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PARTIAL GEOMETRIC REGULARITY
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We consider a continuous optimization model of a one-dimensional connected trans-
portation network under the assumption that the cost of transportation with the use of
network is negligible in comparison with the cost of transportation without it. We investi-
gate the connections between this problem and its important special case, the minimiza-
tion of the average distance functional. For the average distance minimization problem
we formulate a number of conditions for the partial geometric regularity of a solution in
R”™ with an arbitrary dimension n > 2. The corresponding results are applied to solutions
to the general optimization problem. Bibliography: 26 titles. Illustrations: 1 Figure.

§ 1. Introduction

We assume that the distribution of the population in some region (city) is determined by a nonnegative
finite Borel measure @ with compact support in R”. It is required to find an optimal transportation net-
work (schemes of urban public transport and/or underground) which could be the most convenient for the
population to reach service centers and working places provided that the distribution of working places and
service centers is determined by a nonnegative finite Borel measure ¢~ with compact support in R". A
given function A: Rt — R is interpreted as the effective cost of the movement of every citizen without
using the transportation network (i.e., “on foot” or by their own transport”), so that the cost for covering
the distance 7 is A(z). In this paper, we consider a simplified model. The network is simulated by a closed
connected set £ C R” and the cost for movement with the use of the transportation network is assumed to
be zero. The corresponding optimization problem is formulated as follows.

Problem 1.1. Find a set (an optimal transportation network) X = X,y C R" minimizing the cost for
movement of the population, provided that free travel over the network X +— MK(¢", ¢~ ,X) is allowed,
among all closed connected sets £ C R” satisfying the length constraint /2" (£) <1 (I > 0 is given).

The cost for movement MK (¢*, @~ ,-) is strictly defined with the use of the Monge—Kantorovich opti-
mal mass transport problem (cf. details in [1-4]). We suggest two equivalent formulas for computing the
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cost functional. The assumption of the zero cost for movement with the use of the transportation network
has meaning if this cost is determined by the ticket price which is independent of the covering distance
and/or tariff zone; moreover, this cost for every citizen is negligible comparing with the cost for movement
without the use of the transportation network. This model is also applicable to the optimization of computer
net (with the corresponding interpretation of the initial data).

In this paper, we show that the general model of the choice of an optimal transportation network is
reduced to the minimization of the average distance functional. This problem was studied, in particular, in
[5-8].

Problem 1.2. Let ¢ be a finite nonnegative Borel measure with compact support in R". It is required
to find a set X = Xy, C R” minimizing the average distance functional F, defined by the formula

Fp(S) = / A(dist (x,5)) do (x),
Rn

over all closed connected sets £ C R” satisfying the length constraint .7 (X) <[ (I > 0 is given). Here,
A: R™ — R is a given nondecreasing function.

It is easy to see from the definition of MK (@™, ¢~ ,-) that this problem is a special case of Problem 1.1
with ¢~ :=0 (i.e., if the single goal of the population is to reach the transportation network with the minimal
cost). If we replace the connectedness and the length constraint on £ by the condition on the maximal
number of points of X (i.e., we minimize the functional F, over discrete sets X such that #X < k, where k
is a given natural number), then this problem becomes the well-known optimal location problem (k-median
problem). This problem can be interpreted as a problem of determining the optimal location of k service
centers provided that the density of population ¢ is known (see more about such problems, for example, in
[9-11]).

Optimization models like Problem 1.2 stem from various problems, not only in urban planning and
economics, but also in image processing [12], mathematical statistics [13, 14], the optimal irrigation problem
[5, 15], and in approximation of a solution to the classical travelling salesman problem (the so-called the
“lazy travelling salesman problem”) [16]). Solutions to Problem 1.2 will be referred to as average distance
minimizers.

In this paper, we prove some results about the topological structure of the sets minimizing the average
distance and establish a partial regularity of the minimizing sets in the case of an arbitrary dimension n > 2.
For this purpose, we develop the technique from [87] to the case of two-dimensional spaces (n = 2) and
A(r) =t and also the technique from [7]. However, unlike [8, 7], we will use it for obtaining estimates for
the generalized mean curvature of the sets under consideration. Based on the obtained results, we prove
some assertions concerning the geometric regularity of optimal transportation networks that form a solution
to the general optimization problem. We emphasize that we mean the geometric regularity, i.e., solutions to
the corresponding optimization problems are “good” from the geometric point of view (for example, they
have finitely many endpoints and branching points, every branching point is, a “regular tripod”, etc.), but
this does not mean that these solutions are smooth curves.

§ 2. Monge-Kantorovich Problem with the Dirichlet Condition

Assume that the choice by the population of directions of daily transport movements is described by
the Monge—Kantorovich optimal mass transport model. Since the cost for movement with the use of X is
assumed to be zero, the total cost for daily transport movement to the service centers and/or working places
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is determined by a functional & on Borel measures in R” x R” of the form

EM)i= [ Ads(xy)driy),
R/ XR”
where
ds(x,y) :=d(x,y) A (dist (x,X) + dist (y,X)).

In other words, to move from a point x to the point y, each citizen chooses the most convenient route
among the following two variants: 1) a route without the use of the transportation network, i.e., only by
the own transport or “on foot” (in this case, it is necessary to cover the distance d(x,y)), 2) a route with
maximal use of the transportation network (in this case, it is required only to pay for the covered distance
dist (x,X) + dist (y,Z) without the use of the transportation network). For the sake of simplicity, we assume
that the distance d is metrically equivalent to the Euclidean distance.

It is reasonable to regard the measure I" as a “transportation plan” (i.e., intuitively, we can assume that
I'(x,y) is the number of citizens moving from the point x to the point y). Then it must satisfy the condition

(D) R\ Z = T LR"\ X, (2.1)

where 7¥: R” x R” — R” are projections on the first and second copies of R" respectively; namely,
nE(xt,x7) :=x*. If @* are concentrated outside X and ¢ (R") = ¢~ (R"), then the condition (2.1) sim-
ply means that all the citizens reach their goals (i.e., service centers and/or working places). If ¢ (R") #
¢~ (R"), then the goal of some citizens is only to reach X (or to reach the service centers and/or working
places only from X): for example, in the limiting case ¢~ = 0, in the model there are no service centers and
working places, and a single goal of citizens is to reach X.

