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INTRODUCTION

This monograph deals with generalized solutions of first-order partial differential equations and quasi-
linear parabolic equations.

Partial differential equations arise in many theoretical and applied problems of mathematics, mechanics,
physics, biology, chemistry, economics, engineering, control, navigation, etc. For example, there are the
following well-known equations: the Hamilton—Jacobi equation in mechanics [8], the Bellman equation
in optimal control problems [29], the Isaacs equation in differential games [108], the eikonal equation in
geometrical optics [62], the inviscid Burgers—Hopf equation in gas and hydrodynamics [73, 104, 161, 222],
etc.

A classical method of solving boundary-value problems for partial differential equations is the method
of characteristics suggested by Cauchy in the nineteenth century. This method reduces the integration of
a partial differential equation to the integration of a system of ordinary differential equations. Solutions of
the system are called characteristics. The Cauchy method for a boundary-value problem for a first-order
partial differential equation (see, e.g., [62, 207, 222, 233]) provides a construction of the classical solution,
and uses the invariance of the graph of the classical solution with respect to the characteristics. However,
this method is restricted in applications since boundary-value problems for nonlinear partial differential
equations have local classical solutions, at the best.

At the same time, there are nonsmooth (not everywhere differentiable or discontinuous) functions vital
for the considered problems, for example, optimal time of capture in pursuit-evasion games; optimal
distance to a target set at a given terminal time moment in antagonistic differential games; nonsmooth
wave front in inhomogeneous aggregate medium, etc. These nonsmooth functions are defined globally,
satisfy the given boundary conditions everywhere, and the corresponding partial differential equations at
points of smoothness. These functions can be understood as global generalized solutions of boundary-value
problems.

The need for an improved concept of generalized solutions of the Hamilton—Jacobi equation and other
types of partial differential equations stimulated active research in the 50s—70s. Problems connected
with notions of weak solutions of partial differential equations were investigated by N. S. Bakhvalov,
L. C. Evans, W. H. Fleming, I. M. Gel'fand, S. K. Godunov, E. Hopf, O. A. Ladyzhenskaya, P. Lax,
O. A. Oleinik, B. L. Rozhdestvenskii, A. A. Samarskii, S. L. Sobolev, A. N. Tikhonov, and many other
famous mathematicians. The researches used mostly integration methods and the integral properties of
weak solutions.
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Among the research, we should note the results of S. N. Kruzhkov obtained for the Hamilton—Jacobi
equations with convex Hamiltonians (see, e.g., [140]). He incorporated tools of convex analysis, subd-
ifferentials, to studies of nonsmooth solutions of Hamilton—Jacobi equations. Also, another new tool of
nonsmooth analysis, namely, generalized directional derivatives, was suggested by F. H. Clarke [51] to
investigate generalized solutions of the Bellman equation.

In the early 80s, M. G. Crandall and P. L. Lions introduced the concept of viscosity solutions [59, 60,
167], where the development and applications of subdifferential and superdifferential tools of nonsmooth
analysis play a key role. In the first papers, the existence of a viscosity solution was proved by using
the method of vanishing viscosity. Within the theory of viscosity solutions, many researchers proved the
existence and uniqueness theorems for various types of first-order partial differential equations, elliptic
and parabolic equations, and various types of boundary-value problems. Reviews of results in the theory
of viscosity solutions can be found in [21, 61, 80].

Now, the focus of research is concentrated on the development of analytic, constructive, and numer-
ical methods in the theory. Also, application of the theoretical results to solving different problems
in chemistry, economics, biology, and so on has attracted much attention (see, e.g., [23, 24, 73, 109,
232]). Important contributions to the research were made by O. Alvarez, Z. Artstein, M. Bardi, G. Bar-
les, E. N. Barron, I. Capuzzo-Dolcetta, P. D. Christofides, M. G. Crandall, L. C. Evans, M. Falcone,
W. H. Fleming, V. G. Gaitsgory, H. Ishii, R. Jensen, S. Koike, P. L. Lions, B. Perthame, H. M. Soner,
P. E. Souganidis, X. Y. Zhou, and others.

Another known concept of a generalized solution based on the idempotent analysis was suggested by
V. P. Maslov [122, 176]. He and his disciples studied first-order partial differential equations with convex
Hamiltonians and applications to problems of mathematical physics, using this approach for linearized
convex problems.

The results presented in this book are obtained in the framework of the concept of generalized mini-
max solution introduced by A. I. Subbotin [235, 236, 238]. Based on this approach, there are minimax
estimates and operations. The concept of minimax solutions has sources in the theory of positional differ-
ential games [128, 133-135] developed in the Ekaterinburg (Sverdlovsk) school headed by N. N. Krasovskii.
Fundamental contributions to the development of the theory of positional guaranteed control, supervi-
sion, estimate, and dynamical reconstruction were given in works by N. N. Krasovskii [126, 128, 134],
A. B. Kurzhanskii [96, 150, 152], Yu. S. Osipov [143, 144, 195], and A. I. Subbotin [133, 240, 250]
(see, e.g., references at the end of this monograph). Leading positions in the research are occupied
by A. V. Kryazhimskii, V. E. Tretyakov, and A. G. Chentsov. Active researchers in this school are
also E. H. Al’brekht, B. I. Anan’ev, V. D. Batukhtin, Yu. I. Berdyshev, S. A. Brykalov, V. L. Gasilov,
M. I. Gusev, Kh. G. Guseinov, S. N. Zavalishchin, I. Ya. Katz, A. V. Kim, A. F. Kleimenov, A. I. Ko-
rotkii, A. N. Krasovskii, V. I. Maksimov, O. I. Nikonov, B. G. Pimenov, A. N. Sesekin, I. F. Sivergina,
A. M. Tarasyev, V. N. Ushakov, T. F. Filippova, G. I. Shishkin, A. F. Shorikov, V. S. and N. L. Patsko,
V. M. and T. N. Reshetov, S. I. Kumkov, N. Yu. Lukoyanov, and their disciples.

In the theory of positional differential games the property of the epigraph and hypograph of the value
function of a differential game to be invariant relative to special differential inclusions was established.
N. N. Krasovskii and A. I. Subbotin included the property into the definition of the wu-stability and v-
stability properties for real functions. The properties that define the value function are kernel stones in
the theory of positional differential games. Since the value function of a differential game is a generalized
solution for the corresponding Isaacs equation, the properties can be considered as prototypes of the con-
cept of minimax solutions of first-order partial differential equations. The concept is defined in various
equivalent ways, including infinitesimal forms, with the help of different tools of nonsmooth analysis:
directional derivatives, tangent or contingent cones, subdifferentials and superdifferentials, etc. The defi-
nitions and the proof of their equivalence are given, for example, in [236, 238]. All the definitions describe
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the same property of weak invariance of the minimax solution relative to generalized characteristics, which
are solutions of so-called characteristic differential inclusions.

Theorems on the existence, uniqueness, correctness, and vitality of the minimax solutions are proved
for various types of boundary-value problems for first-order partial differential equations [1, 40, 98, 159,
160, 239, 241, 274, 276]. Within the theory, research on constructive and numerical methods, including
grid methods, play an active role [95, 99, 242, 249, 259, 279, 280]. The important result in the theory of
minimax solutions to first-order partial differential equations is the nontrivial proof of equivalence of the
concepts of minimax and viscosity solutions [238, 250]. Note that methods of the theory of differential
games, dynamical optimization, and nonsmooth analysis find numerous applications in the theory of
minimax solutions. Also, research on minimax solutions stimulated the development of these new branches
of mathematics (see, e.g., [53, 54])

It is proved that the minimax solution to a Hamilton—Jacobi-Isaacs—Bellman equation coincides with
the value function of an optimal control problem or of a differential game. Therefore, the theory of minimax
solutions has many applications connected with control problems (see, e.g., [135, 149, 235, 236, 288-291,
293]). The value function defines equal values of optimal guaranteed results of two antagonistic players (or
a control and a disturbance) that are achieved from a given initial state (initial position). In addition, this
function plays a key role in the construction of optimal and almost optimal feedbacks (see [29, 34, 52, 72,
76, 82, 108, 127, 163, 213]). The theory of optimal guaranteed controls is based on the pioneer works of
. Isaacs, L. S. Pontryagin, R. Bellman, N. N. Krasovskii, W. H. Fleming, R. J. Elliott, N. J. Kalton, and
. Fridman. Important contributions to the research were made also by the works of V. G. Boltyanskii,
. V. Gamkrelidze, E. F. Mishchenko, E. O. Roxin, G. Leitmann, L. D. Berkovitz, A. E. Bryson, Y.-C. Ho,
. Olsder, J. Warga, N. N. Moiseev, B. N. Pshenichnyi, V. I. Arnold, D. V. Anosov, F. L. Chernous’ko,
. A. Yakubovich, V. I. Zubov, A. A. Chikrii, A. A. Melikyan, L. A. Akulenko, G. K. Pozharitzkii,
. I. Blagodatskikh, N. L. Grigorenko, P. B. Gusyatnikov, M. 1. Zelikin, Yu. S. Ledyaev, M. S. Nikol’skii,
. A. Agrachev, A. V. Arutyunov, S. M. Aseev, S. A. Vakhrameev, A. Ya. Dubovitzkii, A. A. Milyutin,
. M. Tikhomirov, A. D. loffe, E. S. Polovinkin, V. I. Ukhobotov, V. I. Zhukovskii, N. N. Petrov,

A. Petrosyan, etc., the above-mentioned works by the Ekaterinburg (Sverdlovsk) school, and by many
other schools and researchers.

The present monograph deals with materials on the further development of the theory of minimax
solutions for new types of equations, namely, for singularly perturbed Hamilton—Jacobi equations and
quasi-linear parabolic Isaacs equations. Also, there are applications of the theory of minimax solutions
for the mentioned partial differential equations and for the Bellman equation to problems of optimal
control and differential games. The method of characteristics is key to the research, and, therefore, it is
mentioned in the title of the monograph.

It should be mentioned that there is now the increasing interest in the various generalizations of the
method of characteristics in modern research on dynamical optimization and boundary problems for the
corresponding partial differential equations. New approaches are suggested in works of J. P. Aubin,
F. H. Clarke, H. Frankowska, G. Haddad, A. B. Kurzhanskii, Yu. S. Ledyaev, A. A. Melikyan, D. B. Silin,
and many others.

Let us briefly describe the contents of the book. The monograph consists of five chapters divided into
twenty sections.

The known results used in the monograph are called assertions. The results obtained by the author
are called lemmas for the auxiliary results and theorems for the basic results. All assertions, lemmas,
and theorems have a double number: the Roman number is the number of the chapter and the Arabian
number means the current number of the assertion, lemma, or theorem in this chapter. Sections are
numbered continuously. Subsections and formulas have also a double number, where the first number

C<pa<T@IIPH
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means the number of the section and the second number means the number of the subsection or the
number of a formula in this section.

In Chap. I, there are some basic notions and results in the classical theory of Hamilton—Jacobi equations;
the tools of nonsmooth analysis are applied to the research presented in this monograph, and also notions
and facts of the theories of minimax and viscosity solutions useful in the research. In Chap. II, there is
a detailed investigation of the value function (the Bellman function) in the nonlinear problem of optimal
control with a cost functional of the Bolza type. The coincidence of the value function and the minimax
solution of the corresponding Cauchy problem for the Bellman equation is essential to the research. The
theoretical and applied aspects of this problem have gained the interest of many researchers. Among
the investigations of the problem using the Bellman function that are closest to the materials of this
monograph, let us mention the works of F. M. Kirillova, R. F. Gabasov, S. N. Kruzhkov, L. I. Rozonoer,
M. M. Khrustalev, V. A. Vyazgin, V. F. Krotov, V. F. Dem’yanov, V. I. Gurman, M. Bardi, E. N. Barron,
L. D. Berkovitz, P. Cannarsa, F. H. Clarke, H. Frankowska, R. Jensen, G. Leitman, P. L. Lions, S. Mirica,
R. T. Rockafellar, and R. Vinter.

Applications of the theory of minimax solutions for the Bellman equation to the optimal control problem
considered in Chap. III provide the following results:

— the representative formula for minimax solutions in the form of the lower envelope of a family of
smooth functions;

— a new proof of the Pontryagin maximum principle via differentiability of solutions of ordinary
differential equations with respect to the parameters;

— the coincidence of extremals and conjugate variables satisfying the conditions of the Pontryagin
maximum principle with classical characteristics for the Bellman equation;

— the necessary and simultaneously sufficient optimality conditions of first order supplementing the
Pontryagin maximum principle;

— the justification of the dynamical programming method for Lipschitz continuous Bellman functions,
and the justification of the structure of optimal feedbacks (optimal synthesis);

— the formula of the minimax solution to the Cauchy problem for a first-order nonlinear partial
differential equation with concave Hamiltonian in terms of the classical characteristics.

In Chaps. IIT and IV, there are results on singular approximations of the minimax solutions to the
unperturbed Hamilton—Jacobi equations. The approximations use minimax solutions for the Hamilton—
Jacobi equations considered in the extended phase space. The equations are singularly perturbed with
respect to a part of the impulse variables. Sufficient conditions for the singular approximation are ob-
tained. Also, there is a construction of the limit unperturbed equations, called asymptotics, to the given
singularly perturbed Hamilton—Jacobi equations. Applications of the results to singularly perturbed dif-
ferential games demonstrate the importance of the approximations. The origin of the research lies in
works of A. N. Tikhonov. It should be noted that the presented results are also close to the results of
E. F. Mishchenko and L. S. Pontryagin connected with mathematical models of dynamical systems with
fast and slow motions. This area in the theory and applications of generalized solutions have attracted
the interest of many researchers. Among the works most relevant to the material of this monograph we
mention the works of A. B. Vasil’eva, V. F. Butuzov, V. G. Gaitsgory, M. G. Dmitriev, A. B. Kurzhanskii,
A. A. Pervozvanskii, E. L. Tonkov, N. H. Rosov, L. D. Akulenko, T. F. Filippova, A. M. Fradkov, Z. Art-
stein, M. Bardi, E. N. Barron, A. Bensoussan, L. C. Evans, P. Donchev, R. Jensen, P. V. Kokotovitc, and
V. Veliov.

In Chap. III, there is the concept of the minimax solution to singularly perturbed Hamilton—Jacobi
equations that contain a small parameter of singularity in the denominators of coefficients at a part of
the impulse variables. The occurrence of fast and slow components (variables) is a new feature of the
generalized characteristics defining the minimax solutions. Sufficient conditions for minimax solutions to
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singularly perturbed Hamilton—Jacobi equations are suggested to provide convergence, as the parameter
of singularity tends to zero. The structure of the limit unperturbed guaranteed control problems is
described. A key requirement in the sufficient conditions is the existence of compact attractors in the
subspace of fast variables. One can consider the conditions as a development and generalization of the
Tikhonov reduction technique, which was suggested to investigate singularly perturbed systems of ordinary
differential equations. The results presented apply to research on convergence of the value functions and
constructions of asymptotics to differential games with fast and slow motions. The applications and model
examples are presented in Chap. IV.

Chapter V deals with the development of the theory of minimax solutions to quasi-linear parabolic
partial differential equations of the Hamilton—Jacobi—Isaacs type. The interest in the generalized solution
of a quasi-linear parabolic Isaacs equation stems from the same reasons as in the above-mentioned deter-
ministic case. The solution coincides with the value function to a diffusion differential game with noise
degenerate in the whole or in a part of the variables. In the works of N. N. Krasovskii, V. E. Tretyakov,
and A. N. Krasovskii [126, 136], the existence of the value function of the game was proved. Also, notions
and justifications of stochastic u-stability and v-stability properties of the value function are suggested.

The concept of generalized wviscosity solution to a quasi-linear parabolic partial differential equation
of the Hamilton—Jacobi—Isaacs type is introduced by P. L. Lions using the notions of sub- and superjets
involving tools of sub- and superdifferentials and constant matrices, which approximate the corresponding
Laplace operator of the second derivatives [168]. Substantial contributions to investigations of general-
ized solutions to quasi-linear parabolic partial differential equations and of the value functions to the
corresponding diffusion differential were made by O. A. Oleinik, O. A. Ladyzhenskaya, S. N. Kruzhkov,
A. M. II'in, H. Ishii, W. H. Fleming, A. Fridman, M. G. Crandall, L. C. Evans, P. L. Lions, H. M. Soner,
etc.

Chapter V deals with diffusion differential games, where the value function is Lipschitz continuous. For
the class of Lipschitz continuous real functions, the concept of generalized stochastic derivatives relative
to the set of the drift and the diffusion matrix defining the diffusion control process, is presented. The
concept of the generalized minimax solution to the corresponding quasi-linear parabolic Isaacs equation
is introduced. The definition uses a pair of differential inequalities in terms of the generalized stochastic
derivatives for the minimax solution. Since the minimax solution coincides with the value function for a
diffusion differential game, the concept is one way of applying the method of generalized characteristics
to investigations of the value function. Note that the definition is an infinitesimal form of the mentioned
properties of stochastic u-stability and v-stability. In Chap. V, formulas for stochastic derivatives are
also obtained for a class of functions differentiable in a part of the variables. There are applications of
the formulas to stochastic differential games, where controls, disturbances, and noise act in a part of the
variables. There is presented a corrected form of the generalized quasi-linear parabolic Isaacs equation.

The results presented provide perspectives to develop the theory of minimax solutions for new types
of partial differential equations and boundary problems. The results can also be used for the analysis of
applied control problems and the construction of feedbacks solving these problems.

This work i dedicated to the shiny memory of A. I. Subbotin who piqued her scientific interests and
provided constructive criticism and helpful advise.

The author thanks her teacher, Academician N. N. Krasovskii, for kind attention, valuable advices,
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General Notation

In this monograph, we use the following notation.

R"™  n-dimensional Euclidean space;
T transposition operation;
(x,y) inner product of vectors x € R",y € R"™;
|z|| Euclidean norm z € R”, ||z|| = (z, z)'/?;
dist(z, X) distance between a point z € R™ and a set X C R"™, dist(z, X) = inf ||z —2/||;

int X  the set of interior points of the set X C R"; e
cl X closure of X C R™;
0X  the set of boundary points of X C R";
coX convex hull of X C R"™;
compR"™  the set of all compact subsets of R";

diam X  diameter of the set X C compR", diam X = max ||z — 2/||;
zeX,x’'eX

dist(X7, X2) Hausdorff distance between sets X; C compR"™ X5 C comp R™:
dist(X7, X2) = max{ max dist(z1, X2), max dist(x2, X1)};
r1€Xq x9€Xo

B, closed unit ball in R™ centered at the origin;

B closed ball of radius € in R" centered at the origin;

proj, G projection of the set G in the space with the coordinates (x,3) € R™ x R* on the
subspace R™ with the coordinates x;
p: W — @ mapping with domain W and range @,
©(-)  mapping ¢ (note that ¢(w) is the value of the mapping ¢ at a point w € W);
gro  the graph of a function ¢(-) : W — Q C R®:

gro={(w,r) €W xR 1w e W,r = p(w)};
epie  the epigraph of ¢(-) : W — Q C R%:
epip = {(w,r) € W xR :w € W,r > p(w)};
hypoy the hypograph of ¢(-) : W — Q C R!:
hypoyp = {(w,7) € W xR 1w € W,r < p(w)};

D,w  gradient with respect to = (21,...,2,) of a function R” x R* 3 (z,9) — w(z,y) € R%:
ow ow
Dww=(=—,....— |
@ (8:1:1’ ’8xn> ’

Dw  gradient of a function w(-) : R" — R™:
Ow Ow
Do=—,...,— |;
“ <8m1’ ’ Gmn> ’
rpm W the set of all regular probability measures defined on W C comp R™;
Cn(W)  the space of continuous real functions ¢(-) : W — R, W C comp R™;
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Cn(W)*  the space conjugate to the space Cy, (W) of continuous real functions;
L, ([to, T],Cn(W))  the space of real functions (-, ) : [to,T] x W — R", ¢y € [0,T], such that for any
w € W, the functions &(-,w) : [tg,T] — R™ are Borel-measurable and summable, i.e.,
&(-,w) € Ly([to,T]), and for almost t € [to,T], the functions £(¢,-) : W — R™ are
continuous, i.e., (t,-) € C,(W);
(Q,F,P) probability space, where Q) is a nonempty set, F is the o-algebra of subsets €2, and PP is
the probability measure;
P-a.e. means that the corresponding condition holds almost everywhere in {2 with respect to
the measure P;
{Fs}, s >0 nondecreasing family of o-algebras of subsets of Q;
n
tr A the trace of the matrix A = {a;;}, i € I,n, j e I,n, tr A= 3" a;j;
i=1
L[R™ R"]  the set of all constant (n x m)-matrices A = {a;;}, i € 1,n, j € 1,m.

CHAPTER 1

CAUCHY PROBLEM FOR HAMILTON-JACOBI EQUATIONS

1. Hamilton—Jacobi Equations. Basic Notions

We consider first-order partial differential equations of the Hamilton—Jacobi type:

!/
% +H(t,a,V'(t,x), D,V (t,2) =0, (t,x) € Iy = (0,T) x R",
1.1)
ovV'(t,x) oV'(t, x) (
/ _(ovViL,T) ovi(t,x) n
DIV(t,x)—( prot i v c R™.

Such equations arise in many applied and theoretical problems of engineering, control, navigation, eco-
nomics, chemistry, biology, and so on.
This monograph deals with the following boundary-value Cauchy problem for Eq. (1.1):

V(T,z) =o(z), z€R" (1.2)

Recall basic notions of the theory of Hamilton—Jacobi equations (see, e.g., [62, 112, 207]).

1.1. Classical solutions of the Cauchy problem and the classical Cauchy method of charac-
teristics for the Hamilton—Jacobi equation. The function H(t,z,z,p) : [0,7] x R" x R x R" — R
in Eq. (1.1) is called the Hamiltonian. We study Eq. (1.1), where the Hamiltonian is independent of
the variable z. The function o(-) : R” — R in condition (1.2) is called the boundary function. The
Hamiltonian and the boundary function are called the input data of the problem (1.1), (1.2).

A continuous function V'(+) : clIllp = [0, T] xR™ — R is called a classical solution of the boundary-value
Cauchy problem (1.1), (1.2) if it is differentiable in the open strip Iz = (0,7") x R", satisfies Eq. (1.1)
everywhere in the strip, and also satisfies the boundary condition (1.2).

In the first half of the nineteenth century, Cauchy suggested a basic method for solving such problems,
now called the Cauchy method of characteristics. In this method, the classical solution of the first-order
partial differential equation (1.1) under condition (1.2) can be found by using the following system of
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ordinary differential equations on the interval [0, T'):
dz

E = DﬁH(t7 iaﬁ)?
dp
_:_DiH taAaA ) 1.3
z (t.4.9) (1.3
dz ) o .
% = <p7 DﬁH(ta Jj’p)> - H(tv xap)v
and the following boundary conditions corresponding to (1.2):
i'(T> y) = yv ﬁ(Tv y) = Dya(y)a 2(T7 y) = U(y)a y € Rn7 (14)

where

0H 0H 0H 0H
DﬁH(t,i’,ﬁ): <8—]§177@>7 DiH(t,i’,ﬁ): <8—i177a—j}n>
and the symbol (p, ¢) denotes the inner product of vectors p and g.
The family of solutions of the characteristic ordinary differential equations (1.3) forms the graph of the
classical smooth solution w of the Hamilton—Jacobi equation:

grw={(t,z,2): (t,x) € clllp = [0,T] x R", z =w(t,z)}

and defines the vector field of gradients of the solution. In other words, the graph of the classical solution
w(-) € Cl(clIly) of the Hamilton—Jacobi equation (1.1) is invariant with respect to solutions of the
characteristic equations (1.3). The solutions

(i’('vy)vﬁ('vy):é(ﬁy)) : [O?T] — R" xR" xR (1-5)

depend on the parameter y € R™; they are called characteristics (see, e.g., [62, 207, 222]).
The Cauchy method of characteristics is applicable in cases where the phase-space projections (-, y)
of characteristics (1.3) do not intersect, in other words, if for all (¢,x) € Ilz, the set of parameters

Y(t,x) ={vy e R" : &(t,y) = x} = {y(t, )} (1.6)
is a singleton. In this case, the classical solution can be represented in the form
V'(t,z) = 2(t,y(t,z)), (t,x) € cllly. (1.7)

As is well known, the Cauchy method of characteristics is a local method for nonlinear input data of
the boundary-value Cauchy problem (1.1), (1.2). As a rule, the characteristics do not intersect in a small
neighborhood of the smooth boundary manifold. The classical solution of the boundary-value problem
does not exist outside this neighborhood. Consider the following well-known example illustrating the
influence of smooth but nonlinear Hamiltonians (for more details, see [238]). The self-intersecting integral
surface is covered with the linear characteristics of Eq. (1.1). This type of singularity is called a “swallow’s
tail.”

Let )
H(t,z,p) =1+ p?, 0(3:):%,
where 0 <t <T =2, x € R, and p € R. Consider the following Cauchy problem:
ou ou\? x?
5 +4/1+ <893> 0, u(2,x) 5 (1.8)
The characteristic system (1.3) has the form
-1
p=—2L_ p=0 i=
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According to (1.4), solutions of system (1.3) must satisfy the following boundary conditions:

2
j(Q,y) =Y ﬁ(27y) =Y, 2(27y) = Ev
where y € R is a parameter. One can easily calculate the solution:
(t—2)y v (t-2)

x(t7y):y+\/T—y2a p(ty) =y, Z(t,y) = 9 _\/T—y?
These characteristics do not intersect if 1 < ¢t < 2. The equation =z = Z(¢,y) has a unique root y(¢,x) in
the strip D = {(t,z) : 1 <t <2, € R}. The function u(t,z) = Z(¢,y(t, z)) is continuously differentiable
in D. According to the Cauchy method of characteristics, this function is a local classical solution of
problem (1.8) in the domain D.

One can see that applications of the Cauchy method of characteristics are restrictive. The idea of
invariance of the graph of a classical solution of partial differential equations with respect to a system
of characteristic ordinary differential equations was very fruitful. The invariance with respect to systems
of differential inclusions (generalized characteristics) is a substantial property of generalized (minimax)
solutions of Hamilton—Jacobi equations. Below, one can see that classical and generalized characteristics
are convenient in the study of nonsmooth solutions and adequate to the problems considered.

Assume that input data o(x) and H(t,z,p) in the Cauchy problem (1.1), (1.2) satisfy the following
assumptions, which are standard in the theory of minimax and viscosity solutions (see, e.g., [59, 235)):

(H1) the function o(z) is continuous and locally bounded;
(H2) the Hamiltonian H (t,z,p) is continuous in the domain clII x R™ and satisfies the estimate
H(t, x,0
sup [H (2, 0)f < 00; (1.9)
(tayecny (1+z]])
(H3) the Hamiltonian H (¢, z,p) satisfies the Lipschitz condition in the variable p:
|H(t,z,p") — H(t,z,p")| < A=)[p" — | (1.10)

for any (t,z) € clllp, p/,p” € R", where A(z) := (1 + ||z||)» and p > 0 is a constant;
(H4) the Hamiltonian H (¢, z,p) satisfies the local Lipschitz condition in the variable x:

H(t, o — H(t,z"

sup {' ,2,2) (’x’p)|}<oo (1.11)
tazrp) U N2 =a"[[(1+[[pl])

for any (¢t,2',2",p) € [0,T] x B x B x R", where B C R" is a bounded set.

1.2. Viscosity solutions of the Hamilton—Jacobi equation. As is known, there are functions
nondifferentiable on a set of zero measure or discontinuous but important for problems of theoretical
mechanics, optimal control, fluid dynamics, and many other fields. Nonsmooth wave fronts in inhomo-
geneous media, the value functions in time-optimal control problems, the minimal distance between a
pursuer and an evader, to the corresponding differential games are examples of such functions.

Such functions are defined in sufficiently large domains clII7 or even everywhere in the phase space of
the problem. Moreover, it is known that they satisfy the corresponding Hamilton—Jacobi equation at all
points of differentiability, i.e., almost everywhere. These functions coincide with the classical solution of
the Hamilton—Jacobi equation in the domain where the classical solution is defined. Thus, these functions
can be interpreted as generalized solutions of the Hamilton—Jacobi equation. However, it is incorrect
to define generalized solutions as continuous functions satisfying the Hamilton—-Jacobi equation almost
everywhere since there exist examples in which many functions satisfy the Hamilton—Jacobi equation
almost everywhere (see, e.g., [73]). Therefore, the problem of appropriate definition of generalized solutions
arises.
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This problem stimulated active research into the Hamilton—Jacobi equations in the 50s—70s. Concepts
of weak solutions of partial differential equations of the first and higher orders were suggested on the basis
of integral representations and methods.

In the 1970s, development of convex and nonsmooth analysis allowed one to apply new results and meth-
ods based on generalizations of differentiability to research into generalized solutions of partial differential
equations. In the early 1980s, Crandall and Lions introduced the notion of viscosity solution.

Recall one of the equivalent definitions of a viscosity solution.

Definition I.1. A continuous function clIly 5 (¢,z) — w(t,x) € R is called a viscosity supersolution of
Eq. (1.1) if the following condition holds: if the difference w(t,z) — (¢, z) achieves a local minimum at a
point (tg, zg) € Il and the function ¢ is differentiable at this point, then the following inequality holds:

dp(to, 2o)
ot
A continuous function clIly > (t,z) — w(t,z) € R is called a wviscosity subsolution of Eq. (1.1) if
the following condition holds: if the difference w(t,x) — ¢(t, ) achieves a local maximum at a point
(to,xo) € IIp and the function ¢ is differentiable at this point, then the following inequality holds:

a(p(to, 370)
ot

A continuous function clIly 3 (¢,x) — w(t,z) € R is called a wiscosity solution of Eq. (1.1) if it is a
supersolution and a subsolution simultaneously.

+H(t07x07Dl'(70(t07x0)) < 0. (112)

—i—H(to,xo,Dl«gO(to,l‘o)) > 0. (1.13)

Further in Sec. 2.5, an equivalent definition of viscosity solutions will be given via subdifferentials and
superdifferentials (see also [60]).

2. Generalization and Relaxation of the Classical Method of Characteristics
for the Hamilton—Jacobi Equation

2.1. Generalized characteristics and continuous minimax solutions of the Hamilton—Jacobi
equation. The research presented in this monograph is carried out within the framework of the concept
of minimax solution suggested by Subbotin [235, 236, 238]. The concept of a generalized solution of the
Hamilton—Jacobi equation is vital and can be interpreted as a generalization and relaxation of the classical
Cauchy method.

Recall two equivalent definitions (see [238]) of the minimax solution of problem (1.1), (1.2) (see Defi-
nitions 1.3 and 1.6).

Let S be a nonempty set and M be a multi-valued mapping

[0,T] x R" x S > (t,x,s) — M(t,z,s) CR" x R. (2.1)
Definition I.2. A pair (S, M) is called a characteristic complex (or, briefly, a complex) if the following
requirements are satisfied.
(1°) The set M(t,z,s) C R™ x R is nonempty, convex, and compact for any (t,z) € [0,7] x R™ and
s e S. For any (t,z,s) € [0,7] x R" x S and (f,g) € M(t,z,s), the following estimates hold:
I < Alx),  lgl <m(t,s)(1 + [z]),

where A(x) is defined in conditions (1.10). For any s € S, the function ¢ +— m(¢, s) is summable on
[0,7] and the multi-valued mapping (¢, x) +— M(t,x, s) is upper semicontinuous
(2°a) For any (¢,z) € [0,7] x R™ and p € R", the following relation holds:

max min ,p) — 9] =H(t,z,p).
naz (f,g)eM(t,x,s)Kf p) — 9| (t,z,p)
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(2°b) For any (t,z) € [0,7] x R™ and p € R", the following relation holds:

min max ,p)—g|l=H(t, z,p).
min (f,g)EM(t,;r,s)Kf p)—gl=H(t z,p)

We denote by C(H) the set of all complexes (S, M).
Remark I.1. Note that a pair (S, M), where S = R",
M(t,z,s) ={(f,9) €R" xR :[|f| < Ax), g =(f,s) — H(t,z,5)}

for all s € R™ and (¢, z) € clIlp, and A\(x) = (1 4 ||z||)p is the Lipschitz constant (see (1.10)), satisfies all
the above requirements.

Choose a complex (S,M) € C(H) and s € S.
Denote by Sol(tg, 2o, 20, s) the set of all absolutely continuous functions

(x(-),2()): [0, T]—R" xR
satisfying the condition (z(to), z(to)) = (20, 2z0) and the differential inclusion
(#(t), 2(t)) € M(t,x(t), 2(t),s), t€ [to, T]. (2.2)
Definition 1.3. A continuous function [0,7] x R™ 5 (t,z) — V'(t,x) € R is called a minimaz solution of
Eq. (1.1) if for any (to, 0, 20) € gru, s € S, and 7 € [tg, T], there is a trajectory
(@(+), 2()) € Sol(to, zo, 20, 5)

such that (7, z(7),2(7)) € gr V.

The differential inclusion (2.2) is said to be characteristic and its solutions are called generalized char-
acteristics.

It is known that this definition is independent of the choice of a complex (S, M) € C(H) (see [238]).
There is a wide variety of characteristic complexes unified with respect to the given Hamiltonian. They
play a key role in the study and construction of minimax solutions. In particular, this will be used

in Chap. IV to provide effective sufficient conditions for convergence of minimax solutions of singularly
perturbed Isaacs equations.

Definition I.4. A pair (S, M) is called an upper characteristic complex (or, briefly, an upper complex)
if conditions (1°) and (2°a) hold.

A pair (S_, M_) is called a lower characteristic complex (or, briefly, a lower complex) if conditions (1°)
and (2°b) hold.

Denote by Sol; (to, xo, 20, S+) the set of all absolutely continuous functions
(% ()o27()) £ [0.T] — R" x R
satisfying the condition (27 (to), 27 (t0)) = (z0, 20) and the differential inclusion
(5 (8), 27(1) € My (ta(t), 2(8),51), ¢ € [to, T, (2.3)

where s € Sy and (S, M) is an upper characteristic complex.
Similarly, denote by Sol_ (g, zo, z0, s—) the set of all absolutely continuous functions

(@7(),z7 () [0,T]=>R"xR
satisfying the condition (z7(to), 2~ (o)) = (x0, 20) and the differential inclusion
(@7 (1), 27 (1) € M_(t,(t), 2(),s-), t € [to, T],

where s_ € S_ and (S_, M_) is a lower characteristic complex.
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Definition 1.5. An upper minimaz solution of Eq. (1.1) is a lower semicontinuous function [0, 7] x R" 5
(t,z) — V'(t,z) € R satisfying the following condition:
(i) for any (to, o, 2y ) € epi V', s4 € Sy, and 7 € [to, T], there is a trajectory
(27 (), 27 () € Soly.(to, z0, 29 , 5+)
such that (7,27 (7), 27 (7)) € epi V', where
epiV' = {(t,z,2) : t € [0,t], z € R", 2 > V'(t,2)}.
A lower minimaz solution of Eq. (1.1) is an upper semicontinuous function [0, T] xR" 5 (¢,z) — V'(t,z) €

R satisfying the following condition:
(ii) for any (to, 0,2, ) € hypoV’, s_ € S_, and 7 € [ty, T], there is a trajectory
(7 (+),27 (+)) € Sol_(to, xo, 2y , 5—)
such that (7,27 (1), 27 (7)) € hypo V', where
hypo V' = {(t,z,z) : t € [0,t], z € R", z < V'(t,z)}.

Definition 1.6. A continuous function [0, 7] x R™ 5 (¢,z) — V'(t,z) € R is called a minimax solution of
Eq. (1.1) if it is an upper minimax solution and a lower minimax solution of Eq. (1.1), simultaneously.

2.2. Existence and uniqueness theorems for continuous minimax solutions of the Cauchy
problem for the Hamilton—Jacobi equation. Recall some properties of minimax solutions (see [238]).

Assertion I.1. Let conditions (H1)-(H4) hold. Then any upper solution V* and any lower solution Vi
of the Cauchy problem (1.1), (1.2) satisfy the inequality V* > V.

Assertion I1.2. Let conditions (H1)-(H4) hold. Then there are an upper solution V* and a lower
solution Vi of the Cauchy problem (1.1), (1.2) satisfying the inequality V* < V.

Assertion I1.3. Let conditions (H1)—(H4) hold. Then there is a unique minimaz solution V' = V* =V,
of the Cauchy problem (1.1), (1.2).

2.3. Directional derivatives and generalized differentials of nonsmooth functions. The notion
of minimax solution can be also introduced in other equivalent forms by using different tools of nonsmooth
analysis: directional derivatives, contingent or tangent cones, subdifferentials and superdifferentials, and
so on. Proofs of the equivalence of different definitions can be found in [236, 238]. Some of these definitions
are presented in Sec. 2.5 below. In Secs. 2.3 and 2.4, we recall some notions of nonsmooth analysis used
in this paper (see, e.g., [51, 55, 59, 60, 66, 186, 215, 218]).

Definition 1.7. The Clarke generalized differential of a function R**' > Iy > (t,x) — V'(t,z) € R at a
point (¢,z) € Il is the set
, " B , oV (t',a")
OcV'(t,z) = co {V(p, p) ERXR": (p,p) = (t/’z})lril(t,x) Bt.0) } , (2.4)
where (¢, 2') are regular points, where the function V'(-) is differentiable, and
ovi(t',a')  (oV(t,x") oV'(t, ') ov'(t', x)
ot,r) = < o7 O T Oy > '

Definition I1.8. The lower Dini semiderivative of a function R*' > Iy > (t,z) — V'(t,z) € R at a

point (¢,x) € IIp in a direction (n,h) € R x R™ is defined as follows:
d-V'(t "t +on' o) = V'(t
VAL e Y02 4 W)~ VI @) (2.5)
(n,h) 510 4]
(n',h")=(n,h)
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Similarly, the upper Dini semiderivative of a function R > IIp 5 (t,x) — V'(t,z) € R at a point
(t,z) € Il in a direction (n,h) € R x R™ is defined as follows:

+1/7 / / n_ 1/
d V(t,:c): Jimn sup V(t+6n',xz + oR) V(t,x). (2.6)
(777 h) 610 J
(n',h")—=(n,h)

Definition 1.9. The (regular) subdifferential of a function R"** 5 Iy > (t,z) — V'(t,z) € R at a point
(t,x) € Il is the set

o~V'(t,x) = {(p,p) ERxR":V(n,h) e RxR" {(p,p), (n,h)) — % < 0} . (2.7)

Similarly, the (regular) superdifferential of a function R™! > Iy 5 (t,z) — V'(t,x) € R at a point
(t,z) € Il is the set

VI (t 2
otV (t,x) = {(p7p) eRxR":VY(n,h) e RxR", ((p,p), (n,h)) — % > 0} . (2.8)

Remark I.2. The definitions of generalized differentials imply that the following relations hold at points
(t,zs) € (0,T) x R™, where regular subdifferentials and superdifferentials are nonempty:

OV (t, x2) DOV (e, i), OV (te, i) D OTV (s, 24). (2.9)

Assertion 1.4 (see [51, 218]). Let R""! D cllly 3 (¢t,2) — V'(t,x) € R be a locally Lipschitz-continuous
function. Then the set OcV'(t,x) is nonempty, convex, and compact for any point (t,x) € llp. The Dini

o dtV(tx) o . . . .
semiderivatives W in any direction (n,h) € R x R™ exist and satisfy the inequalities
m,

dtV'(t,x)

— =< max ,p),(n,h)), 2.10
(n, ) <p,p>eacv’(t,x)<(’0 » () (210

d-V'(t,z) .

_ min ,p), (n,h)). 2.11
(m.h)  — (pyp)eacV’(tvw)«p P): (1. 1) ( )

2.4. Invariance of sets with respect to differential inclusions. The main notion of the theory of
minimax solutions is the concept of weak invariance (see, e.g., [13, 58, 102, 218]).

Let S be a nonempty, closed set in R x R”. Denote by S; its section at a moment ¢. Let (t,z) — F(t,x)
be a multi-valued mapping, which transforms points of the strip [0,7] x R™ to compact subsets of the
space R™. Consider the differential inclusion

i(t) € F(t,z(t)), telto,T], =z(to) = xo. (2.12)

Definition 1.10. A set S is said to be weakly tnvariant with respect to the differential inclusion (2.12)
if there exists a trajectory z(-) of the differential inclusion (2.12) starting at a point z¢ € Sy, and defined
on an interval [to, T, to € [0,T], which remains in the set S for all t € [to,T], i.e., z(t) € S;.

We also recall the notion of strong invariance (see, e.g., [13]).

Definition I.11. A set S is said to be strongly invariant with respect to the differential inclusion (2.12)
if all trajectories x(-) of the differential inclusion (2.12) starting at a point z¢ € Sy, and defined on an
interval [to, T, to € [0,T], remain in the set S for all ¢t € [to, T], i.e., all z(t) € S;.

2.5. Equivalent definitions of minimax solutions. As is known, the notions of upper, lower, and
minimax solutions of the Hamilton—Jacobi equations can be introduced in different equivalent forms (see,
e.g., [238]).
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Conditions defining upper solutions. First, consider the following conditions (U1)—(U3) defining upper
solutions of Eq. (1.1). Assume that a function [0, 7] x R" 3 (¢,z) — V*(t,x) € R is lower semicontinuous.
(U1) For any sy € Sy, the epigraph of the function V* is weakly invariant with respect to the differential
inclusion
(7 (6), £ (1) € M* (6,2 (8), 2 (1), ). (2.13)
Here and in condition (U2) below, (S;, M™) is an upper characteristic complex satisfying condi-
tions (1°) and (2°a).
(U2) For any (t,x) € IIy and s4 € Sy, we have
d-V*(t
inf [M - g} <. (2.14)
(fvg)eM+ (taxv‘/* (t7$)75+) (]‘7 f)
(U3) For any (t,z) € Iy and (p,p) € D-V*(t,z), we have
p+ H(t,z,p) <O0. (2.15)
Conditions defining lower solutions. Let us consider a lower solution of Eq. (1.1). Assume that the
function Vi (¢, x) in the conditions (L1)—(L3) is upper semicontinuous.
(L1) For any s_inS_, the hypograph of the function V; is weakly invariant with respect to the differential
inclusion
(7 (8), 2 (1) € M~ (8,2~ (£), =~ (t),5_). (2.16)
Here and in condition (L2) below, (S_, M ™) is a lower characteristic complex satisfying conditions
(1°) and (2°b).
(L2) For any (t,x) € Il and s_ € S_, we have
dTVi(t, x)

sup CELTD) gl >0 (2.17)
(f.9)EM~(t,z,Va (t,2),5_) [ (1, f) ]

(L3) For any (t,z) € Iy and (p,p) € DTV, (t, ), we have
p+ H(t,z,p) > 0. (2.18)
Note that
d'V'(t,x)  d”(=V'(tz))

= — TV(t,x) = —D (=V'(t,x)).
o R

Conditions defining minimax solutions. Consider the following conditions (M1) and (M2) defining min-
imax solutions of Eq. (1.1). Let a function V’(¢, x) be continuous.

(M1) For any (tg,z0,20) € gr V' and s € R", there exists a number 7 € (0,T) and absolutely continuous
functions (z(-),2(+)) : [to, 7] — R™ x R satisfying the initial condition (z(to), z(to)) = (xo, 20), the
differential inclusion

(&(t), 2(t)) € M(t,x(t),2(t), s), (2.19)
and the equation z(t) = V/(¢,z(t)) for any t € [tg, 7]; here and in condition (M2) below, (S, M) is
an arbitrary characteristic complex satisfying conditions (1°), (2°a), and (2°b).

(M2) The function V' is an upper and lower solution of Eq. (1.1) simultaneously, i.e., V' satisfies a pair
of conditions (U7) and (Lj) for i,j =1,2,3.

Assertion I.5 (see [238]). For any lower semicontinuous function [0,T] x R™ 3 (t,z) — V*(t,z) € R,
conditions (U1)—(U3) are equivalent.

For any upper semicontinuous function [0,T] x R 5 (¢t,z) — Vi(t,z) € R, conditions (L1)—(L3) are
equivalent.

For any continuous function [0,T] x R > (t,z) — V'(t,z) € R, conditions (M1) and (M2) are
equivalent.
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According to Assertion 1.5, let us introduce the definitions of the upper, lower, and minimax solutions.

Definition 1.12. A lower semicontinuous function [0,7] x R 3 (¢,z) — V*(¢t,z) € R is called an upper
solution of Eq. (1.1) if it satisfies any of (equivalent) conditions (U1)—(U3).

Similarly, an upper semicontinuous function [0,7] x R 3 (¢,z) — Vi (t,x) € R is called a lower solution
of Eq. (1.1) if it satisfies any of (equivalent) conditions (L1)—(L3).

A continuous function [0,7] x R 5 (t,x) — Vi(t,z) € R is called a minimaz solution of Eq. (1.1) if it
satisfies any of (equivalent) conditions (M1) or (M2).

Note that conditions (U3) and (L3) present a definition of a wviscosity solution of Eq. (1.1) (see [60]).
This definition is equivalent to the conditions presented in Sec. 1.2.

Assertions I.1-1.3 and 1.5 imply that the conditions (H1)—(H4) for the Hamiltonian H and the bound-
ary function o provide the existence of a unique minimax solution of the Cauchy problem (1.1), (1.2).
This solution coincides with a unique continuous viscosity solution of the problem. Proofs of these facts
can be found in [236, 238].

The above-mentioned notions of generalized solutions of the Hamilton—-Jacobi equation are defined in
different forms and by using different tools. However, they are equivalent since they determine the same
functions. These definitions are based on the weak invariance of the graphs of generalized solutions with
respect to characteristic complexes. Hence, the notion of a generalized solution of the Hamilton—Jacobi
equation is based on ideas having sources in the classical Cauchy method of characteristics.

CHAPTER 11

CLASSICAL AND GENERALIZED METHODS OF CHARACTERISTICS
FOR OPTIMAL CONTROL PROBLEMS

3. Statement of Optimal Control Problems

3.1. Optimal open-loop control problem. In this chapter, we consider the following optimal control
problem (OCP). Let the dynamics of a system be described by the equation

= f(t,x,u), weP, x(ty)=umxo, (3.1)

where t is time, ¢t € [0,7], and x € R"™ is the phase vector of the system. Let values of the control
parameters u belong to a given compact set P C R™. Initial conditions for the system are z(tg) = xg € R",
to € [0,7]. Assume that the terminal time moment 7" for the considered control process is fixed. Let the
cost functional Iy, 4, (z(-),u(-)) be of the Bolza type:

T
Tto o (2(-), ul-)) = o (2(T; to,wo,U(')))+/9(t,x(t),U(t))dt7 (3-2)
to
where z(-) = z(-; to, zo, u(+)) : [to,T] — R™ is a trajectory of the dynamical system (3.1) starting at the
initial point (tg, o) under a measurable control u(-) : [to,T] — P.

Consider the problem OCP: how one can guide motions of system (3.1) to provide the optimal cost
V(to,z0)? The value V (to, xo) is determined as follows:

V(t07x0): (;n% It07x0($(~;to,azo,u(-)),u(-)), (33)

ul - to

where (tg, o) € [0, T]xR™ and Uy, is the set of all admissible open-loop controls, i.e., measurable functions
u(-) : [to, T] — P (so-called program controls), (to € [0,T]). We denote by Iz and clIly, respectively, the
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following sets (strips) in the space R™+1:

Iy = (O,T) X Rn, CIHT = [O,T] x R"™.

3.2. Main assumptions. Assume that input data of the optimal control problem OCP satisfy the
following conditions.

(A1) The functions f(¢,z,u) and g(¢,x,u) in (3.1) and (3.2) are continuous on the set clIIp x P and are
Lipschitz continuous with respect to the variables ¢ and z, i.e.,

12" u) = f(, 2" w)|| < Ly (Jt" = t7] + || = 2"])),
lg(®', 2", u) — g(", 2", w)|| < La(jt" = "] + [|l2” — 2"|])

for any t',t" € [0,T], 2/, 2" € R", and u € P, where L; > 0 is a constant.
(A2) For all (t,x,u) € clllp x P, the following inequalities hold:

1F(E 2, u)ll < Ka(U+ l=]]),  [lg(t 2z, u)l] < Ka(1+ flz),

where K1 > 0 is a constant.
(A3) The terminal part o(-) of the cost functional (3.2) satisfies the Lipschitz condition

lo(2') = o(a")] < Lofla’ — ]|

for all 2/, 2" € R™, where Lo > 0 is a constant.
(A4) The complete vectograms

E(t,x) = (f(t,z,P),g(t,x,P)) CR" x R (3.4)

are convex sets for all (¢,z) € clIIp.

