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SUFFICIENT CONDITION OF LOCAL REGULARITY FOR THE NAVIER-STOKES
EQUATIONS

W. Zajaczkowski* and G. A. Seregin** UDC 517.5

We prove a local regularity result for the non-stationary three-dimensional Navier—Stokes equations. Bibliography:
10 titles.

1. INTRODUCTION

In the papers [1-3], interesting point-wise sufficient conditions for local regularity of weak solutions to the
nonstationary three-dimensional Navier—Stokes equations are proved. These estimates are deduced from a new
version of the so-called Ladyzhenskaya—Prodi—Serrin (LPS) condition, and the regularity follows from smallness
of some mixed Lorentz norm of the velocity field. We should point out that the classical LPS condition is
formulated in terms of mixed Lebesgue spaces (see [4] and [5]).

In the present paper, we wish to obtain such point-wise conditions with the help of the local regularity theory
based on the notion of suitable weak solutions. To this end, we prove a sufficient condition for regularity in
terms of smallness of some functionals involving norms in mixed Lebesgue spaces only, see Theorem 1.2. As a
consequence of this theorem, we deduce the same point-wise conditions which cover all the cases of [1-3].

To formulate our result, we recall the definition of suitable weak solutions following F.-H.Lin [6]. For a more
general definition, we refer the reader to the celebrated paper of Caffarelli-Kohn—Nirenberg [7].

Definition 1.1. A pair of functions v and p is called a suitable weak solution to the Navier-Stokes equations
in a domain Q(zo, R) = B(xo, R) x|ty — R?, to[ (where zy = (20,t0) and B(wg, R) = {x : |z — xo| < R}) if the
following conditions hold:

v € L oo(Q(20, R)) N W5 (Q(20, R)) and p € L (Q(z20, R)); (1.1)

the Navier—Stokes equations:
ov+v-Vo—Av+Vp=0, dive =0, (1.2)

hold in Q(zo, R) in the sense of distributions;
v and p satisfy the local energy inequality:

¢
/ o(x, t)|v(z, t)|*dx + 2 / / ©|Vv|*dzdt’
B(o,R) to—R2 B(z0,R)
t
< / / [|v|2(A<p+8t<p) +v - Ve(lv]? +2p)}dxdt' (1.3)
to—R? B(wo,R)

for a.a. t € [to — R?,to] and for all nonnegative smooth cut-off functions ¢ vanishing in a neighborhood of the
parabolic boundary of the cylinder Q(zg, R).

In the above definition, we use the following mixed Lebesgue and Sobolev spaces:
Lm,n(Q(ZO; R)) = Ln(tO - RQ; tO; Lm(B(-rOa R))),

where Ly, = Ly m, m,n € [1,00], and

W21’O(Q(zo, R))={u:u,Vue Ly(Q (20, R))}.

Now we formulate the main result.
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Theorem 1.2. Let v and p be a suitable weak solution to the Navier—Stokes equations in Q(zg, R). Assume
that real numbers | > 1 and s > 1 satisfy the condition
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There exists a number € > 0 that depends on s and | only and such that if the condition

to

M“@mM:7% / ﬁ(‘/ Mw@%<a m=(§+%—g, (1.5)

to—R? B(Q:'(),R)

is satisfied, then zj is a regular point of v, i.e., there exists a number r €]0, R] such that v is Holder continuous
in the closure of the cylinder Q(zp,r).

Corollary 1.3. Let v and p be a suitable weak solution to the Navier—Stokes equations in Q(zo, R). Let ¥ € [0, 1]
be fixed.
There is a positive number £ that depends on ¥ only and such that if

€1

|z — 20|17t — t|2

lo(z, t)] < (1.6)

for a.a. z = (z,t) € Q(z0, R), then zy is a regular point of v.
We would like to note that Corollary 1.3 includes the above-mentioned point-wise conditions of local regularity
as particular cases. For ¥ =1, see (1.7) in [1], and for 0 < 9 < 1, see Theorem 1.2 in [2, 3].
2. PROOF OF THEOREM 1.2

Due to invariance with respect to the natural scaling, we may assume that zp = 0 and R = 1.
Let us introduce auxiliary functionals:

1 1
Clo) = — / lv]*dz, A(g) =ess sup — / |v(z, t)|?d,
Y —02<t<0 @
Q(e) B(e)
1 ) 1 ) 1 s
E(o) = E |Vul“dz, H(p) = E |v|*dz, and D(p) = ? |p|zdz,
Qo) Q(e) Qo)

where Q(0) = Q(0, 0), B(g) = B(0,0), B= B(1), and @ = Q(1). In this notation,
0
1 :
MW@:E/ﬁ(/wm@.
—0? B(e)
The following lemma is but a consequence of interpolation and imbedding theorems.
Lemma 2.1. Assume that a function v has finite energy in Q, i.e.,

v € Lyoo(Q) N W, Q). (2.1)

Let numbers s and [ satisfy condition (1.4). Then the inequality

C(0) < cA™(0)(M>'(0)) 7 (E(0) + H(0))¥ (2.2)
holds with s 5
842 9 3 2 3 ,
= S = 2 — _ — = = —
FooEyz—gy 1 l(s ] 2)’ and ¢ =7
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In (2.2), the positive constant ¢ depends on s and [ only.

Remark 2.2. By condition (1.4), ¢ > 1 and p > 0.

Proof of Lemma 2.1. We are going to use the interpolation in Lebesgue spaces in the following way. By setting

1 241 7
A=—r——r and y=-—22—L (2.3)
T+ D) 21D
we observe that the numbers A and y are positive and obey the following two identities:
As+2u+6y=3 and A+y+pu=1. (2.4)

Applying identities (2.4) and the Hélder inequality, we see that

/|v|3dx= / |v|)‘s|v|2"|v|67dx§(/|v|sdx))\( / |u|2dx)”( / |u|6dx)7.