The generalized Monge—Kantorovich transport problem with the Dirichlet condition on X is to find a
Borel measure I'yp on R”" x R", called an optimal transport plan, minimizing the functional £ over all
Borel measures I, called admissible transport plans, on R" x R" satisfying the condition (2.1) (cf. [17]).
We keep the notation MK (@™, ¢, %) for the Monge—Kantorovich problem with the Dirichlet condition on
¥, as well as for the corresponding minimal value of the functional k. We write MK (@™, ¢ ) if £ = 2.
Finally, as a rule, we will not indicate the measure ¢ in the notation and write simply MK () instead of
MK(¢*, ¢ ,%).

It is easy to show that the Monge—Kantorovich problem has a solution under rather natural assumptions
on the data. Namely, the following assertion holds.

Theorem 2.1. Suppose that a function A is lower semicontinuous and a set ¥ C R" is compact. Then
the functional I, attains the minimum over the set of all admissible transport plans.

Proof. Let {I',} be a minimizing sequence of admissible transport plans for £. By Lemma 2.2, for
every v € N there is a new admissible transport plan I, such that /(') = Ix(T",) and all I", have uniformly
bounded complete mass. Since all admissible transport plans are supported in the compact set (supp ¢ U
%) x (supp @~ UZX), we can choose a subsequence of I, (not relabeled) that x-weakly converges to some
Borel measure I on R” x R”. By Lemma 2.3 with X, := X, we find that I" satisfies the condition (2.1), i.e.,
it is an admissible transport plan However, the function dx: R” x R" — R is continuous. Since A is lower
semi-continuous, the integrand of /5 is also lower semicontinous. Consequently, the functional /5 is lower
semicontinous in the sense of the x-weak convergence of measures. Hence

I5(T) < liminfl(T,) = liminf (T ) = infls
v v
(since {I'y } minimizes k). Thus, the functional s attains the minimum at T". ]

The following simple lemmas were used in the previous proof.
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Lemma 2.2. For any admissible transport plan T there is another admissible transport plan T’ such
that

I'R"xR") <o (R")+ ¢ (R"), (') =I(T).
Proof. Setting I’ :=T —T'_X x X, we find that "’ is an admissible transport plan. Furthermore, I5(T") =
I5(T") and T'(Z x £) = 0. Consequently,
IR"xR") =T ((R"\Z) x R") +T'(Zx (R"\ X)) <T'(R"\Z) x R") +T'(R" x (R"\ X))
=T((R"\Z) xR") +[(R" x (R"\Z)) = ¢ (R"\Z) + ¢~ (R"\ T)
<OT(R")+ o (R").
The proof is complete. U

Lemma 2.3. Let {TI'y} be a sequence of admissible transport plans for MK (¢", @™, %), and let the
sets X, be compact, moreover, X, — X in the sense of Hausdorff and 1, — T in the sense of the x-weak
convergence of measures. Then T is an admissible transport plan for MK (@™, ¢~ ,Z,).

Proof. We have n;tl“v = @* over R” \ Z,. Since £, — X in the sense of Hausdorff, any function with
compact support in R\ X is also compactly supported in R"\ X, for sufficiently large v € N. Consequently,
for any y € Co(R" \ X) we have

/wdn;tr:nm/wdn;trv = /yxdcpi.
. %
]Rn Rl‘l Rl‘l
In particular, 7 T'(ep) = @*(ep) for any open set eg CC R\ . Thus, m; T(R"\ X) = ¢*(R"\ £), and,
consequently, 7; T = ¢* on R"\ X. O
We denote by Iy (X) the set of all optimal transport plans TG, with a given X:

Topi(X) := Argmin {Iz =(I') : " is an admissible transport plan}.

§ 3. Equivalent Formulation of the Transportation Problem

We consider the transportation problem from other point of view. Now we are interested in the question
what transport routes are chosen by citizens for their daily transport movements. These routes will be
described by Lipschitz paths in R".

Two Lipschitz paths 61, 6> [0,1] — R” are said to be equivalent if there exists a continuous surjective
strictly increasing function ¢: [0, 1] — [0, 1], called “re-paremetrization” such that

6,(1) = 6:(e(1)) for all € [0,1].

Denote by O the set of equivalence classes of Lipschitz paths. It is obvious that elements of ® present
directed rectifiable curves. We often identify elements of © (i.e., directed rectifiable curves) with their
parametrizations (i.e., with the Lipschitz functions that parametrize the curves). We equip the set © with the
metric

de(01,6,) := inf{ m[ax] |§1 (1) — §z(t)\ : 6; is the parametrization of 6, i = 1,2, }, (3.1)
tel0,1

where | - | is the Euclidean norm in R”. It is easy to see that the convergence 6, — 6 in the metric of ©
implies the Hausdorff convergence of the corresponding traces, but the converse assertion is false.
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If {6,,6,} C©®and 0 (1) =6,(0), then we define 6, 0 6, € O as a directed rectifiable curve admitting
the parametrization

6,0 6:(1) 1= 0;(21), t€[0,1/2],
YT Y e 2r— 1), re (12,10,

The choice by the population of routes is described by the measure 1) € .Z*(©) which, roughly speak-
ing, indicates how many citizens choose each special route. A measure 1 € .#"(0) is called an admissible
transport measure if

(Pogm)(R"\Z) = "L (R"\Z), (piyn)(R"\Z) =g L(R"\X), (3.2)
where p;: ® — R” is defined by the formula p;(0) := 0(i), i = 0,1. We introdcued the functional Cs in
A" (©) as follows:

/A 16\ 2))dn(6).

As is proved in Proposition 3.1, the functional Cs attains the minimum over the set of all admissible transport
measures with respect to some measure 7)op. Denote by Eq(X) the set of all optimal transport measures
Nopt for a given X:

Eopi(Z) := Argmin {Cx(n) : 11 is an admissible transport measure}.

We can see that the minimization of the functional Gz over the set of all admissible transport measures
is nothing else as an equivalent formulation of the classical Monge—Kantorovich transport problem.

Proposition 3.1. If A is a nondecreasing lower semicontinuous function and ¥ C R is a closed con-
nected set of finite length, then

MK (Z) = min {Cx(n) : 1 is an admissible transport measure} . (3.3)

Moreover, if Nopi € Eopt(Z), then T := (po X p1)#Nopt € Topt(Z). Conversely, there exists a Borel mapping
gs: Qx Q — 0O, where

Q :=co (supp ¢ Usupp ¢~ UZ),
such that Top € Top(X) implies 1 = qsulopt € Eopt(Z). Finally,
supp Mopt C (:)(E) ={6€0:dx(6(0),0(1)) = %1(9 \X)}
for all Nop; € Egpi ().

