
+) → Z(Π+

t0
).

Proof. For an arbitrary t0 ∈ (0, T ], consider the mapping Λ defined on the Z(Π+
t0

) as follows: v = Λu for
u ∈ Z(Π+

t0
) if v ∈ Z(Π+

t0
) and the function v is a solution to the linear problem

vt + vxxx + vxyy = f − uux, (56)

v
∣
∣
t=0

= u0, v
∣
∣
x=0

= u1. (57)

Note that
‖uux‖L2(0,t0;H1

+) ≤ ‖ux‖L2(0,t0;Cb,+)‖u‖C([0,t0];H1
+)

+
∥
∥|uxx| + |uxy|

∥
∥

Cb(R
x
+;L2(St0 ))

‖u‖L2(Rx
+;Cb(St0 )) ≤ c‖u‖2

Z(Π+
t0

)

(58)

6534



on Π+
t0

. According to Lemma 3, problem (56), (57) has a solution, and (42) implies

‖v‖Z(Π+
t0

) ≤ c̃
(
1 + t

1/6
0 ‖u‖2

Z(Π+
t0

)

)
, (59)

where the constant c̃ depends on the same quantities as t0 in the statement of the lemma. According
to (59), for sufficiently small t0, the mapping Λ takes each ball of sufficiently large (depending on c̃) radius
in the space Z(Π+

t0
) to itself. Moreover, considering the corresponding mixed problem (with homogeneous

boundary conditions) for the difference of Λu and Λũ, where u and ũ belong to such a ball, we see that
the mapping Λ is a contraction on this ball for sufficiently small t0, because, by analogy with (58),

‖uux − ũũx‖L2(0,t0;H1
+) ≤ c

(
‖u‖Z(Π+

t0
) + ‖ũ‖Z(Π+

t0
)

)
‖u− ũ‖Z(Π+

t0
);

this readily implies the existence and uniqueness of a solution. Continuity is proved similarly. This
completes the proof of the lemma.

Lemma 6. Suppose that the conditions of Theorem 1 hold and, for some T ′ ∈ (0, T ], a function u(t, x, y)
from the space Z(Π+

T ′) is a solution to problem (1)–(3) on Π+
T ′. Then

‖u‖C([0,T ′];H1
+) ≤ c(T, ‖u0‖H1

+
, ‖u1‖H2/3,2(ST ), ‖f‖L2(0,T ;H1

+)). (60)

Proof. Let c̃ denote various constants depending on the same quantities as the constant on the right-hand
side of (60). As in the proof of Lemma 4, we extend the function u1 over the entire plane R

2 so that
‖u1‖H2/3,2 ≤ c‖u1‖H2/3,2(ST ) and u1(t, y) ≡ 0 for t ≤ −1. We set

U(t, x, y) ≡ u(t, x, y) − J(t, x, y;u1). (61)

Writing inequality (52) for the function U , we obtain
∫∫

R
2
+

U2(t, x, y) dx dy +
∫∫

St

U2
x

∣
∣
∣
x=0

dy dτ ≤ c̃+ 2
∫∫∫

Π+
t

(f − uux)U dx dy dτ (62)

for t ∈ [0, T ′]. Since U
∣
∣
x=0

= 0, it follows that

2
∫∫

R
2
+

uuxU dx dy =
∫∫

R
2
+

(JxU
2 + 2JJxU) dx dy. (63)

Relations (16), (62), and (63) imply the estimate

‖u‖C([0,T ′];L2,+) + ‖ux

∣
∣
x=0

‖L2(ST ′ ) ≤ c̃. (64)

Next, we apply inequality (53) with

ρ(x) ≡ 2 − (1 + x)−1/2

to the function U . Taking into account the already obtained estimate (64), we see that
∫∫

R
2
+

(U2
x + U2

y − 1
3
U3)ρ dx dy +

1
2

∫∫∫

Π+
t

(U2
xx + U2

xy + U2
yy)ρ

′ dx dy dτ

≤ c̃+ c̃

∫∫∫

Π+
t

(U2
x + U2

y )ρ dx dy dτ +
∫∫∫

Π+
t

uuxU
2ρ dx dy dτ + c

∫∫

St

u2
1u

2
x

∣
∣
x=0

dy dτ

+2
∫∫∫

Π+
t

uuxUxρ
′ dx dy dτ + 2

∫∫∫

Π+
t

(JUx + uJx)(Uxx + Uyy)ρ dx dy dτ.

(65)
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Inequalities (55), (16), and (64) imply
∫∫∫

Π+
t

uuxU
2ρ dx dy dτ ≤

∫∫∫

Π+
t

(
JxuU

2ρ− 1
3
(Jρ)xU

3 − 1
4
U4ρ′

)
dx dy dτ

≤ c̃

∫∫∫

Π+
t

(U2
x + U2

y )ρ dx dy dτ + c̃,

2
∫∫∫

Π+
t

uuxUxρ
′ dx dy dτ = −

∫∫

St

u2
1(Uxρ

′)
∣
∣
x=0

dy dτ −
∫∫∫

Π+
t

u2(Uxxρ
′ + Uxρ

′′) dx dy dτ

≤ 1
6

∫∫∫

Π+
t

U2
xxρ

′ dx dy dτ + c̃

∫∫∫

Π+
t

(U2
x + U2

y )ρ dx dy dτ + c̃.

The obvious interpolation inequality

u2
x

∣
∣
x=0

≤ c

⎛

⎜
⎝
∫

R+

u2
xxρ

′ dx

⎞

⎟
⎠

1/2 ⎛

⎜
⎝
∫

R+

u2
xρ dx

⎞

⎟
⎠

1/2

+ c

∫

R+

u2
xρ dx

yields

∫∫

St

u2
1u

2
x

∣
∣
x=0

dy dτ ≤ ε

∫∫∫

Π+
t

U2
xxρ

′ dx dy dτ + c(ε)

t∫

0

(
1 + sup

y∈R

u4
1

)∫∫

R
2
+

U2
xρ dx dy dτ + c̃,

where ‖u1‖L4(0,T ;Cb(R)) ≤ c‖u1‖H2/3,2 (see, e.g., [1]) and ε > 0 is arbitrarily small. Finally,

2
∫∫∫

Π+
t

(JUx + uJx)(Uxx + Uyy)ρ dx dy dτ ≤ 1
6

∫∫∫

Π+
t

(U2
xx + U2

yy)ρ
′ dx dy dτ

+

t∫

0

sup
(x,y)∈R

2
+

[
(J2

x + J2)
ρ2

ρ′
] ∫∫

R
2
+

(U2
xρ+ u2) dx dy dτ

≤ 1
6

∫∫∫

Π+
t

(U2
xx + U2

yy)ρ
′ dx dy dτ +

t∫

0

γ(τ)
∫∫

R
2
+

U2
xρ dx dy dτ + c̃,

where ‖γ‖L1(0,T ) ≤ c̃, because ρ2(ρ′)−1 ≤ c(1 + x)3/2. Thus, inequalities (13) and (16) imply

T∫

0

sup
(x,y)∈R

2
+

[
(1 + x)3/2(J2

x + J2)
]
dτ ≤ c̃.

Combining the obtained inequalities, we derive estimate (60) from (65). This completes the proof of the
lemma.

Remark 2. In classes of functions of higher order of smoothness, the well-posedness of problem (1)–(3)
can be proved for u0 ∈ Hs

+ and u1 ∈ H(s+1)/3,s+1(ST ), where s = 3k or s = 3k + 1 and k ∈ N, by similar
methods.
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