It is known (see [207, 210, 233] that assumptions (A1)—(A3) imply the existence, uniqueness, and
extendability of trajectories x(+; to, o, u(+)) : [to, T] — R™ of system (3.1) starting at initial points (to, zo) €
cl Il under open-loop measurable control functions (programs) u(-) : [tg, T] — P.

For any initial point (¢, zp), condition (A4) guarantees the existence of optimal control functions (or,
briefly, controls) u°(-) : [to, T] — P, u’(-) € Uy,, satisfying the relation

V(to, w0) = (milr} Lty o (5 t0, 0, u(-)), u(+)) = Tig g (2° (5 0, 70, u’(-)), u”(-)) (3.5)

u(-)€Us,

(see, e.g., [3, 38, 87, 127, 163, 213, 300]).

3.3. Generalized controls. Further, in a number of sections of this chapter, assumption (A4) will
be omitted. It is known that the optimal result V(¢p,zo) (3.3) to OCP can be unattainable on the
set Uy, of programs (open-loop controls). However, the value is attainable on an expansion of Uy,
namely, on the set My, of all generalized controls, which are defined (see [300]) as measurable functions
w(-|du) : [to, T] — rpm(P), where rpm(P) is the set of all regular probability Borel measures on P with a
topology induced by the weak-* topology on the space C*(P). The symbol C*(P) denotes the conjugate
space to the space C(P) of all continuous functions defined on the compact set P. Note that another
well-known approach to the notion of generalized controls [87, 300] can be also applied to the condidered
problems.

Thus, the trajectory z(-) = x(-, to, o, pu(-|du)) : [to,T] — R™ of system (3.1) under a generalized control
i = p(-]du) is understood as a (unique) solution of the equation

/f (t,x(t), u)p(tldu), x(to) = xo. (3.6)
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The corresponding cost functional Iy, 4, (z(:), u(-du)) has the form

Lo (2(-), 1(-|du)) = o (w(T to, 20, i(-|du))) / / (t, 2(t), wyu(tldu)dt (3.7)

We denote the set of all trajectories x(-, o, zo, ) of (3.6), u € My,, by Sol(to, zo).
It is known that for all tg € [0, 77, the set

My, = {Vu(-|du) : [to,T] — rpm(P) is measurable}

is a separable and compact metric set. There is a metric topology induced on My, by the weak-* topology
of the space B* = L!([tg, T], C(P))* (see, e.g., [300, p. 284]).
Moreover, the following inclusion always holds:

Sol(to, zo) 2 {Vx(;to, o, u(:)) : u(-) € Uy }. (3.8)

The main assumptions to the program statement of problem (3.1)-(3.3) imply that the following as-
sertion holds.

Assertion IL.1. If conditions (A1)—(A4) for the problem OCP hold at any point (to,xo) € [0,T] x R™,
then there is an optimal open-loop control u®(-) in the class of programs Uy,. If conditions (A1)-(A3)
hold for all (to,xo) € [0,T] x R™, then

Vlto,zo) = inf Ity aq(2(5t0, w0, u()), u())

u(-)€Uy,

= min L. (2(:;te, To, u(-|du)), p(-|du)),
,u(-\drnu)lélMto to,z0 (7 (3 o, o, pu(+|du)), u(-|du))

(3.9)

i.e., the problem OCP always has a solution in the class of all generalized controls u(-du) € My,.

4. Value Functions for Optimal Control Problems
4.1. Optimality principle. The mapping

[O,T} xR* - R: (to,l‘g) — V(to,l‘o)

is called the value function (the function of optimal cost or the Bellman function) for the problem OCP.
It is known and it will be also shown below that the value function V' (¢, z) plays a key role in the study
of the problem OCP and the corresponding Cauchy problem for the Bellman equation. The Bellman
equation is a first-order partial differential equation of the Hamilton—Jacobi type (see, e.g., [21, 29, 30,
55, 79, 80, 83, 127, 137, 150, 213, 301, 307]).

Fix an initial point (¢g, z¢) € clIlz and a generalized trajectory z(-) = z(-, to, xo, i), p € My,, of system
(3.6). Consider the variation of the value function V (¢, x) along this trajectory, i.e., [to,T] > t — V[t] =
V(t,z(t)). Using the definition of V(¢,z) (see (3.3)) and Assertion II.1, one can obtain the following
properties.

Lemma II.1. For any trajectory z(-) € Sol(to, o) (3.6) and allt € [to, T] and 6 € (0,T —t), the following
inequality holds:
t+d

V(t+6,z(t+0)) + / g(1, (7)) pu(T|du) > V(t,x(t)).

t
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Lemma I1.2. A generalized control ui° € My, and the corresponding trajectory z°(-) € Sol(tg,xo) are
optimal in the sense of (3.9) if and only if the following relation holds for any t € [to,T] and 6 € (0,T —t):

t+46
V(t+6,2°(t +6)) + / g(7,2°(r), w)p° (rldu) = V (t,2°(1)). (4.1)
t
Condition (4.1) is called the optimality principle for the problem OCP.

4.2. Representative formula for the value function for an optimal control problem. We prove
the following result describing the structure of the value function V (¢, z) for the problem OCP (3.1)—(3.3).

Theorem II.1. The value function V (t,x) for the problem OCP has the representation
t,x) = mi t 4.2
V(t ) = minw(t, z,0) (4.2)

for any (t,xz) € clllp, where the parameter « takes values in the metric compact set A. If conditions

(A1)-(A3) hold, then the function w(-) : clllp x A — R is continuous. For any fized o € A, the functions
clly - R: (t,2) — w(t,x, a)

are Lipschitz continuous on compact sets G C clIlp with constants L = L(G) > 0, which are uniform

with respect to a € A.

Proof. Construct the functions (¢, ) — w(t, z, ) as follows (see also [245, 247, 255]). Let o : 7 — a(7|du)
be a measurable function defined on the standard interval [0, 1]. Its values are regular probability Borel
measures on the set P 5 u. The function o := «(+|du) is a standardized generalized control (see Sec. 3.3
above). Introduce the set

A = {Va: a(-|du) : [0,1] — rpm(P) is measurable}. (4.3)

The set A of all generalized standardized controls « is a metric compact set, as well as the sets M; defined
above in Sec. 3.3 (see, e.g., [300]).
Define the function
w(t,z, o) = o(y(1;0,2,51)) + 2(1;0,0, a5 8, ) = o (y(1)) + 2(1), (4.4)

where the absolutely continuous functions y(-) = y(+;0,z,a;t) : [0,1] — R™ and 2(:) = 2(;0,0, a5 ¢, ) :
[0,1] — R are trajectories of the system

= (T—1) / FE(tT), y(r), wa(r|du), (4.5)
P

s= (T 1) / 9(E(t, 7). y(r), wa(r|du) (4.6)
P

and the initial condition is y(0) = z, z2(0) = 0. Here, time ¢ plays the role of a parameter and {(¢,7) is a
linear transformation [0, 1] — [t,T] of the form

Et,7)=t+ (T —t)r. (4.7)

Thus, the functions (¢,x2) — w(t,x,«) (4.4) are superpositions of the terminal function o(-) of the
problem OCP and the solutions y(-;0,z,a;t) and z(+; 0,0, a;t,x) of the ordinary differential equations
(4.5) and (4.6). The properties of functions w(t,x,«) declared in Theorem II.1 are consequences of
assumptions (A1)—(A3) and the Lipschitz continuity of solutions of the ordinary differential equations
(4.5) and (4.6) with respect to parameters and initial data (see, e.g., [300]).
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Calculate the constant L = L(G) > 0 [247] by using the Gronwall lemma:

L=(0+K +L-T)(1+ Lo+ M7’ [4+ C1 (@), (4.8)
where
C1(G) = M7 max (1 + ||zo]). (4.9)
(to,xo)EG

One can see that the set A becomes the set M; and problem (4.4)—(4.6) becomes problem (3.1)—(3.2)

under the linear transformation £(¢,-) : [0,1] — [¢,T] (4.7).
Hence, Eq. (4.2) follows from the definition of the value function V (¢, z) (see (3.3)) and Assertion II.1.
O

4.3. Smoothness of the value function. One can easily obtain the following result using the struc-
ture (4.2) of the value function V (¢, z).

Theorem I1.2. Let conditions (A1)—(A3) for the problem OCP (3.1)—(3.3) hold. Then the value func-
tion V(t,x) is locally Lipschitz continuous on the strip cl1lp.

By the Rademacher theorem, a locally Lipschitz continuous function is differentiable almost everywhere
(see, e.g., [300]). Hence, the value function satisfies the following relation almost everywhere:

d*V(t,x) oV (t,x)
(L, 1) _< a(t, x) ’(1’f)>' (4.10)

Remark II.1. The definitions of generalized differentials imply that the following relations hold for all
(t,z) € (0,T) x R™

0 #0cV(t,r) DOTV(t,x), (4.11)
0 #0cV(t,z) DO~ V(t,x). (4.12)
Consider realizations V[t] of the value function V (¢, z) along trajectories z(-) of system (3.6). One

can prove the following properties by using the absolute continuity of trajectories, Theorem II.2, and
Lemmas II.1 and II.2.

Lemma I1.3. For any trajectory xz(-) = x(-,to, xo, pu(+)) € Sol(to,zo) and any t € [to,T], the following
relations hold:

+

o EVEE) oy (4.13)
(F9eBtaw) (1, f)

i.e., for any t € [to, T], we have

dV (t,z(t))

>~ [ gt (o), wpltlan), (4.14)
(LI[f(t,x(t),U)u(tldU)) J

Lemma I1.4. A generalized control u° € My, and the corresponding trajectory z°(-) € Sol(tg, o) are
optimal in the sense of (3.9) if and only if the equalities

+ 0 + 0 0
mi A=V (t,a°(1)) + 5= d*V(t,z°(t)) L0 = v (t,z"(t)) 4 g0
(f9)eEtao) (1, f)
[

= . =0 (4.15)
(L, 1Y) (1, 1°)
hold for any t € [ty,T], where

E(t,z) == co{(f(t,x,u), g(t,z,u)) : u € P}.
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Consequently, the relation

av(t, xo(t)) _ /g(t,xo(t),U)Mo(tdu) (4.16)
(L}jg“f(t,xo(t),U)uo(t\dU)) /

holds almost everywhere on [to, T].

The following theorem is implied by Lemmas I1.3 and 11.4.

Theorem IL.3. Let conditions (A1)—(A3) for the problem OCP (3.1)~(3.3) hold. For any point
(t,z) € Ir, there exist directions (1, f°) € R*™*1, where (f°,3°) € E(t,:v), such that the locally Lips-
chitz continuous value function V (t,x) is directionally differentiable in (1, f°) and

d(‘i(}’ox)) = —go, (t,ac) e Ilr, (fO’gO) € E(t, x) <4'17)

5. Value Functions and Minimax Solutions of Hamilton—Jacobi—Bellman Equations

5.1. Preliminaries. It is well known [29] that the value function V (¢, z) for the problem OCP satisfies
the following Bellman equation (5.1) at all points of differentiability of the function V (¢, z):

oV (t, )
W) | mig{(D,V (1.2). 0., ) + gt .)] = 0. (5.1)
where D,V (t,z) = <6V8(;’$),...,8‘g;’$)) and the symbol (-,-) denotes the inner product. The
1 n

value function also satisfies the following boundary condition in accordance with the definition of V (¢, x)
(see (3.3)):
V(T,z)=0(z), xecR" (5.2)

The problem OCP is considered under assumptions (A1)—-(A3). It was shown above that the
value function is differentiable and satisfies the Bellman equation almost everywhere in the strip
Iy = (0,7) x R™

Obviously, the problem OCP can be also interpreted as an antagonistic differential game. One of the
players v € R™ is fictitious in the game. Its admissible control takes the unique value {0} € R"™. Therefore,
in the game, the modified dynamics of system (3.1) has the form

(t) = f(t,z,u) +v, veP, veQ@:={0}eR" (5.3)

The cost functional is the same as (3.2). It is known [133] that there exists a value of the differential game
(5.3) at any initial point (¢g,z¢) € clIly. Comparing dynamics (3.1) and (5.3), one can obtain that the
value coincides with the optimal cost V' (¢, zo) (3.3) of the control problem OCP in classes of programs
(open-loop controls) and feedbacks (closed-loop controls).

The interpretation is useful when applying the following fact to the problem OCP. A result relative to
the value function of a differential game was obtained in the theory of differential games [133, 135].

Assertion I1.2. A locally Lipschitz continuous function [0,T] xR™ 3 (t,x) — V'(t,z) € R coincides with
the value function to the problem OCP if and only if the inequalities

[ dTV'(t,2) . [dV’(t,m) ]
min | —— =~ + g9, z,u)| 20> min — + 5.4
ueP (Lf(t,.%‘,U)) g( ) (f,g)e[:](t,ac) (Lf) g ( )
hold for any (t,z) € (0,T) x R™, where
E(t,z) == co{(f(t,2,u), g(t,x,u) : u € P} (5.5)
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and the boundary condition
V(T,z) =o(z), z€R" (5.6)
holds.

5.2. Generalized Bellman equation and minimax solutions. As is known in the theory of gen-
eralized solutions of Hamilton—Jacobi equations [59, 80, 238], there are connections between the value
function V(t,z) (see (3.3)) of the optimal control problem OCP and the generalized (minimax and/or
viscosity) solution V'(t,x) of the Cauchy problem (5.2) for the Hamilton—Jacobi equation (5.1).

Assertion I1.3. Let conditions (A1)—(A3) for the problem OCP hold. There exists a minimaz (and/or
viscosity) solution clIly = [0,T] X R™ 3 (t,x) — V'(t,z) € R of the corresponding Cauchy problem (5.2)
for the Hamilton—Jacobi equation (5.1). It is unique and coincides with the value function V (t,x) of the
considered control problem OCP.

We also prove the following theorem (see, e.g., [247, 273]).
Theorem I1.4. A locally Lipschitz continuous function clllp 3 (t,z) — V'(t,z) € R coincides with the
value function V (t,x) of the problem OCP if and only if the following conditions hold:
e the pair of equalities
) d*V'(t, )
~min  ————~
(Faebta) (1, f)
holds for any point (t,z) € llp = (0,T) x R™, where

E(t,z) == co{(f(t,x,u), g(t,z,u)) : u € P},

+5=0 (5.7)

e and the boundary condition
V(T,z) =o(z), z€R" (5.8)
holds.

Proof. Necessity of conditions (5.7)-(5.8). Fix a point (to,x0) € IIp. According to the statement of
the problem OCP, the admissible generalized controls u(:|du) € My, and the corresponding trajectories
x(+) = z(-; to, zo, pu(-|du)) satisfy the relations

to+0
V(to,z0) < V(to+ 0, z(to +9)) + / /g(T,x(T),u)u(ﬂdu)dT, 5 >0, (5.9)
to P
where
to+0
x(to+9) = xo + / /f(r,x(T),u)u(T]du)dT. (5.10)
to P
d*V(t
Using (5.9) and the definitions of W, we obtain that inequalities
dEV (¢
TV (t.20) | 25 (5.11)
(1, £)

are valid at any point (¢, xo) and for all vectors

(f.9) = / £ (to, 70, wyp(tldu), / o(to, 0, w)pa(tldu) | € E(to, o).
P

P
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One can see that the equalities
¢
Vit 20(0) + //g(f, 20(7), )0 (|du)dr = V(to, z0), € [to, T, (5.12)
to P

hold along any optimal trajectory z°(-) = x(+;tg, o, u°) € Sol(to, 7).
Conditions (5.11) and (5.12) imply that the equality
+
Cmin EVe0) Lo (5.13)
(F.9)eB(toz0) (1, f)
holds for any point (tg,z¢) € (0,7) x R™. Thus, the value function satisfies the necessary condition (5.7).
The validity of the boundary condition (5.8) follows from the definition of the value function.
Sufficiency of conditions (5.7)—(5.8). If a locally Lipschitz continuous function V’(¢, x) satisfies condi-
tions (5.7)—(5.8), then the conditions
/ +y//
minM+g(t,:n,u) >0= _ min L(f’x)+§ (5.14)
uepP (Lf(t,.ilf,U)) (f.9)eL(t) (Lf)

N == v
hold for any (¢,z) € Ilp, in accordance with the definitions of E(t,z) and d(‘;i(}j;@ (see (5.4)). As

follows from Assertion I1.2, these conditions are sufficient for the equivalence of the function V'(¢,z) and
the value function V' (¢, z) of the problem OCP. Theorem I1.4 is proved. O

Remark I1.2. Taking (4.10) into account, one can obtain that Eqgs. (5.7) turn out to be the Bellman
equation (5.1) at all points (¢, z), where the value function is differentiable. Therefore, these equalities can
be considered as a generalization of the Bellman equation. According to Theorem I1.4 and Assertion II.3,
the minimax (and/or viscosity) solution clIly 3 (¢,z) — V'(t,z) € R of the Cauchy problem (5.2) for
the Bellman equation (5.1) satisfies the generalized Bellman equation (5.7) for all points (¢,z) € Il =
(0,T) x R,

Thus, in the present section, the justification of the dynamical programming method for the problem
OCP is exposed under conditions of local Lipschitz continuity for initial data (3.1), (3.2) and the value
function V (¢, z) (see (3.3)). A generalization of the Bellman equation is obtained in terms of the directional

d*V'(tx) . .. . 1 . :
L in directions (1, f) € R™*! and relations (5.7) and (5.8) are valid for all

points (¢,x) € I'r. Using the validity of relations (5.7) and (5.8) for all points, one can construct optimal
syntheses (optimal feedbacks) for the problem OCP (see Sec. 8 below and [273]).

Dini semiderivatives

Remark I1.3. Note that Theorem II.4 is proved without assumptions on the functions f(¢,z,u) and
g(t, z,u) to have neither continuous partial derivatives in (¢, z) of first order (which was assumed in [247])
nor continuous partial derivatives in (¢, z) of second order (which was assumed in [116]). The proof also
does not use an additional requirement on semiconcavity of the functions f(t,z,u) and g(¢,z,u) (which
was assumed in [42]). Note that stronger assumptions in Secs. 6 and 7 below will provide the directional
differentiability for the value function V'(¢,z) in all directions (1, f) € R x R™. The results presented in
this section are obtained for a more general case of locally Lipschitz continuous initial data for the problem
OCP and, as a consequence, for a more “nonsmooth” locally Lipschitz continuous value function. In this
case, the value function is not to be differentiable in all directions (1, f) € R* 1.
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6. Pontryagin Maximum Principle and Classical Characteristics of the Bellman Equation

6.1. Case of differentiable input data. In Secs. 6 and 7, the problem OCP (3.1)—(3.3) is considered

under modified assumptions. Namely, conditions (A1) and (A3) are replaced by the following, stronger

requirements on input data of the problem.

(A1') Functions f(t,z,u) and g(t,z,u) in (3.1) and (3.2) are continuous in clIIy x P. The partial
derivatives —- 0f 99 99

ot’ Ox;” Ot’ Oz’

(A3') The terminal function o(z) in functional (3.2) and its partial derivatives

i € 1,n, are defined and continuous in Il x P.

o _
FIE 1 € 1,n, are contin-
(2
uous in R™.
The modifications of requirements for input data of the problem OCP imply some changes of smooth-

ness of the value function V' (¢,z) (3.3). The following statements hold.

Theorem I1.5. Let conditions (A1), (A2), and (A3') for the problem OCP hold. Then the value
function V (t,x) (3.3) has the representation
Vit = mi t 6.1
(t,2) = minw(t,z,0) (6.1
at any point (t,x) € clIlp, where the parameter o accepts values in a metric compact set A.
The function w(-) : clllp x A — R is continuous and the function

cdlly - R: (t,z) » w(t,z,a), «a €A,

ow(t,z,a) Ow(t,z,q)
875 ’ 61’1

The proof of formula (6.1) in Theorem II.5 coincides with the corresponding proof of formulas (4.2) in
Theorem II.1. The theorems differ in conclusions about the properties of function w(t, x; «).

It follows from the construction that the functions (¢,z) +— w(t,z,a) (4.4) are superpositions of the
terminal function o(-) of OCP and the solutions y(-;0,z,a;t) and z(+;0,0,a;t,x) of the ordinary dif-
ferential equations (4.5)—(4.6). The properties of the function w(t,z,«) declared in Theorem II.5 are
consequences of assumptions (A1"), (A2), and (A3') and the existence of continuous derivatives of
solutions of Egs. (4.5), (4.6) in parameters and initial states [210, 300].

According to Theorem IL.5, the value function is the lower envelope (6.1) of the family of smooth
functions w(-, &) over a compact set of parameters . It is well known that the envelope is directionally
differentiable. The formulas of the derivatives (see [51, 64]) and Theorem II.4 imply the validity of the
following statements.

has partial derivatives (t,z, ) — , i € 1,n, which are uniformly (in ) continuous.

Theorem I1.6. Let conditions (A1l'), (A2), and (A3') for the problem OCP (3.1)—(3.3) hold. Then
the value function V (t,z) is locally Lipschitz continuous in the strip clIlp and there exists the directional

+
derivative dvit,z) _ d7V{t )

at any point (t,z) € Iy for any vector f € R™. The formula

LhH  @hH
AV (t, =) : duw(t,x,a’) 0
N — —  a. D:E t7 9 ) 6.2
(L) a0eAd(ta) [ g T (Deelbmal) f) (6:2)
holds, where
A%(t,z) ={a® € A :w(t,z,a") = V(t,2)}. (6.3)
The value function satisfies the following generalized Bellman equation everywhere in Ilp:
av(t
min [M + g} —0, (6.4)
(ro)ebte) L (1. f)



where

E(t,2) = co{(f(t, 2, u), g(t, 7,)) : u € P}.
Remark I1.4. According to the definitions of generalized differentials, the following relations hold for
the problem OCP for all (¢, z) € yp:
ow(t, z,a)

0 #0cV(t,x) =0TV (t,x) = co { < 5

6.2. Preliminaries. This section contains preliminary technical material needed for obtaining neces-
sary optimality conditions in Sec. 6.3.

Consider an element o € A (4.3) and moments of time ¢ and ¢, satisfying the inequalities 0 < t, <t < T.
Transform it to the element «[t;t,] € A as follows.

Consider the bijective transformation [t.,T] > & — 7 € [0, 1] defined by the formula

,wa(t,x,a0)> ol e Ao(t,x)}. (6.5)

€=ty + (T —t.)r. (6.6)
Choose an element p € My, (see Sec. 3.3) such that
(Eldu) = afrldu). (6.7
Let ult/ti](-|du) : [t,T] — rpm(P) be the restriction of the function u(-|du) : [t«, T] — rpm(P). We set
alt;t(t|du) = pt/t](€|du) for 7€ [0,1],6 =t+ (T —1t)r. (6.8)
It follows from constructions (6.6)—(6.8) that
alt; t](T]du) = ar|du), (6.9)
where
o=t —t.) + (T —t)7] - (T —t.)"L, 7€][0,1]. (6.10)

The function 7 — a[t; t.](7|du) is measurable and «[t; t.] € A. The definition of the convergence on A
(see [300]) and the constructions [t.,T]| 3 t — «[t;t.] € A (6.6)—(6.8) imply the following assertion.

Lemma I1.5. The transformation [t«,T] 5 t — «[t;t.] € A is continuous for all « € A and t, € [0,T).

The set
At,z) ={a’ € A :w(t,z,a®) =V (t,2)}
is defined for all points (¢,z) € Iz in Theorem I1.6. The definition of the set A°(¢,x), conditions (6.6)
and (6.7), and Lemma II.4 imply the following assertion.

Lemma I1.6. Let o € A%(t,,2,) and t. € [0,T). Then the inclusion

aPlt;t.) € A(t,20(t)) (6.11)
holds for all t € [t.,T], where
t
2%(t) = 2. + F(&,2°(€), w)n (€|du)de, (6.12)
/1
pl(€ldu) = °(tldu)  for €€ [t.,T), 7= fract —t.T —t.. (6.13)

We prove the following result by using Lemmas I1.5 and II.6.

Theorem I1.7. Let conditions (A1), (A2), and (A8') for the problem OCP (3.1)~(3.3) hold. Then

the equality

0
mig W + (Dyw(t, z,a%), f(t,z,u)) + g(t,z,u)| =0 (6.14)
ue

holds for all (t,x) € Ilp and a® € A°(t,z).
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Proof. Assume the contrary, i.e., that there exist (t.,z4) € I, a2 € A%(t,,z,), and a number d > 0 such
that the following relations hold:

Ow(ts, T4, a?)
ot

min

1 4 (Dyw(ts, T4, a0), f(ts, Tx, 1)) + g(t*,x*,u)] =d>0. (6.15)
ue

ow(-) 8w(-)
ot ’ &%z
number ¢ > 0 and a closed §-neighborhood B?(a?) of o2 € A C Ll([O 1],C(P )) such that the inequality
. [Ow(t,z, a)
min | ——=>
ueP ot
holds for any (¢, z,a) such that 0 <t —t, <4, ||z — 2.|| <6 and a € B*(a?) N A.
Consider the optimal trajectory z°(-) = x0(:;t., x4, ul) of system (3.6) starting at the initial state
29(t,) = z, and generated by the optimal generalized control u{ € My, corresponding to al € A%(t,, z.)
by the rule

According to the continuity of the functions 1,n, f(+), and g(-), one can choose a

+ (Dyw(t,z, o), f(t,x,u)) + g(t, z,u) > 3> 0 (6.16)

,U'g(é‘du) = ag(T’du)7 T€[0,1], {=t.+ (T —t)T.
Let us estimate the variation of the value function V (¢, z) along the trajectory z°(-). By Lemmas II.4
and I1.6 and Theorems II.5 and I1.6, we have

/ / (6, 2°(€), Wl (E|du)de = V (¢, 2°(t)) — V (¢, 2%(1))

= w(t> xo(t)a Oéi) [t; t*]) - w(t,7 xo(t/)v Oég [t,; t*])
> w(t, 2°(t), V[t t.]) — w(t', 2°(t), a2[t; t.])  (6.17)

for all ¢t and ¢ such that t, <t <t <T.
Choose moments ¢ and ¢’ such that t, <t <" <min{T,t. + 0} as follows.
According to Lemma I1.6 and the continuity of the mapping ¢ — a2[t; t.], we have

llt;t,] € B(aQ)NA, telt,t"]. (6.18)

Consider a Lebesgue point ¢’ of the absolutely continuous function x°(-). Therefore, the function z°(-)
has the derivative at the point ¢, namely,

dm t/ /ft 22, u)pd (' |du) = f(',2°(t), o). (6.19)

Assume also that
/ / (6,2%(€), WL (Eldu) = g(t',a"(t), ). (6.20)

The existence of v/ € P in equahtles (6.19) and (6.20) follows from the convexity of the vectograms
E(t,2°(t")) by condition (A4). Using (6.19), for ¢t € [t/,+"], one obtain

20(t) = 20t + fF(t', 2°(), ) - (t —t)) + op(t — 1), (6.21)
llog(t —tH||/(t—t)—0 as t|t. (6.22)
Let
o' (t) = 2°() + f(t, 20, ) - (L —t), telt,t). (6.23)
Choose t' and t” such that the relations (6.21)—(6.23) imply
|2/ (t) — x| <6 for te [t t"]. (6.24)
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Consider the function w(-) in a closed d-neighborhood of the graph of the trajectory 2°(¢) : t. <t < T.
Using the smoothness of the function w(-), one can easily obtain that this function satisfies the Lipschtz
condition in (¢, z) with constant £ > 0, uniform with respect to & € A. Taking (6.21)—(6.23) into account,

we obtain the estimate

jw(t, a®(t), adlt; 1)) — w(t', 2°(t), [t )| < wll2°(1) — 2/ ()] = wllow (t = )]
for t € [t/,t"]. Let

Be(A) = Orgiag)% Q2;(A), A>0,

where A — Qy(A) is the module of continuity of the function
_ Ow(,2°(), ad[ti ()
B ot
and A — ;(A), i € 1,n, are the modules of continuity of the functions
_ Ow(-,2°(), af[t; 1] ()
N 8JZZ

o (t, ) ] — R,

D,(t,-) ] - R

(6.25)

It follows from the smoothness of the function w(-) (6.1) that the following uniform convergence takes

place on t € [t/ t"]:
Br(A) -0 as A —0.

(6.26)

Now choose a moment ¢ € (¢',t"] in accordance with (6.22), (6.26), and (6.20) to satisfy the relations

[loy (t — )| d
Ry Bi(t —t') > 3

¢
[ [ st€a©) umdielduyde - ot 1)) ¢ ) = bt - ¥,
t P
10p (t — )|
t—t
Use relations (6.25), (6.27), (6.16), (6.18), and (6.24) to continue the estimate (6.17):

d
< —.
— 8

- / / g6, 29(€), w)pd (€l du)de = —g(t', 2O (), u)(t — ') + by (t — ')
t P

= w(t’ xo(t)a Oéi) [t; t*]) - w(t> l',(t), 042 [t; t*]) + w(t> l',(t), 042 [t; t*]) - w(t,7 xo(t/)> O‘S [t/; t*])
> w(t, (), a2lt; ) — w(t, 2’ (1), adlt; t]) + wit, o' (8), 2lt5 1)) — w(t', 2 (¢), adlt; 1.])

low (t = )] y , delt!a%(t), ol )
2{‘”ﬁ—@<t—”+ ot

+(Dyw(t', (1), allts t.]), (1, 2°(t), U')>}(t —t).

Finally, from (6.28) and (6.29), we obtain the following inequalities for ¢ > ¢':

’ 004 07¢.
02 {8W(t,$ (tal)fua*[tat*])_’_

+ min [(wa(t’, 20(t'), allts 1)), f(¢',2%(t'), w)) + g(t', 2°(t'), )

—

}(t —t) — Qg(t—t’)

>

1)

=~
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(t—t)= g(t—t’) > 0.

(6.27)

(6.28)

(6.29)

(6.30)



The contradiction in (6.30) proves Theorem II.7. O

6.3. Necessary optimality conditions. This section contains a proof of necessary optimality condi-
tions, the Pontryagin maximum principle (see [213]) obtained on the basis of Theorem II.7.

Recall that the function w(-) defined by the formula (6.1) for V(¢,z) (see Theorems II.5 and II.1) has
the representation

w(t,z,a) = o(y(1;0,z,a;t)) + 2(1;0,0, 5 t,x) = o(y(1)) + 2(1), (6.31)

where the absolutely continuous functions y(-) = y(+;0,z,a;t) : [0,1] — R™ and z(-) = 2(-;0,0, ¢, x) :
[0,1] — R are solutions of the system

% =(T'—1), (6.32)

Y~ @ -0 [ 1let.7). 500, walrldu), (6.33)
P

= -0 [ glett. 0y walrldn) (6:34)
P

with the initial condition £(0) = ¢, y(0) = x, 2(0) = 0. Here ¢ plays the role of a parameter and £(¢, 7)
has the form

Et,m)=t+ (T —-t)r, T€l0,1]. (6.35)

Note that assumptions (A1’) and (A3") imply (see [210, 300]) the existence and continuity of partial

derivatives of solutions of the ordinary differential equations (6.33) and (6.34) in parameters and initial

Ow(t,z, —
state. Formula (6.31) implies that there exist the continuous partial derivatives %, i1 € 1,n, and
Zi
ow(t, z, o)
ot ’

Lemma II.7. Let conditions (A1l"), (A2), (A3'), and (A4) for the problem OCP (3.1)—(3.3) hold.
Let a control u°(-) € My, and the corresponding trajectory z°(-) = 2°(-;to, o, u°(-)) of system (3.1) be
optimal (3.3) at the point (tg,zo) € p. Let a® € A%(tg, z0) be the standardized control of the form

a® = (7|du) = p°(&ldu), € =E(to,T) =to+ (T —to) -7, 7 €[0,1], (6.36)

and the standardized generalized controls o € A°(tg,zo) constructed by o € A°(t,2%(t)) by the rule
(6.6)—(6.8) for all t € [ty,T]. Consider the mappings

[to,T) = R": t p°(t) = Dyw(t, z°(t), a [t; to]),

. 37
[to,T) = R: t— 2\(t) = (9W(t,a:0(t8)£ a’[t; to)) : (6.37)
The following relations hold for any t € [to, T:
T 5 0 T T
20 = Do) + [ | [PLETE D 0can) | e+ [ [ Dagte.s(©un €l
t \P t P

N(t) = - ggngo(T% F(T,2(T),u)) + g(T,2°(T), u))

[ ( or€a%©.u) T [ [ 09(.2).u)

[ [ 0 | e+ [ [ ST g
t \P t P
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Proof. First, note that the symbols

Ow(t, z, o) Ow(t, z, o)
0. — 0. 0/, — ) )
&z () (xl()a'-'vxn( ))7 wa(t7$7a) < axl sty an )
on,(x): 80'(56)7'”,80'(33) , af(é-’xvu) — 8fl(€7)7’afn(€))
0x1 Oxy, 0& 3 0¢
denote finite-dimensional column-vectors. The symbol ? means the matrix of partial derivatives of a
x

vector f(&,x,u) in x;, 1 € 1,n, i.e.,

on  on

of O0x1 Oz,
O0x1 Oz,

The symbol | means the transposition.
Passing in formulas (6.31)—(6.36) from the variable 7 € [0,1] to the variable £ € [¢,T] by using the
linear transformation £ = £(¢,7) (6.35), we obtain

a€ A a(r|du) = p(€ldu) = p=p(|du) € My,
§(r,t) = €(6t,t) =&,
y(7:0, 2, 05t) = B(E(&; £, 1)t 2, ),
2(150,0,a5t, ) = Z(§(& 1, )5, 0, 3 1, @),

where £(-) = £(1t,1), #(-) = Z(-;t,x, p), 2() = Z(-;¢,0, ; t, ) is a solution of the system
)

£ _ (t) =

S Eet,T), &)=t

dﬂ;é@ _ / FE#E©) wn(Elde), &€ t,T), () ==, (6.38)
b

d'z(;) - /g(g,i(g),u),u(ﬂdu), §et,T), z(t)=0.
b

Rewrite formula (6.31) for w(¢, x, «) in this notation:

H:

T
w(t,z,a) =o(z(T)) + 2(T) = )+ //g £,2(8), u)u(&|du)d (6.39)

It was mentioned above that condition (A1’) for the considered problem OCP implies that solutions

t, x(;
(st 2, ,u) a:U( 4,2, 1) with respect

Z(+;t, x, i) of system (6.38) have continuous partial derivatives

to the initial state (¢, x). These derivatives satisfy the system in va?@fztwns o
d 0x(&§;t, @ ) of (& z(§), u) 9L (&t, m, )
i) ( [ u(idU)) LT, (6.40)
P
d 0z(&5t ) of(& (), w) 9r(&t, ) | O (€ T(8),w)
e ot (/ oz “(M“)) o e A
P
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on the interval (¢,7") (see, e.g., [210, 233]) and the boundary conditions

Ox(t;t,, 1) Ox(t;t,, 1)
— 2 g, —2220_y,. 6.42
ox ot ( )
o0x(t;t
The symbol M denotes the matrix
8% B 8$1 o 8:Cn
8$1 o 8:cn

E,, is the identity (n x n)-matrix, and 6, is the zero-vector in the space R™.
It is easy to see that

(&, 1)
ot
We also obtain the following expressions by using the definition of Z(&;¢,0, u; ¢, 2) and differentiating
integrals in parameters:

=1, ¢e[t,T]. (6.43)

T

T
D.aTs 0.t ) = [ | [ Dagtei@unteian | HEE g (6.44)
t \P
T
0Z(T;t,0, 5t x) 9g(&,7(§),u)
> —/ZP—ﬁ%——w@MM%+
T L
+ [ [ pestea©.wntelan | FELE g (615)
t P

By the formulas for the derivatives of solutions of system (6.38) in parameters and initial state t, z
and formula (6.39), we obtain the following expressions for the corresponding derivatives of the function
w(t,z,a):

Dyw(t,z,a)T = {&u(t,x,a) 3w(t,$,a)}

dxy 77 Oxy,

(T
= Do (st )T PP b 210,000, (6.46)
ow(t,z,a) U +0zZ(Tst,x, 1)) . +di(T;0,2, 1)) OE(T;t,t)
T = Do (Z(T;t,z, 1)) 5 + Dyo(2(Tst, x, 1)) & : 5t
OF(T;t,0,pst, @) | dE(T5t,0,pt, @) OE(T;t,t)
+ = + i S (647)

oz (&t
According to (6.40) and (6.42), the matrix W

of solutions of the system in variations. As is known, the matrix (X (£,t)7)~! = ®(¢&, ) is the fundamental

coincides with the fundamental matrix X (&, )
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matrix of solutions of the system, which is conjugate to the system in variations, i.e., it satisfies the system

T
e ( [ (5’;5)’“)#(5%)) 2(c.1) (6.48)
P
for all £ € (t,T) and the boundary condition
O(t,t) = E,. (6.49)
It is also known that the matrix ®(,t) possesses the following semigroup property:
O(T,t) =P(T,6)P(,t), £€lt,T). (6.50)

Transform relations (6.46) using these remarks and notation:

O(T,t)Dyw(t, z, o) = (X(T, t)T)il D,w(t,z, a)

= (X(T.0)7)  X(T.0)T Dyo(@(Tst, 2, 1))

T

—i—/(X(T,t)T)_l X(fat)T (/ng(ﬁ,i(§)7u)u(§du)) d¢
P

T
= Dao(3(T; 1,2, 1)) + / B(T, €) Dag(€, 5(€), w(€ldu)de. (6.51)

Applying the Cauchy formula for solutions of systems of linear equations, we obtain from (6.51) that there
exists an absolutely continuous function p(+) : [¢,T] — R™ satisfying the following conditions:

o for £ =T, we have

P(T) = Dyo (£(T5t, x, p)); (6.52)
e for almost all £ € (¢,T), we have
-
d af(&,2(8),u .
e - ( / f“af”u(gdu)) WO — [ Dugle 29 wn(elan) (6.5)
P P
e for £ =t, we have
p(t) = Dyw(t, z, o). (6.54)
Now transform expression (6.47) using properties of p(§), (6.43), (6.45), and the notation
Td2(T5t 2, p) | dZ(T3t,0, 5t x)
A(T) = p(T) = + o . (6.55)
We have
ow(t, z,a)
ot
da(T;0,z,p) | dZ(T51,0, 5, ) Oz (Tit,x, p)  0Z(T;t,0, 5, @)
_ T T
=p(T) a T dé p(T) ot * ot
ox(T;t, x, ox(t;t, x,
= A1)+ p(r) T PPELTA) T TG L)

ot ot
T
+ [ ( | Peste 9. 0n (édU)> ORELTM g / / &0 el
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— \(T) Jr/Tdi <P(€>)7 W> a

:
+/T(/ng§, u (édu)) “”d&//a“’ ) €l
t P
A(T)+/T(/WM(§du) az5+//895’35 ) € du)de
t P

Thus, we have defined an absolutely continuous function A(+) : [¢t,T] — R satisfying the following condi-
tions:

e for almost all £ € (¢,T), we have

.
dil(;) - (/ W#(de)) p(€) /Wu(ﬂdu); (6.56)
P P

e for £ =t, we have
ow(t, z, )
ot
Fix an initial position (tg, ) € Iz, an element o’ € A°(tg, z0), and a solution 2°(-) = 2°(-; g, w0, u°),
where 1% € My, u0(&|du) = u°(E(to, 7)|du) = a°(7|du), 7 € [0,1], and &(to, 7) = to + (T — to)T.
Lemma I1.6 implies that for all ¢ € (to,T') and & € [t,T], we have

‘TO(&; to, o, MO) = xo(é; t, xo(t)7 ,u(] [t. o)), (6.58)
where 10t to] : [t, T] — rpm(P) is the restriction of u" : [tg, T] — rpm(P), namely,
WLt to)(€ldu) = 1O(€ldu) for € € [t,7)

T). Consider a point on the optimal trajectory x = 2%(t) and o [t, ], which is
);

A(t) = (6.57)

Fix a moment ¢ € [t

an element of A%(¢,2%(t)), corresponding to the restriction u°[t, o] of the considered optimal control p°:
Ot o) (€(t, 7)|du) = o[t to] (uldu), T € [0,1].

Consider a solution p°(&£), \°(€) : [to, T] — R™ x R of the system

T
0 3’)0 u
dp @( / Wﬁ)(sdu)) €~ [ Dagle.a©plelas (659
P

de J
WO [ (SO g - [HELEOD oy o)

Assume that the following initial conditions hold: ’
p°(to) = Daw(to, z0, ), (6.61)
AO(to) = a‘“(“’é—”tgo’o). (6.62)

It is easy to see that the solutions coincide with the solutions p(&) of (6.53), (6.54) and A(§) of (6.56),
(6.57) on the interval [¢t,T) for all t € [to,T).
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It follows from Theorem II.7 and Lemma II.6 that the following relations hold for any ¢ € [to,T):

p(t) = p(t) = Dyw(t, 2°(t), a°[t, to]), (6.63)
N(t) = A(t) = 2 (ta){ b, to) _ —min [(5°(0), £(6,2°(0), ) + g(t,2°(8), ). (6.64)

Consider continuous extensions of the functions p®(-), A°(-) on the interval [tg, T]. The extended functions
satisfy the boundary conditions

P’(T) = Do (2°(T)),

N(T) = —min | (p°(T), (T,2"(T),u)) + g(T.2"(T), u)].

(6.65)

The boundary conditions are called the transversality conditions for the problem OCP. Lemma I1.7 is
proved. O

Fix (tg,z0) € [0,T] x R™. Let u%(-) € Uy, and 2°(-) = 2%(-; g, 0, u’(-)) be an optimal control and the
corresponding optimal trajectory of system (3.1), i.e
Ito,ﬂfo (xo()auo()) = V(t07$0)' (6.66)

The convexity of the vectograms E(t,x) (see assumption (A4)) implies, by the Filippov lemma [75, 300],
that the equation

£(6,2%(6) /}5, ), )0 (€] du) (6.67)

holds for almost all £ € [tg,T]. One can consider values pP(-|du) € My, as regular probability measures
on P concentrated at points u’(¢). Thus, the optimal trajectory z°(-) of system (3.1) coincides with the
trajectory of system (3.6):

20(-) = 2°(; o, w0, u’(+)) = 2° (s to, wo, 1° (1)) (6.68)
and
Lty 2o (mo(-;to,xo,uo(oldu)),yo('|du)) = V(to, o).
Consider
o = ol (7|du) = p°(&|du) (6.69)
for

£:£(t0,7)2t0+(T—t0)~T, 76[0,1], aOGAO(to,l‘o)CA.
The element o € A corresponds to the optimal control u°(-) € Uy,.
According to Lemma II1.4, we have

dv (t,a(t)) _ _/g(t,xo(t),u))ﬂo(ﬂdu). (6.70)
<L£ﬂawawwmaww) i’

t
It is known (see, e.g., [51, 64]) that the directional derivative ‘(/1( })$> for the lower envelope of a family
of smooth functions (6.1) has the form (6.2): ’
av(t,z) ow(t,z,a) 0
= ——— + (Dyw(t,z,a”), , 6.71
(LF)  a%eAd(ta) [ gr T (Dl a). 1) (6.71)
where
Al(t,z) ={a® € A :w(t,z,0") = V(t,2)}. (6.72)
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It follows from Theorem I1.7 and Lemma I1.7 (see (6.63)—(6.64)) that the optimal control u°(-) and the
corresponding trajectory z'(+) satisfy the Pontryagin maximum principle [213]. It can be presented to
the considered problem OCP as the following assertion.

Theorem II.8. Let conditions (A1l'), (A2), (A3'), and (A4) for the problem OCP (3.1)—(3.3) hold.
Let a control u°(-) € Uy, and the corresponding trajectory z°(-) = x°(-;to, z0,u’(+)) of system (3.1) be
optimal (3.3) for (to, o) € Ilp. Let an absolutely continuous vector function p°(-), \°(+) : [to, T] — R® x R
satisfy the following full conjugate system on [to, T):

T

dp;)ég) _ <8f(£7x0(§i)7u0(€))) pO(f) _ D$g(§,m0(§),u0(§)), (6.73)
0 20 u0 T 20 W0

dATg(g) == <8f(§, ((9?’ (6))) we) - 2& Eft)’ ) (6.74)

Let the following boundary conditions hold:
p’(T) = Dyo(a*(T)) = p°,

)\O(T) = - ggg |:<p07 f(T, JZ‘O(T)’ u)> + g(T, xO(T), u)} _ )\0' (675)

Then the equality

N(©) -1+ min [(5°(6), £(6,2°(€),w)) + g€, 2°(6), )]
= N() 1+ [(°(©), £(€:2°(©),u(€) + 9(€, 2°(€),u"(€)| = 0. (6.76)
is valid for almost all & € [to, T).

Integrate Eq. (6.74) and consider the boundary condition (6.75) and formulas (6.63)—(6.66), to supply
the standard conditions in the maximum principle and obtain the equalities

Ow(t, 20(t), a®[t; to))
ot

T T

xo u
/< / f(& ag(é), )Mo(§|du)>d€_//Wuo(ﬂdu)d&
f t P

H(t,2"(t),p’(1)) = =\°(t) = —

These equalities hold for any t € [tg, T].

Definition II.1. An extremal for a given point (¢p,z9) € Il7 to the problem OCP (3.1)-(3.3) is a
trajectory z¢(-) = z(-;to, zo,u(*)) : [to,T] — R™ of system (3.1) starting at the initial point z¢(t9) = zo
and generated by the control u¢(-) € Uy,:

d%e(t) e e
= [t (), u (@), L€ [to,T), (6.77)
l‘e(to):an

and satisfying the Pontryagin maximum principle condition

min [(p°(0), £, 2(2), w)) + 9(6,2(), w)] = [(0°(0), F (1,20, @) + gt 250, (1) (678)

ueP
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for almost all ¢ € [tg, T]. The vector-valued function p®(-) : [to,T] — R™ in (6.78) is called the coextremal
or the adjoint variable. It satisfies the conjugate system (6.73):

e x€ u® T
dpdlft) <3f(t> a(’;)’ (t))> p°(t) — Dag(t, a®(t), uc(t)), (6.79)

PT) = Dyo (z°(T)).
6.4. Connection between the Pontryagin maximum principle and the Cauchy method of
characteristics for the Bellman equation. Recall that the Hamiltonian in the Bellman equation (5.1)
for the considered problem OCP (3.1)—(3.3) has the form

H(t, 2, p) = min[(p, f(t,z,u)) + (¢, 2, u)]. (6.80)

In this section, we consider the problem OCP under assumptions (A1), (A2), and (A3’) and the
following two assumptions strengthening (A2) and (A4).

(A2') Condition (A2) is supplied with the following extendability conditions:

HW < K (1 +||=]), ‘W < K1+ e,
J

89(15733»“) ag(t,x’U)

— T < — || =

R I R e R

for all i € 1,n, j € 1,n, (t,z,u) € lIp x P, where K7 > 0 is a constant.
(A4’) The vectograms
E(t,x) ={(f(t,z, P), g(t,z,P))} CR" xR
are strictly convex sets for all (¢,z) € Ilp.
Condition (A4') implies that the minimum in formula (6.80) for the Hamiltonian H (¢, z, p) is achieved
at a unique element u° = u%(t, z, p):
H(t,2,p) = [(p, £ (1,0, 0%)) + g(t, 2, u0)]. (6.81)
The mapping (¢, z,p) — u’(t, z, p) is continuous, and the Hamiltonian has continuous partial derivatives
with respect to the impulse variables p;, i € 1,n. The vector of the partial derivatives has the form
DpH(t,z,p) = f(t,z,u"). (6.82)

In addition, using (6.81), one can easily obtain the following expressions for the partial derivatives of the
Hamiltonian with respect to z and t:

t,z,u0)\
D) = () ik Dt (6.8
0H(t.x,p) _ [0f(tau®)’ \ | dg(t z.u) (6.84)
o ot ’ o '
Assumptions (A1) and formulas (6.82)—(6.84) imply that the mapping
H 0
Iy —R" xR xR, (t ) (DpH(t,x,uo),DmH(t,:L",uo), a(téf’“))

is continuous and bounded on any compact set @) € Ilp.