Proof. If ] is an admissible transport measure, then I" := (m X p1)#n is an admissible transport plan.
Recalling the definition of the distance dx, we write

Cen) = /A O\D)n > [Alds((po x p1)(6))dn
(S}

(3.4)
_ / A(ds(x,y)dT = K(T) > MK(Z).

R7xR"
We consider a multivalued mapping Os: Q x Q—o é(E) such that
Os(x,y) = {6 €©:6(0) =x,6(1) =y, ds(x,y) = " (0\Z)}.
We note that the graph of Qs defined by the formula
Graph Qs := {(x,y,0) : (x,y) € Qx Q.0 € Os(x,y)}
={(x,y,0) €eQxQxO:x=0(0),y=0(1)}N(QAx Qx OX))
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is a closed set because O() is closed (by Lemma 3.2); moreover, it is obvious that the set Qs (x, y) is not
empty for any pair of points (x,y) € Q x Q (since X is connected). Then by the measurable choice theorem
(cf. [18, Theorem IT1.6] or [19, Theorem 5.2.1]) this mapping admits a Borel selector gy: Q x Q — (5(2) If
Fope € Fopt(Z) is an arbitrary optimal transport plan, then 1qp := gs#I'op is an admissible transport measure;
moreover,

MKE) = [ Aldse)dTon = [ A (ax(x)\ D) dTon
QxQ Q_xQ B 3.5)
= [ACF O \E)dn = Telnm) > infCs,
(S]

where the infimum of Cs is taken over the set of all admissible transport measures. Together with (3.4),
this proves that 1oy is the optimal transport measure Taking for 7] the optimal transport measure, from (3.4)
we find that (pg x pj)4n is the optimal transport plan. Finally, since all the inequalities in (3.4) become
equalities if 1] is an optimal transport measure, we conclude that 1 is concentrated on(:)(Z) in the sense that
n(©\©(X)) = 0. Since O(X) is closed, we obtain the last assertion of the proposition. O

The following simple lemma was used in the proof.

Lemma 3.2. IfX C X is a Borel set of finite length 7 (X) < oo, then the mapping 6 € © — 7' (0\ X)
is lower semicontinuous. Moreover, the set ©(X) defined in Proposition 3.1 is closed.

Proof. Let 6, — 0 in © as v — . For € > 0 we denote by U, a closed e-neighborhood of set 6. Let
W := 1 X. Since 6, C Uk for all sufficiently large v, we have u(6,) < i, (Ue). Thus,

limsupu(6y) <limsupu(Ue) = u(Ue).
v \%

Passing to the limit as € — 0" in the last inequality and taking into account the convergence u(Us) — u(6),
we find

limvsupjfl(ev NX) < 2(6N%).

By [20, Theorem 4.4.7],
1imvinfjfl(ev) > .71 (0).
Hence
1imvinfjf1(ev \Z) = limvinf(%”l(ev) —#'(6,nY))
> limvinf(%”l(ev) —limsup 2 (6,NX) = #(0) -7 (6NZ) = 2 (0\2).
v

Finally, to prove the closedness of ©(Z), we note that if {6,} C O(Z), 6, — 6 in © as v — oo, then
0y(0) — 6(0) and 6, (1) — O(1) in R" as v — oo. Consequently,

ds(6y(0),6y (1)) — dx(6(0),6(1)).
On the other hand,

A1 (0\F) <liminf 77 (6, \ ) = liminfds(6,(0),6,(1)) = d5(6(0),6(1)). (3.6)

Since 21 (0\ 2) > ds(0(0),6(1)), the inequality (3.6) becomes equality. Consequently, 8 €O(). O
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§ 4. Choice of Optimal Transportation Network

If X is given, MK (@™, ¢~ , %) indicates the minimal cost of movement from ¢ to ¢~ with the possibility
of “free” use of Z. In this case, Problem 1.1 has meaning. The following existence theorem hodls.

Theorem 4.1. Let a function A be lower semicontinuous. Then Problem 1.1 has a solution.
Proof. Let
m:=inf {MK(¢*,¢ %) : X CR"is closed and connected, (X)) < 1}
Consider a sequence {X, }3_, of closed connected subsets of R" such that 7#!(Z,) < for all v € N and

MK((p+7 (p_72\/) \ m,

i.e., a minimizing sequence of the functional MK(¢*, ¢~ ,-).

Lemma 2.2 asserts that for every v € N there exists an optimal transport plan I, for the problem
MK(p*, 0 ,%,) such that

Ty(R"xR") < 9" (R") + ¢~ (R").

Without loss of generality, we can assume that X, C Q for some compact set 2 C R". Otherwise, there is
a sequence {x, }, x, € £, such that |x, | — oo as v — . However, by the inequalities diam %, < 7' (X,) <1
for all y, € X,, we have |y, | — oo as v — . Because of the compactness of supp ¢, for any x € supp ¢~
we have dist (x,X, ) — e as v — oo, If

'y ({(x,y) : dist (x, %) +dist (y,Xy) < d(x,y)}) >0

for some subsequence v — oo, then for this subsequence we have

MK((,D+, @772\’) = Izv (FV) - +°°7
which is impossible. Thus, for all sufficiently large v € N

Ly(R* xR") =Ty ({(x,y) : ds, (x,y) = d(x,9)})- (4.1)
Since Iy are concentrated on (supp @ UZX,) x (supp ¢~ UZX,) and supp ¢~ are compact sets, (4.1) means
that T, are concdentrated on supp @ x supp ¢~ for sufficiently large v. But such a situation is possible
only if " (R") = @ (R"). Furthermore, (4.1) implies the equalities MK(¢™, 0~ ,2,) =MK(o™,0" ) =m,
which means that any admissible set X (even X = @) is a minimum point of the functional under considera-
tion.

Thus, either X, C Q for some compact set 2 C R" or the existence of a solution is automatically
guaranteed. Without loss of generality, we will assume that Q is so large that it contains supp ¢~ and
supp ¢~ (recall that both sets are compact by assumption).