B(e) B(o) B(o) B(o) B(o)

Next, the imbedding theorem with the limit exponent is used:

|v|®da g <c (IVv)? + %|v|2)dx %.
o

B(o) B(o)

Taking into account the definition of A, we derive from the latter relation the estimate

/|v|3dx§cg“A“(Q)( / |v|sdx))\(/(|Vv|2+g—12|v|2)dx)37.

B(e) B(o) B(o)

Integrating in time and applying the Holder inequality, we deduce that

1

0 . 0 ,
cto) < co 2 [ ([ lae) ") s ([ ([ avep s SloPra) M) @)

—0* B(e) —0* B(e)
By the choice of the numbers A, v, and ¢ (see the assumptions of the lemma and relations (2.3) and (2.4)),
Ag=1/s and 3vyq¢ =1.

Hence, from (2.5) it follows that

0
1 1
7 7

co) < o400 (5(0) + #@)? ([ ([ 1olaw) )’
—0? B(o)

L L
7 7

< 0" 2 4"(0)07 (E(0) + H(0)) ¥ (0" M*!(0))7.

Observing that

1 K

H—2+—=+-=0,

q q

we complete the proof. Lemma 2.1 is proved.
Now, we proceed with the proof of Theorem 1.2. Let us assume that conditions (1.4) and (1.5) are fulfilled.

We are going to show that if € is sufficiently small, then zg is a regular point of v. Estimates (2.2) and (1.5) and
Young’s inequality imply that

L
7

Clo) < cA*(0)e(E(e) + H()) " < ce?(E(e) + H(e) + A*(0)).
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It is easy to check that
ug <1 and H(p) < A(o).

Hence,
C(o) < c=*(E(0) + Al0) + 1) (2.6)

for any 0 < p < 1.
For an appropriate choice of the cut-off function ¢ in the local energy inequality (1.3), we see that

A(R/2) + E(R/2) < ¢(C3(R) + C(R) + D(R)) (2.7)

forany 0 < R < 1.
The last main estimate is the so-called decay estimate for pressure:

r

D(o) < [ 2D + () ) (2.8)

for any 0 < o <r < 1. The reader can find a proof of inequality (2.8) in [8].
Set
(o) = Ale) + E(0) + D(0)-

Taking R = 20 in (2.7), replacing ¢ by fp and r by ¢ in (2.8), and summing the results, we arrive at the estimate

2 1
€(0e) < c(CF(200) + C(200) + D(200) + 0D(0) + 75 C(0))- (2.9)
For 0 < 6 < 1/2, we derive from the pressure estimate (2.8) the relation
112
D(200) < (20D(0) + (55) C(0))- (2.10)
20
In addition, we observe that
1
< — . .
C(200) = 153C(0) (2.11)
Now from (2.9)—(2.11) it follows that
1 1 2
£(e) < c(0D(e) + 5zC(0) + 27 C7 (0))- (2.12)

To evaluate the right-hand side of (2.12), we make use of (2.6). As a result, we get the inequality

u|_§

SE@+ 1+

™

who

E(60) < c[0€(0) + (E(o) +1)F]. (2.13)

ol

Estimating the last term by the Young inequality, we derive from (2.13) the relation

c% et
£(00) < c[(@ + 9—2)8(9) + 9—2} (2.14)
for any 0 < p <1 and any 0 < 6 < 1/2.
Now we fix 0 so that L
ch < Z

Choosing ¢ sufficiently small, we may assume that

>
o
> =
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Thus, we rewrite (2.14) in the following form:

q

1 2
E(00) < 5E(0) + 2

9_2 .
Iterating (2.15), we obtain the inequalities

1 et
(%) < 5zE(0)
for any nonnegative integer k. On the other hand, according to (2.6),
C# o) < =1 (E(0 o) + 1) < et (L £(0) 41+ & ! '
(0%0) < c=(£(00) +1) < e (58 (o) +1+

2 £2
9—2) < 0(275(@ 9—2)-
The latter inequality with ¢ = 1 shows that

CoF) < c(2ik5(1) + é).

(2.15)

(2.16)

(2.17)
Considering (2.16) with ¢ = 1 and taking into account the definition of £, we see that

1 e?
DE") < (o) + ¢
Adding (2.17) and (2.18), we show that

(2.18)

(2.19)
Let us fix an arbitrary positive number £5. We may choose a natural number kg so large that

It remains to reduce € so that

a
ce?

9 < 5
From the latter relations and from (2.19) it follows that

C(0%) + D(*) < &.

It was shown in [9] and [10], Lemma 2.2, that if we choose ¢ in an appropriate way, then the velocity v is Holder
continuous in the closure of Q(#*/2). Theorem 1.2 is proved.

3. Proor orF COROLLARY 1.3
First we consider the case 6 € [0, 1] (see [2] and [3]). Let I = 2 and

3
in {4, 1.
3<s<m1n{ 10
It can be verified that all the conditions of (1.4) are satisfied. According to (1.6), we can calculate the following
estimate directly:

XS]

: 1 %
MS’QZ R) < ‘ ( —
(07 )—1_9 3 S

(1 _9)) e
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Choosing e sufficiently small, we can provide the validity of (1.5). This implies that z is a regular point of v.
It remains to treat the case § =1 (see [1]). Here we let

2

l=—
140
for some ¢ €]0,1/3[ and choose s satisfying the condition

3,4
1-0-""1-45

Omne can show that, for such a choice of parameters s and [, all the conditions of (1.4) are fulfilled. Now the
estimate of M*! takes the form

1+9
5

Repeating the previous arguments, we complete the proof of the corollary.

El

@

M* (2, R) < ¢
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