The last property and condition (AZ2') for initial data for the problem OCP are sufficient for the
existence and uniqueness of classical characteristics [62] for the Bellman equation (5.1) in the boundary
Cauchy problem (5.2). Recall that characteristics are the family of absolutely continuous functions

(j('vy)’ ﬁ('ay>v 2(7y)) : [07T] —R"xR" xR
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depending on the parameter y € R™ and satisfying the system of ordinary differential equations on (0,7)

dz .
i D,H(t,z,p),
di
P _ _D,H(t,,p), (6.85)
dt
dz . L
% = <DPH(t7x>p)7p> - H(ta $7p)
and the following boundary conditions at ¢t = T
HT,y) =y, p(T,y) = Dyo(y), 2(T,y)=o(y). (6.86)

Formulas (6.82)—(6.85) for characteristics and Definition II.1 of extremals and coextremals (6.77)—(6.79)
of the problem OCP imply the following theorem.

Theorem I1.9. Let conditions (A1")-(A4’) for the problem OCP (3.1)—(3.3) hold. Then for any point
(to,zo) € I, the set of all extremals x°(-) = x(-;to, x0,u(+)) coincides with the set X (to,xo) of all
components Z(-,yo) of classical characteristics for the Bellman equation (5.1), which intersect at the point
(to, o), namely,

X(to,ﬂjo) = {i(,yo) Yo € Y(to,xo) C an Y(toxo) 75 @},
Y (to, z0) = {Vyo : (o, y0) = 7o}

The set of all corresponding coextremals p°(-) coincides with the set of all components p(-,yo), Yo €
Y (to, zo) of classical characteristics.

Note that by Theorem I1.9 and definitions of characteristics, one can consider the function z(-,yo) as
the trajectory of system (3.1) generated by the control a(-,yp):

at,yo) = u’(t, 2(t; o), Pt v0)),  t € [to, T), yo € Y (to,z0),

where u%(t, x,p) is defined by (6.81). It is easy to see that @(-,y0) € Uy,.
By Theorem I1.9 and definitions of characteristics, extremals, and coextremals, we obtain the relations

B (10,200, y0), 0, 90)), 500 90)) + H (120, 30), Pl 0)
= —g(t,2(t,y0),a(t,0)),  t € (to,T), (6.87)
yo = 2(T,yo) = z°(T), yo € Y(to,z0),
(T, 0) = o(00) = 0(a(T)),  £(to,10) = T, 0) (- 30)

The conditions of Theorem I1.8 (the Pontryagin maximum principle) are necessary optimality conditions.
Obviously, the value function V (g, zp) calculated as the minimum over the set of all admissible program
controls u(-) € Uy, and the corresponding trajectories x(-; o, zo, u(:)) of system (3.1) can also be suc-
cessfully calculated as the minimum over the set of extremal controls u¢(-) € Uy, and the corresponding
trajectories x°(-) satisfying the conditions of the Pontryagin maximum principle.

Relations (6.87) imply that the value function V(¢g,z¢) (3.3) can also be successfully calculated as
the minimum of the cost functional Iy, 5, (z(-),u(:)) (3.2) over all components Z(-,yp) of characteristics,
which intersect at the point (to,x0), (namely, over all yo € Y (to,x0), see (6.85)-(6.86)) and over the
corresponding program controls (-, yo):

V(to,zo) = min Iy, 40 (2(-, yo), 0(-, o)) (6.88)

yo€Y (to,70)
Note that assumption (A4’) implies the existence of an optimal control u’(-) € Uy,. According to
Theorems I1.8 and I1.9, the control belongs to the set of all 4(+,y9). Thus, the operation of minimum in
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(6.88) is correct. Moreover, definitions (6.85)—(6.86) and assumptions (A1l’), (A2'), (A3'), and (A4’)
imply that the sets Y (¢g, xg) are compact for all (¢g,x¢) € .
As above, let us transform the interval [tg, T] to the standard interval [0, 1] by the linear transformation

&(to, ) (4.7):

f(to, 7') =19+ (T — to)T, T € [0, 1]. (6.89)
Thus, controls (-, yg) are transformed to the standardized generalized controls &(tg,yo) € A,
a(to, yo) « &(to, yo)(]du) = a(&(to, 7),30), 7 € [0,1]. (6.90)
Let
Alto, xo) = {a(to, y0) : yo € Y (to,z0)}- (6.91)

According to formulas (4.4)—(4.6), we have

Ito,wo (£(> yO)a ’ll(', yO)) = w(to, L0, é‘(th yO))-

Thus, using (6.88), one can obtain the following specification of formula (6.1) (see Theorem I1.5) defining
the value function.

Lemma I1.8. Let conditions (A1")—(A4") for the problem OCP (3.1)—(3.3) hold. Then the value func-
tion V (t,x) (3.3) has the representation

V(t,z) = min w(t,z,&), (t,x)e€lp, (6.92)
aeA(t,r)

for any (t,x) € clllp, where A D A(t,z) D A%t, ) (see (6.91) and (6.3)).
The function w(-) : clllp x A — R is continuous. The function
Ally — R: (t,2) — w(t,z,d), &ec At ),

ow(t,z,&) Ow(t,z, &)
875 ’ 6931

, 1 € 1,n, which are uniformly continuous relative to G.

has the partial derivatives

7. Necessary and Sufficient Optimality Conditions

7.1. The Pontryagin maximum principle and the superdifferential of the value function.
Theorem I1.6, Remark I1.4, and formulas (6.63) and (6.64) imply that the superdifferential of the value
function TV (¢,z) is nonempty and is defined at any point (¢,z) € Il as follows:

oVt x) = co{()\o,po) eERxR":

0 (7.1)
A0 = M, p° = Dyw(t,z,a), o € Ao(t,x)}.
ot
According to Theorem I1.9, the following equalities hold:
P’ =p(t o), A’ = At,y0) = —H(t, &(t,90),5(t,40)),  yo € Y (¢, ). (7.2)

Let us complete necessary optimality conditions (see Theorem II.8) up to sufficient conditions using
representations (7.1) and (7.2) for the superdifferential of the value function 8tV (t,x). We prove the
following assertions.

Theorem I1.10. Let conditions (A1')—(A4’) for the problem OCP (3.1)—(3.3) hold. A control u¢(-) €
Uy, and the corresponding trajectory xz¢(-) = x(-; to, xo,u¢(+)) of system (3.1) are optimal (3.3) at a point
(to,xo) € Iy if and only if the absolutely continuous vector-valued function p®(-), A°(+) : [to, T] — R™ x R
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satisfying the full conjugate system (6.73)—(6.75) satisfy also the Pontryagin mazimum principle condition
for almost all t € [to, T):

N(E) - 1+ min | (), £(t2°(8), w) + gt (8), w)

=A%) -1+ [<pe(t), F(t28(t),u())) + g(t, 2°(t),u*(1))| =0, (7.3)

and the inclusion
(A(t),p°(t)) € DTV (t,2°(t)) (7.4)
holds for all t € [to,T).

Proof. Necessity. According to Theorems I1.8 and I1.9 and formulas (7.1) and (7.2), conditions (7.3) and
(7.4) are necessary optimality conditions.

Sufficiency. Now assume that conditions (7.3) and (7.4) hold for a pair (z°(-),u®(-)), a control u°(-) €
Uy,, and the corresponding trajectory z¢(-) = x(+;to, xo,u(-)) of system (3.1). Consider the realization
of the value function V(¢,x) along the trajectory x¢(t) (see Theorem II.6). One can easily obtain that
the following inequalities hold for almost all ¢ € [to, T):

dV (t,z¢(t)) v (t,zc(t))

0= mip [ ey 90 0| < [ ey oo O] o
Theorems I1.6, I1.8, and I1.9 and formulas (7.1) and (7.2) imply
dV (¢, z) duw(t,z,a’) 0
(Lf) _QOEIR%)I(lt,z) |: ot + <D$C«J(t,.’E7O4 )7f>:|
= min [Mtyo) + Gt )] = | min N0+ A0](76)

where
Al(t,z) ={a® € A :w(t,z,a") = V(t,z)},
Y(ta l‘) = {yO eR": j(tvyO) =&, QAL’(T7 yO) = yO}

The extremal x¢(-) generated by the control u¢(-) and the corresponding coextremal p®(-) supplied by
A¢(+) via (6.75)—(6.77), satisfy the relations

aw(t,me(;i, ae[t,to] _ S\(t, yO) _ )\e(t), (77)

Dyw(t, z¢(t), af[t, to]) = p(t,yo) = p°(t). (7.8)
The element af[t,tp] € A is constructed as the restriction of the control u¢(-) : [to, 7] — P to a smaller

interval [¢t,T], to < t < T, which is transformed by the linear transformation &(¢,7) = t + (T — )7 :
[t,T] — [0,1]. According to conditions (7.3) and (7.4), we have

X)L [ (1), £t 2 (000 (0)) + (b2 (1) u(0)] = 0. (79)
(A°(t),p°(t)) € DTV (t, 2°(t)). (7.10)
Using (7.6), (7.9), and (7.10), let us continue estimate (7.5):

0< (Lfcézge’(tj’(i)e)(t))) +g(f,x3(t>,ue(t))

= min A (P F(Eaf (), (1)) + gt at (), uE (1))

(A0,p0)edtV (t,ae(t))
< A(E) + (p°(8), £(£, (1), u(1))) + g(t, 2°(t), u(t)) = 0.
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This implies that for almost all t € [to, T], we have
dV (t,xz¢(t))

+ g(t, z°(t),u(t)) = 0, 7.11
N OFORTION A 1y
al[t,to] € AO(t, z°(1)). (7.12)
By Lemma I1.4 (see Sec. 4.2, (4.16)), these relations are sufficient optimality conditions for the considered
control u¢(-) € Uy, and the coextremal z¢(-) generated by the control. Theorem II.10 is proved. O

Remark II.5. Note that Theorem II.10 remains valid if inclusion (7.4) is replaced by the inclusion

(X, p°(0)) € { (= H(t,#(t,50), 5(t,90)), (L 0)) = 90 € Y (1,2°(1)) |- (7.13)
This follows from formulas (7.3) and (7.6) and the linearity of the inner product.

Remark I1.6. Note that condition (7.4) is a generalization of the following well-known necessary opti-
mality condition:

Vte [to, T]:  po(t) € 8,V (t,2°(t)) = co {pe = lim DV(t, ) : () € HT}, (7.14)
rkime(t)
where (t,x)) are points of differentiability of the locally Lipschitz function V'(-). Inclusion (7.14) was
obtained in [56].

Remark II.7. Note that relations (7.4) and (7.14) are first-order conditions. These conditions are effec-
tive for obtaining necessary and sufficient optimality conditions, simultaneously. This can be understood
as a consequence of full information about the control system, which is contained in the definition of the
value function.

Similar results can be found in [25, 52, 56, 80, 306].

7.2. Necessary and sufficient optimality conditions in the case of nonconvex vectograms.
In this section, the problem OCP is considered under assumptions (A1’)—(A3’). Condition (A4) on full
vectograms of admissible speeds E(t,z) (3.4) of system (3.1)—(3.2) is omitted. As was mentioned above
(see Sec. 3.3), to guarantee the attainability of the optimal result V' (to, zo) (3.3), it is necessary to extend
classes of admissible program controls Uy, up to classes of generalized program controls M;,. The last
classes are formed by measurable functions on [tg, T'] with values in the set rpm(P) of regular probability
measures defined on the compact set P, which is the given constraint for values of control parameters to
system (3.1).

Recall that under generalized program controls yu(-|du) € My,, system (3.1) has the dynamics described
by (3.6), i.e

/f (t,z(t), u)p(tldu), x(to) = xo. (7.15)

The corresponding value of the cost functlonal Ity o (), p(-|du)) (3.7) is calculated as follows:

Ty o (@), pa(-|dw)) = o (2(T; to, w0, pu(-|dus))) // (2 (t), w) (| du)dt (7.16)

where z(-) = (-, to, o, pu(-|du)) is the trajectory of system (7.15) generated by the control
po= p(-ldu) € My,.
Assertion II.1 implies that the optimal result

Vit = i Ly oo (2(-5 o, o, pu(-|duw)), pu(-|d 7.17
(t0, o) s to.20 (2 (-5 o, To, p(-|du)), p(-|du)) (7.17)
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of problem (7.15), (7.16) is achieved; it coincides with the optimal result V(to,x0) (3.3) of problem
(3.1), (3.2). )
The Hamiltonian H (¢, x, p) of problem (7.15)—(7.17) has the form

H(t,z,p)= min [{p,f)+g], (7.18)
(£.9)€E (t,2)

where
E(t,z) = co E(t,z) ) =co{(f(t,z,u),g(t,z,u)) : u € P}
7.19
/f (t, z,u)p(du) / (t,z,u)pu(du) | : pu(-) € rpm(P) (7.19)

Formulas (7.18), (7.19), and (6.80) and the linearity of the inner product imply the relation H(t,z,p) =
H(t,z,p). Note that the absence of condition (A4) implies that the Hamiltonian H (¢, z, p) is differentiable
with rspect to the variable p.

We use the fact (see [74, 87, 300]) that any element (f,§) € E(t, ) is presented in the form

f~: /f(t7x7u)ﬂ(du)v g= /g(tvxﬂu)ﬂ(du) (7'20)
P P

with a measure p € rpm(P).
According to condition (Al’ ) and well-known results of analysis (see [300]), we obtain the relation

Af(t,x,u)
at at/ft x,u)p(du) = /T (du),

837 /ftxu (du) /8ftxu (du),

9 _ 9 _ [ 94,z u)
P P

(7.21)

D.5=D. [ gt upuldn) = [ Duglt,z,uldu)
P P

for any (¢,z) € I, p € rpm(P), and (f,9) € E(t, ).
Using the definition of H (¢, z,p) (7.18), we define the set

Flt,a,p) = {(°,5°) € B(t,2) - (t,2,p) = (f°,p) + 3}
= CO{(fO,go) (% 6°) = (£t 2, 0%, g(t, 2,0%)), u® € P,
(f(t,z,u 0, p)+g(t,z,u 0 = H(t,x,p)} (7.22)

for any (t,x) € clIly. Clearly, this set is convex and compact. It follows from (7.21) and (7.22) that any
element (f9,3%) = (f(t,z,p),§(t,z,p)) of the set F(t,z,p) has the partial derivatives

ofi(t,x,p)  §lt,x,p)  Ofilt,z,p)
o ot dzj

ng(t7$’p)7 i?je]"n‘
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Thus (see [52, 65, 186, 215, 217]), the Hamiltonian H(t,z,p) is a nonsmooth function having the partial
superdifferentials 0, H (t, z, p), 0, H (t,x,p), and 0,H (t,z,p) and the following formulas hold:

Op(t,z,p) = {f* € R": 35" € R, (f.5°) € F(t.2.p) |,

. 1O ’ 93° _
OuH (t,2,p) = (—) p+ - (5" € Ftap) o, (7.23)

7 _ a_fo -0 . (70 ~0
0:H(t,x,p) = 5 | Pt Dsd (f°,3°) € F(t,z,p)

Remark II.8. It follows from definition (7.23) of partial superdifferentials that the multi-valued map-
pings
(t,x) — 8pﬁ(t,x,p), (t,x) — 0. H(t,z,p), (t,x) — &H(t,x, p)

have nonempty, convex, compact values. The mappings are lower semicontinuous.
Now we define quasi-characteristics for problem (7.15)—(7.17) as an n-parametric family of functions
(j('vy)7]3(‘7y)72("y)) : [OvT} — R" x R" XR: yeRny

which depend on the parameter y € R™ and satisfy the differential inclusions

) & oyt (), 50,
P ¢ o, 11(4.30),5(0)), (7:24)

EO <da;§ft>7 ﬁ(t)> — H(t, (1) 5(1))

for almost all ¢ € [0,7] and the boundary condition at ¢t = T"

pTy) =y, p(Ty)=Dyo(y), 2T,y)=o(y). (7.25)

Note that condition (A1") and Remark II.8 guarantee the existence of quasi-characteristics (7.24), (7.25).
Condition (A2’) also provides extendability on the interval [0,7]. Note that, as a rule, the boundary
condition (7.25) is satisfied by a set of quasi-characteristics.

Let us introduce the notions of extemals and coextremals for problem (7.15)—(7.17).

Definition II.2. An eztremal of problem (7.15)—(7.17) at a point (tp,xo) € Il is a trajectory x¢(-) =
x(;to, xo, p€(-|du)) : [to,T] — R of system (7.15) generated by the control u®(-|du) € My,, i.e.,

/f (t, 2 pe(tldu), te€to,T], x°(to) = o, (7.26)

which satisfies the Pontryagin maximum principle for almost all ¢ € [ty, T:

MGrme) < /ftx Ju(d )>+/g<tx() u)pu(du)
< /f (t, z° (tIdU)> /g(t,:ce(t),u)ue(tdu) . (7.27)

P
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The variable p¢(+) : [to,T] — R™ is called the coextremal or the adjoint variable; it is a solution of the
conjugate system

e x€ u T
W (W) e (edu) - 3(0) = [ Daglt. (0.t
P

(7.28)
p(T) = Dyo(2°(T)).

Complete the coextremal p°(-) with the variable A°(-), which is an absolutely continuous function
satisfying the differential equation (7.29) for almost all t € [to, T):

e x€ U T x€ u
d’\dt(t) = —/<<W> p (t|du), pe(t)> —/Wue(ﬂdw, (7.29)
e P

N(T) = —H(T, z(T), p*(T)). (7.30)

These equation together with (7.28) are the full conjugate system for problem (7.15)—(7.17). According
to (7.18) and (7.26)—(7.30), for any t € [to, T, the following relation holds:

N(t) = —H(t, 2¢(t), p°(t)). (7.31)

As well as in the convex case, where condition (A4’) holds, formulas (7.22)—(7.28) and results of the
convex analysis [52] imply that

T € (1, (0,50, 2 (t0) = w0, o
W) ¢ outittact).pr@), pir) = 27E D)

Since the triple (z€(t),p(t), \°(t) = —H(t,x°(t),p°(t))) satisfies Eq. (6.76) (the Pontryagin maximum
principle), we have
z°(t) = (t,yo), p°(t) =p(t,90), tE€ [to, T],
yo = z¢(T) € Y (to, zg) # 0, (7.33)
(10, 50) = Toomo (2°(), 1| ).
On the contrary, by definition, any quasi-characteristic Z(-,y0), p(*,%0), 2(*,%0): vo € Y (to,x0) # 0 is

connected to some extremal z¢(-) and the corresponding coextremal p®(-) by relations (7.33). This means
that the following assertion, which is equivalent to Theorem II1.9, holds.

Theorem I1.11. Let conditions (A1")-(A3') for the problem (7.15)—(7.17) hold. Then for any point
(to, z0) € Tz, the set of all extremals x¢(-) = x(-;to, xo, u¢(-|du)) coincides with the set X (to, o) of all
components Z(-,yo) of quasi-characteristics (7.24)—(7.25) of the Bellman equation (5.1), which intersect
at the point (tg, zg), namely,

X(to,z0) = {Z(-,y0) : yo € Y (to,z0) C R", Y (to, z0) # 0},
Y (to, m0) = {Vyo; Z(to, Yo) = wo}-
The set of all corresponding coextremals p°(-) coincides with the set of all components p(-,yo), Yo €

Y (to, zo) of quasi-characteristics.

Note that Theorem II.11 expresses the equivalence of necessary optimality conditions obtained within
the frameworks proposed by Pontryagin [213] and Clarke [52].

Using Theorem I1.11 and Eq. (7.31), one can repeat arguments similar to that applied in the proof of
Theorem I1.10 and obtain the following assertion (the unified form of the optimality criterion).
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Theorem I1.12. Let conditions (A1")—(A3") for problem (7.15)—(7.17) hold. A control p°(-|du) € My,
and the corresponding trajectory x¢(-) = x(-;to, xo, pc(-|du)) of system (7.15) are optimal (7.17) for a
point (to, xo) € Iy if and only if the following conditions hold:
o the trajectory x°(-) coincides with the phase component (-, yo) of quasi-characteristics (7.24)—(7.25)
corresponding to the parameter yo € Y (to, xo);
e the quasi-characteristic satisfies the inclusion

(_f{(tv 'i'(ta yO)a ﬁ(u yO)a ﬁ(u yO)) € 8‘7(t7 i(tv yO)) (7'34)
for all t € [to, T].

Remark I1.9. It was mentioned above that the Hamiltonians H (¢, x,p) and H(t,z,p) and also the op-
timal results V (¢, ) and V (¢, ) for problems (7.15)—(7.17) and (3.1)~(3.3) coincide. Let a generalized
optimal control p°(-|du) € M, generate an optimal trajectory x°(-), which cannot be generated by
program controls of class Uy,. This is possible if the set E(t,x) is nonconvex. The situation can be un-
derstood as a sliding motion of system (3.1) along the phase component Z(-, yg) of the quasi-characteristic
(7.24)—(7.25) satisfying condition (7.34).

7.3. The representative formula for the minimax solution of the Hamilton—Jacobi—Bellman
equation in terms of classical characteristics. In this section, results of Secs. 6.4, 7.1, and 7.2 are
used for the construction of the generalized solution of the Cauchy problem for the equation
ou(t, )
ot
with the boundary condition at the terminal moment ¢ = T":

uw(T,z) =o(x), =xe€R"™ (7.36)

+ H(t,z,Dyu(t,x)) =0, 0<t<T, z€eR" (7.35)

Recall that
Ju(t, ) ou(t, )

Dyu(t,x) = ( or " o ) =peR™
Consider this problem for sufficiently smooth input data H(t,z,p) and o(z). The specific assumption
in the considered problem is the concavity of the Hamiltonian H(t,x,p) with respect to the variable p.
Note that this assumption takes place for the Bellman equation [29].
If a classical solution u(¢,z) of problem (7.35), (7.36) exists globally on clIly = [0,7] x R™ or even
locally, in a small neighborhood of a hyperplane t = T, it can be constructed (see [62, 207, 233]) by the
Cauchy method of characteristics. Namely, one can use the family of functions

(-, y),0(,y), 2(,y)) : [0,T] = R" x R" xR (7.37)
depending on the parameter y € R™ and satisfying the system of equations
dz R
i DsH(t,2,p),
di
dt
dz . R L
% = <p7 DﬁH(tax7p)> - H(tvxap)a
where 0 < t < T'. The classical characteristics satisfy also the boundary condition at ¢t = T
2(T,y) =y, p(T,y) =Dyo(y), 2(T,y)=o(y). (7.39)

Here H(t,z,p) and o(z) are input data of problem (7.35), (7.36).
For (t,x) € clIly, define the set

Y(t,z) ={y e R" : &(t,y) = z}. (7.40)
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In the case where problem (7.35), (7.36) has a classical solution u(t, z) of class C, this set is a singleton,
ie., Y(t,z) = {y(t,x)}. According to the Cauchy method, we have

u(t,a:) = é(t,y(t,a?)), Dtu(ta :I:) = —H(t,i’(t,y(t, J;)),ﬁ(t,y(t, JI))), Dxu(tvx) = ﬁ(tay(t7$))'

It is known that, as a rule, a classical solution of problem (7.35), (7.36) does not exist (see, e.g., [62,
207]). However, there is a globally defined, nonsmooth function coinciding with the value function of an
appropriate local optimal control problem. At points of differentiability, this function satisfies Eq. (7.35)
and the boundary condition (7.36) at ¢ = T. It is proved in the theory of minimax solutions of first-order
partial differential equations [236, 238] that this function coincides with the minimax solution of problem
(7.35), (7.36).

In this section, the following construction of a minimax solution of problem (7.35), (7.36) by using
classical characteristics (7.37)—(7.40) will be justified:

u(t,z) =min {2(t,y) 1y € Y(t,x)} V(¢ z) € cllly. (7.41)

It is important to note the following.

o If the assumptions for problem (7.35), (7.36) described in [122, 139, 156, 190] hold, then the formula
(7.41) is valid for generalized solutions defined in these works.

e Obviously, this formula is compatible to the above-mentioned formula for classical solutions u(-) €
C'! obtained by the Cauchy method.

e Finally, the equivalence of minimax and viscosity solutions of the problem (7.35), (7.36) implies
that formula (7.41) holds also for viscosity solutions.

Thus, problem (7.35), (7.36) is considered under the following assumptions.

(A1) Functions H(-), DiH(-), DyH(-), DyH(:), DypH(-), DpeH(-), DypH(:), and D, H(-) are defined
and continuous on clIly x R™. The functions o(-) and Do (-) are defined and continuous on R".

(A2) Functions Dy, H (t,z,p) and DypH (t, z,p) are bounded on each compact set D C clIly uniformly
in p.

(A3) Function p — H(t,z,p) is concave for any (¢, z) € clIlp.

(A4) There exists a constant C' > 0 such that

|DpH(t,z,p)|| < C(1+ ||z|]|) V(t,z,p) € clllp x R,
|H*(t,z, )] < C(1+||z|]) V(tx)€clllp, VfedomH"(t z,-),
where H*(t,z,-) is the conjugate function to H(t,z,-) and dom H*(t,x,-) is the effective domain

of the function H*(t,x,-) (see, e.g., 217, 218]).
(A5) For any compact set D C clIlp, there is a constant C(D) > 0 such that

[Hi(t, z,p)| < C(D)(A + [lpl)),  [1Ha(t, 2, )| < C(D)(1 +[|pl])

for any p € R™ and (t,z) € D.
Assumptions (A1)—(A5) and results of the convex analysis [217] imply the following properties of
problem (7.35), (7.36).

Lemma I1.9. Let conditions (A1)—(A5) for problem (7.35), (7.36) hold. Then the effective domain
dom H*(t,x,-) of the conjugate function to the Hamiltonian is a convex compact set for any (t,x) € clllp
and it has the form

dom H*(t,x,-) = co{ DsH(t,z,s) : s € R"}. (7.42)
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For any (t,z) € cllly and p € R™, the Hamiltonian H(t,x,p) (7.35) can be presented as follows:
H(t,2,p) = min{(f.p) = H*(t,2.f) : f € dom H'(t.z.-) |
—mlkn [<p,DHtx s)) — H*(t,z, D;H(t, , s))} (7.43)
seR™

= <p, D,H(t, a:,p)> — H* (t, z, D, H(t, x,p)).

Lemma I1.10. For any compact set Dy C clIlp, there exists a constant K(Dg) > 0 such that all char-
acteristics (7.37)—(7.39) satisfying the relations

yeY(Do)= |J Y(to,x0) (7.44)
(to,z0)€Dq

at 7 =T can be estimated for T € [t{(Dy),T] as follows:
[Z(, y)l < K(Do),  [Ip(7, y)ll < K (Do), (7.45)
where t;(Dy) = min{t € [0,T] : 3(t,z) € Do}.

Proof. Consider the set X (Dy) of all components () of characteristics (7.37)—(7.39) satisfying condition
(7.44). According to condition (A4), we have

di(r,y)
dr

for any #(-) € X(Dg) and t}y <tg <7 <T.
Using this inequality and the Gronwall lemma [300], we obtain the estimate

cha+wﬂnwm

E(r )|l < (771 — 1) + [l - “U) < Ky (Dy), (7.46)
which holds for any 2(-) € X(Dp) and t}j < to <7 < T, where
Ki(Do) = max (1+|zo])-eT < 0. (7.47)
(t0,$0)€D0

In particular, estimates (7.46) and (7.47) imply the following estimate for the corresponding boundary
values of the components {p(T,y) : y € Y(Dy)}:

max |[p(T,y)|| £ max Dyo = Ka(Dy). 7.48
Jma [p(T ) < max[D,o()] = Ko(Do) (7.48)

Consider the set
Dj = [t5,T) x {x : ||z|| < 3K1(Do)} C cllp. (7.49)

According to condition (A5), there is a constant C(; = C(D{)) > 0 such that
[ Ho(t, 2, p)|| < Co(L + [Ip])

for all p € R™ and (t,z) € D.
According to (7.46) and (7.47) and the last inequality, we estimate the components p(7,y) of all char-
acteristics (7.37)—(7.39) satisfying condition (7.44) as follows:

Hdp T,y H < Gy + Ip(m ) (7.50)

for any y € Y(Dp) and t§ < to <7 <T.
By inequalities (7.48) and (7.50) and the Gronwall lemma, we obtain the estimate

(7, y)|| < (€0t — 1) 4 ||H(T, y)| - eColt=t) < K5(Dy) (7.51)
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for any y € Y(Dy) and t§ <ty < 7 < T, where

K3(Dg) = (1 + Ko(Dy)) - €907 < o0. (7.52)
Finally, define a constant K (Dy) declared in the statement of Lemma II1.10 as follows:
K (Do) = max{K1(Do), K3(Do)}. (7.53)
Lemma II1.10 is proved. O
Now we consider the auxiliary control system
dfl(:) — DH(7,2(),5(r)), T € [to,T], x(to) = a0, (7.54)

where s() : [to,T] — R" is a measurable control, top € [0,7]. Denote the set of all such controls by Sy,.
Let Gr(Dg) be the attainability set at the moment 7" for system (7.54) starting from any initial state
(to, o) € Dy C clIIp under any measurable control s(-), namely,

Gr(Do)= | J U {=(D) = 2(T;t0,20,5(-)) € R"},

(to,z0)€Do s(~)€St0

where x(+;to, 2o, s(+)) : [to,T] — R™ is a trajectory of system (7.54) starting at (to,xo) under a control
S() S Sto-

Using the input data H and o of problem (7.35), (7.36) and the given set of initial states Dy C [0, T]xR",
we choose an auxiliary optimal control problem OCP’ for system (7.54) for which the optimal result
defined at (t,x) € Dy coincides with u(¢,z) (7.41).

Consider the cost functional of the form

T
Sto,m0) (2 (), (1)) = o (2(T)) —/H*(Tvx(f),DpH(Taw(T),S(T)))dﬂ (7.55)
to
where x(-) = z(-, o, x0,s(-)) is a trajectory of system (7.54) generated by a control s(-) € Sy, and the
integrand H*(7,z, f) is the conjugate function to the Hamiltonian H.

Also, consider the set Uy, (P*) C Sy, of all measurable controls s(-) with values in the compact set
P* CR"

The problem OCP’ is as follows: minimize the cost functional (7.55) on the set of all controls s(-) €
Uy, (P*) and corresponding trajectories z(-) of system (7.54). According to Assertion II.1, there exists a
solution to the problem OCP’ (7.54), (7.55) for any P*, anyway, in the class of all generalized program
controls.

Denote by V'°(tg, ) the optimal result

V™(to,20) = inf {0y (2(), 5() : () € g (P} (7.56)

For any initial set Dy C clIIp, we define, by Lemma II.10, a constant K (Dg) > 0 (7.53) and the sets
Dy = [O,T] X {iE : ||ZL‘|| < 2K1(D0)}, (757)
P* =P, =P*(Dy) ={peR": |]p|| < K(Dy)}. (7.58)

Lemmas II.1 and II.2 and conditions (A1)-(A5) imply that the following assertion holds.

Lemma II.11. If conditions (A1)—(A5) for input data of the Cauchy problem (7.35), (7.36) hold, then
conditions (A1")—(A3') (see Secs. 6.1 and 6.4) for the auziliary optimal control prollems OCP' (7.54),
(7.55), (7.58) considered on the sets Dy (7.57) hold.

Using the material of Sec. 7.2, properties of partial superdifferentials O H (t,z,p), o, H (t,z,p), and
OpH (t,z,p) (see (7.23)), and Lemma II.11, we obtain the following lemma.
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Lemma I1.12. For the auziliary optimal control problem OCP' (7.54), (7.55), (7.58) considered on the
set Dy (7.57), the following relations hold:

H(t,z,p) = H(t,z,p) = ;2}311 [(p, DyH(t,x, s)> - H* (t,:v, D H(t,x, s))} (7.59)
= <p, D,H(t, x,p)> - H* (t, x, DpH (t, x,p));

OH(t,x,p)

8tg(t7x7p) = { 8t

}, 0o H (t,2,p) = {DoH(t,2,p)}, OpH(t,x,p) = {DpH(t,z,p)}. (7.60)

Theorem 11.12 and Lemma I1.12 imply the following lemma.

Lemma I1.13. For any (to,z0) € Do, any optimal trajectory x°(-;to, xo, u°(:|ds)), u°(-|ds) € My,, of the
problem OCP' (7.54)—(7.56), coincides with the phase component Z(-,yo) of the classical characteristic
(7.38)—(7.39) under the condition yo € Y (to,zo) (7.40).

The main result of this section is the following theorem.

Theorem I1.13. A minimaz solution u(t,z) of problem (7.35), (7.36) is defined by formulas (7.41),
(7.37)—(7.40) for any (t,z) € clllp, where Y (t,z) # 0 everywhere on clllp. For any (t,z) € Iy, the
superdifferential 0% u(t,x) C R"! of the function u(-) has the form

Ot u(t,r) = co {( — H(t,z,p(t,y°)), p(t, yo)) Y e YO, x)}, (7.61)
where
VOtz)={y eY(t2): 2(t,y") = u(t,z)} £ 0. (7.62)

Proof. Fix any point (tg,z¢) € cllly and any number ¢ € (0,7 — tg). Let Dy = Dc(tg, z¢) N clIlp, where
D.(tg, o) is a closed e-neighborhood of the point (tg, 7o) in R™"! and a number K(Dg) > 0 be chosen
in accordance with Lemma II1.10.

Define the set P* = P; for OCP’ similarly to (7.58):
P =P = P(Do) = {pe R" : |p|| < K(Dy)}.

Integrate the equation for 2(-,y) in (7.38), (7.39), where y € Y (¢, z), (t,z) € Dy, taking into account the
formula (7.59) for H(¢,x,p) in the domain D; (7.57):

H(t,xz,p) = <p, DpH(t,x,p)> — H* (t,:n, D,H(t, x,p)).

For t < T, we have
T

£(t) = oly) — [ B (. a(r.0). DyH (. (r,y). (r.0) ).

It follows from Theorem II.11 and Lemma II.13 that for any point (¢,x) € Dy and any pair consisting of
an extremal and the corresponding coextremal of the problem OCP’, namely, x¢(-) = z¢(-;t, x, u(-|ds))
and p¢(+) = p°( T, 00(x¢(T))/0x, u¢(-|ds)) : [t,T] — R™ x R™, the following relations hold:

Y(t,x) # 0,
yeY(hy) & y=a*(T bz u(1ds)) = 2*(T),
(1, t,x, pf(-|ds)) = &(7,2°(T)), p°(r) =p(r,2%(T)) = u(r|ds) for 7€ [t,T],
) = Jita) (B( 2(T)), 2 (-, 2°(T))),
2Y),2(y)) =min{2(t,y) :y € Y(t,2)} = u(t,z).

3002



Thus, in the domain Dy, the function u(t,z) of the form (7.41) coincides with the value function
VO(t, z) of the auxiliary problem OCP’ (7.54), (7.55), (7.58). According to (7.59), it is possible to treat
Eq. (7.35) as the Bellman equation of the problem.

Apply the results of the theory of minimax solutions of the Hamilton—Jacobi equation [235, 238] to
obtain that the function (¢, x) — u(¢,x) coincides with a unique minimax solution of the Cauchy problem
(7.35), (7.36) in the domain Dy. Thus, for any (t,z) € Dy, formula (7.61) holds, namely,

oVO(t,x) = co{( — H(t,:v,p),p) :p € po(t,x)}

= co{ (= H(t,a(t,y).p(t,y)) : y € Y(t,2) | = du(t,x) £,
where
PO(t,w) = {p = p"(t) : Ty (0°(),2°()) = VO (t,) |
and the set Y(¢,z) is determined in (7.62).
Since (tg,z0) and € € (0,71 — tp) are arbitrary, the function (t,z) — u(t,x) (see (7.41) and (7.37)-
(7.40)) coinciding with the value function of the auxiliary problem OCP’ (7.54), (7.55), (7.58) is a global
minimax solution of the Cauchy problem (7.35), (7.36). In other words, it is the solution “on the whole.”

8. Method of Dynamical Programming and Optimal Synthesis
in Feedback Optimal Control Problems

8.1. Statement of feedback optimal control problems. A basic approach to studying and solving
the problem OCP is a feedback statement, in which one constructs an optimal control as an optimal
feedback, in other words, as an optimal synthesis or an optimal positional strategy. Feedbacks are functions
[0,7] x R™ > (t,z) — U(t,x) € P, possibly discontinuous [29, 135, 213].
To define motions of system (3.1) under feedbacks, the following concepts are known:
e formalizations using solutions of differential inclusions constructed by discontinuous right-hand
sides of the dynamical equations (see [14, 75]);
e formalizations using limits of step-by-step motions (or Euler polygons with discrete feedbacks;
see [82, 128, 133]);
e formalizations using multi-valued strategies constructed by feedbacks (see [35]), and others.
In the framework of these formalizations, a feedback generates a whole set of motions. Therefore, a
necessity of defining the notion of guaranteed result arises. Recall that the guaranteed result is the worst
value of the cost functional on the set of all motions generated by the feedback.

Remark I1.10. Note that the set of motions obtained as limits of Euler polygons turns out to be the least,
and the corresponding guaranteed result is the best of all the above-mentioned results. This circumstance
is a reason for applying this approach in the research presented in the present monograph.

Recall the formalization of the feedback problem OCP introduced and developed in the theory of
positional differential games (see, e.g., [128, 133]).
Consider a feedback
cllp =[0,T] xR" 3 (t,z) — U(t,z) C P.
Let A :={tg =7 < -+ <7 < - < 7Ny41 = T} be a partition of the interval [tg, T| with diameter
diam A := max{(7i4+1 — 7)) : 0 <i < N},

Definition I1.3. The Euler solution, or the Euler polygon, or the step-by-step motion xa(-) = xa(+;to,
xo,U) @ [to,T] — R™ generated by the feedback U(t,x) and corresponding to the partition A is the
trajectory of system (3.1) described on any subinterval [, 7541), 9 =0,1,..., N — 1, as follows:

a(t) = f(t,za(t),wi), t€ [T, Tit1), (8.1)

3003



where the control u; = U(7;,za(7;)) is constant. The initial state is za(to) = xo. The function Ua[] :
[to, T] — P such that Ua[t] = u; for t € [r,711), i = 0,1,...,N — 1, is called a discrete realization of
the feedback U(t,x). The corresponding value of the cost functional I 5, (za(-), Ua[]) is calculated as

follows:
T

Ltg,zo(za (), Ual]) = o(za(T)) +/9(t7wA(t),UA[t])dt- (8.2)

to

Definition II.4. The uniform limit of Euler solutions za(-) as diam A = max (7; — 7,—1) tends to 0 is
i€l,N

the motion x(-) = x(-;to, x0,U) : [to, T] — R™ of system (3.1) starting at an initial point (to, o) under
the feedback U (¢, x).

We denote by Sol(tg, zg, U) the set of all motions z(t) of system (3.1) starting at the initial point (¢o, zo)
under the feedback U(¢,x).

Remark II.11. The definition of motions z(-) € Sol(tp,zo,U), the compactness of the set M, and
conditions (A1)—(A3) imply that any motion z(-) € Sol(tg, zg,U) coincides with a trajectory of system
(3.1) generated by a generalized control u(-|du) : [tg, T] — rpm(P).

Definition I1.5. The guaranteed result T'(to,xo,U) for a feedback U(t,x) of the problem OCP at an
initial point (tg,zo) € Ilp is defined as follows:

[(to, x0,U) = limsup Iy, a0 (za(:), Ual])
diam A—0 (8 3)
= s T (@it g0, uCldu)), mCldw)), ‘
z(-)€Sol(to,z0,U)

The limit is calculated over all converging sequences of Euler solutions za(-) = za(-;t0, 20, U) paired
with corresponding discrete realizations Ua[-]. The supremum in (8.3) is calculated over all limits z(-) of
sequences paired with generalized controls u(-) generating the limit motions.

Let € > 0 be a small parameter.

Definition II.6. A feedback U® : [0,7] x R™ — P is said to be e-optimal for an initial point (tg,z¢) €
clIlp if it satisfies the following relation:

D(to, zo, U) = limsup Iy o (22 (), UAL]) < V(to, 20) + €, (8.4)
diam A—0

where 2% (-) = za(+;to, 2o, U®) and UL [] is the corresponding discrete realization of the feedback.

Definition ILI.7. A feedback U : [0, T] x R"® — P is said to be optimal for an initial point (to, z¢) € clIlp
if it satisfies the following relation:

[(to, zo, UO) = dl‘imsAupO Lty 20 (xOA(-), Ug[-]) = V(to,x0), (8.5)

where 24 (-) = za(+; to, 70, U?) and UR[] is the corresponding discrete realization of the feedback.

Definition II.8. A feedback U : [0,T] x R® — P is said to be universal optimal in a domain D C clIly
if it satisfies the relation

F(t()? L0, UO) = dl,im SAupo ItO,xO (1‘%(), Ug“) = V(to, xo)
iam A—

for all initial points (to,zo) € D, where 24 (-) = za(*; to, 2o, U®) and UR[] is the corresponding discrete
realization of the feedback.

Recall the following result of the theory of feedback control [135].
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Assertion I1.4. Let conditions (A1)—(A3) for the problem OCP hold. Then the optimal program result
and the optimal guaranteed result coincide for all (to,xo) € [0,T] x R™, i.e.,

V(t()?xo) = u(;gg IthLUO (%(,to,l’o,u()),u())

0 8.6
= i[l}fr(t(),:l,‘o,U) = inf limsup Ij; 4, (IL‘A(';to,l’o,U),UA['D, (8.6)
diam A—0

where the last infimum is calculated over the set of all feedbacks U = U(t,x).

8.2. Classical dynamical programming method and continuous optimal synthesis. As is well
known (see, e.g., [21, 29, 35, 42, 55, 80, 238, 247], etc.), the value function V (¢, x) (see (3.3)) plays a
key role in the study and solution of the feedback OCP. One of the classical methods of solution of
the problem OCP is the Bellman dynamical programming method [29]. This method is based on the
following properties of the value function (see, e.g., [80]).

Assertion I1.5. Let a function V*(-) : clllp — R be a classical solution of the following boundary-value
Cauchy problem:

VXT,z) =0o(z), xe€R" (8.7)
for the Bellman equation

oV*(t, x) + min K oV*(t, x)
ox

ot i [t u)> + g(t, z, u)] =0 (8.8)

in the strip (t,x) € 7. Let a feedback (t,x) +— U°(t,z) : lly — P have the form

ueP ox

UO(t, ) = Argmin { <M f(t,a, u)> +g(t,a, u)} | (8.9)

Let it be single-valued and continuous. Then trajectories 2°(-) = 2°(-, to, w0, U°) of the closed-loop system

i0(t) = f(t,2°(1), U°(t,2° (1)), t € [to, T},

S(te) —an (8.10)

and the corresponding realizations u®(t) = U%(t,2°(t)) of the feedback U°(t, ) (8.9) satisfy the relation
Ito,xo (:EO(', to, Zo, UO), uo()) = V*(to, xo) = V(t(], .1‘0). (8.11)
for all (to, o) € clIlp.

Therefore, in the classical dynamical programming method, the differentiability of the value function
and the continuity of the optimal feedback U%(t,x) (8.9) are assumed.

It is well known [213] that applications of the classical dynamical programming method are restricted
to the construction of optimal synthesis for the problem OCP. As a rule, the classical solution of the
Cauchy problem (8.7), (8.8), which is equal to the value function, does not exist in the whole domain
I [140]. The relations of type (8.9) for U°(t,x) are not defined at singular points of the value function,
where it is not differentiable. By the way, the mapping (8.9) often turns out to be multi-valued and lower
semicontinuous at regular points, where the classical solution is defined [35, 42].

As was mentioned above in Sec. 5.2, the value function V (¢,z) (3.3) coincides with the minimax [238]
and/or the viscosity [59] solution V’(t,z) of the Cauchy problem. Therefore, according to Theorem II.4
(see Sec. 5.2), inequalities (5.7) hold at singular points of the function V'(¢,z). One can use these
inequalities to define a single-valued optimal feedback U°(¢,x) everywhere in the domain II7.
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8.3. Necessary and sufficient optimality conditions for feedbacks. Note that U%(t,z) (8.9)
is a wuniversal feedback or optimal synthesis for the problem OCP for any initial point in the strip
D cC[0,T] x R™.

If a system is under the influence of a control and a disturbance, the situation can be considered as a
problem of the theory of differential games. It is proved in this theory that, as a rule, optimal syntheses
are impossible to construct, and the corresponding examples exist [135, 252]. However, for any given
accuracy € > 0, universal c-optimal feedbacks always exist and guarantee this accuracy at any initial
point in the given domain uniformly. One can find discussions and examples of constructions of universal
e-optimal feedbacks in [123, 126, 135].

If universal optimal feedbacks exist in a differential-game problem, then this structure and values are
close to arguments in (8.9) almost everywhere in the set of regular points of the value function (see
Assertion I1.6 below and [135, 252]).

Recall the necessary conditions for optimal synthesis, which, in general, is discontinuous. These con-
ditions are obtained in the theory of differential games [135, 252] and are modified below for the optimal
control problem OCP. As was mentioned in Sec. 5.1, the problem OCP can be interpreted as a differential
game with a fictitious second player.

Assertion I1.6. Let Q and ® be open domains in [0,T] x R"™. Let a feedback U°(t,x) be universal optimal
in the domain Q0 for the problem OCP. Assume also that the value function V(t,x) is continuously
differentiable in the domain ® and the inclusion €2 D ® holds.
Then for any small € > 0, there is a set O, everywhere dense in ® such that at any point (t,z) € d.,
we have
<8V(t,x)

ox

f(t,z, Uo(t,az))> +9(t,z,U%t,2)) < gg]rjl {<%, f(t, z, u)> +g(t, z, u)] +e. (8.12)

This result and also relations (8.9) serve as a guideline of optimal synthesis U%(¢,x) in the case where
the value function V (¢, z) is locally Lipschitz continuous.

Introduce the following objects.

Let D € clIly be a given compact set. Consider points (t.,z.), where t, € [to,T] and z, = x(t.) are
points on trajectories z(-) € Sol(to, xo), (to, o) € D (see Sec. 3.3).

Remark II.12. For any compact set D € clIlp, Definitions I1.3-11.4 and consitions (A1) and (A2)
imply that all points

(e Tas26) 1t € [to, T], @ = mu(te), 26 = 24(t), 24(t0) = 0,  24(t0) = 0,
zi(ty) = //g(t,ar*(t),u)u*(ﬂdu)dt7 2(+) € Sol(to, 7o), (8.13)
to P

are contained in a compact set Q% 5(D) 3 (ts, 24, 24), Qi 5(D) C R"™? (see Lemma I1.10). Denote the
projection of the compact set @ ,,(D) to the space R** by Q*(D).

For any given number § > 0, introduce the average speed

()
Tyt +0) — x(ts)

z , %//g(t,x*(t),u)u*(tldu)dt

t« P

and their limits along trajectories z.(-) € Sol(ty, z4):

F(tas s () = lim 270 (b

6—0 1) ’
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t+46

el () =t 5 [ [ gttt up(tidu)dr

6—0
tx P
On the compact set Q*(D) > (t«, z4), we define the following quantities (moduli of inertiality):

z+(-)ESol(t«, )

tv+90

GGt = s lgftafe() 5 [ [ (0w o).

Zx () ESol(tx,zx)

)

te P
and
BiD) = s Bi6tew),  B0.D)= s B0 tea.). (8.14)
(ts,xz«)€Q* (D) (ts,x+)€Q* (D)
By the definitions, the quantities 3¢(d, D) > 0 and 34(d, D) > 0 (see (8.14)) satisfy the conditions
B:(5,D) 10, By(6,D) L0 (8.15)
as 0 — 0.