The space of closed subsets € equipped with the Hausdorff metric is a compact metric space in view of
the Blashke theorem [20, Theorem 4.4.6]. Therefore, up to a subsequence (we preserve the same notation)
we can assert that X, — X in the sense of Hausdorff; moreover, the set £ C R" is closed and connected. By
the Golab theorem [20, Theorem 4.4.7], we have /! (X) < I. We note that the convergence of sets in the
sense of Hausdorff implies that d(x,%,) — d(x,X) for all x € R". Consequently,

ds, (x,y) — ds(x,y)

for all (x,y) € R" x R" as v — oo. Furthermore, since all the functions dsx, are Lipschitz continuous with
the same Lipschitz constant, we conclude that ¢, — ds uniformly on Q x Q as v — . Since A is lower
semicontinuous, we find

A(dx(x,y)) < lin}}ian(dzv (xv,yv))
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as x, — x and y, — y in Q as v — . Consequently, introducing u,: R” x R” — R and u: R" x R" — R
by the formula

uv(xay) ::A(dzv(x,y)), u_(x,y) ::A(dz(x,y)),
we can formulate the previous assertion as follows:

I' limu, >u . 4.2)
v

By the choice of T'y, the sequence {I", (R” x R")}7_, is bounded and I'y, are concentrated in the compact
set
(supp @ UZ,) x (supp ¢~ UZ,) CQx Q.
Hence we can conclude that up to a subsequence (again, not relabeled) I, — I" x-weakly in the sense of
measures, where I" is a Borel measure on R” X R"”. By Lemma 2.3, I" is an admissible transport plan for
the problem MK (@™, ¢~ ,%). Taking into account (4.2) and applying Lemma 4.2 with X := R" x R” and
ny:=I,,n:=T, we find

)= [ @)dr(ny) <timint [ uy(e)dl (x)
R2xR" RAxR"
= lirrbinflzv (Ty) = linlvinfMK((p+, 0 X)) =m
It remains to note that
MK(¢", ¢~ ,Z) <Ig(T).
Consequently, MK (@™, ¢~,%) = m, i.e., ¥ is a minimum point of the functional under consideration. U

Lemma 4.2. We assume that a sequence of nonnegative Borel functions {u,}: X — R defined on a
local-compact or X-compactly metric space X, satisfies the inequality

I' liminfu, > u". (4.3)
v
Then for any sequence of Borel measures 1, — 1 converging in the x-weak topology of measures we have
/u_dn < limvinf/uvdnv.
b'¢ b'¢
Proof. It is easy to check that
I liminfu, = sup 7y, wheret, := (inf u,,) . 4.4)
veN mzv
We fix j € N and estimate
hmmf/uva’nv hmlnf/ 1nf Uy, dnv

m/j

> liminf (mf um) any :liminf/rjdnv > /‘L'jdn.
V—oo
X

V—o0 . m/]
X

Since the last assertion is valid for any j € N, taking into account the Beppo Levi theorem and (4.4), we
arrive at the required assertion. U

We consider an important case of Problem 1.1 with ¢~ = 0. It is obvious that MK (@™, ¢~ ,-) = Fy+(-),
where the functional Fj(-) (¢ is a finite nonnegative Borel measure), called the average distance functional,
is defined by the formula

Fp(S) = / A(dist (x,2)) do (x).
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Thus, Problem 1.1 is reduced to Problem 1.2 of minimizing the average distance functional with ¢ := ¢".
In the further study of solutions to Problems 1.1 and 1.2, we assume the following conditions on A:

(o) A is Lipschitz continuous on [0, L], i.e., there exists a constant A > 0 such that
[A(x) —AY)[ < Alx—y|

if {x,y} C [0,L], where L := diam supp ¢ for Problem 1.2 and L := diam (supp ¢ Usupp ¢ ) for
Problem 1.1;

(p) for any ¢ > 0 there is a number A = A(c) > 0 such that
[A(x) —AW)| = Alx—y]
for {x,y} C [c,diam supp ¢]. This means that the function A is injective (i.e., strictly increasing
since A is nondecreasing) on [0, diam supp ¢].

These conditions are satisfied, for example, by the function A(¢) :=¢”, p > 1. Hence the results concern-
ing Problem 1.2 under these conditions will be applicable, in particular, to the average distance functionals

Fp(S) = /dist”(x,Z)d(p(x), p>1.

§ 5. Topological Properties of the Average Distance Minimizers

In this section, we consider the main topological properties of average distance minimizers. For this
purpose, we recall some notions.

Definition 5.1. Let X be a connected topological space. A point x € X is called a noncut point of X if
>\ {x} is connected. Otherwise, x is called a cut point of X.

We will use the notion of the order of space at a point and also the notions of branching points and
endpoints.

Definition 5.2. Let X be a topological space. We say that the order of X at a point x € X does not exceed
n and write

ord, X < n,
where n is a cardinal, if for any € > 0 there is an subset U C X such that x € U, diam (U) < &, and #9U < n,

where # denotes the cardinality.
We say that the order of Z at a point x € ¥ is equal to n and write

ord, X=n

if n is the least cardinal such that ord ,X < n.
A point x is called a branching point of X if ord X =n, n > 3. A point x is called an endpoint of X if
ord , X =1.

By [21, Theorem V.1], for ord X < 1 the point x is a noncut point of X. In particular, each endpoint of
¥ is a noncut point.

k
Atapoint x € X := | [x,q;] in the union of k arcs [x,a],...,[x,a] in X intersecting only at the point x,
i=1
ie., [x,a;]N[x,a;] = {x} forall i,j = 1,... k, the space X has order k. The converse assertion is also true

(cf. [21, Sec. 51.11, Assertion 8]).
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Proposition 5.3 (Menger n-Beinsatz). Let x € X, where X is a locally connected continuum. Then
ord, X >k, keN,

implies the existence of at least k arcs {2}5‘:1, Y, CX,i=1,...,k starting at the point x and satisfying the
condition 5;NXj = {x} foralli,j=1,... k.

We recall the following well-known notion.
Definition 5.4. By the Hausdorff dimension dim ¢ of a Borel measure ¢ on R" we mean
dim ¢ := sup{k: @ < #*},
where 7% is the k-dimensional Hausdorff measure.
For example, ¢ < .£" implies dim ¢ = n.
Let Zop be a solution to Problem 1.2. We will denote by k: R" — X, a Borel projections on Xy (i.€.,
a Borel mapping such that d(x,k(x)) = dist (x,Zp) for all x € R") and y := kz@.

The following assertion about topological properties of the average distance minimizers valid for n > 2,
generalizes the result of [6] to the case ¢ < £ and, in addition, some results of [7].

Theorem 5.5. Let Xy be a solution to Problem 1.2, where A satisfies conditions (04) and (o) and
©(Zopt) = 0 (the last conditions is satisfied, for example, if dim @ > 1 and, in particular, if ¢ < Z"). Then

(1) Zopt does not contain simple closed curves (homeomorphic images of SYY and, in particular, every
noncut point of Lop is an endpoint.

In addition, we assume that there exists a point 'y € Yoo such that y({y}) > 0. Then there exists a
constant C > 0 such that for any noncut point x € op we have y({x}) > C. In this case,

(ii) the number of noncut points (consequently, endpoints) of Xy is finite,
(iii) there are finitely many branching points of Xop,
(iv) every branching point of Loy is a triple point, i.e., ord yXqp = 3.

Remark 5.6. As was shown in [7], for n = 2 assertion (i) is equivalent to the assertion that the set
R2\ X is connected.

In the proof of this and following assertions, we will use the following notion. By a centered Steiner net
of a finite set of points N C dB,(x) we mean any set St(N,x,r) minimizing the length functional

T (2)

over all closed connected sets X C B, (x) such that NU{x} C X (the existence of such a set is known). We note
that such a set is not necessarily unique (for example we can take the set N of vertices of a square). It is easy
to estimate the length of the centered Steiner net consisting of two points. Namely, if N = {a,b} C dB;(0)
and the minimal arc in dB(0) joining a with b has angle § < 27/3, then

A (St(N,0,1)) < 2sin(8/2 4 1/6). (5.1
Indeed, by definition,
A1(St(N,0,1)) < 2T,

where X denotes the union of three segments joining a, b, and x at 27 /3 angles, so that (5.1) is obtained by
a direct calculation of 7! (Z).
Now we are ready to prove Theorem 5.5.
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Proof. The fact that there are no simple closed curves in X, was proved in [7]. By Proposition 5.3,
if ¥ is a locally connected continuum containing no simple closed curves (homeomorphic images of '),
then every noncut point of X is an endpoint. Indeed, if x € X is a noncut point and ord,X > 2, then there
exist at least two arcs [x,a;| C X and [x,az] C X such that [x,a;] N [x,az] = {x}. However, £\ {x} is arcwise
connected and, consequently, there is an arc £ C X\ {x} connecting @; and a». Then [x,a;]oZoas,x] C Xis
a simple closed curve (hereinafter, the symbol o denotes the composition of curves). Assertion (i) is proved.

Suppose that y({y}) > 0 and x € X, is an arbitrary noncut point of Z,p, x # y. Such a point exists
because, by [21, Sec. 47, Theorem IV.5], any continuum (a compact connected space) contains at least two
noncut points. We begin by proving the inequality

v({x}) = Cy({y}) (5.2)

with some C > 0 independent of x. For this purpose, we consider the decreasing sequence {D, }yen of
subsets of X,y defined in Lemma 5.10 with x € D,. Assume that the diameters of D, are so small that
y & D, for all v € N. Introduce the notation &, := diam D, and note that 7 ! (Dy) > €. For the sake of
brevity, we often omit the subscript v and write simply, for example, € instead of €.

Let 3} := Zopt \ Dy. Then

Fp(s)) = / A(dist (v, 2) do(x) < / A(dist (x, Zop)) d@(x) + AeW(Dy) = Fy(Sopt) + AeW(Dy).
R” R”

Taking into account that y ¢ Dy for all v € N and setting T, := k') \ kYD) =k (y), we find
o(Ty) = w({y}). Using Lemma 5.7, we find a compact connected set 2> X} such that

ANEZ) S AN Ee) +e <A (Zop)

and for all sufficiently small £ > 0 we have the inequality
Fo(23) = [ A(dist(x.22)) do()
R»

< [Aise(x.21)do) ~Cyl{yhe = Fp(Ed) ~ Cyl{r)e.
R»

where C > 0 is independent of €, y, and x. Thus,

F(p(zg) < Fp(Zop) +ey(Dy) —Cey({y}).
Since € — 0 and y(D,) — y({x}) as v — oo, we see that the last inequality contradicts the optimality of
2 opt for sufficiently large v only if the inequality (5.2) fails.

Since x is chosen arbitrarily, for any noncut point x € X we have y({x}) > C, where C > 0 is some
constant independent of x. The fact that the set of noncut points of X, (assertion (ii)) is finite follows from
the relation y(R") = @(R") < 4o, whereas the set of branching points of X (assertion (iii)) is finite
because of Lemma 5.11.

It remains to prove assertion (iv). Assume the contrary. Suppose that ord,X o > 3 for some x € X o
By Proposition 5.3, there is at least four closed arcs X; C X o, i = 1,...,4, that start at the point x and do
not meet at other points (i.e., X;NX j = {x} for i # j). We choose a sufficiently small number € =&, :=1/v
(where v € N) such that the closed ball B;(x) does not contain any other branching points and noncut points
(this is possible because the number of such points is finite by assertions (ii) and (iii)) and

TiNdBe(x) £ @, i=1,...,4.

Let d. € £;M dBe(x) denote the first point at which ¥; tangents dBe(x), i.e., for all y € (x,d.) we have
y € Be(x), i =1,...,4. By Lemma 5.9(ii), among these four points there are at least two points (without
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loss of generality we denote them by a! and a2) such that the minimal arc joining them in 9B (x) has angle
0 <2m/3.
Introduce the notation
2= (Zop\ (va}) U (v, ad))) US({al a2} x.e).

The set X! is connected since the removed arcs did not contain any branching point of the set opt by
construction. It is obvious that this set is compact. We have

H(Ee) S AN (Zop) = ((v,a0)) = A (x,a3)) + A (St ({ag, a2}, x.€)).
Note that 7' ((x,d.)) > &,i= 1,2, and
A (St({ag,az},x.€)) = e (St({(ag —x) /e, (az —x)/€},0,1)).
By (5.1), we have
A (St({(ag —x) /e, (ag —x)/e},0,1) <2 B,
where 3 > 0 depends only on 6. Combining the above estimates, we find
H(Z) <A (Zop) — Pe.