Using the representative formula (4.2) for the value function,

V(t,x) = oI}leiR w(t, z, o)

(see Theorem II.1) and using condition (8.15), We prove the following auxiliary fact.

Theorem I1.14. Let conditions (A1)-(A4) for the problem OCP hold. Then at any point (to, xo) € Ilp
and for any parameter o € A%(ty, xo), where

At z) = {ao eA:V(t,x)= w(t,x,ozo)}, (8.16)
there exists a value of control u® = u(tg, zg,a’) € P such that

dw(to,l’o,ao) 0 dV(tO,:cg) 0
+ g(to,zo,u") = + g(to, zo,u") = 0. 8.17
(L, f(to, o, u")) 4 ) (1, f(to, o, u?)) 9l ) (847
Proof. For any initial point (¢, o) € clIly, Assertion II.1 for the problem OCP implies (see (3.9)) that
there is a generalized control u%(-|du) € My, and the corresponding trajectory z%(-) = z%(-; to, 2o, u°(-))
of system (3.6) starting at the point (fo, o) such that

T (2° (0, 0, 10 Cldu), 1 |dw)) ) = V (2o, x0), (8.18)

where the cost functional (3.7) is calculated for this pair. This means that the pair is optimal for the
initial point (to,xo).

Use constructions (4.4) and (4.5) from Theorem II.1, the linear transformation (4.7): [to,T] — [0, 1],
and the bijective correspondence between generalized controls p(-|du) € My, and elements a € A. Thus,
any optimal control p°(-|du) is transformed to an element a® € A°(t, z) satisfying the relation

V (to, z0) = wl(to, xo, ). (8.19)

According to the optimality principle, for any moment t € [to, T], the restriction (x?(-), u?(:|du)) :
[t,T] — R"™ x rpm(P) of the optimal pair (z°(-), u°(-|du)) : [Ty, T] — R™ x rpm(P) satisfies the relation

Lgogey (8 (. 2°(@0), w (Cldw)) ) =V (2,2°(1). (8.20)
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Let o be the element of the compact set A, which is obtained from u(:|du) under the linear transfor-
mation (4.7): [t,T] — [0, 1]. Similarly to (8.19), we have

V(t,2°(t)) = w(t, 2°(t),ad), t € [to, T). (8.21)
For any moment ¢ € [ty,T] and § € (0,7 —t), Eq. (8.20) implies
V(t+6,2%t+06)) = w(t+ 6,20t +6), ang(;) = w(t,2°(t),ad) = V(t,2°(1)), (8.22)
where the optimal trajectory z°(-) has the representation
t+9
20t +6) = 2° / /f 7, 2° p° (7| du)dr. (8.23)

Consider the sets
E(t,x) ={(f(t,z,u),g(t,x,u)) : u € P},
which are convex and compact according to assumptions (A1) and (A4). These properties imply the
following relations.

e For any moment ¢ € [to,T] and for almost all 7 € (t,¢ 4 &), the set E(t,z°(t)) contains points
(f°lt, 7], ¢°[t, 7]) of the form

fOlt, 7] = /f(t,xo(t),u),uo(ﬂdu), Pt 7] = /g(t,xo(t),u),ug(ﬂdu). (8.24)
P P
The average vectors (f{(t),g2(t)) € E(t,2°(t)), where
. t+6 . t+5
Bo =5 [P o -5 [ (3.25)
t t
satisfy the inclusion (f9(t),¢3(t)) € E(t,2°(t)).
e Any limit average vector (f9(t),g%(t)) of the form
P20 = Jm (4,0} o0 = Jim {65,(0) (5.20
satisfies the inclusion (f9(t),¢°(t)) € E(t,2°(t)). It follows from condition (A1) and (8.15) that

the following estimates hold:
175, () = F2 O < By (dx, D) + La (1 + K°)dy,
g5, (t) = g° @)l < By (8, D) + L1 (1 + K°)dy,
where (tg,z0) € D C clIly, D is a compact set, and (¢,2°(¢)) € Q*(D), and

KY .= t t )
(t,x,u)glgffmxp{”f( czyu), gtz u)l}

(8.27)

As follows from conditions (A1) and (A2) and (8.15), estimates (8.27) are uniform with respect to points
(t,z) = (t,22(t)) € Q*(D) and trajectories 20(-) € Sol(ts, 2°(t.)), to < t. <t < T.
Properties (8.24)—(8.26) imply that

2(t + 6x) — 2°(t) = fOt) - 6k + hy(Sr),
2t +0r) — 2°() = g°(t) - O + hy(6k).
0 _

As follows from assumption (A4) on the convexity of FE(t,x), there is a control parameter u, =
ul(t,z,a?) € P such that

(8.28)

) = ft,2°(t),ul), () = g(t,2°(t), u). (8.29)

3008



According to (8.14), (8.24)—(8.26), (8.28), and (8.29), the vector h(d;) = (hf(0r), hg(0x)) has the form
hy(6e) = [22(t + 6%) — 2°()] = f(t,2°(2), u2)dr,
hy(8) = [22(t + &%) — 2°(1)] — g(t, 2°(t), u2) .
Using (8.15), we estimate ||h(J)]]:
|R(8)|| < Bf(6,D) -6+ B4(6,D) - 6. (8.30)
In particular, for any point (tg, zg) € Iz, it follows from relations (8.22), (8.23), and (8.28)—(8.30) that

the locally Lipschitz continuous value function V' (¢, z) satisfies the required relations (8.17), namely,

to+90
1
0= (%H% S V(to + 5’ 930(750 + 5)) - V(t[),l‘o) + / /9(7—7 :L‘O(T)?U)HO(T|du)dT

V(to+ 9 t No) — VIt 8.31
— lim (0+ k,$o+f( 0,0, U") k) (0’$0)+g(t0,x0,u0) ( )
5r—0 O,
dw(to,.%'(), ao) 0 dV(to,%‘o) 0
= t = t =0.
(1, Flto, zo,a) 910070 %) = (5 g, oy T 9070 1)
Theorem I1.14 is proved. O

Note the following. According to the optimality principle [29, 255], for any point (g, zg) € (0,7) x R™
and any pair consisting of a generalized control u(-|du) € M and the corresponding trajectory x(-) =
x(;to, xo, p(-|du)), the following inequality holds:

to+0
V(to + 0,z(to + 9)) > V(to,zo) /g(r,w(T),u)u(T]du)dT, (8.32)
to P
where
to+0
x(to +0) = zo + f(m, 2(7),u) p(r|du)dr. (8.33)
/]

Relations (8.17) and (8.31) in Theorem II.14 and inequalities (8.32) and (8.33) imply the validity of
the following assertion.

Corollary II.1. Let assumptions (A1)—(A4) for the problem OCP hold. Then at any point (t,x) €
clIlp, we have
d*w(t,z,a)

min @ min @ —————<X 4+ gt T, u) =
ueP a0e A0 (t,x) (1 f(t x U)) g( )

dw(t,z,al)
(1, f(t, 2, u))

av(t,z)

—(1,f(t,x,u2)) +g(t, z,u?), (8.34)

+g(t7x7u8) =

where u? = u2(t, z,a?).
The following theorem is the main result of this section.

Theorem I1.15. Let conditions (A1)—(A4) for the problem OCP hold. Then for all (t,x) € llp =
(0,T) x R™, universal optimal feedbacks U°(t,x) can be defined by the relation

d*V(t,z) .
i f s+ 90a ) (539

where V (t,x) (see(3.3)) is the value function of the problem OCP.

Ul(t,z) € Argmm{
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Proof. According to Theorem II.4 and the definition (8.35) of a feedback U°(t, z), the equality
d*V (t,x)
(L, f(t, 2, U(t,2)))

holds for all (¢,z) € Il = (0,7) x R™.
Moreover, it follows from the proof of Theorem I1.3 and the definitions of directional Dini semiderivatives
dtV(t,x)
(1, )
(1, f(t,z,U°(t, x)) of shift along optimal trajectories. Hence, for all (¢, z) € IIy, we have
av(t,x)
(L, f(t, 2, U(t, 2)))

Let D C cllly = [0,7] x R® be a compact set in R**!. Fix a point (tg,2¢) € D and consider a
motion z(-) € Sol(tg, zo, U?) starting at an initial point za(tp) = 7o under a feedback U°(t,z) (8.35).
Let us consider Euler polygons xa(:) approximating this motion z(-). Recall that the Euler polygons
are generated under piecewise constant controls UR(-) : [to,T] — P, which are defined at nodes 7;,
j=0,1,...,N(A), of a partition A of the interval [ty,T]. The controls have the form

+g(t,z,U%t,2)) =0 (8.36)

that the locally Lipshitz continuous value function is directional differentiable in the directions

+ g(t,z,U%t,z))) = 0. (8.37)

UR(t) = U%7j,xa(r;)) for t€[rj,Tit1). (8.38)
Therefore, the controls are realizations of the feedback UY(-).

Remark II.13. Definitions I1.3 and I1.4 and conditions (A1) and (AZ2) imply that a compact set Q*(D)
contains all (t,za(t)), where t € [to,T], and za(-) are the Euler polygons starting at the points za (tg) = o
for any initial point (to, o) € D, any partition A of the interval [to, T'| with diam A < 1, and any feedback
with values in P. The compact set Q*(D) is the projection of the compact set @y (D) C R"+2 (see
Remark I1.12) to space R™*! where z(to) = 0.

Let us introduce the following notation:

Q' =Q'(D), K- (nggg*xp{Ilf(t,x,U)ll, g(t, 0}, .
Vo) V()| < L) — ()| W) €@ () € @

where L* = L*(Q*) > 0 is the Lipschitz constant for the value function V' (¢,z) on the compact set Q*.
Consider the difference

T
0 < gaa ()~ Vito,m0) =l {o(ra()) + /g(t,xA(t),Ug(t))dt CVi(tgm)  (8.40)

and estimate the current differences minimizing in (8.40):

T
—|—/g t JIA ())dt —V(to,:ro)
to
N—1 Tj+1
VTJ+1,1‘A Tj+1)) V(Tj,mA(Tj))+/g(t,:UA(t),UO(Tj,xA(Tj)))dt , (8.41)
j=0 T
J

where 7y =T and o(z(T)) = V(T,z(T))).
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Let us introduce the notation

x;=aa(ry), U =U%m 1)),

(8.42)
£ = F(rj,25.0% (g, 27)), g5 = g(7j.25, U (75, 25)).
First, let us estimate the term of the sum in Eq. (8.41) and rewrite it in the new notation:
Tj+1
0<V (rjs1.2a(r41)) + / g(t2a(®),U° (rj,a(ry) )dt = V(5 2))
7j
= [V(Tj+1,w‘j + ] (T =) - V(Tjaxj)} +g5 (Ti41 = 7))
+ [V(Tj+1,m(7j+1)) = V(71,2 + f - (151 = Tj))}
Tit1
+ / g(t,$A(t), UO(Tj,.CI}A(Tj))>dt — g]Q (T —m) | =1 + I]'~ + I]’/. (8.43)
7
Using conditions (A1) and (A2) and notation (8.39), we obtain the following estimates:
Tj+1
za(7i41) = 25 + / F(t,5a(8), U (rjyma(r))dt < 5+ £ (rj1 — 73) + Aa,
ks (8.44)
Li(1+ K¥)
1Az < ———=(7j1 = 73)°,
1} = V(s 2alrs) = V(e + - (01— 7)) |
8.45)
) 1+ K” (
< L||lza(rn) = @ — 7 - (1 = )| < L Ly (41 = 7)°,
Tj+1
I = t,xa(t),U%(r ) )dt — g? - (7 ) <L )2 8.46
i = 9( ;zA(t), (TjaiﬂA(Tj))) — 95 (Tj41 —75) | < 1T(TJ+1 —7)° (8.46)
7j

Estimate terms of I;, which are defined on the right-hand side of relations (8.43). Using pieces of

optimal trajectories

33‘9() : [Tj’Tj-i-l] - Rn? 33‘9() = x(’T]7xJ7/1'§)(|du))7

starting at initial points (7, ;) under optimal generalized controls u?(-]du) 2 [73,T] — rpm(P), we obtain
Ij = [V(mh zi+ 17 (T = 7)) = V(Tjaxj)} +g5 - (Tja1 = 75)
< |:V(7‘j+1>$j + fj(.) (Tj1 —15)) — V(Tj+1,$?(7j+1)):|
+ [V(Tjﬂ,l‘?(TjH)) — V(Tj,[l?j)i| + g? A(Tjp1 — T5)

= |:V(Tj+1,l'j + f]O . (Tj+1 — T])) — V(Tj+1,l’?(7’j+1)):|
Tj+1

— / /g(T, x?(T),u)u?(ﬂdu)dT +g(7'j,xj, UO(Tj,J:j)) A(Tjp1 — 7). (8.47)
7 P
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Using the Lipschitz continuity of the value function V(t,z) and the functions f(-,u) and g¢(-,u) and
the uniform boundedness of f(-) and g(-) on @* (8.39), we estimate the terms on the right-hand side of
inequalities (8.47):

[V(TJH»%’ + [} (T — 7)) — V(Tj+17$§‘)(7'j+l))}

Tj+1
<L / ||f<Tj7xj,UJ°>—/f(r,:c9< ), w) (7| du)dr
T]' P
Tj+1

N 1
<L |ff - - / / f (2wl (rldw)dr | - (7 — )
J
7, P

Tj+1
//Hf Tj’x]? (Tja (J) Hlu’j T|du)

Tit1

. 1
<18 - 5 / / F(rg, x5, @)l du)dr | - (41 — 75)
J
Tj P

+ L*Ll(l + K*) . (Tj+1 — Tj)2. (848)

Similarly, let us estimate the second part of the terms on the right-hand side of inequalities (8.47):

Tj+1
i (=)~ [ [olradin) w)udiriduyar
;5 P
1 Tj+1
<l -5 [ [amamldoir - (5 - )
J ’T' P
Tj+1
//‘g Tj, Lj, U (T]7 ] ‘Mj T|du)dr

Ti+1

]' *
< g?—a / /g(ijxj,u)u?(TldU)dT (T = 1)+ La(L+ K (70 — 1) (8.49)
j
i P

According to the constructions presented in the proof of Theorem I1.14, we choose z 9(.) and 14 (. |du)
satisfying the relations

Tj+0k;

fJ(-]ngQ(Tj)Z hm — / /f Tj, Lj, U '“J T|du)dr

T]+5kj
1
g;) = g?(Tj) = 5,11%0 g / /9(7—]’ $]7U)M0(7’du)dT
Tj P
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Using relations (8.27) for all points (7, 2;) € Q*, we continue estimates (8.48) and (8.49):

Ti+1

1
B / / £ (g, 5y (rldu)dr | - (7741 — 1)
T P
< [5f((7j+1 —75),D) + Li(1 4+ K*)(7j41 — Tj)] (Tj41 —75), (8.50)

Tj+1

1
Sk / /Q(Tj,xj,U)M?(Tdu)dT (71 — )
J
’Tj P

< {Bg((rﬂ_l —75),D) + L1 (1 + K°)(1j11 — Tj)] (Tj41 —T15), (8.51)
where
6f((7—j+1 - Tj)7D) 10, ﬁg((Tj-s-l — Tj),D) 10 as diamA — 0.
in accordance with (8.15).
Summing the inequalities (8.48)-(8.51), we obtain the final estimate for I; (8.47):

I < (7401 — 75) - (Tje1 — T5), (8.52)
where 1) = 9(7j41 — 7;) is defined by the relation
5
ve= gl T+ LA+ K7) - (41— 75) + Br((rj1 = 75), D) + By (7531 — 75), D) (8.53)
and ¢(7j41 — 7j) < ¥(diam(A)), 7 =0,1,...,N — 1(A).

Using (8.43), (8.45), (8.46), and (8.5 ) we obtain the final estimate:

MZ

0 < Ity ao(za()) — V(to,z0) = [ Tj+1, TA( T]_H)) V(Tj,xA(Tj))
Tit1
+ / g(t,xA(t), UO(r, xA(Tj)))dt] < (T — to) - d(diam(A)). (8.54)
7j
Obviously, ¥ (diam(A)) — 0 as diam(A) — 0. Hence
0 < Ity ao(zal:)) = V(to,z0) = 0 as diam(A) — 0. (8.55)
Estimate (8.55) and Definitions I1.3 and II.4 imply Theorem II.15. O

CHAPTER III

GENERALIZATION OF THE METHOD OF CHARACTERISTICS
IN THE THEORY OF MINIMAX SOLUTIONS
OF SINGULARLY PERTURBED HAMILTON-JACOBI EQUATIONS

As a rule, nonlinear Hamilton-Jacobi equations have no global classical solutions and solutions presented
by formulas using classical characteristics. Chapters I1I and IV are devoted to the further development of
the method of generalized characteristics for the study and construction of global nonsmooth solutions of
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Hamilton—Jacobi equations. A new class of singularly perturbed Hamilton—Jacobi equations is considered;
these equations are first-order partial differential equations having a small parameter in the denominators
of some terms containing impulse variables.

In Chap. III, we investigate the problem on the possibility of singular approximations for minimax
solutions of nonperturbed Hamilton—Jacobi equations, i.e., approximations by minimax solutions of singu-
larly perturbed Hamilton—Jacobi equations considered in the extended phase space. Singularly perturbed
Hamiltonians have a small parameter in the denominators of coefficients of the corresponding additional
impulse variables.

Sufficient conditions for the convergence of mimimax solutions of singularly perturbed Hamilton—Jacobi
equations are obtained. We prove that the limit of the minimax solutions is the minimax solution of the
limit unperturbed Hamilton—Jacobi equation called asymptotics. The key condition of the convergence
is the existence of attractors in the subspace of singularly perturbed (fast) phase variables of general-
ized characteristics. The singular approximation can be considered as a development of the reduction
techniques of Tikhonov [281] suggested for singularly perturbed dynamics problems.

9. Singularly Perturbed Hamilton—Jacobi Equations

9.1. Statement of the Cauchy problem P¢ for singularly perturbed Hamilton—Jacobi equa-
tions. We consider two Cauchy problems for Hamilton—Jacobi equations: the unperturbed problem P
and the sinqularly perturbed problem P¢.

The unperturbed problem P in the basic phase space R"*! with the variables (¢, z) has the form

% + H(t,xz, Dyu(t,z)) =0, te€(0,T), zeR" (9.1)
w(T,z) =0(x), zeR", (9.2)
ou ou
where DI'LL = (a—xl,,a—xn)

The singularly perturbed problem P¢ in the augmented phase space R"T*+! with the variables (¢, z,y)
has the form

ous(t,z,y)
ot
u (T, z,y) = 0°(z), (z,y) € R" x RF, (9.4)

1
+ H° (t,x,y,Dxua(t,x,y), gDqu(t,m,y)> =0, (t,x,y) € (0,T)xR" x RF, (9.3)

where € > 0 is a small parameter. The impulse variables are denoted by the symbols

Ouf ous ou’ ou®
— Dol = LM Y err, g=Dgur = (22 € R,
b= (em zm) 4= (31/1 8yk>

respectively. Note that a part of the impulse variables, namely, components of the vector ¢, have coeffi-
cients 1/¢ in the Hamiltonian He(t, x,y, p, %q) The additional phase variables y = (y1,...,yx) are called
fast variables and the variables x = (z1,...,x,) in the basic phase space are called slow variables. This
terminology will be clarified below.

The results presented in this chapter were obtained in the framework of the theory of minimax solutions
of Hamilton—Jacobi equations [235, 236, 238]. It was mentioned in Chap. I that the concepts of minimaz
and wiscosity solutions are equivalent. It is proved in the theory of viscosity solutions that these solutions
can be approximated by using the method of vanishing viscosity. This means that the viscosity solution of
Hamilton—Jacobi equations coincides with the limit of smooth solutions of quasi-linear parabolic partial
differential equations with a small parameter at the Laplace operator, as the parameter tends to zero.
According to the terminology of the theory of perturbations, one can consider the method of vanishing
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viscosity as the regular approximation for viscosity and/or minimax solutions of Hamilton—Jacobi equa-
tions (9.1). A small parameter appears in the numerators of terms containing senior derivatives in the
regularly perturbed Hamilton—Jacobi equations. The regular approximation is considered in the phase
space R™! of variables (¢, ).

Chapter III is devoted to another type of approximations, namely, to the construction of a generalized
solution of Hamilton—Jacobi equation (9.1) by using singular approximations (9.3) considered in the
extended phase space R"**1 with the variables (¢, z,v).

9.2. Minimax solution of the problem P¢. Definition III.2 of the minimax solution of singularly
perturbed Hamilton—Jacobi equation suggested below differs from the canonical definition (see Sec. 2.3,
Definition 1.10, and [235, 236, 238]). It contains a modification taking into account the existence of
singular (fast) components of generalized characteristics. Consider the definition.

Fix ¢ > 0. Let S° be a nonempty set and M¢ be a multi-valued mapping [0,7] x R x R¥ x §¢ —
R™ x R* x R:

(t,z,y,8") — Me(t,x,y,s). (9.5)

The pair (5%, M¢) is called the characteristic complex (or, briefly, the complex) for the singularly

perturbed problem P¢ (9.3)-(9.4) if the following conditions hold:

(1°) For any (t,z,y) € [0,T] x R® x R* and s’ € S¢, the sets
M= (t,z,y,s") = {(f, h,g9)} € comp(R™ x R* x R)
are nonempty, convex, and closed; elements (f, h, g) € M¢(t,x,y, s’) satisfy the inequality
1A+ Bl =+ gl < po (1 + ]l + [yl

for all s’ € 5S¢, where u® > 0 are constants; the multi-valued mappings (¢, x,y) — M*(t,z,y,s’) are
upper semicontinuous for all s’ € S€.
(2°a) For any (t,z,y) € [0,T] x R® x R¥ and (p, q) € R” x R¥, we have

1 1
max min {<f,p> +=(ha) =g+ (f,h,g) € ME(t 2y, S’)} = H* <t,:v,y,p, gq> : (9.6)
(2°b) For any (t,z,y) € [0,T] x R® x R* and (p, q) € R" x R*, we have
1 1
min maX{(f,m +-(ha) —g: (f b, g) € ME(t 2.y, 8')} = H* <t,fv,y,p, gq> : (9.7)

The set of all characteristic complexes (5%, M¢) is denoted by C(H*®).

Pairs (S, M) and (S5, M?) are called upper (respectively, lower) characteristic complexes if con-
ditions (1°) and (2°a) (respectively, conditions (1°) and (2°b)) hold. The sets of all upper and lower
characteristic complexes (S5, M$) and (5%, M¢) are denoted C'(H¢) and C!(H¢), respectively.

For any (S¢,M¢) € C(H®) and s’ € S¢, we denote by Sol(tg,xo, 0, 20,5") the set of all abso-
lutely continuous functions (z(-),y(-),z(:)) : [0,7] — R"™ x R¥ x R satisfying the initial condition
(z(to),y(to), z(to)) = (0, Yo, 20) and the characteristic differential inclusion

(@(t),e9(t), 2(t)) € ME(t, x(t),y(t), ). (9-8)

Solutions of the characteristic differential inclusions are called generalized characteristics. Note that speeds
y(t) of singular components y(t) of the characteristics have a small coefficient € on the left-hand side of
differential inclusion (9.8).

Definition ITI.1. A lower semicontinuous function [0,7] x R” x R¥ 3 (¢, z,y) — v®(t,z,y) € R is called
an upper minimax solution of Hamilton—Jacobi equation (9.3) if the following condition holds: for any
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(to, o, Yo, 20) € epiv® and s’ € ST, there is a trajectory (z(:),y(-),2(:)) € Sol(to, zo, Yo, 20, §') satisfying
the inclusion

(r,2(7),y(7),2(7)) € epiv®, 7 € [to, T].

An upper semicontinuous function [0, T]xR"xR¥ 3 (t,z,y) — w®(t,z,y) € R, is called a lower minimaz
solution of Hamilton—Jacobi equation (9.3) if the following condition holds: for any (to, 0,0, 20) €
hypow® and s € S¢, there is a trajectory (x(-),y(+), 2(+)) € Sol(to, zo, Yo, 20, s") satisfying the inclusion

(1,2(7),y(7),2(7)) € hypow®, 7 € [to,T].

Here, we assume that (S5, M%) € CT(H?) and (5%, M?) € C'(H?). The symbols epiv® and hypow®
denote the epigraph of the function v¢ and the hypograph of the function w®, respectively.

Remark ITII.1. We emphasize that upper and lower minimax solutions are independent of the choice of
characteristic complexes (S5, M$) € C(H?) or (S%, M¢) € C'(H?) in Definition IIL1 (see [236, 238]).

Discussions on various characteristic complexes are given in Sec. 10.2 in this chapter and in the next
chapter devoted to the Isaacs equations arising in the theory of antagonistic differential games. For
example, the well-known differential inclusions defining properties of the u-stability and wv-stability of
the value function in the theory of differential games [133, 135] can be considered as the characteristic
inclusions for the Cauchy problem P (9.1), (9.2) or P¢ (9.3), (9.4) for the corresponding Isaacs equations.

Definition ITI.2. A continuous function [0, 7] x R® x R¥ > (¢, z,y) — uf(t,z,y) € R is called a minimaz
solution of Hamilton—Jacobi equation (9.3) if it is an upper and lower minimax solution simultaneously.

Remark ITI.2. Note that characteristic differential inclusions (2.2) consistent with the Hamiltonian H®
of the singularly perturbed problem P¢ by relations (2°a) and (2°b) contain a small parameter £ at
the speed of the variable y(t). Therefore, the speed has order 1/e and it increases as ¢ — 0. Hence,
the singularly perturbed components y(t) of the generalized characteristics (x(t), y(t), z(t)) are called fast
variables. The phase variable z(t) in the basic space R™ and the component z(t) are called slow variables.

10. Conditions for Singular Approximation

10.1. Sufficient conditions for the convergence of generalized solutions. Let us consider the
Cauchy problems P and P¢ under the following assumptions.

(Af1) The functions o°(-) : R™ — R are continuous and uniformly bounded; moreover, o¢(z) — o(z) as
e — 0.
(A®2) For any (t,z,y,p,q) € [0,T] x R® x R x R® x R¥ and ¢ € (0, 1], the Hamiltonian H® (¢, z,y, p, %q)
is continuous and satisfies the estimate
|H*(t,2,y,0,0)|

sup < 00. (10.1)
(tay)elo ] xrrxrr [(1+ |zl + [ly[)]

(Af3) The Hamiltonian H¢ satisfies the following Lipschitz conditions with respect to the impulse variables
(p: q):

1 1
‘HE <ta x’yap,a gq/> - HE (ta xz, y7p//7 gq//>

for any (t,z,y) € [0,T] x R" x R", (', ¢'), (t,¢") € R" x R, and A*(z,y) = p*(1 + [|z]| + [lyl}),
where p© > 0 is a constant (see Sec. 9.2, condition (1°)).

1
<) (W =1+ 210 1) (102)
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(Af4) The Hamiltonian H¢ satisfies the following local Lipschitz conditions with respect to the phase
variables (x,y):

1 1
‘HE (t/,ﬂfl,y/,p, _Q> — H* <t//)$”7y”ap7 _Q> ‘
sup c 1 2
W) (2 — || + [y — y|)) (1 +llpll + (1 + \QII)>

for any (t',2',5/), (t",2",y") € B C [0,T] x R x R¥ and any compact set B, where L = L(B) €
(0,00) is a constant.

< LF (10.3)

It is known [236, 238] that conditions (A°1)—(A4) guarantee the existence, uniqueness, and equiva-
lence of minimax and viscosity solutions u®(¢,x,y) of the problems P¢ for any ¢ > 0. Similar conditions
are assumed for the unperturbed problem P = P? below.

To provide the convergence of minimax solutions u®(t, z,y) as € — 0, we impose the following conditions
on the initial data of the problem.

(A®5) For any € > 0, there exist upper and lower characteristic complexes (54, M%) and (S_, M¢) such
that
— the sets of parameters Sy and S_ are independent of ¢,
— the multi-valued mappings (¢, z,y) — M5 (¢, x,y,s4) and (¢, z,y) — ME(t,x,y, s—) are Lipshitz
continuous in the Hausdorff metric, namely,

dist (ML, 2",y sx), ML(t", 2" y" s1)) <ro([t' —=t"| + [|a" = 2"[| + ||y — ")) (10.4)

for all (#,2,y"), (t",2",y") € B C [0,T] x R” x R* and any compact set B, where 7° = r¢(B) €
(0,00) is a constant and dist(M?!, M?) is the Hausdorff distance between two sets M1 and M?;
— the mappings € — M$ and € — M are continuously extended onto the interval € € [0, 1].

Let us consider the following construction:
s+ €8y, YE=Yi(txsy)C{y eRF: proj, ME (t,z,9°, s1) 3 0}, (10.5)
s_eS_, YE=Y(t,x,s_)C {yoeRF: proj, M= (t,z,y0,5-) > 0}, (10.6)

where proj, M is the projection of the set MT C R™ x R* x R onto the subspace R* of the fast variables y.
Let us assume that the following conditions hold.

(Af6) For any (t,z) € [0,7] x R™ and s4 € S, the sets Y are nonempty, closed, and bounded, i.e.,

Vy € Yt 2, 54) « [lyll < x“(1+ [|z[]), (10.7)
where x© are constants, x° € (0, u°]. The sets Y$ are continuous with respect to the parameter
e €[0,1].
(A®7) For any (t',2),(t",2") € [0,T] x R™ and s+ € S, the following Lipschitz condition holds:
dist(YE(t', 2/, s4), YE(t", 2", s4)) < KE(Jt' — | + ||2" — 2"])), (10.8)

where K¢ is a constant, K¢ € (0, L¢].
(A®8) There are subsets of parameters {s+} = S’ C Sy satisfying the following conditions. For any
compact sets D C [0,T] x R?, DY ¢ R¥, and Dy C R* satisfying the conditions

D> DS = U Y (to, zo, s+) + By,
(to,xo)€D175+€Sf‘_ v c [0 1]
E b )

Dy D Df = U Y= (to, x0, s-) + By,

(to,a}o)EDl,SfGSL

there exist numbers C¢ = C¢(D, D°, Dg) > 0 and §(¢) > 0 such that
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—0(e) | 0ase | 0;
— for any (to,z0,y0) € D' x (Dp U D°) and any si € S, all generalized characteristics
(x5(+),y3(+), 25.(+)) € Sol(to, zo, Yo, 20, S+ ) satisfying the inequalities
() > w1, 5 (), V> o,
22 (t) <uf(t,z2(t),y=(t), VYt > to,
possess the following properties:
dist (y(t), YE(t,25(¢),84) + Bf) < C° -diam Do U D° = df, Vt € [to,T], (10.9)
yi(t) € Yi(t,25(t),s+) + By, Vte[to+6d(e),T], (10.10)
where
Bi={yeR":|lyl <c}, D'=D+B,y, By ={(t,z) eRxR":|(t,2)] <1}.
(A9) All constants in (A°1)—(A%8) and the regular part of the Hamiltonian H¢(¢,z,y,p,0) are contin-
uous with respect to € and are continuously extended onto the interval [0, 1].

Introduce the “upper” HS and “lower” H¢ Hamiltonians:

HE (t,2,p) = max min {{£,p) ~r: (£,7) € coproj, . M (12, YE(7,54),54) ) (10.11)
sS4+ € ,+ ’

HE (t,z,p) = max min {(f,p> —7r:(f,r) € coproj, , M (t,z, Y(t, , s_),s_)}, (10.12)
s_eS’ ’

where proj,, , MZ are the projections of the sets M defined in the space of variables (z,y, z) € R" x R¥ xR
onto the subspace R" x R of the variables (z, z).
(Af10) Let the inequality
|HE (t,z,p) — H . (t,z,p)| < ale) (10.13)
hold for any (t,z,p) € [0,T] x R x R™ and € € (0,1] and let a(e) | 0 as e | 0.
Introduce the notation
HO(t,z,p) = lim HS (t,z,p) = lim HE (¢, z, p); (10.14)
el0 el0

HO(t,z,p) will play the role of the Hamiltonian in the limit unperturbed problem P called the asymp-
totics:

dult, z)

s HO(t,z,D,u) =0, (t,z)€ (0,T) x R, (10.15)

uw(T,z) =o(x), xe€R"™ (10.16)

(A°11) Assume that for any (t,x) € [0,7] x R” and s; € S, and s_ € S’ , the following condition holds:
Yt 2, s1) N Y2 (t, 2, 5-) # 0. (10.17)

The main result of Chap. III is the following sufficient conditions for the convergence of u®(t,z,y) to
u(t,x) as e — 0.

Theorem III.1. Let conditions (A°1)—(Af11) for the singularly perturbed Cauchy problem P (9.3)-
(94), € € (0,1], hold. Then the minimaz solutions u®(t,z,y) of the problem converge to the minimaz
solution u(t, ) of the unperturbed Cauchy problem P9 (10.15)—(10.16) as ¢ — 0:

u(t,x) = lsifglua(t,x,y), (t,z,y) € [0,T] x R™ x R”. (10.18)

The convergence is uniform on any compact set D x (D° U Dg) : D € [0,T] x R®, D° U Dy € RF.
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10.2. Comments. We make the following remarks on the sufficient conditions (A®1)-(Af11).

Remark ITI.3. Assumption (A®5) on the existence of the Lipschitz continuous, multi-valued mappings
(t,x,y) — M®(t,z,y,s") determining characteristic complexes is not exotic under standard requirements
(A%3) and (A®4). One can also reject the requirement that input data of the considered problem be
Lipschitz continuous with respect to t. In addition, it is not necessary for M and Y* to be Lipschiz
continuous in ¢. To show the validity of these remarks, one can consider the following complexes: the sets
of parameters are

S: =R"xRF 351 =(p,q)

and the multi-valued mappings

ME(t 2y, 54) = {(f,h,g> ER" x RF xR :

111 000 1) < X g = (L) + L)~ EEnppa) o (10.19)

where A (z,y) = p(1 + [[z]| + [[y]}) (see condition (A3)).

Remark IIT.4. According to assumptions (A®5) and (Af9), the regular parts of input data of the
problem P¢ are continuous with respect to the parameter €. This implies the convergence of the following
sets in the Hausdorff metric as € | 0:

Mz (t,2,54) = coproj, , M5 (t,z, YE(t, 2, 54),51) — M(t,2,54), (10.20)
ME(t,z,s_) = coproj, , ME(t, 2, YE(t,z,5-),5-) — MO(t,x,5_). (10.21)

The convergence takes place for all (¢,z) € [0,7] x R™ and s3 € 5.
Remark II1.4 and assumption (A7) imply that the multi-valued mappings
(t,z) — MY(t,x,51)
are convex and compact for all s; € S’ ; they also satisfy the Lipschitz condition with constant

L% =1lim L°(1 + K¢) > 0.
elo

It follows from condition (A®10) that the complexes (SQF,MSL) and (8", M°) are the upper and lower
characteristic complexes for the limit unperturbed Cauchy problem P (10.15), (10.16), respectively,
where the Hamiltonian H(t,z,p) has the form

HO(t,,p) = max min {{f,p) — g: (f,g) € M(t,2,5)}

S+€S£r

= min max {{f,p) =g (f,9) € M2(t,,5)}.

(10.22)

Remark ITI.5. According to the definitions of upper and lower characteristic complexes and (10.19), we
can set in conditions (A¢8)—(A10):
o 5 ={(p,0) =51} €eR" x R,
M5 = M5 (t,z,54) = coproj, , M5 (t,z,YE(t,z, (p,0)), (p,0))
= {(f,9) € R xRF 1 ||| < (1 4+ x)(1 + ||,
g S <f7p> - COHE(t,ZE,Yi(t7I', (p7 O))7p7 0)}

as an upper characteristic complex for the upper Hamiltonian H< (¢, z,p),
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e 5" ={(p,0) =s_} € R" x RF,
M = N (t,2,5_) = copra . M= (t,z, Y<(t, 2, (p, 0)), (p, 0))
= {(/,9) € R X R* 1 | f| < (1 + X)(1 + [,
g € {f,p) = co B (1,2, YE(t, 2, (p,0)),p,0) }

as a lower characteristic complex for the lower Hamiltonian HE (¢, z,p) (10.12).
Remark III.6. For the Hamiltonian H(¢,z,p) (10.14), we can consider the complexes
o S ={(p,0) =54} € R" x RY,
M?r = Mﬂ(t,x, §4) = cOproj, , Mﬂ (t, x,Yf(t,:r, (p,0)), (p, O))
= {(/,9) € R X R* 1 || f| < 11+ X0)(1 + |Je]),
g€ (fp) = o H (0, Y (t,2, (p,0)),p,0) }:
o SL={(p,0)=s_} e R" xRF,
MO = Mg(t,x, §_) = COPIOj, , M° (t, x,YE(tﬂ:, (p,0)), (p, 0))
—{(f,9) € R xR¥ 1 || < (1 + XY (1 + ],

g€ (f,p) — co HO(t,z,Y(t, 2, (p,0)), p, o)}.

In this case, the well-known properties of characteristic complexes of the form (10.19) [236], Re-
mark II1.5, and conditions (A°7)—(A10) imply the validity of condition (A®11).

Taking into account the form of characteristic complexes, it is possible to present the following form of
the limit unperturbed Hamiltonian H® (10.22):

HO t’x’ = mnax min HO t,.’IJ, *7 70 = min max HO t,(L‘, *9 707 10.23
(t:p) s+€S, yreYO(ta,sy) ( vp0) s_€S" y.€YO(tx,s_) ( ye: P, 0) ( )

where HO(t,x,y,p,0) = hﬁ)l He(t,z,y,p,0).
3

11. Proof of Sufficient Conditions for the Convergence

11.1. Preliminaries. The following fact of the theory of differential inclusions (see [14, 36, 75]) will
be useful to prove Theorem III.1 below.
Let

[to, T] x R™ x R+— 28R (¢ 2 2) — Fy(t,z,2) CR" xR, i=1,2,

be two upper semicontinuous, multi-valued mappings with convex, compact, nonempty value sets. Fix
l‘? € R™ and z? € R, i =1,2, and consider the differential inclusions

(@i(t), Z:(t)) € Fi(t, (1), zi(t)), ¢ € [to, T,
(i(to), zi(to)) = (29,29), i=1,2.

The set of all solutions (x;(+), 2;(-)) of the ith differential inclusion (11.1) is denoted by Sol;(to, z?, 29).
The following assertion holds (see [75]).

(11.1)
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Assertion IIL.1. For any solution (z1(-),21(:)) € Soli(to,29,2Y), there is a solution (w2(-),22(+)) €
Sola(to, 3, 29) satisfying the estimate

t

lwn () = wa(t)]| < [|wi(to) — walto) | + /dist (A (ro1(0), 21(0), Fa(raa(r), 22(0)) )dr - (11.2)

to

for allt € [to,T], w =z, and w = z.

11.2. Proof of Theorem III.1. Note that most of the further constructions will deal with upper
characteristic complexes and the corresponding attracting sets defined in condition (A°8). One can obtain
similar constructions and theorems to lower characteristic complexes after the following replacements:

“ 2

e subscripts “+” by subscripts “—,
e inequality signs > by <,
e the sets epiv by the sets hypo w.
Consider compact sets D, D%, and Dy, complexes (5., M%), and the corresponding generalized char-
acteristics

(2°(-),4°(-), 2°(+)) € Sol(to, xo, Yo, 20, 5+), s+ € 5L,
with initial conditions (g, o) € D, yo € DY or yg € Dy, 2o € R. We also consider also the corresponding

attracting sets (attractors) Y5, which are defined in condition (A®8).
Recall that the dynamics of the generalized characteristics (z°(-),y°(-), 2°(-)) are described by the

differential inclusions
(2°(), 9 ( ) *(t) € ML(t,2°(t), y°(t), 5+),

(11.3)
(2°(to), ¥ (t0), 2°(to)) = (20,30, 20)-
Consider a solution (z5.(-),25.(+)) of the dlfferentlal inclusion
(#5.(t), 22.(t)) € coproj, . ML (t,25.(2), YE(t, 25.(1), 51), 5:), (11.4)

(25 (t0), 2% (to)) = (w0, 20).
Let € € [0, 1]. Denote the set of all solutions
(25(),25()) : [to, T] = R" x R
of the differential inclusion (11.4) by Sol (%o, o, 20, S+ )-
Lemma IIL.1. For any compact sets D, Dy, and D° introduced in (A€8), there are functions
(0,1] = Ry xRy 12— (0(¢), p(e))

satisfying the following conditions:

0(e) 10, p(e) ] 0ase 0.
o For any (to,z0) € D, yo € DoU D, 20 € R, s’ = 51 € S, € € (0,¢1], where T — tg > aley), and
for all solutions
(ws(')ayg(‘)725(')) S SOl(thx()ayO;ZOa Sl)

satisfying the inequalities

szt) > ugaﬁ 0),y°@t) if s =sy, (11.5)

(
(1) < w(ta (1), (1) if S =5,

- =
S~—
m
95}
o
=
H_
—
o~
(e}
8
(e}
N
(e}
w0
H
~
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satisfying the estimates
[25(t) — z<(8)[| < ple),  [2°(t) — z(t)] < ple) (11.6)
for allt € [to + 0(¢),T].

Proof. Let (to,z0,y0) € D x Dy, z9 € R, £ € (0,1], and sy € S’,. Consider the attractors Y(¢,z, sy) for
the fast components of generalized characteristics corresponding to the complexes (S, , M) (see (A°8)).
Choose a characteristic (z°(-),y°(-), 2°(-)) € Sol(to, Zo, y0, 20, 5+), 5+ € S, i.e.,
(2°(t),e9°(1), 2°(1)) € M5 (t,2°(t), 5" (1), 5+), (117)
(2°(t0), ¥ (t0), 2°(t0)) = (x0, Yo, 20)- ‘
The multi-valued mappings
(t,z,y) — M (t,z,y,s4), (t,x)—Yi(t,z,s4) sy€5,

are Lipschiz continuous in the Hausdorff metric by conditions (A®5) and (A®7). Therefore, the following
inclusion holds for all ¢ € [t, to + d(¢)]:

Mi (ta wg(t)a ys(t)7 S+) - Mj— (ta 're(t)v Y—i (tv xe(t)a 3—1—)1 8+) + BZEHngl' (118)
According to conditions (A®8) (10.9), the quantity p; in (11.8) satisfies the inequality
pr < - dist (4 (1), YE(6,2°(1), 1)) < 7° - . (11.9)

where r¢ = r¢(B), and the set B has the form

. eT
B_(D1X(D0UDO>+BZO)-GXP<1M d€>,
+dg

where BY is the closed ball of radius d in the space RF.
It follows from (11.8) and (11.9) that the dynamics of the components z°(-) and 2°(-) of generalized
characteristics (11.7) can be described by the differential inclusion

(1), (1)) € coproj, . M (£,2°(0), V£ (1.27(1).5.). 54 ) + Bl

(11.10)
(2°(t0), 2°(t0)) = (w0, 20)-
Now we consider a solution
(25.(-), 25.(-)) € Sol5 (to, xo, 20, 1)
of the differential inclusion
(#5.(1), 25(1)) € coproj, . M5 (£,25.(6), Y5 (La5(8),54), 54 ), .

(25 (t0), 25 (to)) = (x0, 20)-

Using conditions (A¢5) and (Af7) about the Lipschitz continuity in the Hausdorff metrics of the multi-
valued mappings M (-) and Y (-), one can obtain the following relations similar to (11.8) and (11.9):

NI (t) = coproj, . M (t, 25 (1), YE (6,25 (1), 54), 5+)
C coproj,,. ME (4,a%(1), Y5 (t,0%(1), 54), 51 ) + By = M5(t) + B, (11.12)
where

po < LF [Hwa(t) — 25.(t)| + dist (Yj (t,25(t), 51 ), YE (t, 25 (1), s+))}
< (14 K9) (2 (1) — 25, (). (11.13)
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Now we estimate the distance between a solution (z°(-),2°(-)) of differential inclusion (11.10) and
solutions (x5 (-), 25 (+)) of differential inclusion (11.11). For this purpose, we apply Assertion III.1. Taking
(11.8), (11.12), and (11.13) into account, we have

(z1(:),21()) = (2°(),2°()),  (22(-)s 22(-)) = (25(), 25()),
Fy(t,z, 2) = coproj, , M5 (6,2, Y{(t 2, s4),s4) + B4,
Fy(t,x,z) = coproj, , M5 (t,z,Y{(t,x,54),54),
Fy(t,2°(t), 2°(t)) = M5(t) + By,

By (t,a%(t), 25.(t)) = M5 (t) C M5(t) + B,

Hence, we can choose < (), 2%.(-) € Sol% (to, zo, 20, 54) such that

—

la*(t) — 25 (1) < [ dist (Fy(£,2°(2), 2°(1), P (1,25, (1), 25.(1)) ) dr

to
t

g/dist (M2( )—|—Bn+1, 5(1) + B4 dT</C'1Hm i(T)H—FC’ng,

to

where C7 > 0 and C5 > 0 are constants.

Applying the Gronwall lemma [20, 300] and inequality (11.9), we see that the following inequality holds
on the interval [to, o + d(¢)]:

o) — 5.0 < 22 (459~ 1) = (o),
where C; = Lf(1 4+ K®) >0, Cy = p; > 0, and ¢p(¢) — 0 as e — 0.

Hence, one can estimate the difference of components z of solutions of differential inclusions (11.10)
and (11.11) on the interval [to, to + d(¢)] as follows:

55(t) — 25 ¢ /1st Fi (12 (1), 2°(1)). Bt 2% (1), 25 (0) ) dr

< /cluxf(f) =23 (7)[| + Cadr < (Crop(e) + C2) - 6(e) = pu(e).

Using condition (Af8) and (10.10), we obtain that p; is equal to zero in differential inclusion (11.10)
describing the dynamics x°(t), 2°(¢) on the interval ¢ € [top + d(¢),T]. Now, by Assertion III.1, we can
choose a solution % (t), 25 (t) of differential inclusion (11.11) satisfying the inclusions on the interval
[to +6(¢), T1:

o (8) — a5, (1)) < || (to + 6(2)) — 5 (to + 5(&)|

+ / dist (Fi (1,2 (1), (1)) Fo(t.2% (1), 25.(0)) ) r
to+0(¢e)

3023



< (|2 (o + 6(e)) — a5 (to + 6(2))| + / dist (XI5 (), N5 (7) + B, )dr

t0+5(€)
t

< ||2®(to + 6(e)) — a5 (to + 6(e)) || + / C1l|2°(7) — 25 (7)||dr.
to+(5(€)
Applying the Gronwall lemma, we obtain the estimate
2°(2) — 25 ()| < [[2% (b0 + 8(2)) — 25 (t0 + B(E))|| - X100 < () - AT = p(e),  (11.14)

where ¢(¢) — 0 as € — 0.
A similar difference for components z on the interval ¢ € [tg + d(g), T can be estimated as follows:

[25(t) = 2.(0)] < [27(t0 + 6(2)) — 25 (to + 6(2))|
¢ ¢
+ / dist <F1 (t,25(), 2°(1)), Fa(t, xi(t),zi(t)))dT << p1(e) + / O[5 (7) — a5 (7) | dr,
to+6(e) to+4(e)
ie.,
2°(t) — 25.(8)] < pa1(e) + C1TY(e) = ¥ (e), (11.15)
where 11(e) | 0 as e | 0.
The estimates and the remark above about the validity of similar reasonings and conclusions also for

lower characteristic complexes in condition (A®8) imply that p(e) in estimate (11.6) can be chosen equal
to 91 (e), which is defined in estimates (11.14) and (11.15). Lemma III.1 is proved. O

Remark II1.7. Consider the attainability set G¢(to, T, Zo, Yo, 20, §') for system (11.7) at the moment ¢t = 7
starting at the initial point (g, 2o, Yo, 20), for s’ € S,

G- (to, 7,30, yo, 20,5') = {¥(#(7), 4 (1), 2°(7) +
(1), 257 (), 5°(0)) € M5 (t,2°(0), 57 (1), 54), ¢ € [to, 7,
(2°(t0), v (t0), 2°(t0)) = (w0, 0, 20) }-

Denote by G? (to, 7, w0, 20, 8") the closed p-neighborhood of the attainability set G. for system (11.11):

Gielto, 7,0, 20,8') = {¥(25.(7), 25.())
(a':i_(t),z'i_(t)) € coproj, , M5 (tjfci_(t),Yj (t,azi_(t), er),er)7 t € [to, 7],
(a:i_(tg),zi(to)) = (z0, 20)-
Then condition (11.6) can be rewritten as follows:
proj, , Ge (tg, T, 0, Yo, 20, s/) N G’g (tg, T, X0, 20, S/) # 0,

where p = p(e) is the same for all (tg,z0) € D, yo € Do U D°, 25 € R, and s’ = s, € S'; it is defined by
the relation p = p(e) = ¢1(¢) (see Lemma III.1).

Introduce the functions
+ i €
v (t,x,84) = min v (t,x,y),
)= i ()
(11.16)
w; (t,x,s-) = max w® (t, z,y),
yeY= (tx,s-)+B§,
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where v®(t, z,y) is an upper minimax solution of the singularly perturbed problem P¢ and w®(¢,z,y) is a
lower minimax solution of the problem P¢.

Constructions similar to (11.16) and the appropriate technique of weak limits as € — 0 were suggested
by Barles and Perthame in [24]. Now, the technique has many applications in the theory of viscosity
solutions (see [80]).

Lemma II1.2. For any (to,z0) € D, yo € Do U D?, sy € S, ,29r > vt (tg, 20, 54), 22 < wo (to, zo,5-),
T € [to+6(e),T], p= p(e), where (§(), p(e)) are chosen in accordance with Lemma I11.1, there are points
(27,27) € ég(s)(toﬂ', :L‘(),ZS)F, sy), (z8,2%) € G’g(s)(to,r, z0,2%,5_)

satisfying the inclusions
(r,a%,2%) € epivy, (r,2%,2") € hypow, .

Proof. Let us fix values of parameters s; € Sy and s_ € S_ and choose points 4% € Y£(to, zo, s+ ) + B
according to the conditions

vE(tg, 2o, y0) = min Ve (tg, x = v (to, zo, S
(0) 07y+) yEYj(to,xo,SJr)-i-BZ (07 an) 5(07 0, +)7

we(to, xo, ") = min we(tg, x = w- (tg, zg, S_).
(07 an—) yEY_E(to,zto,s_)JrBi (07 0>y) a(Oa 0 )

Assume that z9r > v7 (to, g, s+ ). Therefore, (o, zo, y9r, z9r) € epiv®. Similarly, it follows from assumption
20 < wZ (tg,z0,5-) that (to,w0,y",2%) € hypow®, where the function v¢ is an upper solution of the
problem P¢ (s, € S’ ) and the function w* is a lower solution to the problem P¢ (s_ € S’ ). Hence, there
are points

(:Cfl:) y;kl:) Z;T:) S GE(tO) T, Z0, yg:a Zg:: Si)
satisfying the inequalities
2y >0 (r 2l Yy ), 28 Swt(rat,yt). (11.17)
Estimates (11.14) and (11.15) and Lemma III.1 imply that
(2%, 21) € GPO(to, 7,30, 21, 54).
According to condition (10.10) in condition (A¢8), we have
yL € Yi(r, 2, sx)+ By forall 7€ lty+d(e),0).
Hence, by the definitions of the functions v (-) and w (), we obtain the estimates
O ahu) > 0T (1t 54), wS(mat,yt) < wl(nat,s.).
These inequalities and (11.17) imply
2L >l (r,2h, sy),
Le., (1,27%,2%) € epivS, and
2L Swo (2, s-),
ie., (1,2%,2") € hypow,. Lemma III.2 is proved. O
Lemma II1.3. The function
Vi(t,z) = inf  liminf of (¢, z,sy) (11.18)
S+ESQ_ €l0
(t'z")—(t,x)
is an upper solution of the problem P° and the function
wi(t,z) = sup limsup wZ (2 s_) (11.19)
s_€S’" el0
(t'z")—(t,x)

is a lower solution of the problem PY.
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Proof. Let us consider a set D € comp([0,T] x R™), int D # ), and sets D° U Dy C comp R¥ satisfying
condition (A®8). Let complexes
(S%, M%) eCcl(H®), (S_,M°)eCHH®) for >0,
(8L, M%) ecl(H®), (S_,M°)ectHO)
satisfy conditions (10.20) and (10.21) in Remark II1.4.
For any ¢ > 0 and 2} € Zy C compR, the proof of Lemma III.1 implies that there are compact sets

D C compR" satisfying the following relations:

D:t DCI{ U projx GE(t(]vTa IanOWZ:OtaS:E)}a
syesh
(to,xo)GD
yo€D®UDy

ﬁi D Cl{ U proj,, GQ(tQ,T, xo,zi, si)}.
syeS!
(to,wo)ED

According to the definitions of the functions v! and w?, these functions are locally bounded:

min o(z) < v¥(t,z) < max o(z), (t,x) € D,

zeD zeD
min o(z) < wi(t, ) < max o(z), (t,z) € D,
reD_ xeD_

and the boundary condition

(T, z) = (T, 2) = o(x), = eR,
holds. One can easily prove that the function v? is lower semicontinuous and the function w? is upper
semicontinuous.

First, for definiteness, let us prove this lemma for the function v" (11.18).
Choose arbitrarily (tg,z¢) € int D, 2§ > v (to, 20), T € (to,T], and s, € S’.. Show that there is a
trajectory
(z(+), 2(+)) € SolY (to, z0, 2%, 54)
of differential inclusion (11.4), where ¢ = 0, satisfying the inclusion (7,2(7), 2(7)) € epiv?, i.e. (in other
words),

{7} x Gol(to, T, 20,25, 54) N epiv? # 0, (11.20)
where Gg(. ..,84) is the attainability set of the characteristic inclusion corresponding to s; € S, and
MY,

First, we consider the case where 2% > v%(tg, ).
By (11.18), there exist a value of parameter s', € S’ and a sequence {ey, 1,z }72, satisfying the
relations

25 > o (te, e, 8y) = 0 (tr, 21 4,
y;C S Yik (tg, Tk, S/+) + Bk,
lim Ek — O, lim (tk,:lik) = (to,xo).
—00 k—o0
Assume that (tg,xx) € int D and ¢, + 6(¢) < 7 for all k = 1,2,.... Hence, y, € D° for all k = 1,2, .. ..
Using the scheme of the proof and the results of Lemma II1.2; one can obtain that for any fixed value

of parameter s, € S, there is a sequence

(xﬁ-a z-lT—) € proj%z Gek (tka Ty Lk y;cv zg—a 8+)

3026



satisfying the inclusions

~ k .
(ac]i,z_k;) € GL, (tg, T, xk,zg,&r), (7, xi,zﬁ) € epw;Z,

where, by Lemma III.1, we have
p"=plex) =0 as k— oo
uniformly with respect to sy € S;. Without loss of generality, we assume that the limit
Jim (28, 28) = (a7, 23).
exists. Note that
(a7, 2]) € Golto, T, 20, 2%, 54).
Since
z_kF > v (T, xi,er),
the definition of the function v? implies that

2L > V(T zh ).

Therefore, the relation (11.20) is proved for any value of the parameter s € Sy and zg > v8(to, x0).
In the case where 29 > v%(tg, z9), we consider a sequence

0 1

Since zj, > v%(t, zo), we have
{7} x Go(to, 7,0, 25, 51 ) Nepiv? #0, s, €5,
Let us pass to the limit as t — oo taking into account the fact that the set epiv? is closed and the mapping
Z Go(to,T, X0y 2, S+ )

is upper semicontinuous. Again, we see that relation (11.20) is valid.

Consider € > 0, a lower solution w® of the problem P¢, and the definition of the function wf. The proof
of the second part of the present lemma is similar to the proof of relation (11.20): it is obtained by the
replacement of the subscripts “+” by “—.” upper complexes by lower complexes, the inequality signs “>”
by “<,” and the sets epiv by hypo w.

Since the mapping

(to, z0) — Go(to, T, o, 2%, 5+)
is upper semicontinuous and the sets @0, epiv, and hypow are closed, it follows that relations (11.20)

hold for all (tg,z0) € D.
Since the set D is arbitrary, Lemma II1.3 is proved. O

Let u®(t,z,y), € > 0, be a minimax solution of the problem P*. We set v* = w® = u® in (11.16),
(11.18), and (11.19). Define the corresponding functions v? and w?. According to the definitions, we have
w? > v, On the other hand, since v is an upper solution and w? is a lower solution of the problem P?,
these solutions satisfy the inequality (see [238]) w® < vf. Therefore,

vu:wh:u,

where u is the minimax solution to the problem PY. (Recall that a minimax solution is defined as a
function which is equal to an upper solution and a lower solution, simultaneously.)
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Hence, we have obtained the formula

u(t,z) = sup limsup max ut (', 2, y)
sS_ES_ €l0 yEY_S(t/,Z/,S_)‘i‘BZ
(' a")—(t.x)
= inf liminf min ut (2 y).

s+ESy |0 yeYE(t' 2! ,s4)+ By,
(t'2")—(t,x)

This implies (10.18), i.e.,
u(t,z) = hﬁ)l u(t,z,y), (t,x) € D, ye (DU D).
g

The estimates obtained in Lemma III.1 allow one to conclude that this convergence is uniform on compact
sets D C [0,7] x R" and Dy U D° C R* chosen according to (A®8). Theorem III.1 is proved. O

12. Examples

Example II1.1. Consider a singularly perturbed Cauchy problem P¢, where the sufficient conditions
presented in Theorem III.1 are satisfied. In this problem, the Hamiltonian H® has the form

1. 1
H* <t733>y17y2787 _Clv _C2> = <f(t7xvyl7y2)78> + g(tvxaylayQ)
° c (12.1)

2B G+ o) - o min(Gr- @) + max(Ga- )],

the phase variables are t € [0,7], z € R?, y = (y1,%2) € R?, the impulse variable are s € R?, ¢ = ((1,(2) €

R?, and
—Y1, 1fy20, _4y7 1f3/20>
ki(y1) = b ka(y2) = po
—2y1, if 1 <0, —y2, if y2 <O0.

One can consider the differential game DG*®, where the Isaacs equation has Hamiltonian (12.1). In this
problem, x is the slow variable and y is the fast variable. The dynamics is described as follows:
&= f(t,z,y1,92), e =ki(y) + o, ego = ka(y2) + 0.
The restrictions on values of control parameters (o, ) € R x R have the form
a€A=[ag,a’]20, BeB=[3,3]>0,
and the cost functional of the Bolza type (3.2) is given:

Itao,azo,yo (l‘(), y()7 Oé('), /8()) = G(x(T; to, o, yO))
T

+/g(t, z(t), y1 (tto, y10, (), w2 (&; to,yzovﬂ('))>dt-

Assume that the functions f(-), g(-), and o(+) are continuous and the functions f(-) and g(-) are Lipschitz
continuous with respect to the variables ¢, x, y1, and yo with constant L, > 0. Assume also that the
Isaacs condition holds.

The upper and lower characteristic complexes can be chosen as follows:

S =B, s =0, S.=A4, s_=uq,
. 1 1
M—}-(tvxayl?y%ﬁ) = Co f(tax7y17y2)7 g[kl(yl) + A]? g[kZ(yQ) + /8]7 _g(tvxayhy?) ;

1 1
Mi(t7$7y17y27a) = Co{f(tvxayhyQ)) g[kl(yl) + O[], g[kz(?/Q) + B], _g(t7x7yl7y2)} .
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The corresponding attractors Y£ = Y, and Y = Y_ have the form

Vi =Yi(tzpB)= {(3/17212) € | Gla)a, yo = 52(5)5} ; (12.2)
acA
Y™ =Y (tw,a) =9 (y1,92) s y2 € U £(B)8, 11 =& (a)a p, (12.3)
BeB
where
L if a>0, _ 1/4, if g>0,
fu(e) = {1/2, it a<o 2= {1, it g<0.

Let r3[t] be the distance between the fast variable y3 (¢) and the attractor Y (¢,2%(t),) (see (12.2)).
Estimate the speed of variation of the function r3[t], 3 € B, along solutions yZ (t) = (y1(t), y2(t)) of the
differential inclusions

ey (t) € [k(y1(t) + Al ea(t) = [ka(y2(t)) + 6.
Let 7¢[t] be the distance between the fast variable y© (¢) and the attractor YE( ,
Estimate the speed of variation of the function r%[t], o € A, along solutions y° (¢)
differential inclusions

25 (t), ) (see (12.3)).
= (y1(t),y2(t)) of the

c1(t) € (D) +al, eha(t) = [alya(t) + B.
The following values in condition (A®8) can be chosen:
CszCzl-HaO—ozo\-HﬂO— Bol,
5(e) =¢- (1 —e- (diam(Dy U D°) + C)),

d(e T —tg, 1
<€<mm{d1amD0UD0)+C') 0 }’

)]0 as e—0.

According to Theorem III.1, the Hamiltonian H? of the limit unperturbed Cauchy problem P° can be
presented by the formula

HO(t,,5) = minmax | (£(t.2.p,q),5) + g(t,,p. )|

per acq (12.4)
= i t’ b b ) t’ b b }7
max min [(f( z,p,q),8) + 9(t, 2, p, q)
where the compact sets P and ) are defined as follows:
P={Jaa, Q=] &®s (12.5)

acA peB

The upper characteristic complex for the unperturbed problem P° can be chosen as follows:
sy =&(B)B=4q¢ S+=0Q,
MY (t,,4) = co { (f(t,2,p,0), —g(t,p,0)) :p € P},
The lower characteristic complex for the unperturbed problem P can be chosen as follows:
s- =& (a)a=p, S_=P,
MO (t,a,p) = co { (£(t.2.5,0), —g(t.2.5,0)) 4 € Q.
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The unperturbed problem PY can be considered as the Cauchy problem for the Isaacs equation with the
Hamiltonian H° (12.4) and the boundary condition

wT,z) =o(zx), zeR?

corresponding to the following unperturbed differential game DG. The unperturbed dynamics is de-
scribed by the equation

&= f(t,z,p,q),
where t € [0,T], x € R? are the phase variables, control parameters (p, q) € R x R are restricted,

peEP qeq,
and the compact sets P and @ are defined in (12.5). The limit cost functional has the form

T

Ly o (2()0(-),4() = o (x(Tsto, w0, p(-), a())) + /g(t,w(t),p(t%p(t))dt-

Example II1.2. Consider a singularly perturbed Cauchy problem P¢, where the sufficient conditions
presented in Theorem III.1 do not hold (see also [84]). In this problem, the Hamiltonian H* has the form

1 1 1
H¢ <t,m,y1,y2,s, gCl, g(z) = ()% s+ g(ﬁ - y2)
(12.6)

1 1
—=Co(w’y1 + k- y2) + min [u2 s+ —(Co u)} :
< [ul<1 €

the phase variables are t € [0,T], z € R!, y = (y1,2) € R?, and the impulse variables are s € R!,
C = (<17C2) € R2‘

One can consider the optimal control problem OCP?, where the Bellman equation has the Hamiltonian
(12.6). In this problem, z is the slow variable and y is the fast variable. The dynamics is described by
the system

i =—(y1)* +u? (12.7)
ey =12, eyp=—w -y —k-y2 +u. (12.8)
The restriction on values of control parameter u € R! has the form
lul < 1.

Let the cost functional be of Mayer type, i.e., the integrand in (3.2) equals zero. Hence, the minimized
functional is

I5, 20,40 (z(-),y(),u(-) = 0(1:(T;t0,950,y0,u(-)),y(T; to,xo,yo,u(-))>,
where the terminal cost function has the form
o(x,y) =z, z€R, yeR.
Let the constants w and k in (12.8) satisfy the inequalities
w>1, kw<l.
The upper complex independent of the parameters s’ can be chosen as follows:
S=0, MS(ta,y,y2) =co{— ()’ +u* yo;—w’ - y1 —k-yo+u:u€ P} (12.9)

According to constructions (10.5), the corresponding attractor Y2 = Y7 is

~1,1
Yy =Yi(t,z,) = {(yl,yg) cyo =0; y1 € [ 2 ]} (12.10)
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Let us consider the admissible control
u®(t) = cos (Et> . (12.11)
€

Consider motions (y5(t),y5(t)) of the fast subsystem (12.8) under control (12.11). One can verify that
the periodic motions have the form

yi(t) = ﬁ sin (%t) , o ys(t) = %COS (gt) .

Note that the motions (z°(t),yi(t), y5(t)) of system (12.7), (12.8) under control (12.11) can be consid-
ered as upper generalized characteristics of the Bellman equation, where the Hamiltonian has the form
(12.6). The motions are also solutions of the upper characteristic differential inclusion corresponding to
complex (12.9).

The periodic motion y5(t) does not tend to zero as € — 0. Hence, the fast components (y5(t),y5(t)) of
the upper generalized characteristics do not tend to the attractor Y, (12.10). Therefore, relation (10.10)
in the sufficient condition (A°8) does not hold.

Note that advanced constructions of asymptotics for dynamical optimization problems for periodic
systems were suggested by Gaitsgory.

CHAPTER IV

APPLICATIONS OF THE GENERALIZED METHOD OF CHARACTERISTICS
TO DIFFERENTIAL GAMES WITH FAST AND SLOW MOTIONS

The results obtained in Chap. IIT can be applied to many areas of research, in particular, to problems of
optimal control and differential games with “fast” (singular) and “slow” (regular) motions. Chapter IV
contains applications to differential games.

The key role in the theory of differential games belongs to concepts of the value function of the game [133,
135]. For any initial phase state, the value function defines equilibrium values of optimal guaranteed results
for two antagonistic players. The value function is also a basic element in designs of optimal feedbacks.
It is known [235] that the value function of a differential game coincides with the minimax solution of the
corresponding Hamilton—Jacobi—Isaacs equation.

In this chapter, questions on the convergence of the value functions of singularly perturbed differential
games with the Bolza cost functional are studied, as the parameter of singularity tends to zero. This
means the convergence as the speeds of fast phase variables tend to infinity. Effective sufficient conditions
for convergence of the value functions are obtained. The limit unperturbed differential games (asymp-
totics) [270] are described, where the value functions coincide with the limit of the value functions of
the considered singularly perturbed differential games. To describe the asymptotics, the specific form of
the Isaacs equation and the generalized reduction technique (see Chap. III and [193, 281, 295]) are used.
Applications of the theory of minimax solutions provide constructions of unperturbed dynamics and the
corresponding cost functional for the asymptotics in the subspace of slow (regular) phase variables.

13. Feedback Differential Games G°

Mathematical models of dynamical systems with “fast” and “slow” motions frequently arise in various
applied and theoretical problems of mechanics, physics, engineering, biology, economics, etc.

In this chapter, singularly perturbed differential games G® are considered, where the dynamics of the
system under controls of two antagonistic players is described by the following equations:

j::fs(t,x,y,u,v), 5y:h€(ta$ay7uvv’avﬂ>v (131)
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where ¢ > 0 is a small singularity parameter, ¢ € [0,T] is time, (x,%) is the phase vector in R” x R¥, z
is the slow (regular) phase variable, and y is the fast (singular) variable. The words “slow” and “fast”
emphasize the difference between dynamics of variables x and y. The speed y has order 1/e. Therefore,
the variable y can change as fast as desired as € — 0.
Assume that the compact sets of admissible values of the first player controls (u,«) and the second
player controls (v, 3) are known, namely,
we PecompR™, «eAdecompR, (13.2)
veQecompR™, e BecompR™2 ‘
The terminal time moment 7" is fixed. Let us consider the Bolza cost functional
T

Iy (), y(), (), (), v(), B()) = o (x(T)) +/QE(T,$(T)7y(7),u(7)av(7))dﬂ (13.3)
where (z(-),y(-)) : [t,T] — R™ x R¥ are trajectories of Eq. (13.1) starting at a point (z(t),y(t)) = (z,v),
t € [0,77], under measurable controls

(u(-),v(-),a(-),ﬂ(')) [, T] — P xQ x Ax B.
The purpose of the first player is to minimize the cost functional and the second player is interested in
maximization of I¢.

For any € > 0, assume that there is an equilibrium, i.e., there exists the value function of the feedback
differential game G® (13.1)—(13.3) [133, 135]:

[0,7] x R™ x RF = R : (t,z,y) — Val*(t,z,7).

The definition of this notion is cited below in Sec. 14.1.

It is known that the value function Val®(¢,z,y) of the differential game G* coincides with the min-
imax (see [235, 236, 238]) and/or viscosity (see [59, 60]) generalized solutions to the following Cauchy
problem P¢:

0 Val® 1 n i
T + H® | t,z,y, D, Val®, gDy Val* | =0, (t,z,y) €[0,T) x R" x R", (13.4)
Val* (T, z,y) = 0°(z), (v,y) € R" x R”, (13.5)

where the vectors p = D, Val® € R" and ¢ = D, Val® € R* are gradients of the function Val®(¢, z,y) with
respect to x and y, i.e.,

D, Val® =

0 Val® 0 Val®
oxy ' Oz,

and HE(t,z,y,p, %q) is the Hamiltonian of the problem.
Note that the Hamiltonian has the following specific form:

) D, Val* — < 9 Val® 9 Val® )

o o

1
Hg(t,{L', Y, D, gq)

1
- i a Et”777 Et”’? +_h€t777”’ b
gélgﬁg[(f(wyuv)Mng(ﬁyuv) 5( (wyuvaﬂ)@]

a€A 3eB (13.6)

1

- i e(t (¢ “(he(t .

max min [(f (t,z,y,u,v),p) + ¢° (t, 2y, u,v) + 8( ( ,w,y,u,v,a,ﬁ),(ﬁ]
BeB acA

The equilibrium condition (13.6) is called the Isaacs condition. Equation (13.4) is called the Isaacs
equation [108] for the differential game G¢ (13.1)—(13.3). This equation is a singularly perturbed partial
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differential equation of the Hamilton—Jacobi type, since it contains terms with coefficients 1/e, where ¢ is
a small parameter of singularity.

The purpose of Chap. IV is the justification of effective sufficient conditions for the convergence of
Val®(t, z,y), and construction of the limit Hamilton—Jacobi equation for (13.4) as ¢ | 0. It is important to
describe asymptotics, namely, limit differential games, where the corresponding Isaacs equation coincides
with the limit Hamilton—Jacobi equation, and the minimax and/or viscosity solution of the Hamilton—
Jacobi equation coincides with the limit of the value functions Val® (¢, x, y).

14. Formalizations

14.1. Value function of the feedback differential game G°. Fix ¢ € (0,1).

Recall the definition of the value function of the feedback differential game G¢ (13.1)—(13.3) (see [133,
135]), where admissible feedback controls (positional strategies) for two players are arbitrary functions of
the form:

¢ [0,T] xR" xR* > (t,z,y) — (U(t,z,y), at,z,y)) € P x A C R™ x R" is a feedback for the first
player minimizing the cost functional ¢, and
¢ [0,7] x R* x R¥ 3 (t,2,9) — (V(t,z,y), B(t,z,y) € Q@ x B C R™? x R™ is a feedback for the

second player maximizing I¢.
Consider two strategies (probably, discontinuous):
[0, 7] x R* x R¥ 3 (t, z,y) — (U(t, z,y), at, z,y)),
[0,T] x R* x R¥ 5 (¢, z,y) — (V(t,z,9), B(t, x,y)).
Choose tg € [0,T] and a partition
A={tp=1<- <7< <1np1=T}
of the interval [tg, T] with diameter
diam A := max{(r41 —7;) : 0 <1 < N}
Definition IV.1. A step-by-step motion of system (13.1)
za(-) = za(-1to, %o, Yo, U, o, 0(+), B()) : [to, T] — R™,
ya(-) = $A(';to,x0,y0,U, a,v(~),ﬂ(‘)) 1[0, 7] — R*,

under a feedback of the first player (¢, z,y) — (U(t,z,y), a(t,x,y)) discrete realized for A and under a
measurable control of the opponent (v(-),5(+)) : [to,T] — @ x B is an Euler polygon (an Euler solution)
of system (13.1). For any subinterval [7;, 7;4+1), ¢ =0,1,..., N —1, it is a trajectory of system (13.1) under
the piecewise constant control of the first player:

i.e.,
‘TA(t) = fé‘ (ta J:A(t)) yA(t)a Uy, U(t)), te [Ti7 Ti+1);
gy = h* (t’ :EA(t)? yA(t)a Ug, U(t)a g, ﬁ(ﬂ)? te [Ti> Ti+1)
the initial state is xa (o) = xo, ya(to) = Yo.
Definition IV.2. A solution of system (13.1)

(I()’y()) = (95(‘?750,%0,3/07U,a)’y(‘;toﬂfoayO,Uv a)) : [thT] — R™ x Rk
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generated by a feedback of the first player (¢,z,y) — (U(t,z,y),a(t,x,y)) is the uniform limit of a
sequence of step-by-step motions

{(IAk JUA (¢ }1 as diamAg — 0,
where the FEuler polygons (xAk(-), yAk(-)) depend also on measurable controls of the opponent
(Uk?()7ﬁk()) : [thT] - Q X B7 k= 1727 ceee
Step-by-step motions and solutions of system (13.1) generated by a feedback of the second player
(t,z,y) — (V(t,z,y), B(t,x,y)) are defined similarly.
Definition IV.3. A solution of system (13.1)

(.’L’(), y()) = (x(a to, To, Yo, U7 Oé), y(7 to, To, Yo, Uv a)) : [t()a T] — R"™ x Rk
generated by a feedback of the second player (¢, z,y) — (V(t,z,y), B(t,x,y)) is the uniform limit of a
sequence of step-by-step motions

{($Ak VYA (¢ }1 as diamAg — 0,

where the Euler polygons (za,(-),ya—k(-)) depend also on measurable controls of the opponent
(up(-),ax(+)) : [to, T] = @ x B, k=1,2,....

Denote by Sol(to, zo, Yo, U, &) the set of all solutions (x(-),y(-)) of system (13.1) starting at an initial
point (tg, xg, yo) under a feedback (t,z,y) — (U(t,z,y),a(t,z,y)) of the first player.

Similarly, denote by Sol(tg, o, yo, V, 3) the set of all solutions (z(-),y(-)) of system (13.1) starting at
an initial point (to, xo,yo) under a feedback (t,z,y) — (V(¢,z,y), B(t,x,y)) of the second player.

Definition IV.4. The guaranteed result T';(tg, zo, yo, U, @) of the first player under a feedback (¢, z,y) —
(U(t,z,y), a(t,z,y)) at an initial point (g, zo, yo) in the game G* is defined as follows:

FI (t07 o, Yo, U Oé) - dhmAsup Ito ,T0,Y0 (xAk( ) Yny ()7 UAk []7 A []7 'Uk('), ﬂk())
iam Ax—0
k—o00

The guaranteed result Tpr(to,xo,yo0,V,3) of the second player under a feedback (¢,z,y) —
(V(t,z,y), 8(t,z,y)) at an initial point (to,xo,yo) is defined as follows:

F[[(to, zo, Yo, V, ﬁ) lim inf Itao Z0,Y0 (xAk(')a yAk(')a uk()a ak(')a VAk []7 6Ak[])

diam Ag—
k—»oo

Definition IV.5. The optimal guaranteed result F?(to,xo,yo) of the first player at an initial point
(to, xo,yo) in the game G is defined by the relation

T'Y(to, 70, y0) = (Sup) L7 (to, z0,yo, U, ),
U,

where the supremum is taken over all admissible feedbacks (t,z,y) — (U(t,z,y), a(t, z,y)).
Similarly, the optimal guaranteed result T',(to, xo, yo) of the second player at an initial point (to, o, yo)
in the game GF¢ is defined by the relation

FO t b b - i f F t ) b) 7‘/7 b
71(to, o, yo) (g}ﬂ) 11(to, o, v0, V, B)

where the infimum is taken over all admissible feedbacks (¢, z,y) — (V(t,z,y), 8(t, z,y)).
Definition IV.6. The equilibrium value
Val® (to, z0, yo) = '] (to, z0, y0) = T'7;(t0, z0, yo)

is called the value of the differential game G° (13.1)—(13.3) at a point (tg, o, Yo)-
The mapping [0,7] x R” x RF — R : (¢, z0,y0) — Val®(to, xo,0) is called the value function of the
positional differential game G* (see [133, 135]).
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14.2. Characteristic complexes for the Cauchy problem P¢. It was mentioned in Chap. III that
the definition of minimax solutions of singularly perturbed Hamilton—Jacobi equations differs from the
standard definition presented in Sec. 2.1 (see also [235, 236, 238]). The specificity of modified definitions
is the existence of singularly perturbed (fast) components of generalized characteristics.

Let us emphasize that Definitions I1I.1 and III.2 of upper, lower, and minimax solutions introduced in
Chap. III are axiomatic. They are independent of the choice of complexes

(S,M¢) € C(H?), (S4,MS)eCI(H®), (S-,M?)e CHH?))

used in their construction. Thus, these definitions provide freedom of choice of characteristic complexes
and we can choose these complexes in the most convenient way, adequate to concrete problems in the
theory and applications of minimax solutions.

This opportunity is used in the research presented below, namely, in the proof of sufficient conditions
for convergence of the value functions of singularly perturbed differential games and in the description of
the limit unperturbed game. This material is substantially based on the structure of the following form
of complexes for the Cauchy problem P¢ (13.4)—(13.6):

S+ :Q x B> S+ = (U*aﬁ*)7

14.1
Mi(t,ﬂj‘,y78+) = CO{fe(t,1U7y7P,’l}*), hs(t,l‘,y,P,U*,A,ﬁ*), —gs(t,.’lj‘,y,P,U*)}, ( )

S_. =P x A3 s_ = (s, ),

14.2
Mi(tvxayasf) :CO{fs(t,x,y,u*,Q), hs(t,x,y,u*,Q,a*,B), *gg(tvxvyvu*vQ)}' ( )

Complexes (14.1) and (14.2) are widely applied in the theory of feedback differential games (see [133,
135]) and in research into the so-called u-stability and v-stability properties for the value function. As
was mentioned above, the value function of the differential game G® is a unique continuous minimax
solution of the boundary-value Cauchy problem (13.4), (13.5) for the Hamilton—Jacobi-Isaacs equation,
where the singularly perturbed Hamiltonian has the form (13.6).

15. Assumptions and the Formulation of the Main Result
Assume that input data of the singularly perturbed differential game G¢ (13.1)—(13.3) satisfy the
following conditions.
(B1) The functions o¢(z), f¢(¢t, x,y, u,v), ¢°(t, x,y, u,v), and h(t,x,y, u, v, a, 3) are defined and contin-
uous with respect to all variables and the parameter € on the sets
eel0,1], tel0,7), zeR", yeR weP, veQ® acA peB.
(B2) The following condition of sublinear growth holds:
1=t 2y, w,0) || + ([P 2, y, w0, 0, B) || + 197 (8 2, 9, u,0) | < A (),
where A°(z,y) = p°(1 + [|z| + [ly|)) and p® > 0 is a constant.

(B3) On any compact set D € [0,T] x R® x R¥ the functions f(¢,z,y,u,v), ¢°(t,x,y,u,v), and
he(t,x,y,u, v, a, 3) satisfy the Lipschitz condition with respect to the variables (¢, x,y) with con-

stants L¢ = L*(D) > 0 uniform with respect to (u,v,a,3) € P x Q x A x B.
(B4) For any (t,z,y) € [0,T] x R* x R¥ and (p, q) € R" x R¥, the Isaacs condition (13.6) holds.

It is known (see [133, 135]) that conditions (B1)—(B4) guarantee the existence of the value function
Val®(t,x,y) of the game G* for any fixed € € (0,1]. To provide the convergence of the value functions
Val®(t, z,y) as € — 0, we introduce the following additional conditions and constructions.
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Further, we use characteristic complexes (14.1) and (14.2), where the values of controls of players play
the role of parameters s+ and s_, i.e.,

4= (") €QxB=Sy, s =(una)ePxA=5_.

In the subspace R” of the fast variables, we define the following sets Y2, Y?, and Y* of “fast” roots y
for the singular part of Hamiltonians:

Yo=Y (t,z,u,v,a,3) = {Q e R*: he(t,z,y,u, v, a0, B) = 0}, (15.1)

Vsy = (508" Yi=Yi(twxsq)= U Ye(t,x,u,v*, o, 5%), (15.2)

ueP
acA

Vs_ = (ux, i) : YE=Y(t,z,s_) = U YE(t, o, g, v, a, ). (15.3)

vEQR
B€B

Introduce the following assumptions.

(B5) For any (t,z) € [0,T] xR", u e P,veQ, a€ A, and § € B, the sets of “fast” roots are nonempty:
Ye(t, z,u,v,, 3) = {37 e R¥: hE(t, 2, 5, u, v, 0, B) = O} £ ().
(B6) For any (t,z) € [0,T] x R™ and s4 € Sy, the sets Y (¢, z,s4+) are bounded, i.e.,
Iyl < X"+ llll), v e YE(E 2, 51),
where x° is a constant, x° € (0, u°].
(B7) For any (t/,2') € [0, T] x R, (t",2") € [0,T] x R™ and sy € Sy, the following Lipschitz conditions
holds:
dist (Yi(t/, z, si),Yis(t”, z”, si)) < ICE(\t/ - t"| + ||z’ — :c”||),
where K¢ > 0 is a constant and dist(Y'!, Y?) is the Hausdorff distance between sets Y! and Y2.

Consider compact sets D C [0,T] x R® and D} C R of initial states (to, ) € D and y§ € DY, which
satisfy the inclusion
pun?> (J U U Yo o, s + B,
€€[0,1] (to,z0)eD! s*€S*

where D' = D+ B, 11, By41 is the closed unit ball in the space R"*!, and B is the closed ball of radius e
in the space R¥. For any (tg,z0) € D, y1 € DY, and 2y € R, we consider the sets Sol®(tg, o, ¥, 20, 5+ ) of
generalized characteristics (z5.(),y%(+), 2%(+)) corresponding to the complexes (S, M%) (see (14.1) and
(14.2)). To provide the exponential convergence for the fast components y3 () of the characteristics to
the corresponding sets of attractivity Y£, assume that the following conditions hold.

(B8) For the sets D and DY, there are numbers x5 = x5 (D, DY) > 0 such that
max <y - y07 h* (tv z,y,u, 'U*, «, ﬁ*) —hf (ta xz, yoa u, U*7 «, /8*)> < _K:i diStZ (y7 Yj(t z, S+))

ueP
acA

for all values of parameters (v*,3*) = sy € S = Q x B and all points (t,z) € D' -5, y° €
Yi(t,x,s4), and y € (DY U B,f*). Similarly,

Ineaé( <y — Yo, ha(@%yau*ﬂ),a*’ﬁ) - ha(tax7y0>u*>v7a*76)> < —k° diStQ (y7Y_8(t’x,3*))
v
BeB
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for all values of parameters (u.,ax) = s € S_ = P x A and all points (t,z) € D' -¢°, yo €
Ye(t,x,5_),and y € (D° U Blf‘), where

€ QWQ
5 = P (DL) = 2K5(1 + ME - exp ME) + (A; +L€di) x [T+ S ep M|,
dy = diam DY, M°® = pf(1+ x°)T,

and diam DY is the diameter of the set D? € comp R¥, i.e.,
diam D' = max |lw" —w"|.
w//ED/
(B9) The above-mentioned constants p®, Lf, x¢, K¢, and «° continuously depend on the parameter
e €l0,1].

Introduce the upper Hamiltonian HS and the lower Hamiltonian H® by the formulas

itz )= _ B o Ggemn, lfo T
where
F$(t,x,s4) =co {f‘E (t, x, Yi(t,x,s1),P, v*), g° (t, x, Yi(t,x,s1),P, v*) },
and
Holbos) = i s (aerimes s Ta
where

Fe(t,z,s-) =co{f*(t,z, YE(t,z,5-),us, Q), ¢°(t,z, YE(t,2,5-), us, Q)}
Assume the following.
(B10) For any (t,z,s) € [0,7] x R™ x R", the inequality

|HS (t,x,s) — HE(t,x,5)] < d(e)

holds, where d(¢) | 0 as € | 0.
Define HO(t,z, s) by the relation

HO(t,z,5) = lim HS (t,x,s) = lim HE (¢, z, 5).
€l0 €10

It will play the role of the Hamiltonian in the limit unperturbed boundary problem P°:

10
‘W&T(t’x) + HO(t,w, D, Val'(t,z)) =0, (t,z) € (0,T) x R", (15.4)
with the boundary condition
Val’(T, z) = o%(z) = liﬂ)l o(x), xeR™ (15.5)
15

The main result of the present chapter is the following theorem.

Theorem IV.1. Let assumptions (B1)—(B10) for the differential game G* (13.1)-(13.3) hold. Then
the value function Val®(t,z,y) converges to the minimaz solution Val®(t,z) of the problem (15.4), (15.5)
uniformly on any compact set

D=Dx (DLUD%) C[0,T] x R" x R
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as € — 0. The limit Val(t,z) coincides with the optimal guaranteed results of players (t, x), T9,(t, x)
in the limit differential games G? and G?I. The cost functional in the games has the form

T
Ly o (2 (), u(), v (), 9()) = 0°(a(T)) +/go(ﬂSE(T),y(T)aU(T),U(T))dTv (15.6)
where (x(+)) : [to, T] — R™ is a trajectory of the equation
i(t) = fO(t,z(t),y(t), u®),v(t), (t,z) €[0,T] xR", x(ty) ==z0, to€ [0,T], (15.7)

generated by measurable controls of players in the following way.

e In the game GY, the first player has a control (u(-),a(-)) : [0,7] — P x A, the second player has a
control (v(-),y(+)) : [0,T] — Q x Y, and the restriction

)€Y = [ YOt z(t), u(t), v(t), a(t), B) (15.8)

BeB

holds for almost all t € [to, T)|. The value TY(t, z) means the optimal guaranteed result for the first
player in the game G?.

e In the game GY;, the second player has a control (v(-), 3()) : [0,T] — Q x B), the first player has
a control (u(+),y(+)) : [0,T] — P x Y?), and the restriction

y(t) € YL = | YO(t,2(t), u(t), v(t), o, B(t)) (15.9)

acA

holds for almost all t € [to,T]. The value T'9,(t,z) means the optimal guaranteed result for the
second player in the game G?I

The functions f°(-), ¢°(-), and ¢°(:) in (15.6) and (15.7) are obtained by passage to the limit in
the corresponding input data for the singularly perturbed differential game G¢ as ¢ — 0. The set
YO(t, z,u,v,a, 3) is the limit of the set Y(¢,x,u, v, a, 3) in the Hausdorff metric as ¢ | 0.

Note that the limit unperturbed games GY, i = I,II (see (15.6), (15.7)), are nonstandard, since
their dynamics are defined in the reduced phase space of slow motions, and the influence of players is
enhanced with the help of controls y(+) : [0, 7] — R¥. However, the controls must satisfy the nonstationary
geometrical restrictions y(¢) € Y2, and the sets Y C R* depend on both the current phase state of the
system (t,z(t)) and the control of the opponent.

The limit unperturbed games GY, i = I, IT (see (15.6)—(15.7)), are called asymptotics for the singularly
perturbed differential games G* (13 1)-(13.3). A unique minimax solution of the limit Cauchy problem P°
for the unperturbed Hamilton—Jacobi equation (15.4), (15.5) coincides with both the optimal guaranteed
result of the first player F(}(t, x) in the game G? and the optimal guaranteed result of the second player
I'Y% (t,z) in the game GY;.

Thus, the limit Hamilton-Jacobi equation (15.4) can be interpreted as the Isaacs equation for the
asymptotic games GV, i = I, IT (see (15.6)—(15.7)).

16. Sufficient Convergence Conditions for Value Functions
in Singularly Perturbed Differential Games

This section contains the proof of Theorem IV.1 on sufficient conditions for the convergence of the
value functions of singularly perturbed differential games and on the structure of asymptotics. The proof
is based on results presented in Chap. IIT and also in [263, 265], where the convergence of the minimax
solutions of nonlinear singularly perturbed Hamilton—Jacobi equations (13.4) is studied.
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16.1. Properties of the sets Y7 and Y:. It is easy to see that conditions (B1), (B6), (B7),
and (B10) imply the compactness of the sets Y*, Y7, and Y for all (¢,x) € [0,7] x R™ and

sy =00 eSSt =QxB, s_=(usx,ax) €S_ =P xA.
There is also the following convergence in the Hausdorff metric:

Ye(t,z,u,v,a,8) = YO(t, z,u,v, , 3), Yi(t,x,s4) — Y_E(t,x, sy), Ye(t,z,s_) —YOt,z,s_)
as € | 0. The limit sets
YO(t,z,u,v,a, ), Yﬁ(t,x,s+), YO(t,z,s_)
are also compact. The multi-valued mappings
(t,x) = YO(t, 2, us, 0%, an, %),  (t,x) Yf(t,x,&r), (t,x) — YO(t,x, 5 )

are Lipschitz continuous uniformly with respect to all parameters

sy =00 e@Q xB=S1, s_=(us,an) EPXxA=5_.

Consider a continuous, bounded function z() : [0,7] — R™ and fix values of parameters s, € Sy,

s— € S_, and € > 0. Condition (B8) implies [55, 238] that

o the sets Y (t,z(t),sy) + By, are strongly invariant with respect to the corresponding differential
inclusions

£i(t) € co {F (t, (1), 5°(8), Po", A, 87) };

e the sets Y(t,z(t),s—) + Bj, are strongly invariant with respect to the corresponding differential
inclusions

5y0(t) € co {he (tv SC(t)7 yﬂ(t)v Usx, Qv Oy, B)}
For definiteness, all considerations below are given for the upper sets Yi and upper characteristic
differential inclusions (14.1). One can also obtain similar conclusions for the lower sets Y= and lower

characteristic inclusions (14.2) when similar reasonings are used.
Let

(ma(-),ya(-),za()) : [to, T] — R™ x RF x R
be a solution of the lower characteristic inclusion (14.1) corresponding to the fixed value of parameter
sy = (v*, 5*) € St and to the initial state (z°(to), y°(to), 2°(t0)) = (xo0, Yo, 20), i.€.,

(xe(-),ye(-),zg(-)) € Sol(to, zo, Yo, 20, S+ )-

Estimate dist?(y®(¢), Y (¢, 2°(t), s+)). For this, we choose yo & Y (to, 70, s+) and define a vector gjo by
the relations

o € Yi(to, o, 54),  |lyo — doll = dist (yo, Y5 (to, 20, 54)) = do > 0.
Consider a solution of the differential inclusion

e°(t) € co {ha (t,:na(t), (1), P,v*, A,ﬂ*)}, yo(to) = 7o. (16.1)

The strong invariance of the sets Y (¢, 2°(t), s4) with respect to inclusions (16.1) implies that y°(t) €
YE(t,2°(t), s4) for all ¢ € [to, T'.
According to (14.1), the dynamics of the fast variable y*(t) is described as follows:
ey (t) € co {h‘E (t,2°(t), y° (t), P,v*, A, %) }, y* (to) = yo- (16.2)

We use the fact (see [300]) that trajectories of the differential inclusions (16.2) and (16.1) can be
described by generalized controls

w(du), ar(da) : [to, T] 3t — rpm(P) x rpm(A).
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Recall that the controls are measurable functions on [0, 7] with values in the sets of all regular probability
measures defined on the sets P and A of admissible values of controls of players. Recall that the following
representations hold:

eyt (t) = //hs(t, 2(t), y* (t), u, v*, o, %) uj (du) - af (da),
P A

ey’ (t) = //hs(t, xe(t),yo(t),u,v*,a,ﬂ*)ug(du)-ag(da).
P A

Consider trajectories y°(t) and 3°(¢) generated by the same generalized controls, i.e.,
ut(du) = ud(du), at(da)=al(da), t€ [to,T)].
The following estimates hold:
dist (y°(£), YE(t, 2°(t), 54)) < lly" (1) =4 @)],

£ 0
2 (170 - (0. L - DY < 2 (70 - 5200, 10 - 45(0),

kE(t) = K° (¢, 2°(1), " (), u,v*), kg(t) = k° (t,xa(t),yo(t),u,v*).

Using these relations and condition (B8), one can obtain the estimates

dlly () — s* O _
dt

t

dist? (ye(t), Y? (t,ma(t),er)) < d? —/ Ij dist (yE(T), Yi(r, $6(’7'),S+))d7',
to (16.3)

dist (yg(t),Yj(t,xE(t),s+)> < dgexp (—25 (t - t0)> < do.

Thus, the fast components y°(t) of the upper characteristics (16.2) exponentially tend to the corre-
sponding upper sets Y (t,2°(t),s4) as ¢ — 0 for any s; € S;. A similar convergence for the fast
components of the lower characteristics to the corresponding lower sets Y also holds.

Therefore, one can consider the sets Yi 4 By (see conditions (B8)—(B10)) as the attractors for the fast
components y5 () of the corresponding generalized characteristics. Conditions (B8) and estimates (16.3)

2

€

imply that dp-neighborhoods of the attractors are strongly invariant with respect to the corresponding
characteristic inclusions for all dy > 0.

16.2. Proof of the main result. To prove Theorem IV.1, we show that conditions (B1)-(B11) imply
the validity of sufficient conditions (A®1)—(A°11) presented in Theorem IIL.1.

Obviously, conditions (A®1)—(Af4) are implied by conditions (B1)—(B4) and definition (13.6) of the
Hamiltonian He(t,x,y, p, %q) The Lipschitz constants \°(z,y) and L® = Lf(t,z) in these conditions
coincide.

It is easy to see that condition (B3) implies condition (A¢5) on the Lipschitz continuity in the Hausdorff
metric of the mappings

<t7x7y) HMi(t,x,y,Si), S+ € S:i:;
of the form (14.1)—(14.2).

Conditions (B6) and (BT7) coincide with conditions (A®6) and (A7), respectively.

As was shown in Sec. 16.1, estimates (16.3), uniform for all (tg,z¢) € D, yo € DY, and zy € Z°, imply
the validity of conditions (10.9) and (10.10) (see Chap. III). This means the validity of condition (A®8)
for solutions

(:L“i,yi,zi) € Sol (t(vaOvaaZOasi)a s+ € S4,
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satisfying the inequalities

25 (t) > ut (¢, 25 (1), Y3 (8) Vit > to,

22 (t) < (8,25 (1), y2 (8) Vit > to.
Moreover, this means that estimates (16.3) and conditions (10.9) and (10.10) (see Chap. III) hold for all
solutions (x(-),y°(+), 2°(+)) € Sol(to, zo, Yo, 20, S+ )-

Obviously, conditions (B9) and (B10) coincide with conditions (A®9) and (A®10), respectively.

Finally, conditions (B1) and (B5) and the definitions of the sets Y{ (¢, z,s1) (10.5) and Y(¢,z,5_)
(10.6) imply the validity of condition (A®11), i.e.,

VOt z,s4)NY O (t,w,s-) # 0
for all s; € S4, s € S_, and (¢,z) € [0,T] x R™.

Thus, the validity of the conclusions of Theorem IV.1 follows now from Theorem III.1. Still, because
of the specificity of characteristic complexes (14.1) and (14.2), it is necessary to modify the formulations
and improve the estimates of Lemmas II1.1-I11.3. The modified proof of Lemma III.1 and formulations
of Lemmas IV.2 and IV.3 are presented below.

Choose ¢ € (0,1], an initial state (to, zo,y0) € D x Dy, zo € R, complexes (S M%) defined by relation
(14.1), and sets Y (t,x,54), s4 € S4, of the form (10.5).