Furthermore, we have

Fp(=1) /A (dist(x,Z 1)) do (x)
(5.3)
/A (dist (x, Z opt)) d@(x) + Ae Y (Be (x) \ {x}) = Fy(Z opt) + AW (Be(x) \ {x}).
R»

Let z be a noncut point of X,y. Then, as was just proved, y({z}) > 0. We choose v/ € N such
that z & Be/(x), where & := €. Setting T, := k~'(z) \ k' (Be/(x)), we find 7/ = k~'(z). Consequently,
¢(T!) = y({z}). Using Lemma 5.7, we obtain a compact connected set 2 D =} such that

AN S AN (Ze) +e< A (Zop)
and
Fo(23) = [ A(dist(£,3D)do ()

Rl‘l
< [Aist(&,2)do(&) —Cu({he = Fo(2)) —Cy{z)e. (54
Rl‘l
where C > 0 is independent of €. Since W (B:(x) \ {x}) =0(1) as € — 0, from (5.3) and (5.4) it follows that
for sufficiently small € >0
Fy(23) < Fp(Z opo)-
This estimate, together with the inequality 7" (2£2) < 71 (2 opt), contradicts the optimality of . O

The following lemmas were used in the above proof.

Lemma 5.7. Let £, C R" be a sequence of compact connected sets such that ¥ := N, X, # &, and let
@ be a positive Borel measure on R" such that ¢(X) = 0. Assume that for some x € X there exists a Borel
set T! C R” such that ¢(T) > 0 and there is a number vy € N such that for any point y € T!

0 < dist(y,X) = d(y,x) < dist (y,Z, \ 2),

provided that v > vy. Then, if condition () is satisfied, for any v € N and a sufficiently small € > 0 there
is a compact connected set X ¢ D X, such that I (Zye) <HYZy) +eand

F(p(zv,e) < F(p(ZV) —C(p(Tx/)e,

533



where the constant C > 0 is independent of v and €.

Proof. Using Lemma 5.8, for every 6 > 0 we can construct a compact connected set I’y on the surface
dI§ (x) of the n-dimensional cube [§ (x) with side of length 46 and center x such that

AN (T5) <C8, dist(y,I'5) < &

for all y € 91§ (x), where C > 0 depends only on n. Denote by I's the union of sets I''y with the shortest line
segment joining the latter with the point x. It is obvious that the set I'5 is compact and connected; moreover,
1 (Ts) < C'S, where C' > 0 depends only on n.

We set € := C'§ and

Zv’e = Zv UF5.
The set X ¢ is compact and connected; moreover, % ! (Zye) < ! (2y)+ €. We set
X ={xeR":dist(x,X) < c}

and note that there is ¢ > 0 such that ¢(7) \ Z°) > ¢(T})/2 (since ¢(T; NE) — @(T/NX)=0asc | 0 by
the assumption @(X) = 0). We fix this number ¢ > 0 and set @, := ¢ R"\ X¢ and @/, := @ X°.
If2\/né < c(ie, 5 C I (x) CX), then forany y € T/ \ X and v > v we have dist (y,Xy) = d(y,x);
moreover,
dist(y, Xy ¢) < dist(y,s) < d(y,x) —28 + 6.
Consequently,
dist (y,Zy.¢) < dist (y,Z,) — Ce

for some constant C > 0 independent of € and v. Using (o), we find

/A(dist(z,2v7g))d(pc(z)— /A(dist(z,Zv))d(pc(z) < —ACeq(T))
. . < —Co(T)e

(where A = A(c/2) and C > 0 can be different from line to line, but always independent of v and €). On the
other hand, we have

[Aist 2 300)dol(a) < [ Adist (2. 20)d0l ().

R" R"

Adding the above inequalities and taking into account that @ = ¢, + ¢ ., we obtain at the required assertion.
0

Lemma 5.8. For any j € N there exists a compact connected set TV C I" := [0,1]" satisfying the con-
ditions 7' (T7) < n(j+1)""" and dist (y,TV) < \/n/2j forall y € I".

Proof. Let I'/ be the set of all (xi,...,x,) € I" such that jx; € N forall i = 1,...,n except, perhaps, one,
i.e., T/ is a uniform one-dimensional grid with step 1/ in I". The required properties of IV can be verified
directly. O

Lemma 5.9. The following assertions hold.

(i) Among three vectors in R" that do not belong to the same two-dimensional plane, there are two
vectors such that the angle between them is strictly less than 21 /3.

(i) Among four vectors in R" there are two vectors such that the angle between them is strictly less
than 21 /3.

534



Proof. To prove (i), we note that we can assume n = 3 without loss of generality (since any three vectors
belong to a three-dimensional subspace of R"). Let a, b, and ¢ be arbitrary unit vectors in R}. We choose
the coordinate axes in such a way that a = (0,0, 1) and b = (b;,0,b3). Assume that the angle between a
and b, as well as between a and c, is not less than 27/3 (otherwise, there is nothing to prove). If ¢, =0,
then all three vectors belong to the same two-dimensional plane {x = 0}. Otherwise (i.e., co # 0), we set
¢ :=(c1,0,c3). Since the angle between a and c is at least 27/3, we have ¢3 < —1/2. We can assume that
021 + c% # 0; otherwise, c is perpendicular to a, which contradicts the assumption. Thus, for the angle o/

between a and ¢ we find
c3

/2 2
c|+tc3

since y/c3 4¢3 < 1. Hence o > 27 /3. Thus, the angle &’ between b and ¢’ is strictly less than 27/3 (since

1
coso’' = <C3<—§

a, b, and ¢’ belong to the same two-dimensional plane {x, = 0}), which implies cos§’ > —1/2. On the

other hand,
bici+bzc3  cosd

[2, 2 [2, 2
c1+c3 c1+c3

We assume that cos 0 < 0 (otherwise, & < 7/2 and there is nothing to prove). Then cos & > cos 8. Conse-
quently, cos 6 > —1/2. Hence 6 < 21 /3, which completes the proof of assertion (i).
To prove (ii), we can assume without loss of generality that n = 4 (since any four vectors in R* belong to

a four-dimensional subspace). We consider an arbitrary triple of vectors among the given four vectors in .

By assertion (i), this triple either contains two vectors such that the angle between them is strictly less than
21 /3 (and then there is nothing to prove) or lies inside a two-dimensional plane . Using assertion (i) again,
in the last case, we find that either the angle between the fourth vector and some of the vectors of the triple
is strictly less than 27/3 or all the four vectors belong to the same two-dimensional plane. Consequently,
among them there is a pair of vectors forming an angle strictly less than 27 /3. O

cosd =

The following two topological lemmas are taken from [22] and [6] respectively.

Lemma 5.10. Let X be a locally connected metric continuum containing more than one point, and let
x € X be a noncut point of ¥. Then there exists a sequence of open sets D, C X satisfying the following
conditions:
(i) x € Dy, for all sufficiently large v,
(ii) X\ Dy is connected for every v,
(iii) diam Dy, \, 0 as v — oo,
(iv) Dy is connected for every v.

Lemma 5.11. Let X be a local connected continuum containing no simple closed curves (homeomorphic
images of S'). If the set of endpoints of T is finite, then the set of branching points of X is also finite.
Furthermore, in this case, for every branching point x € X the order ord, X is finite.

§ 6. Characterization of Branching Points via the Mean Curvature

Now, we can more exactly characterize branching points of the average distance minimizer Xy (i.e.,
solutions to Problem 1.2). According to the results of numerical simulation in [5], we expect the following
result: for at least a sufficiently good measure ¢ (i.e., if its density is summable with a suitable exponent
relative to the Lebesgue measure) all the branching points of Xy are regular tripods, i.e., points where
exactly three smooth branches meet at 12(0° angles. However, even if we do not possess results concerning
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the strong regularity of X, up to branching points, we can prove a weaker result. For this purpose, we
recall the notion of the generalized average curvature in [23]. By the generalized mean curvature Hs of
a countably (%, k)-rectifiable set © C R” (or measure .#*_X in the terminology of [23]) we mean the
vector-valued distribution

(X,Hs) == / div> X d#*
b)
for all X € Ci(R",R"). The mean curvature Hs is a Radon charge (a signed measure) if

|Hs|(D) := sup / div:X d" - X € C5(D;R™),||X ] = 1
*ND
is finite for any open set D C R". Denote by H the generalized mean curvature of the average distance
minimizer X . The following assertion holds.

Proposition 6.1. Under the assumptions of Theorem 5.5, the generalized mean curvature H is a Radon
charge; moreover, H < V.

Proof. By Theorem 5.5, the set of noncut points of X is finite. Therefore, it suffices to prove the
existence of a constant C > 0 such that

|H|(D) < Cy(D) (6.1)

for any open set D C R” such that its closure D does not contain any noncut point of Zqy. To prove this
assertion, we assume that |H|(D) # 0 (otherwise, there is nothing to prove). For m € N we consider a vector
field X,, € C5(D;R?) such that ||X,,|| = 1 and

/ divEen X, d. — \H|(D)‘ <1/m.
% optND
For every € € R and m € N we introduce a diffeomorphism @ by the formula
DY (x) :=x— €Xpp(x).
Let X} := @F (X o). By [24, Theorem 7.31],

d

SNz = / divEn X, d.A.

2 optND
Consequently,
§:=H"Zop)— A (ZM) =¢ / divEor X, d." +o(e).
2 optND

We assume that m is sufficiently large and set € = €, := 1/v (we will omit the subscript v for brevity) for
v € N, so that the set {Z7'} is countable. In this case,

8 > e(|H|(D) — 1/m)+o(g) > 0 (6.2)

for small € > 0. Then

Fo(E2) = [ Aldist (x.22)) do ()
&

< / A(dist (4, E o)) d@(x) + AeW(D) = Fo(E op) + Aey(D). 6.3)
J,
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Let y € X o be an arbitrary endpoint. If € > 0 is sufficiently small, then, by the condition on D, we have
y & D, where
D :={x e R":dist(x,D) < €}.
Consequently, denoting 7] := kK1) \ k1 (Dg) = k~1(y), we get o(Ty) = y({y}). Using Lemma 5.7, we
obtain a compact connected set X D X7 satisfying the condition

%l(i?) gt%ﬂl(zgl)‘“s :%ﬂl(zom)?

moreover, for a sufficiently small € > 0 the following estimate holds:

Fo(E2) = [ Adist (x.£2))do(x)
&

< [Aist (v 20 do(x) ~ Cu({yD)8 = Fo(E2) ~ Cul{3})8 (6.4)
R
with some constant C > 0 independent of € and m.
The inequalities (6.3) and (6.4) yield

Fo(E2) < Fp(E ope) + Aew(D) — Cy({y})8.

To avoid a contradiction with the optimality of Xy, we must show that the condition Cy({y})é < ey(D)
is satisfied. By (6.2), this condition implies the inequality

C(e(|H|(D) = 1/m) +o(€)) y({y}) < ey (D).
Dividing both sides of the last inequality by € and passing to the limit as v — oo (in other words, as € — 0")
and, after that, as m — +oo, we arrive at (6.1) (perhaps, with some other value of C). [l

Using the above assertion, we can characterize branching points of the average distance minimizer Xy
as follows.

Theorem 6.2. Under the assumptions of Theorem 5.5, every branching point x € Zop is a triple point
(i.e., Zopt has order three); moreover, the Euclidean dimension of the set k_l(x) is at most n — 2, ie.,
k~1(x) is contained in some (n— 2)-dimensional hyperplane. In particular, if dim ¢ > n— 2 (for example, if

O <KLM), then H({x}) =0.

Proof. Let x € X, be a branching point. By Theorem 5.5(iv), it is a triple point. We assume that the
Euclidean dimension of the set k™! (x) is equal to m < n, i.e., k' (x) is contained in some m-dimensional
hyperplane IT,, C R" and is not contained in any (m — 1)-dimensional hyperplane. We prove that m < n—2.