Fix a solution

(xa(')v ya(')7 Za()) € SOIS@O? L0, Y0, 20, S+)a St € S+'
According to the definition, the differential inclusion
(2°(1),e9°(t), 2°(t)) € ME(t,2°(), y*(t), 54)

holds for almost all ¢ € [tg, T, and the following boundary condition is satisfied:
(2°(t0), ¥ (t0), 2°(to)) = (20, Yo, 20)-
Using the fast component y°(+) : [to, T] — R* of the solution, we construct the following multi-valued
mapping:
(t,x) — Y5 (t,z,54) = {yo eYi(t,x,s4):

Iy (1) — oll = dist (47(1), YE(t,50)) b € VE(ta,50). (16.4)

It is easy to verify that the multi-valued mapping (¢,z) — Y, (¢,7,5+) has compact value set and is
upper semicontinuous for any sy € S;. Hence, the mapping

(t,z) — co {f8 (t, x, Yy, (t,x,s4), P, v*), —g° (t, x, Yy (t,x,54), P, v*)} (16.5)

inherits the same properties.
Consider the differential inclusion corresponding to mapping (16.5):

(£5(t), 25(t)) € co {fe (t,25(t), Yo, (¢, 25(0), s4), P,v*), —g° (¢, 25(t), Y5, (8, 25(t), 5+),P,v*)} (16.6)
with the initial condition
wg(to) = X, Zg(to) = Z20- (16.7)
According to the theory of differential inclusions (see [75]), there exists a solution of the differential
inclusion (16.6), (16.7) defined on [tg, T]. Denote by Solg (to, zo, 20, 5+) the set of all solutions (z§(-), 25(-))
of inclusion (16.6) for the fixed parameter s € Sy, which start at the initial state (16.7). The symbol
Sol< (to, xo, 20, 5+) denotes the set of all solutions (x.(-), z:(-)) of the differential inclusion

(=(t), 2(t)) € co{fs(t, ze(t), VE(t22(t), 51 ), Pv*), —ge(t,:cs(t),Yj(t,azs(t),er),P,v*)} (16.8)
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with the initial condition
ze(to) = z0,  ze(to) = 20 (16.9)
Obviously, the inclusion
Solg, (to, zo, 20, 54+) C SolS (to, xo, 20, 5+)

holds.
Consider the trajectory chosen above

(2°(-),4°(-), 2°(+)) € Sol*(to, o, %o, 20, $+)

and t € [tg,T]. Estimate the distance between the point (z°(¢), 2°(¢)) and the point (z-(t), z:(f)) on a
trajectory

(:Eg('), z€(~)) € Sol, (to, %0, 20, 5+ ),

which is the nearest trajectory to (z=(-), 2°(+)).
By the definitions of these points, one can see that the mentioned distance is not greater than the
distance between (2°(t), 2°(t)) and the point (z§(t), 25(t)) on a trajectory

(338()7 ZS()) € S01(€]+(t07 0, 20, S+)7

which is the nearest trajectory to (z°(-), 2°(-)).
By Assertion III.1, we obtain the following estimates:

J2°(t) = z()|| < [Ja=(t) = 25(t)|| < / [45(7) — a5(7) || dr

to

t
< /dist (COfE(T, (1), y° (1), P, v"‘)7 COfE(T, xg(T),YOE(T, $6(T),S+),P,U*))dT
to

t

‘dT, (16.10)

< max‘ fE(T, xE(T),yE(T),u,v*) — fE(T, xg(T),yg(T),u,v*)

ueP

to

where
Yo()  [to, 7] 3 t = w5 (t) € Y5, (¢, 25(), 54) € Do
is a measurable function defined by (16.4) and satisfying the relation

[y=(t) — w5(0)|| = dist (y°(t), Y (t, 25(t), 54)).
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Using (B7) and the properties of dist, we continue inequalities (16.10):

t
Jo#(0) ~ a5 < [ £{Jla"(r) = 5] + () — ) Jar
to

< /Le{Hxs(T) — 2 (7)|| + dist (y°(7), Y (7, 2°(7),54))
+ dist (YE(r,25(7), 54), YE(7,25(7), 54)) }dT
< /LE{(l + Ka)Hxa(T) — xE(T)H + dist (yE(T), Y: (T, x(7), s+))}d7.

To complete estimates (16.10), we use the exponential estimate (16.3) for the distance between the fast

components of generalized characteristics and the corresponding attractors, and the Gronwall inequality
(see [300]):

0
Hazs(t) — x%(t)H < /L€(1 —i—Ka)Hma(T) — .7)6(7’)”617’

therefore,

where
0

d .
N¢ = —[1+ LE(1+ K°)(T —to) - exp (L°(1 + K°)(T — to))}, d" = diam{D} U D" }.

Obviously, p(e) | 0 as € | 0. Similar reasonings prove estimates (16.12) for the difference |2°(t) — 2§
Estimates above for the upper complexes and similar estimates for the lower characteristic complexes
imply the following assertion.

Lemma IV.1. For any compact sets D, DS)F, and D° chosen by condition (B8), there are numbers
0% >0 and p° > 0 and mappings

(0,1] = (0,8°] x (0,9 : € = (4(e), p(e))

that satisfy the following requirements:
()10, pe)l0 as €0,

and for any initial state (to,x0) € D, yo € DY, 20 € R, s+ € Sy, £ € (0,1], and a trajectory

(@°(-)s 47 (), 2°(-)) € Sol*(to, 0, Yo 20, ),
one can choose a trajectory

(z=(), 2z(+)) € Sol&(to, xo, 20, 5+)
such that the following estimates hold:
|2(7) = 2o < ple) |25(7) = 2| < ple),  dist (v (7), YE(r,a%(7),55) ) <

forall T € [to+ 6(¢),T1.

3043



Remark IV.1. The values of the mapping d(¢) in Lemma IV.1 can be chosen as follows:
e, €
6(5) == —F In E
The values of mapping p(e) are defined by relations (16.12).

Note that Lemma IV.1 is similar to Lemma III.1.

Note also that differential inclusions (16.8) satisfy the definition of upper characteristic inclusions in
the “upper” perturbed Cauchy problem P of the type (15.4), (15.5), where the Hamiltonian Hf has the
form

HE (t,z,s) = max min s, f) —
H ) s+€5+ (f.9)€FS(ta,s4) ls: /)~ ]

and

Fj—(t7x’8+) = Co {fs(tvxvy—i(tvl‘aSJr)vP? ’U*), —gs(t,fE,Y_f_(t,SE,SJr),P, ’U*)}

Similarly, the construction of the Hamiltonian He , 1.e.,

HE (t,z,s) = min min s, f)—4l,
( ) s_€S_ (f,g)eFe (t,x,s_) [< f> g]

where
Fe(t,z,s_) =co {fe(t,x, YE(t,x,s-), ux, Q), —q° (t,x,Yf(t,:p, S )y Uy Q)},
provides an opportunuty to consider the complexes (S_, M¢):
S_.=PxA>s_=(u"a"),
M® = M* (t,x,s_) = co {fs(t,:ng(t), YE(t, xe(t),s-),u*, Q), —g° (t, (1), YE(t, 2(t),5-),u*, Q) },

Yf(t7$78—) = U Ys(t,x,u*,v,a*,ﬂ), S— = (u*7a*)7
veQR,BEB

as lower characteristic complexes for the corresponding “lower” perturbed Cauchy problem P¢ of the
type (15.4), (15.5) with the Hamiltonian H< .

According to the definitions of minimax solutions Val® (¢, z,y) of the singularly perturbed Isaacs equa-
tions (13.4)—(13.6), the epigraphs and the hypographs of the solutions are weakly invariant with respect
to the characteristic inclusions corresponding to the complexes (14.1) and (14.2). Using the weak invari-
ance, one can follow the general scheme of the proof given in the previous chapter to obtain the following
results.

Lemma IV.2. The function
w (t,z) = inf  liminf min wE(t' 2, y)
st€S1 el yeYE(t,al,sy)+BS
(' 2")—(t,z)

is an upper minimaz solution of the “upper” limit Cauchy problem PY. of the type (15.4), (15.5), where
the Hamiltonian H?_ has the presentation

HO(t,2,s) = max min s, f) — 16.13
+(t, 7, 5) = max G ) [(s, ) — 4] (16.13)

and
FO(t,a,51) = co{f“(t,x,Yf(t,a:,s+),P, v*), =gt Y2(t, 2, 54), P, v*)}.
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Lemma IV.3. The function

w(t,z) = sup limsup max w (¢, 2
s_€S_ el0 yeY: (t7x,57)+B,i
(t' ") —(t,x)

is a lower minimaz solution of the “lower” limit Cauchy problem PY of the type (15.4), (15.5), where the
Hamiltonian H® has the representation

H°(t,z,s) = min ma min s, f)— 16.14
(t,2,8) = min X(fg)epﬁ(uxﬁ,)[< f) =gl (16.14)

and
FO(t,z,5_) =co {fo(t, 2, YOt x,5_), us, Q), —g(t, 2, YO t, 2, 5_), us, Q)}

Condition (B10) implies the equality
wl = w = Val®. (16.15)

This means that Val’ is a minimax solution of the problem P° (15.4), (15.5), where the Hamiltonian is
defined as follows:

HO(t,z,s) = H)(t,z,s) = H (t,2,5). (16.16)
Uniform estimate (16.12) and equality (16.15) imply that
liH)l Val®(t, z,y) = Val’(t, z);
€

this convergence is uniform on any compact set D x (D?|r U D). The proof of Theorem IV.1 is complete.
Note that the limit unperturbed differential games G, i = I, I'T (see (15.6)—(15.9)), are reconstructed in

(2

accordance with the form of the limit Hamiltonian H(¢, x, s) (16.13), (16.14), (16.16) and the definition of
characteristic complexes corresponding to the Hamiltonian. According to the theory of minimax solutions
of Hamilton—Jacobi-Isaacs equations, the minimax solution Valo(t, ) of the limit problem PY coincides
with the optimal guaranteed result of the first player F? in the game G? and with the optimal guaranteed
result of the second player F? ; in the game G(} ;- The Hamiltonians in the games G?, 1= 1,11, coincide,
and they are equal to H°(¢,z, s). Thus, one can say that the games G?, i = 1I,11I, are equivalent relative
to the guaranteed results.

17. Example

Consider the following singularly perturbed differential game, where the sufficient conditions presented
in Theorem IV.1 are satisfied:

x(to) = w0 € R, y(to) =yo € R, o€ [0,T],

where the Lipschitz continuous function y — k(y) : R — R has the form

k(y) = .
=2y if y <O.

Values of controls of the first and second players (« and 3, respectively) are constrained by the restrictions
ac ACR, pBeBCR,

where A and B are compact sets.
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The terminal time moment 7" is fixed. The cost functional has the form
T

12 e (@(),5()) = 0(@(T)) + / g(7, 2(7), y(r))dr.

to

In the considered game, the first player tries to minimize the cost functional and the second player, on
the contrary, tries to maximize the functional.

Assume that the functions f(+), g(+), £(+), and o(-) are continuous and the functions f(-), £(+),, and g(-)
are Lipschitz continuous with respect to the variables t, z, and y with a constant L, > 0. Assume also
that the Isaacs condition

ggggﬂgﬁ Stz a,0)) = glgggg% (o, B))

holds for all (t,z,s) € [0,T] x R x R.
According to constructions considered in this chapter, choose characteristic complexes for the perturbed
problem as follows:

sy =08, Sy=B, s_-=a S_=A, (17.1)
Mi(tan8) = co{ (flta) T (€= —alton)) s cotltadp).  (72)
ME (t,z,y,a) = co { (f(t,:n,y), % &—y), —g(t,x y)> € €coé(tyr, B)} ) (17.3)

The sets of “fast roots” Y (¢,z, «, 3) are defined by the formula
Y(ty x, a, B) = So(f)f(ta z, o, B))

where the function £ — ¢(§) is defined as follows:
1 for € >0,
p(§) =
1/2 for £ <0.
The attractors Y for complexes (17.1)—(17.2) have the form
Yi(t,x,s4) =Y (t,x,0)+ B°, sy =0,
Ye(t,z,s-) =Y (t,z,a) + B, s_=aq,

where B¢ is the closed ball of radius ¢ in the space R.
In the limit unperturbed problem, one can choose characteristic complexes as follows:

s+ =0, Sy=B, s_=a, S_=A,
MY (tx,9) = co{ (f(t,2,6), —g(t.2.€)) : € € Y(t,2,0)].
MO (t,z,a) :co{(f(t z,8), —g(t,z,&)): € € Y(t,m,a)},

where

Y(t,z,3) = Uftxa,ﬁ) Y(t,z,a) = U&tma,ﬁ)

acA peB

The limit unperturbed differential games G , 1 = 1,II, can be considered in the framework of the
following differential game GY:

T = f(t,x,Y(t,x,a,ﬁ)) = f(t,:c,(p(f)f(t,x,a,,ﬁ))

3046



with the cost functional
T

18,2, a1, 80) = oa(T)) + [ glra(r). ¥ (t.2,0.9)dr
. (17.4)
= o(@(T)) + / o((r,2(r), ()€ (t, 2, 0, B)) dr.

Admissible controls of the players are measurable functions
[0,7] = A:t+— aft) [0,T] — B :t+— [(t). (17.5)

The first player has the control «(-) and tries to minimize the cost functional (17.4) and the second player
has the control 5(-) and tries to minimize (17.4).
According to Theorem IV.1, assume that the Isaacs condition

min max [<s, f(t,a:, w(&E(t, x, a,ﬂ))> + g(t, x, p(&)E(t, x, a,ﬂ))}

acA BeB

= max min Rs, f(t,x, w(&)E(t, x, oz,ﬁ))> + g(t,x, w(&E(t, z, o B))}

BEB acA

also holds for the limit unperturbed game.

CHAPTER V

GENERALIZED METHOD OF CHARACTERISTICS
IN THEORY OF MINIMAX SOLUTIONS
FOR QUASI-LINEAR PARABOLIC EQUATIONS

In Chap. V, we develop the concept of generalized minimax solutions of quasi-linear parabolic equations
of the Hamilton—Jacobi-Isaacs type:

dp(t, z) dp(t, x) ~ L Potm)
5t +H<t,x, o + ) ai(t) Ddr, = 0.

i,j=1
Such equations arise in the study of stochastic differential games. Investigations of value functions have a
great importance for the construction of optimal feedbacks for these games. It is known [76, 79, 146, 168]
that the value function of a diffusion game satisfies the above-mentioned parabolic equation at regular
points, where the function is sufficient smooth; this second-order partial differential equation is called the
Isaacs equation or the main equation of the theory of differential games.

For control processes of diffusion type with a nondegenerate noise and a cost functional of the Mayer
type, the value function is smooth. The corresponding Hamilton—Jacobi-Isaacs equation is a nondegen-
erate parabolic equation, which has the unique smooth classical solution of a boundary-value problem
corresponding to the cost functional [192]. The solution coincides with the value function of the consid-
ered diffusion game. Thus, in this case, the Hamilton—Jacobi-Isaacs equation defines the value function
uniquely.

However, when considering a diffusion control process with degenerate noise, as a rule, the correspond-
ing boundary-value problem for the Hamilton—Jacobi-Isaacs equation of parabolic type has no classical
solutions. The value function is defined but it is nonsmooth; it does not satisfy the Hamilton—Jacobi—Isaacs
equation on a set of zero measure, and there are many functions satisfying the Hamilton—Jacobi-Isaacs
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equation almost everywhere. Therefore, we need to improve the definition of generalized solutions in the
theory of quasi-linear parabolic partial differential equations to provide uniqueness for a given boundary-
value problem and coincidence with the value function for a diffusion differential game.

In Chap. V, we develop the concept of generalized (minimax) solutions of quasi-linear second-order
partial differential equations of the Hamilton—Jacobi-Isaacs type by using the generalized method of
characteristics.

Stochastic diffusion differential games with terminal cost functionals are considered. Main ideas, state-
ments, methods, and results of research into stochastic games can be found in [29, 76]. The results
presented in Chap. V are obtained in the framework of another (positional) statement suggested by
Krasovskii [133, 136, 238].

Notions of generalized stochastic derivatives are introduced below. Generalized stochastic derivatives
play an important role in necessary and sufficient infinitesimal conditions for the value function of a
diffusion differential game. Namely, a pair of differential inequalities is obtained, which contains such
derivatives. For deterministic games (without a noise), these inequalities turn out to be the known
differential inequalities in terms of the directional Dini semiderivatives [235, 238] (see, e.g., (5.4)). The
inequalities are transformed to the Isaacs equation at regular points, where the value function is smooth.

The pair of inequalities for stochastic derivatives underlies the definition of minimax solutions of
Hamilton—Jacobi-Isaacs equations. We obtain that a generalized solution of a given boundary prob-
lem for a quasi-linear parabolic partial differential equation of the Hamilton—Jacobi—Isaacs type exists, is
unique, and coincides with the value function of a stochastic diffusion differential game. The definition of
minimax solutions is equivalent to the definition of viscosity solution of Hamilton—Jacobi-Isaacs equations
(see [73, 168]).

Also, a class of continuous functions is considered below, where all functions are differentiable with
respect to a part of the variables. Formulas for generalized stochastic derivatives of the functions are ob-
tained. These formulas are used for obtaining a more precise form of the quasi-linear parabolic Hamilton—
Jacobi-Isaacs equation for diffusion differential games, where noise and controls of players affect a part
of the phase variables of a controlled process, simultaneously.

18. Value Functions of a Stochastic Diffusion Differential Game and Its Properties.
Generalized Stochastic Derivatives

18.1. Formalization of a positional stochastic differential game. Consider the following diffusion
game. Let (Q,F,{Fs},P) be a probability space, where {Fs}, s > 0, is a nondecreasing family of o-
algebras of subsets (2. Let W, be an m-dimensional standard Wiener process, which is a Fs-martingale.
Consider a diffusion control process {5, which is described by the Ito stochastic differential equation [31,
170]:

é-s = X + 0/ f(tO + s,fs,us,vs)dS + !w(to + S)dW& (181)

(to,:l?()) e T x Rn, re [O,T — to],

where T" = [0,77] is the fixed interval of real time on which the game is considered. Functions f(-) :
T'xR"x PxQ — R"and ¢(-) : T — L(R™,R") are defined. Denote by £(R™,R") the space of all
continuous linear operators from R™ to R", and by us and vs progressively measurable processes with
values in the given compact sets P C RP and @) C RY, respectively. The process u; is called the control
of the first player and the process v; is called the control of the second player. Note that the real time
t € T" is replaced by s =t — Ty € [0, T — to] in (18.1). The solution of the stochastic equation (18.1) is
understood in the strong sense [31, 170].
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Assume that the functions ¢(-) : T — L(R™,R™) and f(-) : T x R” x P x Q — R™ are continuous and
satisfy the following conditions:

‘@bij(tl) — lbij(tg)‘ < Ll‘tl — tz’a, 1,7 € 1,n, (tl,tQ) eT x T,, (18.2)
. < .
ax [$i(t)] < F1, (18.3)
,j€1,n

where ;;(t) is an element of the diffusion matrix 1 (¢); the constants Fy, L;, and « are positive, and
a>1/2;

sup Hf(t,x,u,v)H < By, (18.4)
(t,x,u,0)ET' XR" X PXQ
| f(t, 21, u,0) = f(t, 2, u, )| < La |21 — 22|, (18.5)

where Fy > 0 and Lo > 0 are constants, (z1,22) € R” x R", (t,u,v) € T' x P x Q,

‘ sup || f(tr, z1,ur,v1) — f(ta, 2, ug, v2)|| < B(6), B0) —0 as 4§10, (18.6)
t1—t2]<6
[lz1—z2| <o
[lur—uz|| <6
llvr—v2 || <6

where (t1,t2) € TV X T, (x1,22) € R™ x R™, (u1,uz) € P x P, (v1,v2) € Q X @, and

i t = i t = H(t 18.
minmax (s, f(t, 2,u,v)) = maxmin (s, (¢, z,u,v)) = H(t,z,9), (18.7)
where (t,z,s) € TV x R" x R".
The value H(t,z,s) (18.7) is called the Hamiltonian of the diffusion process (18.1).
Let us consider a cost functional v, = 7,(&s) estimating the quality of the control process & as follows:

’7*(53) = E{’V(ngto)}W (188)

where E{-} is the mean value of the random variable (&7, (w)) and T is the fixed terminal time for the
considered process. The function ~ : R™ — R satisfies the condition

[v(21) = y(22)| < Lal|zr — a2, (18.9)

where L3 > 0 is a constant and (z1,x2) € R” x R™.

The first player tries to minimize the value 7, by choosing the control u and the second player tries to
maximize 7, by choosing the control v.

Let us consider the positional formalization [136] of the diffusion differential game (18.1), (18.8) for a
class of positional strategies called feedbacks U(t,x) and V(t,x), which are Borel measurable functions
U():T"xR" - Pand V(-): T x R" — Q.

Let (to, o) € T x R™ be an initial state of the process, and

A:{O:TQ<7'1 <~-'<Tk+1:T—t0}
be a partition of the 7-time interval [0, T —to], which is obtained from the real ¢-time interval of the game

by the substitution 7 =t — #o. Consider a progressively measurable process v : [0,T — to] x 2 and a
feedback U : T x R™ — P. Denote by &, (to, xo, U, v(.), A) the random process &, r € [0,T — to] described
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by the stochastic equation

&= +/f(to+s,5s,un,vs)ds+/w<to+s>dWs,

r€[r,Tit1), ©1=0,1,...,k, (18.10)
ur, = U(1 + t0, &) (P-ace.),
fTo =X (P—a.e.).

where the notation (P-a.e.) means that the corresponding relation holds almost everywhere on {2 relative

to the measure P. Recall that diam A = ()IE?E{I@(HH —Ti).
7

The guaranteed result 'y for the strat_eg,_y U at the initial state (tg,xo) is defined by the following
relation:

I'1(to, zo, U) = lim sup sup E{fy(fT,tO(tg,xo, U, vy, A)) } (18.11)
diam A0 v(-)

The optimal guaranteed result of the first player p; in the class of strategies U (t,x) is defined by the
relation
pl(to,wo) = ir(}ff‘l(to,xo,U). (18.12)

Similarly, replacing u by v in (18.10), one can define the guaranteed result I's of the second player for
a strategy V (¢,z) as follows:

FZ (tﬂa Zo, V) = J};Elglifo g(ﬁ)‘ E{’Y(foto (t07 zo, ‘/a Uy, A)) } (1813)

The optimal guaranteed result for the second player is defined by the relation

pg(to,xo) = SupFQ(to,xo,V). (18.14)
14

Assertion V.1 (see [136]). For any initial position (tg,zo) € T' x R™, there exists the value po(to, xo) of
the diffusion differential game (18.1), (18.8), i.e.,

p1(to, zo) = p2(to, xo) = po(to,xo). (18.15)

The mapping pp : T/ x R™ — R defined by relation (18.15) is called the value function of the diffusion
game (18.1), (18.8). Note that this function coincides with the value function defined in the framework of
another known formalization suggested by Fleming [76], where the value of a diffusion game is obtained
by taking the limit of the minorant and majorant discrete games, as the steps of discretizations tend to
Z€ero.

18.2. Generalized program controls and stochastic processes under controls. Similarly to the
constructions in Sec. 3.3, let us consider the set

Ar = {Va(.) : s+ a1 [0,T] — rpm(P) is measurable} (18.16)

of all generalized program controls of the first player, whose elements are measurable mappings defined
on the interval [0, 7] with values in the set rpm(P) of all regular probability measures defined on P. On
the set rpm(P), we consider the weak norm generating a topology equivalent to the weak-* topology in
the space C*(P), which is the conjugate space to the space of continuous scalar functions on P. Mappings
s — ag can be identified with continuous linear functionals defined on the space B of the Carathéodory
functions, i.e., with elements of the space B* conjugated to B. As is known [300]), A; is a compact set in
B* with respect to the weak-norm topology equivalent to the weak-* topology in the space B*.
Therefore, the following assertion holds.
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Assertion V.2. The set Ar (18.16) of all generalized program controls as is a metric compact set.
We prove the following theorem.
Theorem V.1. For any (t«, z.,,vs) € T x R™ X A; X Q, there is a unique process & = Ep(tu, Tu, v, V)
satisfying the equation
T T
£ =Ty + /ds / f(t* + s,ﬁs,u,v*)as(du) + /w(t* + 8)dWs,
P

0 0
re0,T —t., (ts,xs) €T xR", v, €Q,

(18.17)

where Wy is an m-dimensional Wiener process, and the properties of the functions f(-) : T'XR"x Px@Q —
R™ and ¢ () : TV — L(R™,R™) are described in Sec. 18.1.

Proof. The scheme of proof repeats similar reasonings in the standard proofs of theorems on the existence
and uniqueness of solutions of stochastic differential equations, which are exposed in many textbooks on
the theory of stochastic processes [31, 170].

Uniqueness. Let £} and €2 be two solutions of Eq. (18.17). Then

=62 Pae onQ, Vrel0,T—t,. (18.18)

In fact, according to (18.17), we have

&= [ds [ |[F(to+shun) = F(t+ 5w w)|as(d)
O/SF[[ S u,v S u, v }Oé U

+ /zp(t* + s5)dWs — /w(t* + 5)dWs. (18.19)
0 0
The Lipschitz condition (18.5) and (18.19) imply the estimate
r
& — €| < LQ/ &5 — €2||ds  (P-ae.). (18.20)
0

By the Gronwall lemma, we obtain from (18.20) the inequalities
0<||& —€ <0 (P-ae.). (18.21)
Using the continuity of the processes & and &2 in r, we obtain from (18.21)
& =€ =0 (P-ae) Vrel0,T -t (18.22)

which is equivalent to condition (18.18).

Existence. Construct the following iterative procedure:
yT('O) = '1:*7

T

0 =t [ [ 040, )
P

J (18.23)

+/¢(t*—|—s)dW5, n=12....
0
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Note that for all n = 0,1,2,..., r € [0,T — t,], and almost all w € Q, the trajectories r — yﬁn)(w) of

the random process y§”) exist and are continuous. Random variables w — yﬁn) (w) are measurable with

respect to o-algebra F, (see [31, 170]).

Using estimates of the type (18.19), (18.20), one can obtain the inequality for the variables yﬁn) and

y£n+1):

(n+1) _ gy () /T Hy@ yn=b) H ds (P-a.e.). (18.24)

Using estimate (18.24) recurrently, we obtain

r

n—1
(1) _ () (r=—s)"" oo -
T Yr 2/ (TL* 1)| Ys Ty ds

0
y [
< Lj NCESE dr [ f(ts + 7,20, u,v0) dr (du) || + P(ts + 5)dWs
n—1)!
0 0 P 0
By condition (18.4), the Fubini theorem, and the Cauchy inequality, this implies
, 2
E{ (nt1) _ () }<L" (r—s)" B++ |E Y(ts + 7)dW. d
T yr — 2 (n _ 1)' S 2 * T T S.

Using the properties of stochastic integrals, we obtain

r

}<Lg/—(’“ ) |Fos + V25t A] ds

el -l <11 [ 2

0
r

ng{Fngr\/W}/(r_s) ds_[F2r+\/W( 2r)"
0

(n—1)!

where tr A = Jnax, |tr A(t)| and tr A(t) is the trace of the matrix A(t).
Moreover, this and (18.24) imply

E{ sup
0<s<r

y{m ) — )

} = {FZH M} (LZ?” ~ o )"

n!

where
Ch = BT + V2T - tr A.

By the Chebyshev inequality, for any € € (0, 1), we have

e - L
P (n+1) _ |l 5 &L o L0=ssr <= g2 18.25
Using (18.25), we obtain the estimate
C1 = (Lor)" Cy - C
ZIP’ sup |lym+D) —y| > = g—lz( o) 2 C1oCo (18.26)
0<s<r n? e &= nl €
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where

Consider the sets

B, = {w €Q: sup
0<s<r

1 e
y£m+)y§m)H>W}a m:1v2,"'7

:ﬁ UBfn:{wEQ:Vnﬂmzn sup

0<s<r

m m €
Yy — g )H > W}

According to the Borel-Cantelli lemma, it follows from (18.25)—(18.27)
P(B) =0, € (0,1).

6
= — 1=1,2,....
{8[ ﬂ_zl}a )

For € = ¢, it follows from (18.28) that
oo
> Pl -
=1

n=1 m>n

Consider the sequence

Then for the set

31:UBal:{w€Q:3q VYndm>n  sup ygmH) ygm)H>m—},

=1 0<s<r

we obtain from (18.29)

0<P(B) = (UBS!><ZPBQ =

Let us prove the following inclusion:

o
By = {w: nlggo Z sup
m

— 0<s<r

s ol <
If w € By, then there exist numbers [° > 0 and N < oo such that the inequality

oo
Z sup
m

—n 0<s<r

(m+1)(

1
ymw) - W) > 5

holds for any n > N. Hence, for any n, there exists m > n such that the inequality

sup y§m+1)( ) — (m) H S e 510

0<s<r

holds. Otherwise, for some n > N, we have

> 1 7 6 1
+1 _ _
mE sup |[y{™ ) (w) — ™) (w)H < ep mEZH: T3 Sen e = o 06

—n 0<s<r
which contradicts (18.33). Thus, for w € Bg, we see that w € Bj.
Further, the inequalities

y{™ —ysH < lim sup || Yyt

n—oo OSSST men

—y{m

0 < lim sup

=00 <Ls<r

(18.27)

(18.28)

(18.29)

(18.30)

(18.31)

(18.32)

(18.33)

(18.34)
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and inclusions (18.32) imply

B; = {w : lim sup ||lys — y§">

=00 0<s<r

>y
=00 0<s<r

o0
C {wnh_glgo Z sup
m

—n 0<s<r

> o}
= {w: lim sup

ag

y{mH ygm)H > 0} C Bi.

This and (18.31) imply
0<P(B3) <P(B;)=0.

This means that the uniform convergence

) Sy = s + Z [yt — 4]

(n)

holds on the interval [0, 7] for almost all w € 2. The continuity of the random processes ys ° implies the
continuity of the process ys.

By the Lebesque theorem, one can pass to the limit as n — oo in Eq. (18.23) and obtain that the
process y; satisfies the stochastic equation

Yr :x*—i—/ds/f(t*+s,ys,u,v*)as(du)+/¢(t*+s)dWs, r e [0,T —t.].
o P 0

It was mentioned above that for any fixed (t., z«, @, vs, ), the constructed random variables y'(w) are
measurable with respect to o-algebra F,. Hence, the pointwise limit y,(w) is also measurable with respect
to the o-algebra.

Thus, the existence of a solution &, = y, of Eq. (18.17) is proved. O

Theorem V.2. The solution & = & (t«, Tu, a,vx) of Eq. (18.17) has the following properties:
(i) the mapping w — & (tx, Ts, @, vs)(w) is measurable with respect to F, for any fized (t., Ty, v, Vs, 1);
(ii) the mapping

TXR"xAr xQ x[0,T —t] = R"™: (tu, Tu, @, Vs, 1) = &b, Tuy @, 5) (W)
is continuous for almost all w € Q).

Proof. Property (i) is proved in Theorem V.1. To prove property (ii), we perform the following estimates.
)
Let J,(d) : [0,7] — R™ be a trajectory of the stochastic integral / dW corresponding to an event

0
w € Q. By properties of the Wiener process W, for P-a.e. w € ), we have
max HJ )HSFw<oo,

0<6<T
sup HJw(él — J,(6? H < Bu(A), Lu(A) —0 as A — 0.
§t,6%2¢0,T)
|61 —82|=A

Let o, a* € Ay (see (18.16)),
vi, v eQ, 0<r,<r<T,
(t*,to) el x Rn, (ti,$i) eT x Rn, t; > to.

3054



For f};i =& (ti, w5, v,) and €, = & (ty, T4, @*, v4), the following representations hold:

fﬁz =x; + /ds/f(ti + 5,6 u, vi)ai(du) + /¢(tz + 5)dWj
0 P 0
- ra—(ti—ts)
=x; + / ds/f(t* + 5,€8, u,vi)ozi(du) + / P(t; + s)dW
ti—tx« P 0
— (ri—ra) = (ti—t2)

+ ds [ f(ts +7e+8,& L u,v;)al(du) + Y(ts + rv + 5)dWs, (18.35)
[*] /

0
& =xy + /ds/f(t* + 5,65, u,v0) o (du) + /d)(t* + 8)dWj
0 P 0
ti—t« ti—t«

=z, + ds f(t* + s,fj,u,v*)a:(du) + P(ts + s)dWs
[ ] /

Tu— (ti 715*)

+ / ds/f(t*+s,§;‘,u,v*)aj(du)+ / Ot + s)dW.. (18.36)
ti—t« P 0
Introduce the notation
d,[af — o] = / ds/f(t* +s,§;‘,u,v*)[ai — o] (du).
ti—t. P

For P-a.e. w € €2, one can obtain the estimate

165, (@) = & ()| < llai — 2]l + Folri — 7]
+ Bin? - Bu(|ri — | + |t — ) + Folti — t| + Fin® - Bo ([t — t])

¥

+ / ds /f(t*+s,£i,u,vi)ai(du) —/f(t*+s,£;‘,u,v*)oz2(du)
i —lx P P
<l =zl + Fo - ([t — o] + |ri — mi]) + 2Fin® - Bo ([t — to| + i — 74])

T Ao — va) + Lo / € &']ds + Bufai — a”]. (18.37)
ti—ts
Applying the Gronwall lemma and the estimate
165, (W) = &)l < |€, (W) = & )] + (F2 + Fin? - Bu(lri — 7)),
we obtain from (18.18) the inequality
€, @) — €] < P 0trtDy (1 — ], s =l s =l flor = vl ®ulof —a%]),  (1838)

where
Yoot = tal, [ri =7l s = zall, s = wall, ®afa —a]) =0 (18.39)
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as
tilte, Tilre, T —xe, U— Uy, o —ak (18.40)
Estimate (18.37) remains valid for r; < r, and ¢; < t, after appropriate corrections in formulas (18.35)—
(18.36). Therefore, estimates (18.38)—(18.40) still hold if ¢; — ¢, and 7; — r, in (18.40) instead of ¢; | t.
and r; | 7«. Theorem V.2 is proved. O

18.3. Properties of generalized program controls and random processes under controls. In
this section, we study the properties of generalized program controls and random processes generated
by the controls; they will be used in the proof of Theorem V.3. All lemmas are proved for generalized
program controls of the first player. Similar assertions for generalized program controls of the second
player and random processes generated by the controls can be obtained by replacing in all reasonings
below v, by us, « € A; by a € Ajy; the symbol min by the symbol max; the set Fj(t, x4, vy) (18.60)
by the set Fy(ts,z, us) (18.82); in formulas (18.77) and (18.78), the symbol & by the symbol £*; and in
formula (18.81), the symbol ¢* by the symbol €. In this section, a number of useful assertions from the
theory of random processes is presented without proof but there are references to sources where the proofs
can be found.

Lemma V.1 (see [170, Lemma 1.5]). Let 7(-) be a Markov moment relative to {Fs} and F. be the o-
algebra, of subsets in Q generated by this moment. Then 7(-) is measurable relative to Fr. If T (.) and
72 () are two Markov moments and 7' (w) < 7%(w) P-a.e., then F.qy C F.2).

Lemma V.2 (see [170, Corollary of Lemma 1.8]). Let (¢s,Fs), s € T, be a continuous from the right
(or from the left) random process. Then o, = cp.r(w)(w) is a random variable measurable relative to F.

Lemma V.3. Let 7 : Q — [0,T — t.] be a Markov moment relative to a nondecreasing system of
o-algebras {Fs}, F.) be a o-algebra on Q generated by M and

Q= 0,7T]: w— dw] (18.41)
be a F_a)-measurable mapping. Then the random function
w = 70 (w) = 7Hw) + 6[w] (18.42)
is a Markov moment relative to {Fs}.

Proof. The proof of this lemma is similar to the proof of [170, Lemma 1.3] and follows from the relation

{wrr@ ol <sp = {w: W) =0, dl] = sfU {7 () = 5, 3l = 0}
u< U {w : 7(1)(w) < a, dw]| < b}), (18.43)

a+b<s
a,b>0

where a and b are rational numbers. According to definitions of F; and {F,} and [170, Lemma 1.1], we
have

{w : T(l)(w) =0, dw] = s} € Fo C Fs,
{w O[w] =0, 7MW (w) = s} Ndw: M < s} = {w 0w =0, 7 (W) = 3} e Fs, (18.44)
{w W (w) < a, dlw] < b} € F. CFs
for s > 0. For any s € [0, 7], we also have
{w 7O < S} e Fs, (18.45)

ie., 70(w) = 7MW (w) 4 §[w] is a Markov moment relative to {F,} and 7°(w) > 7()(w) for w € QP-a.e.. O
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Lemma V.4. Let 70 (-) and 73)(-) be Markov moments relative to {Fs} and 7™M (w) < 7 (w) P-a.e..
Let a® w]: Q — Ar, i = 1,2, be measurable mappings relative to o-algebras F, ), respectively. Then the

mapping

(1) < o< (1)
wis a®lw] = 4% )M Jor 0ss<7(W), (18.46)
s [w] for TM(w)<s<T
is measurable relative to o-algebra F ).
Proof. According to the definition of the o-algebra F_(z), it suffices to show that
{w:aw] e A} N {w 7@ (W) < t} eF (18.47)

for any closed subset A of the set A; and any ¢ € T'.
Let us construct the following multi-valued mappings on the interval [0, 7] with values in the set of all
closed subsets of metric compact set Ar:

( as:ag[w],()gsgt,weﬂ,

t— Al ={aeAr|as:[t,T] — rpm(P) is measurable if a’[w] € A, 3, (18.48)
otherwise Al = 0)

as=0aw], t<s<T, weQ,

t— A2 ={ae Ar|as:[0,t] — rpm(P) is measurable if a’[w] € A, . (18.49)

otherwise AZ = ().

The mapping ¢t — A} is continuous from the right (and upper semicontinuous) and the mapping
t — A? is continuous from the left (and upper semicontinuous) relative to the Hausdorff metric. Hence,
by Lemmas V.1 and V.2, the mappings

wim A e we AR (18.50)

)
are F_ay-measurable and F_¢)-measurable. The measurability and the definitions of aWDw], i = 1,2,
imply

{w . a(l)[w] [= A'}'(l)(w)} C f’?'(l) C f7(2)7 {u} : Oé(Z) [(,(}] S Az(w(w} C f,r(Q). (1851)

Therefore, (18.51), the relations
{w :aOw] e .A} = {w caWw] e Ai(U(w)} N {w caPw] e Azﬂ)(w} , (18.52)
and the definition of the o-algebra F_(2) imply that condition (18.47) holds. O

Lemma V.5. Let p : T' x R" — R be a continuous function, & = & (t«, xs,a,vs) be a solution of the
stochastic equation (18.17), 7(-) be a Markov moment relative to {Fs}, and F; be a o-algebra on Q
generated by 7(-). Then there exists a mapping Q — A : w — a*[w], which is measurable relative to F,
and the equality

(b 7). &) (0[], 2) (@)) = mim (b 4 7(0) Epo) (B2 0,0) () (18.53)
OCEA[
holds for P-a.e. w € ).
Proof. According to Assertion V.2 and Lemma V.2, the functions
p(a; ) W p<t* + T(w)v éT(w) (t*7 L, O, U*) (w)>7

pl]:w— mi/{l p(t* +7(W), &) (t*,w*ya,v*)(w))

aEAr
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are Fr-measurable for any fixed
(te, Ta,a,v4) €T X R X Ar X Q,  (ti, x4 v) € T x R x Q,

respectively. For any fixed (t, 2. v.) € T' x R™ x ) and almost all w € €, the function

plw): A = R", aw— p(t* (W), &r(w (t*,$*7a,v*)(w)) (18.54)

is continuous. We extend the function p(a,w) to provide the continuity of this function for all w € €. For

example, one can set it equal to a constant for all points, where it is not defined, i.e., on A; x E, E € F,.,

P(F) = 0. Let us also achieve that the function w — p(«a,w) is measurable relative to F, for all o € Aj.
After this, one can use Corollary 6.3 and Theorem 7.2 in [103] and obtain that for the multi-valued

mapping

a* € Ar:pla*,w) —plw] =0 for we N\ E,

wr— A%(w) = {AI, for we L, (18.55)

an F.-measurable selector
Q— A5, wea'w], aflw] € A% (w), weqQ, (18.56)
exists and definition (18.55) implies (18.53). Lemma V.5 is proved. O

Corollary V.1. Let p: T x R® — R! be a continuous function and & = & (ty, T, i, v4) be a solution of
the stochastic equation (18.17). Then for any r € (0,T — t.), there is a mapping Q@ — A : w — o*[w],
which is measurable relative to F, and the equality

p(t* +7r & =& (t*,x*pz* [w],v*)) = min p(t* +r & (t*, Ty, m)(w)) (18.57)

a€AT
holds for almost all w € €.
Proof. To prove this assertion, one can choose 7(w) = r. In this case, the functions w +— p(a,w) and

w +— plw] are F,-measurable and the selector w — a*[w] (see (18.56)) obtained by the scheme in the proof
of Lemma V.5 is also measurable relative to F,. O

Lemma V.6. Let & = & (ts, 0, v4) be a solution of the stochastic equation (18.17). Consider the
superposition & [w] = & (t«, vy a[w], vy)(w), where @ — Af : w — alw] is a mapping measurable relative
to o-algebras F,.. Then

E{|l&[w] — 24|} < 0. (18.58)
Proof. First, note that Theorem V.2 implies that the superposition w — &.[w] of the mappings
(,w) — & (te, o, v4) (W), w— aw]

is measurable relative to F,.. The following representation holds:

&lw] = 20+ ful] 7+ VI(EIN(W) + 60 (@) + 6P (@) + 67 (w). (18.59)
Indeed,
&rlw] = /ds/f b+ 8, &[w], u, vs) agw] (du) —i—/zp(t* + 5)dWs(w)
P 0
:x*—|—/ds/f(t*,x*,u,v*)as[w](du)—i—zp(t*)/dWS(w)
o P 0
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+O/dsp/ [f(t*+8,x*,u,v*) = f(te,zeu, ”*)] slwl(du)

—I—/ds/
0 P

—

f te + 8, &[w u,v*) — f(t* + 8, Ty, U, v*)}as[w](du)

T

I / [(te + 5) — (L) | AW (w)

0

= 2+ fulw] -7+ VIO(EIn(W) + ED (@) + 6 (W) + 6P (W),

where

felw] € co {f(te, zs, u,v4) s w € P} = Fi(ty, Ts, v4),

0

(18.60)

(18.61)

By the properties of the Wiener process Wy, the random variable 7 is the m-dimensional normalized

Gauss variable with independent components,

f(l) /ds/ t* + 8, Ty, U, v*) — f(t*,a:*,u,v*)}as[w](du),
(2) /ds/ t* + s, &(w], u, v*) — f(t* +s,x*,u,v*)}as[w](du),

D) = / [t +5) — 0] AW,
0
Using conditions (18.3) and (18.4), we obtain the following estimates:

< /ds/“f(t*+s,x*,u,v*) 7f(7f*,l‘*,u v*)
P

0

&)

slwl(du) < B(r)r,

_/Tds/Hf(t*—l—s,fs[w],u,v*) —f(t*—{—s,m*,u,v*) aslw](du)
0 P

< Lo [ el - o s
0

%) ’ <Lj-rots. niﬁ?(w), E{Hﬁq(n?’)H} < Li-rF3 - /nom.
\ =1

Thus, we obtain from (18.59)-(18.67), (18.3), and (18.4) the estimate

T

B{[lérw) — 2|} < K2r+\/W+ﬂ(r)r+L2/E{Hgs[w] — || Yds + Ly - v .

0

(18.62)

(18.63)

(18.64)

(18.65)

(18.66)

(18.67)

(18.68)

3059



We set

K = KT + K1v/mn + max B(r) - VT + Ly - T®/rm < . (18.69)

Using the Gronwall lemma, we obtain from (18.68) the estimate
E{Hﬁs[w] - a:*H} < VrKexp Lar < occ. (18.70)
Lemma V.6 is proved. O

Consider the class Lip of functions p : [0, 7] x R™ — R satisfying the Lipschitz conditions with positive
constants L, < oo, namely,

‘p(tl,xl) — p(t2,$2)| < Lp(|t1 — tg‘ + Hxl — l’g”) Vi1, to € [O,T] = T/, xr1,T9 € R™. (18.71)

Lemma V.7. Let p € Lip and & = & (tx, T4, a, vi) be a solution of the stochastic equation (18.17). Then
for any (ti,z.) € TV x R"™, r € (0,T — t.], and v, € Q, the estimate

‘E {;2% P(t* +, gr(t*ain*aaav*))} —FE {feFlmin p(t* +rxe+ for+ \/7_"71)(15*)77)}‘ <r-¢(r)

(ts, T, 05 )
(18.72)
holds, where
¢(r)y—0 as r—0, (18.73)

The class Ay is defined by (18.16) and the compact set Fy(ty, x4, v4) is defined by (18.60).
Proof. Let the equality

E{ min ~ p(ts + 1@+ for+ \/?w(t*)n)}

FEFL (ts,xx,v4)
= B{p(ts + 2+ fl0] r 4 Vi(tnW)) | (18.74)

hold for p € Lip, where the F,-measurable selector f0[-] : Q +— F} (%, x4, v.) is chosen by the scheme in the
proof of Lemma V.5. According to the Carathéodory theorem (see [300, Theorem 1.6.2]), for the selector
in the convex compact set F(t., T, vs) (see (18.60)), there exists a measure a’[w] € rpm(P), w € €2, such
that the representation

fo[w]:/f(t*,:c*,u,v*)ao[w](du) (18.75)
P

holds and the mapping Q — rpm(P) : w — a°[w] is F,-measurable [103, 300].
Let the mapping w — a*[w] € As be chosen according to Corollary V.1 and the mapping w — @[w] € A
satisfy the equalities

aslw] =allw], 0<s<T —t,. (18.76)

Using the representations (18.59)—(18.64), Lemma V.6, and condition (18.57), one can obtain the following
estimate:

E { min p(t* + 7, §r(t*,x*,a,v*))(W)}

aEAS
= B (b r Pl 7+ V() + €7 + €27 +07) )

<E{p(totrm+ Tl v+ Viotn) + &7+ 87 + 57}, (1877)

where the asterisk and the bar mean that the corresponding value are calculated for a*[w] or for aw],
respectively.
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It follows from (18.43) and condition (18.71) that the following inequalities hold:

E { min (L. +, §r(t*,x*,a,v*))(w)}

OZEA]

- F {feFlmin )p(t* +rxe+ for+ \/Fw(t*)n(w)>}

(ts s T U

< E{p (bt rme + Tl + Vro(t)nw) + &7 @) + &7 @) + &7 (@) }
~-E {p(t* + 1y + flwlr + \/Fw(t*)n(W)) }

<, E{|&"] + &)+ [€7]|} - s78)
Using conditions (18.65)—(18.67), (18.71), and (18.3), this estimate can be continued:
E{ gy ‘ + [ ‘ + [ ‘} <r [B(T) + Lo/r - K exp (Lyr) + Llra—%M} . (18.79)
We set
C(r)=1Ly- [5(7“) + Lov/r - Kexp (Lor) + Llra_%\/ﬁ} (18.80)

and obtain one of inequalities (18.72) and condition (18.71) from (18.78)—(18.80).
Similar estimates can be used to verify the second inequality in (18.72) taking into account (18.74),
(18.77), and (18.71), namely,

E {fEFlmin )p(t* +rxe+r-f+ \/F@b(t*)n(w))}

(ts T, 05

_ E{mgl p(t* —i—r,&(t*,x*,a,v*))(w)}

aEAg

= B{p(te+rme 1 L]+ Vrv(tne)
— E{p(te +rae e Pl + V() + 07+ 27 1 697) ]
<E{p(t 47+ flw] r 4+ Vro(t)n) ) |
— E{p(te +r,ma + ] 7 VIO (EIn(@) + €D+ €2+ 604) |
g b <rcen). ass)

—=(1)*
5( ) {
where ((r) has the form (18.80). Lemma V.7 is proved. O

r

—=(3)*
5()

T

<1,-E{ + +

To prove similar assertions for generalized program controls of the second player and random control
processes generated by the controls, one must use the following constructions:

o the set Fy(ts, s, us) of the form

Fo(ts, oy, us) = co { f(ts, Tu, Us, v) 0 € Q} (18.82)
instead of the set Fi(t., x4, vs) (18.60);
e the set
Arr = {Vagy: T' — rpm(Q) : s — a, is measurable } (18.83)

of generalized program controls of the second player;
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e the random control process & = & (ts, T4, us, @) generated by the control a € Ay as a solution of
the stochastic equation

T

fr:x*+/d3/f(t*+3a§SaU*7v)as(du>+/¢(t*+3)dWsa
P 0

0
rel0,T —t., (te,Te,us) €T xR x P.

(18.84)

Remarks on replacements in formulas and necessary corrections in proof of similar results for the second
player are at the beginning of this section.

18.4. Stochastic stability properties for continuous functions. In this section, the notions of
stochastic u-stability and v-stability for continuous functions (see [136]) are introduced. The definitions
are used in Chap. V to obtain an infinitesimal form (19.8) and (19.9) of the notion and to apply the last
form to a development of the concept of minimax solutions of boundary-value problems for quasi-linear
parabolic Hamilton—Jacobi—Isaacs equations. It is possible to state other equivalent formulations.

Note that Definitions V.1 and V.2 of the properties of stochastic u-stability and v-stability have a
deterministic analogue involving tools of the theory of differential inclusions [133, 135, 235, 238]. There
are generalized program controls (18.16) and (18.83) and stochastic processes generated by the controls
(18.17) and (18.84) in the basis of the notions of stochastic stability.

Recall the definitions of stability for a continuous function p(¢, x) relative to stochastic processes (18.17)
and (18.84).

Definition V.1. A continuous function p : T/ x R™ — R is said to be u-stable if the inequality

E { mif{l p(t* + 7, fr(t*, T, a,v*))} < plts, T4) (18.85)

acAg
holds for all (ty, x4, v4) € T X R™ x Q and r € [0,T — t4].

As follows from property (ii) in Theorem V.2 and Lemma V.1, the minimum in calculations of the
mean value in inequality (18.85) is achieved for P-a.e. w € Q. Thus, condition (18.85) means that for any
given (ty, x4, vs) € T X R" x Q, r € [0,T — t.], and w € , there exists a generalized program control of
the first player afw] € A; such that the mean value of the random variable

pléw]] = p<t* + 1, & (te, T4, W], m)) (w)
is not greater than p(t., z.) for trajectories &, [w] of the stochastic process (18.17) generated by the control.

Definition V.2. A continuous function p: T/ x R™ — R is said to be v-stable if the inequality

E { max p(t* +r &, (t*,x*,u*, Q, ))} > p(ts, Tx) (18.86)

aEAjj
holds for all (ty, x4, us) € T" X R™ x P and r € [0,T — t.].

Assertion V.3 (see [136]). A continuous function p(-) : T' x R™ — R coincides with the value function
po(+) for the differential game (18.1), (18.8) if and only if it is u-stable and v-stable simultaneously and
satisfies the boundary condition

p(T,xz) =~(x), xe€R" (18.87)

3062



18.5. Generalized stochastic derivatives. It is known [76, 136] that the value function po(t,z)
(18.15) of the diffusion differential game (18.1), (18.8) under consideration is an element of the class Lip
if assumptions (18.3)—(18.7) and (18.9) hold. According to the Rademacher theorem, a function of class
Lip can be nondifferentiable on a subset of T” x R™ of zero measure. The following notions of generalized
stochastic derivatives are suggested for the infinitesimal analysis of such functions at each point of the
strip (0,7") x R™.

Let p € Lip, (t,z) € (0,7) x R™, F' be a compact set in R", the random variable n = (n1,...,n,) be
an m-dimensional Gauss normalized variable with independent components, and ¢ : T/ — L(R™,R"™) be
a diffusion matrix satisfying conditions (18.3).

Definition V.3. We introduce the following terminology: % is called the lower generalized sto-
. o dtp(t, ) . . o . .
chastic derivative and W is called the upper generalized stochastic derivative of a function p € Lip
at a point (¢,x) with respeé:t to the set F' and the diffusion matrix ¢ = 1 (t):
J*p(t x) | .
LI BANINEY Py V], 18
F.0) irp inf = { {rfrg%p t+6,x+08f +Vou(t)n } p(t 3:)} (18.88)
dp(t, x) 1 [ {
& PGT) Nimsup = | E { max (t+5,x+5 +Vou(t ) —o(t, 7)) . 18.89
oy, =lmsw s | B (max F+VBu(em) b ol 2) (18.59)

Note that in the case where ¢ () = 0 and the set F' is a singleton {f}, formulas (18.88) and (18.89)
define the lower and upper Dini semiderivatives for the function p(-) € Lip at a point (¢, z) in the direction
(1, f) (cf. Definition 1.8, Sec. 2.3).

Consider a point (t,z), where the function p(-) has the first derivative in ¢ and the first and second
derivatives in x;. It is easy to verify that the following equalities hold at this point:

Cflv_p(tﬂ JI) _ 8p(t,x) . 8p(t,:1;) n - 32p(t,x)
(Fyp(t) ot * ?2?< o ’f> T ijz_l ij (t)ma (18.90)
to(t,x)  p(t,x) a Pp(t.x)
(F, (1)) ot +m feF < ’f> +”z:1 azﬂlal'j (18.91)

where the (n x n)-matrix A(t) = (a;;(t)) has the form

A(t) = ST ()

One can develop the calculus for stochastic derivatives. In particular, in Sec. 20, we obtain formulas
for generalized stochastic derivatives for a class of functions differentiable in a part of the variables.

19. Parabolic Hamilton—Jacobi—Isaacs Equations
and Their Minimax Solutions in Terms of Generalized Stochastic Derivatives

19.1. Isaacs equation for the value function of a stochastic differential game. It is well known
(see, e.g., [29, 79, 146, 168]) that the value function of a diffusion differential game (18.1), (18.8) is Lipschitz
continuous and, at points of smoothness, satisfies the following quasi-linear partial differential equation
of parabolic type called the Isaacs equation:

ap()(ta 1’) 8p0(tax) S B 82,00(t7 .%') _
s T H (e, = + ) ai(t) S, =0, (19.1)
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where the function H (¢, , s) is the Hamiltonian (18.7) of process (18.1):

H(t,x,s) = min ma t a itz u,v)).
(t,z,s) 21161315165(< Stz u,v)) = 111)1663(11}16111< [tz u,v))

0
Therefore, Eq. (19.1) has the type of the Hamilton—Jacobi-Isaacs equation. The symbol 920 1neans the

) ox

gradient

Op0 _ (Opo  Omo

Ox oxy’ 0z, )’
and the (n x n)-matrix A(t) = (a;;(t)) has the form

1 T
A(t) = S @) (1) (19.2)

Obviously, the value function satisfies the boundary condition

po(T,z) =~(x), =e€R" (19.3)

19.2. Minimax solution of the boundary-value problem (19.1)—(19.3). Consider the boundary-
value problem (19.1)-(19.3) under assumptions (18.2)—(18.7) and (18.9).

If the matrix A(t) is positive definite, then the boundary-value problem (19.1)—(19.3) has a unique
classical solution [146, 192]. Therefore, problem (19.1)-(19.3) completely defines the value function of
the diffusion differential game (18.1), (18.8) since the value function is equal to the smooth solution. In
particular, this takes place if the noise in the control process is nondegenerate, i.e., m = n, and the
diffusion matrix ¢(t) in (18.1) is nondegenerate for all ¢ € T'.

In the case where (19.1) is a degenerate equation of parabolic type, the boundary-value problem (19.1)—
(19.3) has no classical solutions. Similarly to the deterministic case (see Sec. 2.4, conditions (U2) and
(L2)), we introduce the notion of a minimax solution of the boundary-value problem (19.1)-(19.3) in
terms of generalized stochastic derivatives. According to the theory of minimax solutions, it is possible
to consider Definition V.4 as an infinitesimal form of the generalized method of characteristics for the
quasi-linear parabolic Hamilton—Jacobi—Isaacs equation.

Definition V.4. A function p(-) : [0,7] x R® — R, p € Lip, is called a minimaz solution of problem
(19.1)—(19.3) if the boundary condition

p(T,z) =~(z), ©€R™, (19.4)
and the inequalities
1~ p(t,z) : Tp(t,z)
S e o <" e ) 2 (19:5)
hold for all (¢,z) € (0,T) x R™, where
Fl(t,a;,v):co{f(t,x,u,v) :ueP}, Fg(t,x,u):co{f(t,a:,u,v) ZUEQ}. (19.6)

In Sec. 19.3, we prove Theorem V.4 on the existence and uniqueness of a minimax solution of the
boundary-value problem (19.1)-(19.3) under assumptions (18.2)—(18.7) and (18.9). It was obtained as
a consequence of Theorem V.3 on stochastic stability properties of the value function of the diffusion
differential game (18.1), (18.8).
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19.3. The infinitesimal form of stability conditions. The basic result of this section is the following
assertion.

Theorem V.3. A function p(t,z) € Lip is the value function of the stochastic differential game (18.1),
(18.8) if and only if the following conditions hold:

o(T,z) =1(z), ©€R", (19.7)
d=p(t, =)

W .00 = o

min 2P (19.9)

ueP (Fay(t,x,u), )
where
Fi(t,z,v) = co{f(t,:r,u, v):v € Q}, Fs(t,z,u) = co {f(t,x,u,v) (v € P},
W = (t) is the diffusion matriz in Eq. (18.1) connected with the Hamilton—Jacobi-Isaacs equation (19.1)
by relation (19.2).

Proof. As follows from Assertion V.3, to prove Theorem V.3, it suffices to establish the equivalence of
conditions (19.8), (19.9) and conditions (18.85), (18.86) of u-stability and v-stability, respectively.

First, we prove that condition (18.85) of u-stability implies condition (19.8).

Indeed, for any fixed (t,z,v) € [0,T] x R" x Q and r € [0,T — ¢], condition (18.85) and Lemma V.7
imply the estimate

[E{ min p(t+r,:c+r-f+\/7_“w(t)77)}p(t,x)] rt

fEF(t,z,0)
< [E {g&nl p(t +7, f,(t,x,a,v))(w)} — plt, a:)] r () < ().

Passing to the limit in both sides of this inequality as r | 0 and using (18.73) and (18.88), one can obtain
the inequality

d_p(t,2) ﬂmﬁ{ﬁ%w*““rﬂﬁww}mm

(Fi(t,z,v), (L)) 710 r
Since v € @ is arbitrary, (19.10) implies (19.8).
Now we prove the implication (19.8) = (18.85).
Let a function p € Lip satisfy condition (19.8). Choose a positive number ¢ and construct the function

<0. (19.10)

po(t,x) =p(t,z) — (T —1t)-c. (19.11)
It is easy to verify that the function p® satisfies the inequality
dp(t
max ptz) (19.12)

vEQR (Fl (ta €Ly U)v @Z}(t)) N
Let us prove that the function p° satisfies the stability condition (18.85) at any arbitrary point (¢, z,v) €
[0,7) x R™ x @ for any number r € (0,7 — t,]. For this purpose, we apply the Zorn lemma [114].
Consider a partially ordered set S whose elements are Markov moments 7(-) relative to the family {F,}
of o-algebras. The moments satisfy the inequalities

0<7(w)<r P-ae, (19.13)

E { min p° (t—i—T, §T(t*,x*,a,v*)>} < P (s, T4). (19.14)

a€EA;
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Obviously, the set S is nonempty since
ow)=0 = T7eS.

Condition (19.12) and Lemma V.7 imply also that there exist 7¢(w) = C' > 0 such that 7¢(w) € S, where
C' is a constant close to zero.
For any pair of elements (71, 72) of the set S, there is an order relation 7 > 1o (respectively, 71 > 73)
such that
T1(w) > ma(w) (respectively ,7i(w) > m2(w)) P-a.e. (19.15)
Consider a linearly ordered subset S c S. For any element 7 € S, we define the number b = b(T) as
follows:
T—b=0b1)=E{r} <r=E{r=r} (19.16)
It follows from conditions (19.13) and (19.16) that S is a bounded set. The set of mean values for
elements of S has the least upper bound b, < r. Also, there is a sequence

bi:b(Ti), i:1,2,...,
such that ~
mES, i=1,2,..., bbb as i— oc. (19.17)
Using the linear order in the set S and the linearity of the operation E{-}, one can easily obtain that

elements of a sequence {7;} corresponding to the monotone increasing sequence {b;} (19.17) satisfy the
following order relation:

Tl > T, i=1,2,.... (19.18)
This implies that the sequences {7;(w)}, i = 1,2,..., are monotone nondecreasing for almost all w € .
They are bounded from the above by the number r. This means that there exist the limit
lim 7(w) = m(w) = sup {m(w)}. (19.19)
i—00 i=1

V9N

According to [170, Lemma 1.4], 7. = 7«(w) is also a Markov moment relative to {Fs}. According to
the Lebesque theorem, one can pass to the limit inside the operation of calculation of the following mean
values:

E{Tz} =b;<b, < T, E { mgl PE (t* + Ti,gﬁ. (t*, Ty, CK,Q}*)>} < pa(t*,x*)
aECAr
as ¢ — oo. Therefore, we obtain the following limit relations for 7, (w):
E{n(\ < B{n()y=b.<r, E { min p° (t* v T*(.),57*(,)(75*,3;*,@,@*))} < 05 (e, 7).
aEAg

i.e., N

T« €S w>T VTES,
This means that 7, is an upper boundary of the linearly ordered set S.

The subset S C S is chosen arbitrarily. Hence, according to the Zorn lemma [114], there exists a
maximal element 7y, in the set S such that

VT 2> Tmax TES = 7T(w)=Tmax(w) (P-a.e.). (19.20)
The purpose of the further reasonings is to prove that
Tmax =7 (P-a.e.). (19.21)
Assume that there is a set 2, € F,_ . such that
P(Q,) >0, 7Tmax(w)<r for weQ, CQ. (19.22)

Let us obtain a contradiction to (19.20).
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Construct the multi-valued mapping
B(:) : [ts, T] x R" — [0, T — t,]
by the following rule:
B(t,x) = {5 €e0,7]: FE { Héhp p°(t+ 6, fg(t,:n,a,v*))} < pe(t,:n)} . (19.23)
a€Ag

Obviously, 0 € B(t, z) for any (¢, z).
Let us show that for any (t,x) € [t«, t« +7) x R™, the set B(t,z) contains elements § > 0.
For € > 0, choose a number S > 0 such that

() < Z for all & < B, (19.24)

where ((-) is a function satisfying conditions (18.72) and (18.73).
Inequality (19.12) implies that one can choose a number ¢ € (0, 3] such that

- € : — I
E{feFﬁr%ig,v*)p (t—i—é,x—i—é f+ \/gw(t)n)} p(t,x) < —ed + 4(5. (19.25)

One can see that the definition (19.11) of p°(¢,z) implies Lemma V.7 for the function p*(¢,x). Hence,
relations (18.72), (19.24), and (19.25) imply the estimate

€ € €
in p° — < - S5 - .
E{o%%p <t+5,§5(t,w,a,v*)>} po(t,x) < 55—1—45—1-45_ 2(5<0

Thus, the number § > 0 chosen from conditions (19.24) and (19.25) belongs to B(t, z).
According to property (ii) of Theorem V.2 and the continuity of the function pf, the function

(t,z,0) = E {gleigps (t + 0, {5(t,x, «Q, m))}

is also continuous; this implies that the multi-valued mapping (¢, x) — B(t, z) has compact value set and
is upper semicontinuous.

Hence (see [103, 300]), there exists a measurable on [0,7] x R" selector 6(¢,x) € B(t, z) satisfying the
relations

d(t,z) € (0,t +7r—t] for te [ty ts+7], (19.26)
S(tx +r,x) =0. (19.27)
For the Markov moment Tpax(-) (19.20) and the measurable mapping o*[-] : € — Aj chosen by

Lemma V.5, we construct the F.___-measurable mapping

max

wi— dw] =0 (t* + Tmax(w),fmax(w) (t*, Ty, a*[w],m)(w)) . (19.28)
It follows from the definition of the set €2, (19.22) and condition (19.27) that
dw]=0 for we Q\Qy, Jw]>0 for we Dy, Ow <7 — Tmax(w). (19.29)
According to Lemma V.3, the random variable
7() = Timax () + O[] (19.30)
is a Markov moment relative to {Fs}. It follows from (19.29) and (19.30) that
70> Tmax,  TO() < 7 (19.31)

To obtain a contradiction to (19.20), we show that 79 € S, i.e., it satisfies inequality (19.14).
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Consider a mapping o] : © — A; measurable relative to F,o, which is constructed according to
Lemma V.5 and satisfies the equality

p(t* + To(w)a 57'0(0.)) (t*v L a’ [w]’ U*) (w)> = mgl p(t* + To(w)a gTO(uJ) (t*’ L, ’U*) (w))

aEAg

for almost all w € . Any other mapping a-] : 2 — A; measurable relative to F,o satisfies the inequality

E {p(t* + 79 &0 (te, 24, a®[], m)(w))} <FE {p(t* + 7%, &0 (te, 24, a[-],m))} . (19.32)

Construct the mapping a®[-] : @ — A; measurable relative to F,o as follows. First, according to
Lemma V.5, construct the mapping
041[-] Q= A I

measurable relative to F, max and satisfying the equality

,O(t* + Tmax(w)a ngax(w) (t*’ T, O1 [w]’ U*) (w)) = OI}EH/{I p(t* + TmaX(w)v ngax(w) (t*a Ty, &, U*) (w)) (1933)

I

for almost all w € Q.

As follows from Theorem V.2 and Lemma V.2, the mappings

w = tw] =t + Tnax(w), w— zfw] = é-Tmax(W) (t*7 Ty, a1 [w], U*) (w)
are J; max-measurable. Hence, the mapping
Arx[0,7] x Q= R", (o, 6,w) — & (tw], z[w], a, v.) (w) (19.34)

is Fr max-measurable in w for any a and §. The mapping is continuous with respect to o and § for almost
all w € Q. For § = §[w] (19.28), it follows from Lemma V.2 and relation (19.34) that the mapping

ArxQ—-R", (o,w)— &5l (t[w},x[w],a,v*)(w) (19.35)

is continuous in « for almost all w € 2. The mapping is F; max-measurable in w for any fixed o € Aj.
According to Lemma V.1 and condition (19.31), the inclusion

Frmax C .7:7.0

holds and the Markov moment 7°(-) (19.30) is measurable relative to F,0. Hence, the superposition

(@,w) = (1 + 7). € (t), 2], @) ()

is continuous in « for almost all w € €2 and the variable is F o-measurable for any fixed o € Aj.
Applying reasonings similar to the proof of Lemma V.5, construct the mapping

Q— A, we awl,

which is measurable relative to F, 0 and satisfies the equality
pg (t* + T0<w)7 gé[w] (t[w] ) m[w], a2 [w]a U*) (w)> = aHEl}An[ pE (t[w] + (5[&)], gé[w] (t[w]v .%'[W], «, U*) (w)> (1936)

for almost all w € Q.
Now we construct the mapping
P[] Q — Ap
from two mappings aj[-] (see (19.33)) and az[-] (see (19.36)) as follows:
00 apfw] for 0 <t <ty + Tmax(w),
ap [w] = {

(19.37)
ag[w]  for ty 4+ Tax(w) <t < T.

The mapping a’[-] is F,o-measurable by Lemma V.3. Relations (19.32), (19.37), and (19.36) imply the
estimate
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E {pa (t* + TO, 57—0 (t*7 Txy 040[']7 'U*) (W)) } S E {pg (t* + 7'0’ €7_0 (t*, Ly CVOO['], U*)) }
—E { r (t* + Tanax () + 0w], €51 (Fe + Tmax (@), T[], ], v, ) (w)) } . (19.38)
Calculate the conditional mean value relative to o-algebra Fr max C Fro for the F o-measurable variable:
Q= R, wi pf (b 70w), &5 (te], 2], cafi], ) @) )
In other words, we construct the F; nax-measurable function
w o B {07 (b + Tinax (@) + 8], €510 (b + Tnax (), @[], @2, 0) (@)) }

= B {5 (1 + e s (el el ) .

According to the Fubini theorem (see [31, 170]), this function satisfies the relation

/pg (t* + TO<W),§TO(w)(t*, T, aoo[w},v*)(w»l}”(dw)
B
_ / B (1] + 610, €1 (H], 2[e), asl], v2) () } B(dw). (19.39)
B

on sets B € Frmax-
Using conditions (19.38) and (19.39) at B = Q and (19.36), (19.26)—(19.29), (19.23), (19.33), and
(19.14), one can obtain the following final estimate:

E { min p° (t* + TO,fTo(t*,$*, a, U*)(w))} = E{pE (t* + To,f.ro(t*,x*, ao[-},v*))}

acAr

aEAg

< B{f (tlol, olw]) } = B {57 (b + na(@), € (s 2, a0 0) () }

=F { min p° (¢, + Tmax(w),&max(t*,x*,a,v*)(w))} < P (s, T4).

OCEA[

< E{ps(t* + 79, & 0 (ty, 24, @20, v*))} =F {E { min p° (t{w] + O[w], Esp) (H[w], 2 [w], a,v*)(w))}}

Thus, the Markov moment 7° (19.30) belongs to the set S (19.14). According to (19.31), we have
79 > Thax, which contradicts condition (19.20) on the maximality of the element Tyay in S.
Hence, the above assumption (19.22) is invalid and condition (19.21) holds, i.e.,

Tmax =7 (P-a.e.).
Thus, we have proved that the function p(¢,z) satisfies condition (18.85) at any point (t., ., vi) €
[0,T) x R™ x @ for any given number r € (0,7 — t,], i.e.,

E { min ps(t* + 7, fr(t*,x*,ajv*)(w))} < (s, T4).

a€A;

Hence, the function p(t,x) connected with p°(t,z) by relation (19.11) satisfies the estimate

E { min p(t* + 7, &(t*,x*,a,v*)(w))} < plts, z4) + 17 - €.

acAr

Since € > 0 is arbitrary, this estimate implies the u-stability condition for p(¢, z) (18.85), i.e., the inequality

E { min P(t* +7, fr(t*,x*,a,v*)(w))} < p(ts, z4)

aEAS
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holds. Similarly, if we replace v, by us, the set A; by the set Ajy, the operations min by the operation
max, and the inequality signs < by >, we obtain the proof of the equivalence of the v-stability condition
(18.86) and condition (19.9). Theorem V.3 is proved. O

Assertion V.1, Theorem V.3, and Definition V.4 of the minimax solution of the boundary-value problem
(19.1)—(19.3) obviously imply the following theorem.

Theorem V.4. Let conditions (18.2)—(18.7) and (18.9) for the boundary-value problem (19.1), (19.3)
hold. Then this problem has a unique minimaz solution, which coincides with the value function of the

diffusion differential game (18.1), (18.8).

One more obvious consequence of Theorem V.3 is that one can formulate a definition of a minimax
solution of the boundary-value problem (19.1)—(19.3) equivalent to Definition V.4, by using inequalities
(18.85) and (18.86).

20. Generalized Stochastic Derivatives for Functions of Several Variables
Differentiable with Respect to a Part of the Variables

In Sec. 19. we introduced the notions of generalized stochastic derivatives and described infinitesimal
properties of the value function of a diffusion differential game with a terminal cost functional. These
derivatives were introduced for the general case of Lipschitz continuous functions. However, in a wide
class of diffusion games (see, e.g., [78]), the value function has partial derivatives in a part of the variables.
Therefore, exact formulas of generalized stochastic derivatives are interesting for the subclass of functions
differentiable with respect to a part of the variables.

20.1. Class of functions differentiable with respect to a part of the variables. Formulas for
stochastic derivatives. Let int T/ = (0,7") be an open time interval, T/ = [0,T], t € T’, and = € R" be
an n-dimensional phase vector. Let us consider the class K of functions ¢(-) : T x R™ — R satisfying the
following conditions:

e there exist constants Ly > 0 and ¢y > 0 such that

‘c(tl,xl) - c(tQ,:L‘QM < Lo(t' — |+ |j2' —2?|) vt eT, vzl z?eR™ (20.1)
sup  |e(t, @)| < co < oo (20.2)
(t,z)eT’/xR"
e there exist constants L; > 0 and a > 0 and a number v, 0 < v < n, such that partial derivatives
%{? are defined for i = v + 1,...,n and satisfy the Holder condition:
Ar) OO cp (o -y o) T, et cR (209

Let F be a compact set in R", ¢ = (¢);;) be a diffusion (nxm)-matrix, i € I,n, j € L,m,n = (1,...,0m) :
Q — R™ be a normalized Gauss m-dimensional random variable with independent components, and
(t,z) € T x R™ be a phase point.

Similarly to Sec. 18.5, consider the definitions of the lower and upper generalized stochastic derivatives
d=c(t,z) dre(t, z)

———— and —————= of a function ¢(-) € K at a point (¢, ) with respect to the set F© C R™ and the
Fo) " R g ()
diffusion matrix ¢ € L[R™, R"]:
d=c(t 1
ﬁ = liminf [E {%igc(t + 0,4 6f + \f&m)} - C(t,x)} , (20.4)
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(s
% = 161%1 supdt [E {I]Iclea}( c(t+0,24+0f+ \61/)77)} —c(t, :L‘):| , (20.5)
where E{-} is the mean value.
The generalized stochastic derivatives (20.4) and (20.5) are defined for functions ¢(-) satisfying condi-
tions (20.1) and (20.2). Functions ¢(-) € K also satisfy the additional condition (20.3).
Let the set F' have the following structure:

F =coF, I}lea}<||f||:C'1<oo, F=TF+F, (20.6)
f=(f1---,[,,0,...,0) e R", (20.7)
ﬁ:{f:(0,...,o,fy+1,...,fn)}cR”, (20.8)

where v is defined in condition (20.3) and co F' is the convex hull of the set F.
Formulas (20.4) and (20.5) of generalized stochastic derivatives have the following specific form for the
subclass K.

Theorem V.5. For functions c(-) € K and sets F' C R™ of the form (20.6)—(20.8), the following formulas
hold:

d=c(t, x) o " Oc(t, ) = d=c(t, ) 90.9
(F. ) 1}“?;1 or, T TG0 209
dte(t, z) " de(t,x) »  dte(t,x)

= max Z fi (20.10)

(FY) fer A, O (F.)
Note that formulas (20.9) and (20.10) are trivial consequences of the following Lemmas V.8 and V.9.
20.2. Proof of the formulas for generalized stochastic derivatives.
Lemma V.8. Let a function ¢(-) € K and a set F C R™ have the structure (20.6)—(20.8). Then

de(t,x) z
e fi o (2011)

lim%-E{c(t+5,x+5(7+f)+\/5w77) —c(t+5,x+6?+\/5w77)} = >

510 i=v+1
for any f = f + f € R™.
Lemma V.9. Let a function c(-) € K and a set ' C R"™ have the structure (20.6)—(20.8). Then

% = min {lirgll%nf% [E {c(t F 8 x+Of + x/&pn)} - c(t,w)H : (20.12)
% = 1}1€al§ llin;l%up% {E {c(t +8,x+8f + \/Swn)} — cft, x)}] _ (20.13)

For simplicity of calculations in the proof of Lemmas V.8 and V.9, we introduce the following notation.
The symbol cons;[h];, where 0 <7 < j <n, and h € R” has the following sense:

cons;[h]; = (0,...,0,hit1,...,h;,0,...,0) € R™.
For j=i=mnand j =i =0, we set
consy[hl, =0 € R",  consy[hlp =0 € R"

and, in addition,

cons[h]; = consp[h];, j€0,n, cons;[h] = cons;[hl,, i€ 0,n.
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Using this notation, one can rewrite conditions (20.7) and (20.8) in the following form:

f = cons[f], = const for any f € F, F = {cons,[f]: f € F}.

For a function ¢(-) € K, we set

M} _ <0,...,0 dc(t, x) 8c(t,x)>‘

cons,
[ xz " Oxy,1 T Oz

Proof of Lemma V.8. For any fixed § > 0, introduce the notation

J}=6"'E {c(t +6,x+0(f+f)+ \/Swn) - c(t +0,x+6f + \/S¢n)} . (20.14)

)]

Oc(t+ 6, + 0 f +3ym (")) ] >}

Applying the formula of finite increments, we have

J=E { <consy

De(t+ 6,2+ 0f +Voym(-) +0()3 - f)
Ox

=F { <consl,

ox
{< dc t—|—5x+5f—|—\[¢77() f]
cons,, 5
dc(t + 6,2 + 6F + V() >}
— cons,, 5
<E{<Cons,, 8c(t+5x+5f+fwn( ] >}+cp(1)(5), (20.15)

where 0 < 0(-) < 1, v < n, and

oD =L - (C1)? - V/(n—v)-6% oM@ =0 as §]0. (20.16)
The estimate for ¢(1)(§) is obtained by using the Hélder condition (20.3) and condition (20.6), namely,
de(t + 8,z + 6 F +Voyn(-))

o] )

de(t + 6,2 + 5F + V/3um() +9<->6'f)]

Oz
De(t + 6,2 + 5f + Vun(-)) H} i

n 1/2

<C1E {( > (Ll)Q\e(-)a.ﬁf"‘) } < C1L10%, Z | fif2e

i=v+1 i=v+1

ox
< CHOL16%(n — )2 < CELy(n — v) /26 = oV (6).

ox

Oc(t+0,x+0f +vVoyn(-) +0()s - f)]

— cons,

<]

— cons,

cons,

On the other hand, using similar reasonings, we have
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ox

~Ji=E {<consl,

dc(t+ 0,2+ 8(F + f) +Voym() — (-)5-f)] (—f)>}

_ E{<Consy 8c(t+5,x+5(2;— H+ \/5@077(‘))] - }
. E{<cons,, dc(t + 6,2+ 6(F + f)al_ VEn() — 6'()6 f)]
"~ cons, | el 0T+ +F) + \/511)77(~))] ’(_ f)>}
ox
-5 {<COHSV de(t+ 6,z + 5(@; )+ \/31/177(-))] f>} o6, (2007

where 0 < #'(-) < 1, v < n, and the estimate for p(1)(4) is (20.16).
For almost all w € 2, the following relations holds:

: < dc(t+ 0,z 4+0f+ \/&bn(w))] ~>
161%1 cons,,

ax ’f

= lim ( cons,
510

Hence, one can apply the Lebesgue theorem on limiting transition inside the operation E{-}. Making
tend to 0 in (20.14)—(20.17), we obtain relation (20.11). Lemma V.8 is proved. O

dc(t + 6, +6(F + ) + Voun(w) ] >
ox

~8c - Oc(t, x
Z = > i (;Tz )7

i=v+1 i=v+1

Proof of Lemma V.9. Let us prove Eq. (20.12). One can prove Eq. (20.13) by using similar estimates,
where the operations min and liminf are replaced by max and lim sup, respectively.

Fix § > 0. Since condition (20.1) holds and the set F' is closed, there exists a measurable selector
f(-) : 2 — F such that

IfneilIE}C (t +d,z+d- f+ \/gwn(w)) =c (t +d,2+d- f(w)+ \/Siﬁn(w)) (20.18)
for almost all w € Q. Denote by f* = (f;,..., fi) € R™ a vector of the form
1= B} (20.19)
For this vector, conditions (20.6)—(20.8) imply
f*€F, cons[f*], =cons[f(w)], =Ff, we€qQ. (20.20)

Using the formula of finite increments and conditions (20.18), (20.20), (20.3), and (20.6), we have
E {c (t + 6w+ 0f" + ﬁwnc)) ~mine (t +o,x+0f + \/51/117(')) }
—E {c (t+ 80 +07+Voun()) - it c (t+8z+07()+ \/gwn(-))}
= 5 cons, | 55 (148,04 650) + Van0) + 0O = £008)] 7 = 1) -5) |
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—=5-F {<cons,, [%(H 5,:U+5f*)} (= f(-))>}
+6-E {<<Consy [% <t + 8,2+ 8f() + Vo) +0"()(f* = £()) 5)]

— cons,, [% (t + 8,2+ 3f + V() +0"()(f* — f(-))5>]> (f = f('))>}
+6-E {<Consy [% (t + 6,2+ 0f" + Voun() +60"()(f* - f()) 5)]
— cons, {%(t—ﬂix + 5f*)] (- f(-))>}

oc n ) 1/2
<d- <Consy [%(t+6,x+5f*)} JELfT —f(')}> +5'E{< > LYo(fi) — ] a) } 204

i=v+1

+6-5{

cons, [% (t 0w+ 0+ Voun(-) + 0" () (fF - f('))5)]
— cons, [% (t+ 6,2 + 5f*)] H} 201 <0+6- [¢<2>(5) + <p<3>(5)} . (20.21)

where 0 < 0"(-) < 1, v < n,

n 1/2
PP (0) = E { ( D (L8[ fi() - fﬂ?a) } 1201 < Ly(n—v)"/?- (201)"F 622, (20.22)

i=v+1
and
@) =0 as §]0.

The estimate for () (§) in (20.21) is obtained as follows. First, using the Hélder condition (20.3) for
¢(+) and the boundedness of the set F' (see (20.6)), we obtain from the Holder inequality and an estimate
for the square of the sum:

90 =5 {

cons,, {% (t + 8,z 48 + Vo) +0"()(f() - f*)é)]

— cons,, [%(t + 6,7+ 5f*)] H} 204

<20-E Z Li-
i=v+1
<201 Ly ( > E{ 261> wijni(-)
i=v+1 J=1

=201 Ly - (20)°77 | Y E{ (
j=1

i=v+1

\/_Z¢zjn] +0” (fz() _fz*)6

2&)1/2}
2 ay\ 1/2
+62-8012) })
9 o 1/2
() +452012) }) = J;. (20.23)
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As follows from the properties of the Gauss variable 7(-), the random variables
):Zwijnj(-), i€V+1,n,
=1

m
are also Gauss variables with zero mean values and dispersions Y (1;;)%, respectively.
j=1
We set b = 46C% and consider a < 1. It is easy to see that
E{(E()+b)*} <EB{&()+b} +P{|&()+b] <1}

SE{£§(‘)}+5+P{—OO<£Z~2(-)<+m}zz¢?j+b+l’ (20.24)

j=1
where P{A} is the probability of an event A C €.
Taking (20.24) into account, we continue inequalities (20.23) and obtain the estimate for ¢®)(4):

Z Z"(/JU (n—v)(40C, + 1)

i=v+1 j=1
e® () -0 as d]0.
It follows from (20.18), (20.19), and (20.21) that the following inequalities hold:

1/2
e (5) < 6%%. 401 I,

)

(20.25)

L [ofets o o) ]
feF

< % . [minE {c(t +0,z4+0f+ \/51/1?7())} - C(tvl’)}
< < [B{elt + 60+ 65 4 VEum()  elt,m)}]

S

: [E {minc(t + 0,2+ 0f + x/&/m(.))} — ¢(t, x)]

fer

+ % : E{c(t+5,m+5f* +Voym()) - rjglei?c(t+5,:n+5f+ \/511177(-))}
< % : [E {?gnc(t + 0,2+ 0f + Voyn(- ))} — cft, x)] + 0@ (6) + @ (5). (20.26)
Passing to the limit as § | 0 in inequalities (20.26), one can obtain from (20.4), (20.22), and (20.25):
(fi:c(t,:x) 1 .
F) 11rg1ﬁ)nf 5 |:5‘n€11r71E {c (t +o,z+0f + ﬁlﬁ?())} — c(t, x)} . (20.27)

Note that the vector f* € F' of the form (20.19) is constructed for a fixed §. Denote this vector by f;.

By the Lipschitz condition (20.1), any two vectors f(1) and f2) from F satisfy the estimate
~Lo- 0| fY - fP| < E {c(t + 6,24+ 0fD +Voyn()) —c(t + 6,2+ 5P + \/Swn('))} (2028)
§L0'5Hf(1) _f(2)H' '

Using this fact, one can obtain from definition (20.27) and conditions (20.28) that there are converging
sequences

6 L0, f5, — fo,
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where fj € I, and

d(;fi/’};:) = lim 5% : [E {c(t + 0w+ 0if5 + \/571&77(’))} —c(t, x)} 20.29)
- }suf%élz : [E {c(t + 0, + 8 + \/@WI('))} - C(tx)} :
Using (20.29), we obtain the estimates
inf lim inf [E {c (t +ox+0f+ \/31/171(-)>} —clt, x)} %
< lim inf (B{c(t+80+3f+Voun)} - et )] %
< lim inf B {c(t+ 8+ 8k +Vown() } - et 2)] 51
- L?;(i/}‘)’;) = g inf [Ifréi?E {c (t + 0,2+ 8f + x/&m«))} — et ZU)] %
< inf liminf [E {c (t Yo x4 of + \/&z)n(-))} — et x)} %. (20.30)

In addition, using (20.28), it is possible to prove that the mapping
1

f— lirgl%nf [E {c (t+ S,x+8f + \/&Zm(-))} - C(t,m)} 5

is Lipschitz continuous with a constant Lo > 0. Hence, it follows from (20.30) that the operations lim inf

and min in (20.3) commute. Therefore, formula (20.12) is proved. O
The following remark is a consequence of Theorem V.5.

Remark V.1. Let a function ¢(-) € K have additional properties, namely, the partial derivatives

0?c(t, x)

8.%'1393 7
the relations

, i,j € v+1,n, are continuous, elements of the matrix ¢ = (¢45), ¢ € 1,n, j € 1,m, satisfy

¥i; =0, i€ly, je€lm, (20.31)
and the set F satisfies conditions (20.6)—(20.8). Then, applying the Taylor formula, it is possible to show
that formulas (20.9) and (20.10) for generalized stochastic derivatives can be written in the form

Celtr) ooy D) s

= min
(F7 1/}) fEF' i=v+1 81'@

1 - 0%c(t, ) [c(t +d6,x+0- ?) — c(t, x)] (20.32)
+ 3 ijzy:ﬂ a;j —ﬁxiﬁxj + hrglﬁ)nf 5 ,
dte(t,x) " Oc(t,x) -
ma. - fi
(Fo) e 57, O
1 < d%c(t,x) [c(t+d,z+6-f)—c(t )] (2033)
+ - a;; ————= + limsup . ! ,
2 i,jzy:—l—l J 8.%1856] 510 J
where .
k=1
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20.3. Application of the formulas for stochastic derivatives. Let us apply formulas (20.9),
(20.10), and (20.32)—(20.34) for generalized stochastic derivatives to studying the value functions of the
following class of diffusion differential games considered in [78].

Let a control diffusion process on the probability space (€2, F,P) be described by the equation

& =& (th Zo, U(~)>U(-)) =To + /f(t() + Sa&s»“s/‘)s)ds + /w(to + S)dWsy r >0, (20-35)
0 0

where ¢ is an initial phase state (n-dimensional vector) given at an initial time moment tp; & be the
current phase state for the process; {Fs}, s > 0, be a nondecreasing system of o-algebras of subsets in
the set Q; Wy, s > 0, be a m-dimensional standard Wiener process relative to {Fs}; us : @ — P C RP
and vs :  — @ C R? be nonanticipating processes called the control and the disturbance, respectively;
let the given sets of their values P and @ be compact; 0 < tg < T and T be the fixed terminal moment
of the game.

Let the quality of the control process &, be estimated by the quantity

V() = E {7 (€r—1(to, 20, u(y, v(y)) } (20.36)

where y(-) : R™ — R is a given uniformly bounded and Lipschitz continuous function.
Assume that the function f(-) : [0,7] x R" x P x Q — R is continuous, uniformly bounded, and
uniformly Lipschitz continuous with respect to x. Let the (n x m)-dimensional diffusion matrix

t— () = (Wy(t), ieLn, jeLm, tel0,T],

and the drift vector-valued function t — f(¢,z,u,v) satisfy the uniform Holder condition. Assume also
that there exists a number v € 1, (n — 1) satisfying the conditions

filt,x,u,v) = fi(t,x); Yij(t)=0 for iel,y, jel,m. (20.37)

This means that a noise, a disturbance, and a control act on a part of the coordinates (i =v +1,...,n)
of process (20.35) simultaneously. Finally, assume that the Isaacs condition
n n

max min 8; - fi(t, x,u,v) = min max si - filt,x,u,v) = H(t,z,5) (20.38)

holds for any 5 = {0,...,0,8,41,...,5,} € R™

It was shown in [78] that the game (20.35), (20.36) has the value c°(ty,zo) for all initial positions
(to, z0). At regular points of smoothness, the value function ¢%(-) € K satisfies the following quasi-linear
parabolic equation of the Hamilton—Jacobi—Isaacs type:

n

8co(t, x) . ac° (t, 33‘) 1 620(25, 33‘)
_ — t =~ ij (L 9.0 - Y 20.
- +r51€axru1é1n< ,f(,x,u,v)>+2ijgy 1a]() 0z, 0 (20.39)

where a;;(t) are constructed by using ¢ = (¢;;(t)) in accordance with (20.34).

Differential inequalities (19.8) and (19.9) in Sec. 19 and formulas (20.32) and (20.34) give the following
infinitesimal relations, which replace the Isaacs equation (20.39) and characterize the value function c°(¢, x)
on singular sets:

o n 0 t - 1 n 2 0 t
—Mgmaxmin M-fi(t,m,u,v)—i-— Z aij(t)ac (t,z)
(17 f(ta ZL‘)) vEQ ueP i=v+1 Ox; 2 i1 8377,811}]
noa0 n )0 . (20.40)
~ 1 _
— min max M . fl(t; x, U,U) 4= Z a”( )8 Cc (t,aj‘) < - d i (t, x) ,
uePveQ L2y O i Ozidz; — (L, f(t,2))
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where the vector f(t,z) € R™ is equal to the uncontrolled and undisturbed part of the drift vector, namely,

- filt,z) for iel,v,
filt,x) = R
0 for i ev+1,n,

where fi(t, x,u,v) are the controlled and disturbed components of the drift vector:

filt,z,u,v) = fi(t,x,u,v), 1€v+1,n.

One can consider relations (20.40) as a generalization of the quasi-linear parabolic Isaacs equation
(19.1) for the stochastic game (20.35), (20.36).

10.
11.
12.
13.
14.
15.
16.
17.
18.
19.

20.
21.

22.

REFERENCES

. R. A. Adiatullina and A. M. Tarasyev, “An infinite time horizon differential game,” Prikl. Mat.

Mekh., 51, 531-537 (1987).

L. D. Akulenko, Asymptotic Methods in Optimal Control [in Russian|, Nauka, Moscow (1987).

V. M. Alexeev, V. M. Tikhomirov, and S. V. Fomin, Optimal Control [in Russian], Nauka, Moscow

(1979).

M. 1. Alekseichik, “An advanced formalization of the basic notions to antagonistic differential

games,” Mat. Anal. Prilozh., Rostov-on-Don State Univ., 7, 191-199 (1975).

. E. H. Albrecht, “Constructions of approximate solutions to quasi-linear differential games,” Proc.
Steklov Inst. Math., Suppl. Issue 1, S24-S34 (2000).

. E. H. Albrecht and G. S. Shelement’ev, Lectures on the Theory of Stabilization [in Russian], Ural

State Univ., Sverdlovsk (1972).

B. I. Ananiev, “On minimax state estimates for multistage statistically uncertain systems,” Probl.

Contr. Inform. Theory, 18, No. 1, 27-41 (1981).

V. L. Arnold, Mathematical Methods of Classical Mechanics [in Russian], Nauka, Moscow (1974).

V. I. Arnold, Singularities of Caustics and Wave Fronts [in Russian], Fazis, Moscow (1996).

Z. Artstein and V. Gaitsgory, “Tracking fast trajectories along a slow dynamics. A singular pertur-

bations approach,” SIAM J. Contr. Optimiz., 35, 1487-1507 (1997).

7. Artstein and V. Gaitsgory, “The value function of singularly perturbed control systems,” Appl.

Math. Optimiz., 41, 425-445 (2000).

A. V. Arutyunov and S. M. Aseev, “The maximum principle in differential inclusions with phase

restrictions,” Dokl. Ross. Akad. Nauk, 334, No. 2, 134-137 (1994).

J.-P. Aubin, Viability Theory, Birkhaduser, Boston (1991).

J.-P. Aubin and A. Cellina, Differential Inclusions, Springer-Verlag, Berlin—Heidelberg (1984).

J. P. Aubin and I. Ekeland, Applied Nonlinear Analysis [Russian translation], Mir, Moscow (1988).

J.-P. Aubin and H. Frankowska, Set Valued Analysis, Birkhauser, Boston, (1990)

N. S. Bakhvalov, Average of Processes in Periodic Media [in Russian|, Nauka, Moscow (1984).

A. E. Barabanov and A. M. Ghulchak, “H-infinity optimisation problem with sign-indefinite qua-

dratic form,” Systems Control Lett., 29, 157-164 (1996).

N. E. Barabanov and R. Ortega, “Necessary and sufficient conditions for passivity of the Lugre

friction model,” IEEE Trans. Autom. Contr., 1 (2000).

E. A. Barbashin, Introduction to the Theory of Stability [in Russian], Nauka, Moskow (1967).

M. Bardi and 1. Capuzzo-Dolcetta, Optimal Control and Viscosity Solutions of Hamilton—Jacobi—

Bellman FEquations, Birkh&user, Boston (1997).

M. Bardi and L. C. Evans, “On Hopf’s formulas for solutions of Hamilton—Jacobi equations,” Non-

linear Analysis, Theory, Methods, Appl., 8, No. 11, 1373-1381 (1984).

3078



23

24.

25.

26.

27.

28.

29.
30.

31.

32.

33.

34.

35.
36.

37.

38.

39.

40.

41.

42.
43.
44.
45.

46.

. M. Bardi and M. Falcone, “An approximation scheme for the minimum time function,” SIAM J.
Control Optimiz., 28, 950-965 (1990).

G. Barles and B. Perthame, “Exit time problems in optimal control and vanishing viscosity solutions
of Hamilton—Jacobi equations,” SIAM J. Control Optimiz., 26, 1133-1148 (1988).

E. N. Barron and R. Jensen, “The Pontryagin maximum principle from dynamical programming
and viscosity solutions to first-order partial differential equations,” Trans. Amer. Math. Soc., 298,
No. 2, 635641 (1986).

E. N. Barron, L. C. Evans, and R. Jensen, “Viscosity solutions of Isaacs’ equations and differential
games with Lipschitz controls,” J. Differ. Equations, 53, 213-233 (1984).

T. Basar and P. Bernhard, H*-Optimal Control and Related Minimaz Design Problems, Birkhauser,
Boston (1991).

V. D. Batukhtin, “The extremal aiming in a nonlinear approach game,” Dokl. Ross. Akad. Nauk,
27, No. 1 (1972).

R. Bellman, Dynamic Programming, Princeton Univ. Press, Princeton, New Jersey (1957).

R. Bellman and R. Kalaba,Dynamic Programming and Modern Control Theory, Academic Press,
New York (1965).

A. Bensoussan and J. L. Lions, Applications of Variational Inequalities in Stochastic Control, North-
Holland, Amsterdam-New York-Oxford (1982).

A. Bensoussan, Perturbation Methods in Optimal Control, Wiley-Gauthier, New York—Chichester
(1988).
Yu. I. Berdyshev, “A qualitative analysis of attainability sets,” Kosmich. Issled., 34, No. 2, 141-144
(1996).

L. D. Berkovitz, “A variational approach to differential games,” in: Adv. Game Theory, Ann. Math.
Stud., 52, Princeton Univ. Press, Princeton (1964).

L. D. Berkovitz, “Optimal feedback controls,” SIAM J. Control Optimiz., 27, 991-1006 (1989).

V. I. Blagodatskikh and A. F. Filippov, “Differential inclusions and optimal control problems,”
Proc. Steklov Inst. Math., 169, 194-252 (1985).

N. D. Botkin, M. A. Zarkh, V. N. Kein, V. S. Patsko, and V. L. Turova, “Differential games and
control problems for an aircraft under windshear,” Izv. Ross. Akad. Nauk. Ser. Tekhn. Kibern.,
No. 1, 68-76 (1993).

V. G. Boltyanskii, Mathematical Methods of Optimal Control [in Russian]|, Nauka, Moscow (1966).
A. Bryson and Y .-C. Ho, Applied Optimal Control Theory [Russian translation], Mir, Moscow (1972).
S. A. Brykalov, “A conflict controlled system with a nonfixed end time moment,” Proc. Steklov Inst.
Math., Suppl. Issue 2, S313-S319 (2000).

R. Bulirsh, E. Ners, H. J. Pesh, and O. von Stryk, Combining direct and indirect methods in optimal
control: angle mazximisation of a hang glider, Report Shcwerpunktprogr. DFG Anwendungsabgene
Optimierung und Steuerung, No. 313, Math. Inst. Techn. Univ. Miinchen (1991).

P. Cannarsa and H. Frankowska, “Some characterization of optimal trajectories in control theory,”
SIAM J. Control Optimiz., 29, 1322-1347 (1991).

A. G. Chentsov, “On an approach game problem at a given time moment,” Mat. Sb., 99, 394-420
(1976).

A. G. Chentsov, Asymptotic Attainability, Kluwer Academic, Dordrecht (1997).

A. G. Chentsov and V. E. Pak, “On the extension of the nonlinear problem of optimal control with
nonstationary phase restrictions,” Nonlinear Analysis: Theory, Methods, Appl. 26, No. 2, 383-394
(1996).

F. L. Chernous’ko, L. D. Akulenko, and B. N. Sokolov, Control of Oscillations [in Russian], Nauka,
Moscow (1980).

3079



47

48.
49.
50.
o1.

52.
53.

54.

55.

56.

o7.

58.

99.

60.

61.

62.
63.

64.

65.

66.

67.

68.

69.

70.

71.

. F. L. Chernous’ko and V. B. Kolmanovskii, Optimal Control under Random Disturbances [in Rus-
sian|, Nauka, Moscow (1978).

F. L. Chernous’ko and A. A. Melikyan, Game Problems of Control and Search [in Russian], Nauka,
Moscow (1978).

A. A. Chikrii, Conflict Controlled Processes [in Russian]|, Naukova Dumka, Kiev (1992).

S. V. Chistyakov, “On solutions of pursuit game problems,” Prikl. Mat. Mekh., 41, 825-832 (1977).
F. H. Clarke, “Generalized gradients and applications,” Trans. Amer. Math. Soc., 205, 246262
(1975).

F. H. Clarke, Optimization and Nonsmooth Analysis [Russian translation|, Nauka, Moscow (1988).
F. H. Clarke and Yu. S. Ledyaev, “New formulas for finite differences,” Dokl. Ross. Akad. Nauk,
331, No. 3, 275-277 (1962).

F. H. Clarke, Yu. S. Ledyaev, and R. Stern, “Proximal analysis and feedback constructions,” Proc.
Steklov Inst. Math., Suppl. Issue 1, S72-S89 (2000).

F. H. Clarke, Yu. S. Ledyaev, R. J. Stern, and P. R. Wolenski, Nonsmooth Analysis and Control
Theory, Springer-Verlag, New York (1997).

F. H. Clarke and R. Vinter, “The relationship between the maximum principle and dynamic pro-
gramming,” SIAM J. Contr. Optimiz. No. 5, 1291-1311 (1987).

E. D. Conway and E. Hopf, “Hamilton’s theory and generalized solutions of the Hamilton—Jacobi
equations,” Trans. Amer. Math. Soc., 13, No. 2, 939-986 (1964).

M. G. Crandall, “A generalization of Peano’s existence theorem and flow invariance,” Proc. Amer.
Math. Soc., 36, No. 1, 151-155 (1972).

M. G. Crandall and P. L. Lions, “Viscosity solutions of Hamilton—Jacobi equations,” Trans. Amer.
Math. Soc., 277, 1-42 (1983).

M. G. Crandall, L. C. Evans, and P. L. Lions, “Some properties of viscosity solutions of Hamilton—
Jacobi equations,” Trans. Amer. Math. Soc., 282, 487-502 (1984).

M. G. Crandall, H. Ishii, and P. L. Lions, “A user’s guide to viscosity solutions,” Bull. Amer. Math.
Soc., 27, 1-67 (1992).

R. Courant and D. Hilbert, Partial Differential Equations [Russian translation], Mir, Moscow (1964).
A. R. Danilin, “Asymptotics of controls to a singular elliptic problem,” Dokl. Ross. Akad. Nauk,
369, No. 3, 305-308 (1999).

V. F. Demyanov and V. N. Malozemov, An Introduction to Minimax [in Russian], Nauka, Moscow
(1972).

V. F. Demyanov and A. M. Rubinov. Foundations of Nonsmooth Analysis and Quasi-differential
Calculus [in Russian], Nauka, Moscow (1990).

V. F. Demyanov and A. M. Rubinov, Constructive Nonsmooth Analysis, Peter Lang, Frankfurt
(1995).

M. G. Dmitriev, “The theory of singular perturbations and some problems of optimal control,”
Differ. Equations, 21, No. 10, 1693-1698 (1985).

A. Donchev, Optimal Control Systems. Perturbations, Approrimations and Analysis of Sensitivity
[Russian translation], Mir, Moscow (1987).

A. Ya. Dubovitzkii and A. A. Milyutin, “Problems on extremum under restrictions,” Dokl. Akad.
Nauk SSSR, 149, No. 4, 759-762 (1963).

V. Ya. Dzhafarov, “On stability of the guaranteed result to a positional control problem,” Dokl.
Acad. Nauk SSSR, 285, No. 1, 27-31 (1985).

R. Elliott, “Viscosity solutions and optimal control,” in: Pitman Res. Notes, Math. Ser., 165,
Boston (1987).

3080



72

73

74.

75.

76.

77.

78.

79.

80.

81.

82.
83.

84.

85.

86.

87.

88.

89.

90.

91.

92.
93.

94.

95.

. R. J. Elliott and N. J. Kalton, “The existence of value in differential games of pursuit and evasion,”
J. Differ. Equations, 12, No. 3, 504-523 (1972).

. L. C. Evans, Partial Differential Fquations, Grad. Stud. Math., 19, Amer. Math. Soc., Providence,

Rhode Island (1998).

A. F. Filippov, “On some questions in the theory of optimal control,” Vestn. Moscow State Univ.

Ser. Math., Mech., Phys., Chem., No. 2, 25-32 (1959).

A. F. Filippov, Differential Equations with Discontinuous Right-Hand Sides, Kluwer Academic,

Dordrecht (1988).

W. H. Fleming, “The convergence problem for differential game, I1,” Adv. Game Theory, Ann.

Math. Stud., 52, 195-210 (1964).

W. H. Fleming, “The Cauchy problem for degenerate parabolic equations,” J. Math. Mech., 13,

No. 6, 987-1008 (1964).

W. H. Fleming, “The Cauchy problem for a nonlinear first order differential equation,” J. Differ.

Equations, 5, No. 3, 515-550 (1969).

W. H. Fleming and R. Rishel, Deterministic and Stochastic Optimal Control [Russian translation],

Mir, Moscow (1978).

W. H. Fleming and H. M. Soner, Controlled Markov Processes and Viscosity Solutions, Springer-

Verlag, New York (1993).

V. N. Fomin, A. M. Fradkov, and V. A. Yakubovich, Adaptive Control of Dynamical Objects [in

Russian], Nauka, Moscow (1981).

A. Friedman, Differential Games, Wiley Interscience, New York (1971).

R. F. Gabasov and F. M. Kirillova, Qualitative Theory of Optimal Processes [in Russian|, Nauka,

Moscow (1971).

V. G. Gaitsgory, Control of Systems with Fast and Slow Motions [in Russian], Nauka, Moscow

(1991).

V. G. Gaitsgory, “Suboptimal control of singularly perturbed systems and periodic optimization,”

IEEE Trans. Automat. Contr., 38, No. 6, 888-902 (1993).

V. G. Gaitsgory, “Limit Hamilton—Jacobi equations for singularly perturbed zero-sum differential

games,” J. Math. Anal. Appl., 202, 862-899 (1996).

R. V. Gamkrelidze, Principles of Optimal Control [in Russian] Thilisi State Univ. (1975).

R. V. Gamkrelidze, A. A. Agrachev, and S. A. Vakhrameev, “Ordinary differential equations on

vector fibers and chronological calculus,” in: Itogi Nauki i Tekhn. Ser. Sovr. Probl. Mat., 35, All-

Union Institute for Scientific and Technical Information, Moscow (1989), pp. 3—-107.

V. L. Gasilov and V. B. Kostousov, “Methods of an extraction and a representation of information

about geophysical fields,” Gyroscopes Navigation, 4, No. 15, 6465 (1996).

I. M. Gel’fand, “Some problems to the theory of quasi-linear equations,” Usp. Mat. Nauk, 14, No. 2,

87-158 (1959).

E. I. Gerashchenko and S. M. Gerashchenko, Method of Decomposition of Motions and Optimization

of Nonlinear Systems [in Russian], Nauka, Moscow (1975).

S. K. Godunov, Equations of Mathematical Physics [in Russian], Nauka, Moscow (1979).

A. Yu. Goritski and E. Yu. Panov, “Example of nonuniqueness of entropy solutions in the class of

locally bounded functions,” Zh. Mat. Fiz., 6, No. 4, 492-494 (1999).

N. L. Grigorenko, Yu. N. Kiselev, N. V. Lagunov, D. B. Silin, and N. G. Trin’ko, Methods of Solving

Differential Games. Mathematical Modelling [in Russian], Moscow State Univ. (1993).

S. V. Grigoryeva, A. M. Tarasyev, A. A. Uspenskii, and V. N. Ushakov, “Constructions of the theory

of differential games to solving the Hamilton—Jacobi equations,” Proc. Steklov Inst. Math., Suppl.

Issue 2, S320-S336 (2000).

3081



96.

97.

98.

99.

100.

101.

102.

103.
104.

105.

106.

107.

108.
109.

110.
111.

112.

113.

114.

115.

116.

117.

118.

119.

3082

M. I. Gusev and A. B. Kurzhanskii, “On optimization of controlled systems with restrictions, I, I1,”
Differ. Equations, 7, No. 9, 1591-1602; No. 10, 1789-1800 (1971).

M. I. Gusev, “On the structure of optimal minimax estimates to problems of the guaranteed esti-
mate,” Dokl. Ross. Akad. Nauk, 322, No. 5, 832-835 (1992).

Kh. G. Guseinov and V. Ya. Dzhafarov, “Left-hand side solutions of the Hamilton-Jacobi equations,”
Proc. Steklov Inst. Math., Suppl. Issue 2, S337-S350 (2000).

Kh. G. Guseinov and V. N. Ushakov, “On constructions of differential inclusions with given prop-
erties,” Differ. Equations, 36, No. 4, 438-445 (2000).

Kh. G. Guseinov, A. I. Subbotin, and V. N. Ushakov, “Derivatives of multivalued mappings and
their applications to game-theoretic control problems,” Probl. Control Inform. Theory, 14, No. 3,
1-14 (1985).

P. B. Gusyatnikov, Theory of Differential Games [in Russian|, Moscow Phys.-Tekhn. Inst. (1982).

G. Haddad, “Monotone trajectories of differential inclusions and functional-differential inclusions
with memory,” Isr. J. Math., 39, 83-100 (1981).

C. J. Himmelberg, “Measurable relations,” Fundam. Math., 82, No. 1, 53-72 (1975).

E. Hopf, “Generalized solutions of nonlinear equations of first order,” J. Math. Mech., 14, 951-972
(1965).

A. M. II'in, “Boundary layers,” in: Itogi Nauki i Tekhn. Ser. Fundam. Napr., 34, All-Union Institute
for Scientific and Technical Information, Moscow (1988).

A. M. I'in, A. S. Kalashnikov, and O. A. Oleinik, “Second-order linear equations of parabolic type,”
Usp. Mat. Nauk, 17, No. 3, 3-146 (1962).

A. D. Toffe and V. M. Tikhomirov, Theory of Extremal Problems [in Russian|, Nauka, Moscow
(1974).

R. Isaacs, Differential Games, Wiley, New York (1965).

H. Ishii and S. Koike, “Remarks on elliptic singular perturbation problems,” Appl. Math. Optim.,
23, 1-75 (1991).

A. Isidori, Nonlinear Control Systems, Springer-Verlag, New York (1995).

A. G. Ivanov, “The problem on brachistocrone in the central gravitation field,” in: Algorithms and
Software of Parallel Calculations [in Russian], 2, Ekaterinburg (1998), pp. 95-109.

E. Kamke, Handbook on First-Order Partial Differential Equations [Russian translation|, Nauka,
Moscow (1966).

L. V. Kamneva, V. S. Patsko, and V. L. Turova, “Construction of the value function for game
brachistochrone problem,” in: Proc. X Int. Symp. “Dynamical Games and Applications,” July,
8-11, 2002, St. Petersburg State University, Russia, 2, St. Petersburg (2002), pp. 408-415.

L. V. Kantorovich and G. P. Akilov, Functional Analysis [in Russian], Nauka, Moscow (1977).

1. Ya. Katz, Method of Lyapunov Functions in Problems of Stability and Stabilization for Systems
of Random Structure [in Russian|, Ekaterinburg (1998).

M. M. Khrustalev, “Necessary and sufficient optimality conditions in terms of the Bellman equation,”
Dokl. Akad. Nauk SSSR, 254, 293-297 (1980).

A.V.Kim and V. G. Pimenov, “On applications of i-smooth analysis to numerical methods of solving
finctional-differential equations,” in: Proc. Inst. Math. Mechanics, Ural Branch of the Russian
Academy of Sciences, 5, Ekaterinburg (1998), pp. 119-142.

A. F. Kleimenov, Nonantagonistic Positional Differential Games [in Russian], Nauka, Ekaterinburg
(1993).

A. I. Klimushev and N. N. Krasovskii, “Uniform asymptotic stability of systems of ordinary differ-
ential equations with a small parameter at derivatives,” Prikl. Mat. Mekh., 25, 1011-1025 (1962).



120.

121.

122.

123.

124.

125.

126.

127.
128.

129.

130.

131.

132.

133.

134.
135.

136.

137.

138.

139.

140.

141.

142.

143.

P. V. Kokotovic, “Applications of singular perturbations techniques to control problems,” SIAM J.
Rev., 26, No. 4, 501-510 (1984).

A. N. Kolmogorov and S. V. Fomin, Elements of Theory of Functions and Functional Analysis [in
Russian], Nauka, Moscow (1968).

V. N. Kolokol'tsov and V. P. Maslov, Idempotent Analysis and Applications to Optimal Control
Problems [in Russian], Nauka, Moscow (1994).

A. F. Kononenko, “On structure of an optimal strategy to dynamical control systems,” Zh. Vychisl.
Mat. Mat. Fiz., 20, No. 5, 1105-1116 (1980).

A. 1. Korotkii, “Dynamical modelling of parameters to hyperbolic systems,” Izv. Akad. Nauk SSSR,
Ser. Tekhn. Kibern., No. 2, 154-164 (1991).

A. N. Krasovskii, “A differential game for the positional functional,” Dokl. Akad. Nauk SSSR, 253,
No. 6, 1303-1307 (1980).

A. N. Krasovskii and N. N. Krasovskii, Control under Lack of Information, Birkh&user, Boston
(1995).

N. N. Krasovskii, Theory of Control of Motions [in Russian|, Nauka, Moscow (1968).

N. N. Krasovskii, Game-Theoretic Problems on the Encounter of Motions [in Russian], Nauka,
Moscow (1970).

N. N. Krasovskii and N. Yu. Lukoyanov, “Equations of the Hamilton—Jacobi type in hereditary
systems: Minimax solutions,” Proc. Steklov Inst. Math., Suppl. Issue 1, S136-S154 (2000).

N. N. Krasovskii and V. M. Reshetov, “Approach-evasion problems for systems with a small pa-
rameter at derivatives,” Prikl. Mat. Mekh., 38, No. 5, 771-779 (1974).

N. N. Krasovskii and T. N. Reshetova, “On the program synthesis of a guaranteed control,” Probl.
Contr. Inform. Theory, 17, No. 6, 333-343 (1988).

N. N. Krasovskii and A. I. Subbotin, “An alternative to an approach game problem,” Prikl. Mat.
Mekh., 34, 1005-1022 (1970).

N. N. Krasovskii and A. I. Subbotin, Positional Differential Games [in Russian|, Nauka, Moscow
(1974).

N. N. Krasovskii, Control of Dynamical Systems [in Russian|, Nauka, Moscow (1985).

N. N. Krasovskii and A. I. Subbotin, Game-Theoretical Control Problems, Springer-Verlag, New
York (1988).

N. N. Krasovskii and V. E. Tretyakov, “A saddle point of a stochastic differential game,” Dokl.
Akad. Nauk SSSR, 254, No. 3, 534-539 (1980).

V. F. Krotov, “Global methods in optimal control theory,” in: Advances in Nonlinear Dynamics
and Control: A Report from Russia, Progr. Systems =Control Theory, No. 17, Birkh&auser, Boston
(1993), pp. 76-121.

V. F. Krotov and V. I. Gurman, Methods and Problems of Optimal Control [in Russian| Nauka,
Moscow (1973).

S. N. Kruzhkov, “On methods of construction of generalized solutions of the Cauchy problem for a
quasi-linear partial differential equation of first order,” Usp. Mat. Nauk, 20, No. 6, 112-118 (1965).
S. N. Kruzhkov, “Generalized solutions of first-order nonlinear equations in several independent
variables, I,” Mat. Sb., 70, No. 3, 394-415 (1966).

S. N. Kruzhkov and N. S. Petrosyan, “Asymptotic behavior of solutions of the Cauchy problem for
nonlinear partial differential equations of first order,” Usp. Mat. Nauk, 42, 3—40 (1987).

A. V. Kryazhimskii, “On the theory of positional differential games of approach and evasion,” Dokl.
Akad. Nauk SSSR, 239, No. 4, 779-782 (1987).

A. V. Kryazhimskii and Yu. S. Osipov, “On positional modelling of controls in dynamical systems,”
Izv. Akad. Nauk SSSR, Ser. Tekhn. Kibern., No. 2, 51-60 (1983).

3083



144

145.

146.
147.

148.

149.

150.

151.

152.

153.

154.

155.

156.

157.

158.

159.

160.

161.

162.

163.
164.

165.
166.

. A. V. Kryazhimskii and Yu. S. Osipov, “On differential-evolutionary games,” Proc. Steklov Inst.
Math., 211, 234-261 (1995).

A. V. Kryazhimskii and Yu. S. Osipov, “Extremal problems with separable graphs,” Kibern. Syst.
Anal., 2, 32-55 (2002).

N. V. Krylov, Controlled Diffusion Processes [in Russian], Nauka, Moscow (1977).

S. I. Kumkov and V. S. Patsko, “Control of informational sets and pursuit problem,” in: Ann. Int.
Soc. Dynam. Games, 3, Birkhauser, Boston (1995), pp. 191-206.

S. S. Kumkov and V. S. Patsko, “Maximal stable bridges to the Pontryagin control example,” Vestn.
Udmurt. State Univ., No. 1, 92-103 (2000).

S. I. Kumkov, V. S. Patsko, S. G. Pyatko, and A. A. Fedotov, “Construction of the stable bridge in a
problem of aircraft guiding under wind disturbances,” in: Proc. X Int. Symp. “Dynamical Games and
Applications,” July 8-11, 2002, St. Petersburg State University, 2, St. Petersburg (2002), pp. 474
480.

A. B. Kurzhanskii, Control and Observation under Conditions of Uncertainty [in Russian], Nauka,
Moscow (1979).

A. B. Kurzhanskii and T. F. Filippova, “On the method of singular perturbations to differential
inclusions,” Dokl. Akad. Nauk SSSR, 321, No. 3, 454-459 (1991).

A. B. Kurzhanski and T. F. Filippova, “On the theory of trajectory tubes — a mathematical for-
malism for uncertain dynamics, viability and control,” in: Advances in Nonlinear Dynamics and
Control: a Report from Russia, Progr. Systems and Control Theory, 17, Birkhduser, Boston (1993),
pp. 122-188.

A. B. Kurzhanskii and O. I. Nikonov, “Evolutionary equations for bundles of trajectories of designed
control systems,” Dokl. Ross. Akad. Nauk, 333, No. 5 (1993).

A. B. Kurzhanskii and I. F. Sivergina, “The dynamical programming method to inverse estimate
problems for distributed systems,” Dokl. Ross. Akad. Nauk, 369, No. 2, 161-166 (1998).

A. B. Kurzhanski and P. Varaiya, “On reachability under uncertainty,” SIAM J. Control. Optimiz.,
41, No. 1, 181-216 (2002).

N. N. Kuznetsov and B. L. Rozhdestvenskii, Construction of a generalized solution of the Cauchy
problem for a quasi-linear equation,” Usp. Mat. Nauk, 14, No. 2, 211-215 (1959).

O. A. Ladyshenskaya and N. N. Uraltseva, Linear and Quasi-linear Partial Differential Equations
of Elliptic Type [in Russian|, Nauka, Moscow (1964).

O. A. Ladyshenskaya, V. A. Solonnikov, and N. N. Uraltseva, Linear and Quasi-linear Partial
Differential Equations of Parabolic Type [in Russian|, Nauka, Moscow (1967).

A. S. Lakhtin and A. I. Subbotin, “Multivalued solutions of first-order partial differential equations,”
Mat. Sb., 189, No. 6, 33-58 (1998).

A. S. Lakhtin and A. I. Subbotin, “Minimax and viscosity solutions to discontinuous first-order
partial differential equations,” Dokl. Ross. Akad. Nauk, 359, No. 4, 452-455 (1998).

P. Lax, “Hyperbolic systems of conservations laws, I1I,” Commun. Pure Appl. Math., 10, 537-566
(1957).

Yu. S. Ledyaev and E. F. Mishchenko, “Extremal problems in the theory of differential games,”
Proc. Steklov Inst. Math., 85, 147170 (1988).

G. Leitmann, Introduction to the Theory of Optimal Control [in Russian], Nauka, Moscow (1968).

G. Leitmann, “One approach to the control of uncertain dynamical systems,” Appl. Math. Comput.,
70, 261-272 (1995).

K. Leichtveis, Convex Sets [in Russian| Nauka, Moscow (1985).

E. F. Lelikova, “On asymptotics of the fundamental solution to a parabolic partial differential
equation of higher order,” Dokl. Ross. Akad. Nauk, 341, No. 5, 532-537 (1995).

3084



167.

168.

169.

170.

171.

172.

173.

174.

175.

176.

177.

178.

179.

180.

181.

182.

183.

184.

185.
186.

187.

188.
189.

P. L. Lions, Generalized Solutions of Hamilton—Jacobi Equations, Pitman Research Notes, Math.
Ser., 69, Pitman, Boston (1982).

P. L. Lions, “Optimal control of diffusion processes and Hamilton—Jacobi-Bellman equations, 2,”
Commun. Part. Differ. Equations, 8, No. 11, 1229-1276 (1983).

P. L. Lions and P. E. Souganidis, “Differential games, optimal control and directional derivatives
of viscosity solutions of Bellman’s and Isaacs’s equations,” SIAM J. Control Optimiz., 23, No. 4,
566-583 (1985).

R. Sh. Lipzer and A. N. Shiryaev, Statistics of Random Processes [in Russian] Nauka, Moscow
(1974).

M. I. Loginov, O. N. Sobolev, and G. S. Shelement’ev, Introduction to Statistical Analysis [in
Russian], Ural State Univ. Ekaterinburg (1999).

N. Yu. Lukoyanov, “Minimax solutions of the Hamilton—Jacobi equations with a heredity,” Dokl.
Ross. Akad. Nauk, 371, No. 2, 163166 (2000).

V. I. Maksimov, “The principle of extrimal shift in a problem of solving operator equations,” Proc.
Steklov Inst. Mat., Suppl. Issue 1, S163-S171 (2000).

O. A. Malafeyev, “Perfect equilibrium in noncooperative differential games,” in: Proc. X Int.
Symp. “Dynamical Games and Applications,” St.Petersburg State University, 2002, 2, St.Petersburg
(2002), pp. 492-494.

V. V. Malyshev and A. I. Kibzun, Analysis and Synthesis of High-Precision Controls of Aircraft [in
Russian], Moscow (1987).

V. P. Maslov and S. N. Samborskii, “Existence and uniqueness of solutions to the steady-state
Hamilton—Jacobi—Bellman equations. A new approach,” Dokl. Ross. Akad. Nauk, 324, No. 6, 1143—
1148 (1992).

A. A. Melikyan, “Singular characteristics first-order partial differential equations,” Dokl. Ross. Akad.
Nauk, 382, No. 2, 203-217 (1996).

A. A. Melikyan, Generalized Characteristics of First Order Partial Differential FEquations: Applica-
tions in Optimal Control and Differential Games, Birkkduser Boston (1998).

A. A. Melikyan, “Equations of propagations of weak gaps of a solution to a variational problem,”
Proc. Steklov Inst. Mat., Suppl. Issue 2, S446-S459 (2000).

L. I. Minchenko and O. F. Borisenko, Differential Properties of Marginal Functions and Applications
to Optimization Problems [in Russian], Minsk (1992).

S. Mirica, “Extending Cauchy’s method of characteristics for Hamilton—Jacobi equations,” Stud.
Cerc. Mat., 37, No. 6, 555-565 (1985).

E. F. Mishchenko, “Pursuit-evasion problems in the theory of differential games,” Izv. Akad. Nauk
SSSR. Ser. Tekhn. Kibern., No. 5, 3-9 (1971).

E. F. Mishchenko and L. S. Pontryagin, “Periodic solutions of near discontinuous systems of ordinary
differential equation,” Dokl. Alad. Nauk SSSR, 102, No. 5, 889-891 (1955).

E. F. Mishchenko and N. Kh. Rosov, Differential Equations with a Small Parameter and Relaxational
Oscillations [in Russian], Nauka, Moscow (1975).

N. N. Moiseev, Asymptotic Methods of Nonlinear Mechanics [in Russian], Nauka, Moscow (1971).
B. Sh. Mordukhovich, Methods of Appoximations to Optimization and Control Problems [in Russian],
Nauka, Moscow (1988).

A. A. Neznakhin and V. N. Ushakov, “A grid method to approximations of the kernel of viability
of a differential inclusion,” Zh. Vychisl. Mat. Mat. Fiz., 41, No. 6, 895-908 (2001).

M. S. Nikol’skii, “On the Pontryagin alternated integral,” Mat. Sb., 116, No. 1, 136-144 (1981).
M. S. Nikol’skii and M. Aboubacar, “Some estimates of the reachable set for the controlled Van der
Pol equation,” Proc. Steklov Inst. Math., Suppl. Issue 1, S172-S181 (2000).

3085



190

191.

192.

193.

194.

195.

196.
197.

198.

199.

200.

201.

202.

203.
204.

205.

206.
207.

208.
209.
210.
211.
212.
213.
214.

215.

. 0. A. Oleinik, “Discontinuous solutions to nonlinear differental equations,” Usp. Mat. Nauk, 12,
No. 3, 3-73 (1957).

0. A. Oleinik, “On construction of a generalized solution to the Cauchy problem for a quasi-linear
first-order partial differential equation involving vanishing viscosity,” Usp. Math. Nauk, 14, No. 2,
159-164 (1959).

0. A. Oleinik and S. N. Kruzhkov, “Quasi-linear parabolic partial differential equations of second
order with several independent variables,” Usp. Mat. Nauk, 16, No. 5, 115-155 (1961).

R. O’Malley, Introduction to Singular Perturbations, Academic Press, New York (1974).

R. Ortega, A. J. van der Schaft, and B. M. Maschke, Stabilization of Port-Controlled Hamiltonian
Systems via Energy Balancing. in Stability and Stabilization of Nonlinear Systems. vol. 246. LNCIS.
New York: Springer Verlag. 1999.

Yu. S. Osipov, “On the theory of differential games in systems with distributed parameters,” Dokl.
Akad. Nauk SSSR, 223, No. 6, 1314-1317 (1975).

Yu. S. Osipov, “Positional control in parabolic systems,” Prikl. Mat. Mekh., 41, No. 2 (1977).

A. 1. Panasyuk and V. I. Panasyuk, Asymptotic Magistral Optimization in Control Systems [in
Russian], Nauka, Moscow (1986).

T. Parthasarathy and T. Raghavan, Some Topics in Two-Person Games, Modern Analytic and
Computational Methods in Science and Mathematics, 22, Amer. Elsevier, New York (1971).

A. G. Pashkov and S. D. Terekhov, “Differential game of approach with two pursuers and one
evader,” J. Optimiz. Theory Appl., 55, No. 2, 303-311 (1987).

V. S. Patsko and V. L. Turova, “Level sets of the value function in differential games with homicidal
chauffeur dynamics,” Int. Game Theory Rev., 3, No. 1, 67-112 (2001).

A. A. Pervozvanskii and V. G. Gaitsgory, Decomposition, Aggregation, and Approzimation Opti-
mization [in Russian] Nauka, Moscow (1979).

A. A. Pervozvanski and V. G. Gaitsgory, Theory of Suboptimal Solutions, Kluwer Academic, Dor-
drecht (1988).

L. A. Petrosyan, Pursuit Differential Games [in Russian], Leningrad State Univ., Leningrad (1977).
L. A. Petrosyan and V. V. Zakharov, Mathematical Models in Ecology [in Russian|, St.Petersburg
State Univ., St.-Petersburg (1997).

N. N. Petrov, “On the existence of the value in a pursuit game,” Dokl. Akad. Nauk SSSR, 190,
No. 6, 621-624 (1970).

N. N. Petrov, Game Theory [in Russian], Udmurt. State Univ., Izhevsk (1997).

I. G. Petrovskii, Lectures on the Theory of Ordinary Differential Equations [in Russian|, Nauka,
Moscow (1964).

E. S. Polovinkin, Elements of the Theory of Mulivalued Mappings [in Russian], Moscow (1982).

B. T. Polyak, An Introduction to Optimization [in Russian], Nauka, Moscow (1983).

L. S. Pontryagin, Ordinary Differential Equations [in Russian|, Nauka, Moscow (1965).

L. S. Pontryagin, “On linear differential games, 1, 2,” Dokl. Akad. Nauk SSSR, 174, No. 6, 1278—
1280; 175, No. 4, 764-766 (1967).

L. S. Pontryagin, “Mathematical theory of optimal processes and differential games,” Proc. Steklov
Inst. Mat., 169, 119-157 (1985).

L. S. Pontryagin, V. G. Boltyanskii, R. V. Gamkrelidze, and E. F. Mishchenko, Mathematical Theory
of Optimal Processes [in Russian|, Nauka, Moscow (1961).

B. N. Pshenichnyi, “The structure of differential games,” Dokl. Akad. Nauk SSSR, 184, No. 2,
285-287 (1969).

B. N. Pshenichnyi, Convex Analysis and Extremal Problems [in Russian|, Nauka, Moscow (1980).

3086



216

217.
218.
219.
220.
221.
222.
223.
224.
225.
226.
227.

228.

229.

230.

231.

232.

233.

234.

235.

236.

237.

238.

239.

. B. N. Pshenichnyi and V. V. Ostapenko, Differential Games [in Russian|, Naukova Dumka, Kiev
(1992).

R. T. Rockafellar, Convexr Analysis [Russian translation]|, Mir, Moscow (1973).

R. T. Rockafellar and R. J. B. Wets, Variational Analysis, Springer-Verlag, New York (1998).

R. T. Rockafellar and P. R. Wolenski, Convexity and duality in Hamilton—Jacobi theory, Report of
Int. Inst. Appl. Syst. Anal. IR-98-057, Laxenburg (1998).

J. D. L. Rowland and R. B. Vinter, “Constructions of optimal feedback controls,” Systems Control
Lett., 16, 357-367 (1991).

E. Roxin, “The axiomatic approach in differential games,” J. Optimiz. Theory Appl., 3, 153-163
(1969).

B. L. Rozhdestvenskii and N. N. Yanenko, Systems of Quasi-Linear Equations and Applications to
Gas Dynamics [in Russian], Nauka, Moscow (1978).

L. I. Rozonoer, “The Pontryagin maximum principle in the theory of optimal systems,” Automat.
Telemekh., 20, No. 10-12 (1959).

L. Schwartz, Analysis [Russian translation], Mir, Moscow (1972).

A. N. Shiryaev, Probability [in Russian], Nauka, Moscow (1980).

A. F. Shorikov, Minimazx Estimates and Control of Discrete Dynamical Systems [in Russian], Ural
State Univ., Ekaterinburg (1997).

A. F. Sidorov, “On optimal unshocked compression of gas flows,” Dokl. Akad. Nauk SSSR, 313,
No. 2, 283-287 (1990).

A. F. Sidorov, V. L. Gasilov, and A. P. Kukushkin, “Development of high-efficiency algorithms and
software on the basis of parallel technologies,” in: Algorithms and Software of Parallel Calculations
[in Russian], Ekaterinburg (1995), pp. 3-20.

E. V. Sidorova and N. N. Subbotina, “An algorithm for calculating the value function in a linear
differential game with a convex cost function,” in: Positional Control with Guaranteed Result [in
Russian], Sverdlovsk (1986), pp. 62-74.

S. L. Sobolev, On Some Applications of Functional Analysis to Mathematical Physics [in Russian]
Nauka, Moscow (1988).

G. Sonnevend, On constructing feedback control in differential games by use of central trajecto-
ries, Report Schwerpunktprogr. DFG Anwendungsbezogene Optimierung und Steuerung, No. 385,
Wiirzburg (1992).

P. E. Souganidis, “Max-min representations and product formulas for the viscosity solutions of
Hamilton—Jacobi equations with applications to differential games,” Nonlinear Analysis. Theory,
Meth. Appl., 9, No. 3, 217-257 (1985).

V. V. Stepanov, A Course in Differential Equations [in Russian|, Fizmatgiz, Moscow (1959).

J. Stoer and C. Witzgall, Convezity and Optimization in Finite Dimensions, 1, Springer-Verlag,
New York (1970).

A. 1. Subbotin, “On a generalization of the main equation to the theory of differential games,” Dokl.
Akad. Nauk SSSR, 254, No. 2, 293-297 (1980).

A. 1. Subbotin, Minimaz Inequalities and the Hamilton—Jacobi Equations [in Russian], Nauka,
Moscow (1991).

A. 1. Subbotin, “Continuous and discontinuous solutions to boundary problems for first-order partial
differential equations,” Dokl. Ross. Akad. Nauk, 323, No. 1, 30-34 (1992).

A. 1. Subbotin, Generalized Solutions of First-Order Partial Differential Equations: The Dynamical
Optimization Perspective, Birkh&user, Boston (1995).

A. I. Subbotin, “Minimax solutions of first-order partial differential equations,” Usp. Mat. Nauk,
51, No. 2, 105-138 (1996).

3087



240.

241.

242.

243.

244.

245.

246.

247.

248.

249.

250.

251.

252.

253.

254.

255.

256.

257.

258.

259.

260.

3088

A. 1. Subbotin and A. G. Chentsov, Optimization of the Guarantee in Control Problems [in Russian],
Nauka, Moscow (1981).

A. 1. Subbotin and A. G. Chentsov, “An iteration procedure for constructing minimax and viscosity
solutions to the Hamilton—Jacobi equations,” Dokl. Ross. Akad. Nauk, 348, No. 3, 45-48 (1996).
A. I. Subbotin and L. G. Shagalova, “A piecewise linear solution of the Cauchy problem for the
Hamilton—Jacobi equation,” Dokl. Akad. Nauk, 325, No. 5, 932-936 (1992).

A. 1. Subbotin and N. N. Subbotina, “Necessary and sufficient conditions for a piecewise smooth
value of a differential game,” Dokl. Akad. Nauk SSSR, 243, No. 4, 829-865 (1978).

A. 1. Subbotin and N. N. Subbotina, “Necessary and sufficient conditions for nonsmooth value of a
differential game,” in: Problems of Dynamical Control [in Russian|, Sverdlovsk (1979).

A. 1. Subbotin and N. N. Subbotina, “The optimal result function in a control problem,” Dokl.
Akad. Nauk SSSR, 266, No. 2, 294-299 (1982).

A. L. Subbotin and N. N. Subbotina, “Properties of a differential game potential,” Prikl. Mat. Mekh.,
46, No. 2, 204-211 (1982).

A. 1. Subbotin and N. N. Subbotina, “On justification of the method of dynamical programming to
an optimal control problem,” Izv. Akad. Nauk SSSR, Ser. Tekhn. Kibern., 2, 24-32 (1983).

A. L. Subbotin and N. N. Subbotina, “Differentiability properties of the value finction in a differential
game with an integral-terminal payoff,” Probl. Contr. Inform. Theory, 12, No. 3, 153-166 (1983).
A. I. Subbotin and N. N. Subbotina, “Piecewise smooth solutions of first order partial differential
equations,” Dokl. Ross. Akad. Nauk, 333, No. 6, 705-707 (1993).

A. 1. Subbotin, A. M. Tarasyev, and V. N. Ushakov, “Generalized characteristics of the Hamilton—
Jacobi equations,” Izv. Akad. Nauk, Ser. Tekhn. Kibern., No. 1, 190-197 (1993).

A. L. Subbotin, A. M. Tarasyev, and V. N. Ushakov, “Generalized characteristics of Hamilton—Jacobi
equations,” J. Comput. Systems Sci. Int., 32, No. 2, 157-163 (1994).

N. N. Subbotina, “Universal optimal strategies in positional differential games,” Diff. Equations,
19, No. 11, 1377-1382 (1983).

N. N. Subbotina, “Some sufficient conditions for existence of universal strategies,” in: Investigations
of Minimaz Control Problems [in Russian], Sverdlovsk (1985), pp. 72-81.

N. N. Subbotina, Infinitesimal properties of the value function of a diffusion differential game [in
Russian|, Inst. Math. Mech., Sverdlovsk, 1985, deposited at the All-Union Institute for Scientific
and Technical Information, Moscow (1985), No. 7690-D19.11.85.

N. N. Subbotina, “Necessary and sufficient conditions for optimality of controls and trajectories,”
in: Synthesis of Optimal Control in Game Systems [in Russian|, Sverdlovsk (1986).

N. N. Subbotina, “Generalized stochastic derivatives to functions of several variables differential
in a part of the variables,” in: Control with Guaranteed Result [in Russian], Sverdlovsk (1987),
pp. 77-85.

N. N. Subbotina, Necessary and sufficient optimality conditions in terms of the maximum principle
and superdifferetial of the value function [in Russian], Inst. Math. Mech., Sverdlovsk, 1988, deposited
at the All-Union Institute for Scientific and Technical Information, Moscow (1988), No. 2898-B88.
N. N. Subbotina, “The maximum principle and the superdifferential of the value function,” Probl.
Control Inform. Theory, 18, No. 3, 151-160 (1989).

N. N. Subbotina, “The Cauchy method of characteristics and generalized solutions of the Hamilton—
Jacobi-Bellman equations,” Dokl. Akad. Nauk SSSR, 320, No. 3, 556-561 (1991).

N. N. Subbotina, Constructing a generalized solution of the Hamilton—Jacobi—Bellman equation by
the Cauchy method of characteristics [in Russian], Inst. Math. Mech., Sverdlovsk (1991), deposited
at the All-Union Institute for Scientific and Technical Information, Moscow (1991), No. 2571-B91.



261.

262.

263.

264.

265.

266.

267.

268.

269.

270.

271.

272.

273.

274.

275.

276.

277.

278.

279.

N. N. Subbotina, “Unified optimality conditions to control problems,” in: Proc. Inst. Math. Mech.,
Ural Branch Russ. Acad. Sci. [in Russian], 1, Ekaterinburg (1992), pp. 147-160.

N. N. Subbotina, Necessary and sufficient optimality conditions in terms of characteristics of
Hamilton—Jacobi—Bellman equation, Report Schwerpunktprogr. DFG Anwendungsbezogene Opti-
mierung und Steuerung, No. 393, Wiirzburg (1992).

N. N. Subbotina, “Asymptotic properties of minimax solutions to the Hamilton—Jacobi equations
in differential games with fast and slow motions,” Prikl. Mat. Mekh., 60, No. 6, pp. 883-890 (1996).
N. N. Subbotina, “Asymptotics for singularly perturbed differential games,” in: Proc. IFAC Con-
ference “Nonsmooth and Discontinuous Problems of Control and Optimization, June 17-20, 1998,
Chelyabinsk, Russia, Elsevier Science, Oxford (1998), pp. 43-52.

N. N. Subbotina, “Asymptotics of the singularly perturbed Hamilton—Jacobi equations,” Prikl. Mat.
Mekh., 63, No. 2, 220-230 (1999).

N. N. Subbotina, “Singular approximations of the minimax and viscosity solutions to the Hamilton—
Jacobi equations,” Proc. Steklov Institute of Mathematics, Suppl. Issue 1, S210-S227 (2000).

N. N. Subbotina, “On structure of optimal feedbacks to control problems,” in: Proc. 11 IFAC Int.
Workshop “Control Applications of Optimization,” July 3—6, 2000, St.Petersburg State University,
St.-Petersburg (2000), pp. 254-255.

N. N. Subbotina, “On structure of optimal feedbacks to control problems,” in: Proc. 11 IFAC Int.
Workshop “Control Applications of Optimization,” 1, St. Petersburg State Univ. (2000), pp. 339—
344.

N. N. Subbotina, “Generalized Cauchy characteristics to singularly perturbed Hamilton—Jacobi
equations,” in: Proc. Int. Conf. “Differential Equations and Dynamical Systems,” August 21-26,
2000, Suzdal, Steklov Inst. Math., Vladimir State Univ. (2000), pp. 93-94.

N. N. Subbotina, “Asymptotics for singularly perturbed differential games,” Game Theory Appl.,
7, 175-196 (2001).

N. N. Subbotina, “Near optimal feedbacks to mechanical systems with fast and slow motions,” in:
Proc. VIII Symp. on Theoretical and Applied Mechanics, August 23-29, 2001, Perm, Ekaterinburg
(2001), p. 546.

N. N. Subbotina, Optimality conditions for feedbacks to control problems, Inst. Math. Mech., Ekater-
inburg (2002), deposited at the All-Union Institute for Scientific and Technical Information, Moscow
(2002), No. 1212-B2002.

N. N. Subbotina, “Sufficient optimality conditions for feedbacks to control problems,” in: Proc. X
Int. Symp. “Dynamical Games and Applications,” July 8-11, 2002, St. Petersburg State University,
2, St. Petersburg (2002), pp. 829-834.

N. N. Subbotina, “The method of dynamical programming for a class of local Lipschitz functions,”
Dokl. Ross. Akad. Nauk, 389, No. 2, 169-172 (2003).

N. N. Subbotina and A. G. Chentsov, “On the existence of the Bellman function in a linear differ-
ential game,” in: Proc. Inst. Math. Mech. [in Russian|, No. 26, Sverdlovsk (1979), pp. 80-86.

N. N. Subbotina, A. I. Subbotin, and V. E. Tretyakov, “Stochastic and deterministic control. Dif-
ferential inclusions,” Probl. Control Inform. Theory, 14, No. 6, P1-P15 (1985).

N. N. Subbotina, A. I. Subbotin, and V. E. Tretyakov, “Stochastic and deterministic control. Dif-
ferential inequalities,” Lect. Notes Control Inform., 81, 728-737 (1987).

N. N. Subbotina and V. N. Ushakov, “On characteristic differential inclusions to unified differential
games,” in: Proc. IX Int. Symp. “Dynamical Games and Applications,” December 18-21, 2000,
Adelaida, Australia, Univ. of South Australia, Adelaide (2000), pp. 464—467,.

A. M. Tarasyev, “Approximation schemes for constructing minimax solutions to the Hamilton—
Jacobi equations,” Prikl. Mat. Mekh., 58, No. 2, 22-36 (1994).

3089



280.

281.

282.

283.

284.

285.

286.
287.

288.

289.

290.

291.

292.

293.

294.

295.

296.
297.

298.

299.

300.

301.

302.

303.

3090

A. M. Tarasyev, A. A. Uspenskii, and V. N. Ushakov, “Approximation schemes and finite difference
operators for constructing generalized solutions of the Hamilton—Jacobi equations,” Izv. Ross. Akad.
Nauk, Ser. Tekhn. Kibern., No. 3, 173-185 (1994).

A. N. Tikhonov, “Systems of differential equations with a small parameter at derivatives,” Mat. Sb.,
31, No. 3, 575-586 (1952).

A. N. Tikhonov and A. A. Samarskii, “On discontinuous solutions of a quasi-linear first-order partial
differential equation,” Dokl. Akad. Nauk SSSR, 99, No. 1, 27-30 (1954).

E. L. Tonkov, “Some questions in control of periodic motions,” in: Dynamics of Control Systems
[in Russian], Nauka, Novosibirsk (1979).

V. E. Tretyakov, “On the theory of stochastic differential games,” Dokl. Akad. Nauk SSSR, 269,
No. 3, 1049-1053 (1983).

V. E. Tretyakov, I. V. Tzelishcheva, and G. I. Shishkin, “Optimal control in systems with incomplete
and uncertain information,” in: Proc. Inst. Math. Mech., 2, Ekaterinburg (1992), pp. 176-187.

V. A. Troitskii, Optimal Oscillation Processes of Mechanical Systems [in Russian], Leningrad (1976).
V. I. Ukhobotov, “Synthesis of guaranteed controls on the basis of an approximation scheme,” Proc.
Steklov Math. Inst., Suppl. Issue 1, S254-S260 (2000).

V. N. Ushakov, “On a problem of constructing stable bridges to a pursuit-evasion differential game,”
Izv. Akad. Nauk SSSR, Ser. Tekhn. Kibern., No. 4, 29-36 (1980).

V. N. Ushakov, “On a question of stability in differential games,” in: Positional Control with
Guaranteed Result [in Russian], Sverdlovsk (1988), pp. 101-109.

V. N. Ushakov, “Constructions of solutions in differential games of pursuit-evasion. Differential
inclusions and optimal control,” Lect. Notes Nonlin. Anal., 2, 269-281 (1998).

V. N. Ushakov and A. P. Khripunov, “On constructing approximation solutions to game-theoretic
control problems,” Prikl. Mat. Mekh. 61, No. 3, 413-421 (1997).

V. 1. Utkin, Sliding Behaviors and Applications to Systems with Changing Structure [in Russian],
Nauka, Moscow (1974).

V. A. Vakhrushev and V. N. Ushakov, “On simulations of control procedures with a guide,” Prikl.
Mat. Mekh., 66, No. 2, 228-238 (2002).

P. Varaiya, “On the existence of solutions to a differential game,” SIAM J. Control Optimiz., 5,
No. 1, 153-162 (1967).

A. B. Vasil’eva and V. F. Butuzov, Asymptotic Expansions of Singularly Perturbed Equations [in
Russian] Nauka, Moscow (1973).

V. S. Vladimirov, Equations of Mathematical Physics [in Russian], Nauka, Moscow (1976).

V. Veliov, “A generalization of the Tikhonov theorem for singularly perturbed differential inclu-
sions,” J. Dynam. Control Systems, 3, 291-319 (1997).

V. Veliov, “Stability-like properties of differential inclusions,” Set-Valued Anal., 5, No. 1, 73-88
(1997).

V. A. Vyazgin, “On justification of sufficient conditions with the help of the Weierstrass and
Hamilton—-Jacobi-Bellman methods,” Automat. Telemech., 4, 31-37 (1984).

J. Warga, Optimal Control of Differential and Functional Equations [Russian translation], Nauka,
Moscow (1977).

L. C. Young, Lectures on the Calculus of Variations and Optimal Control Theory [Russian transla-
tion|, Mir, Moscow (1974).

S. T. Zavalishchin and A. N. Sesekin, Impulse Processes. Models and Applications [in Russian],
Nauka, Moscow (1991).

M. L. Zelikin, Optimal Control and Variational Calculus [in Russian]|, Nauka, Moscow (1985).



304. L. F. Zelikina, “Universal manifolds and theorems on a magistral way to a class of optimal control
problems,” Dokl. Akad. Nauk SSSR, 224, No. 1 (1975).

305. O. A. Zhautykov, V. I. Zhukovskii, and S. Zharkynbaev, Differential Games with Several Persons
[in Russian|, Nauka, Alma-Ata (1988).

306. X.-Y. Zhou, “Maximum principle, dynamical programming, and their connection in deterministic
controls,” J. Optimiz. Theory Appl., 65, 363-373 (1990).

307. V. I. Zubov, Lectures on Control Theory [in Russian|, Nauka, Moscow (1975).

N. N. Subbotina
Institute of Mathematics and Mechanics, Ural Branch of the Russian Academy of Sciences
E-mail: subb@uran.ru

3091




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /SyntheticBoldness 1.000000
  /Description <<
    /DEU <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [2834.646 2834.646]
>> setpagedevice