By Lemma 6.3,

CNB,,(x) Ck '(x)
for some convex m-dimensional cone (i.e., it cannot be reduced to a set of dimension less than m) C C I,
with vertex x and sufficiently small ry > 0. We prove that for all y € C

limsup  sup b=xz=x) <0

< 0. (6.5)
=0 z€X N8, (x) [Y — x| Je—x

Indeed, in the opposite case, for some ¢ > 0 there is an infinitesimal sequence {r, }, ry — 0 as v — oo (the
subscript v will be omitted) such that for some y, € C and z, € Z ;N dB,(x) we have

(y—x,z2—x)

y=x[-|e—x 77
i.e., the angle between the vectors y, —x and z, — x does not exceed arccos ¢ < 7/2. In the two-dimensional
plane formed by the vectors y, — x and z, —x, we consider the line /. passing through z, perpendicularly
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to z, —x and set x, := [, N1, where [/, is the line passing through x and y,. If r/c < r¢, then x, € B, (x).
Consequently, x, € k~!(x), which implies dist (x,,Z opt) = d(x,,x). On the other hand,

dist (x,, 2 opt) < d(xr,2,) < d(x),x).

We arrive at a contradiction. Thus, (6.5) is proved (cf. Fig. 1).

I

T

h

FIGURE 1. Proof of the inequality (6.5)

We argue in the same way as in the proof of Theorem 5.5(iv). Since x is a triple point, from Propo-
sition 5.3 it follows that there are three closed arcs %; C X o, i = 1,...,3, that start at the point x and are
pairwise disjoint outside x, i.e., X;NX j = {x} for i # j. We assume that € > 0 is so small that the closed ball
B.(x) does not contain any other branching point of Zoy (it is possible because the set of branching points
is finite in view of Theorem 5.5(iii)) and

TiNdBe(x) £, i=1,....3.
Let d. € £;N dBe(x) denote the first point at which the arc ¥; tangents dBg(x), i.e., a point such that

yEBe(x),i=1,...,3, forally € (x,d.).
We chose a sequence €, — 0 as v — oo such that

a. —x ,
& = 4 edB(0), i=1,...,3,
Ey
as v — oo. We will omit the subscript v and write € instead of €,. Let us prove that the angle between
any two vectors among &, i = 1,...,3, is equal to 27r/3. Indeed, in the opposite case, there exists a number

8 < 2m/3 such that for all sufficiently small € there is a couple of points c., i = 1,...,3 (say, a} and a2),
such that the minimal joining them arc in dB; (x) has angle at most 8. We set

e = (Zop\ (.00 U (x,a7))) USt({ag, a },x,€).

538



We note that the set X} is connected since the “removed” arcs did not contain any branching point of Zopt
by assumption. We also note that this set is closed. The estimate

H(Ee) S AN (Zop) = A ((x,a0)) = A ((x,03)) + 7 (St ({ag a2} x.€))
together with the inequalities 7#"((x,a.)) > €, i = 1,2, and the relation
AN (St({ag,at},x,€)) = e (St({(ag —x)/e,(az —x)[€},0,1)) > (2~ B)
where 3 > 0 depends only on & (the last estimate holds by (5.1)), implies
HNEL) <A o) — Be.

Assume that a point y € X satisfies the condition y({y}) > 0. Taking into account that y ¢ B:(x) for
sufficiently small € > 0 and setting 7) := k' (y) \ k' (Be(y)) = k™' (y), we find (7)) = w({y}). Using
Lemma 5.7, we find a closed connected set 2 D X!, such that

H(ZP) S A (Ze) +Be = A (T op);
moreover, for any sufficiently small € > 0 the following estimate holds:

Fo(23) = [ Aldist(z.23)) do()
&

< /A(dist (2.Z¢))do(z) — Cy({x})Be = Fy(2g) —Ce (6.6)

with some constant C > 0 independent of €. However,

/A (dist(z,Z,))do(z)
< /A(dist (2 Zopt)) d(2) + €W (Be(x) \ {x}) = Fy(Zopt) + €W (Be(x) \ {x}),

which, together with (6.6), yields
F(p(zg) < Fp(Zopt) +eW(Be(x) \ {x}) —
Since W(Be(x) \ {x}) =o(1) as € — 0, the last estimate implies
F(p(zg) < Fop(Z opt)

for all sufficiently small €, which contradicts the optimality of X,,.. Thereby we complete the proof of the

assertion that the angles between each pair of vectors &, i = 1,...,3, are equal to 27/3.

By Lemma 5.9(i), the vectors a’, i = 1,...,3, belong to the same two-dimensional hyperplane. We
choose the Cartesian coordinate system with the origin at x in such a way that the vectors d, i = 1,...,3,
belong to the hyperplane {x3 = x4 = ... = x, = 0}; moreover,

1 V3 1 V3
_ 2 _ - 3: _— —
=(1,0,0,...,0),a" = ( 27 ,0,...,0) ,a ( 7 ,0,...,0).
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For any y € C, y # x, from (6.5) we find

1
. ,a
y1=<y,a1>=81g(§1+<y8—8><07
yio V3 oo (vag)
A — =1 <0,
7 T Ty T W)= lim =
3 3
_y_1+yzf:< &)= 1im 2% <o

2 2 e—0+t €

which implies y; = y» = 0. Hence the Euclidean dimension of C does not exceed n — 2.
The assertion about the generalized curvature follows from Proposition 6.1 since y({x}) = 0 by condi-
tion. U

The following lemma was used in the proof of Theorem 6.2.

Lemma 6.3. Suppose that ¥ C R" is a closed set and K: R" —o X is a multivalued projection on 2. If
x € K({y,z}), where x € £, and d(y,x) = d(z,x), then x € K(co{x,y,z}).

Proof. Since x € K(x') implies x € K(tX' 4+ (1 —1¢)) for any ¢ € [0,1], it suffices to prove that x €
K(co{y,z}) or, in other words, x € K(ty+ (1 —1)z) for any ¢ € [0,1]. We assume that x # y (other-
wise, the assertion is trivial). Suppose that the origin is at the point x and the coordinate axes are lo-
cated in such a way that y = (a,b,0,...,0), z = (—a,b,0,...,0), a > 0, b > 0. By the assumptions of the
lemma, XN B,(y) = XN B,(z) = &, where r := Va? + b> = d(y,x) = d(z,x). In other words, for any point
X =(,....x)eX

() —a)? + (o — b2+ Y X = d® + 1,
=3

n
() +a)+ (5 =0+ Y x> + b
i=3
Then for any ¥ € Zand 7 € [0, 1]

Pty + (1 —1)z,0) = () — (2t = 1)a)® + (¥ — b)* + Y x?
=3

n
= (X} +a)* + (X —b)*+ D x7 + (2ta)* — 4ta(¥| +a)
=3

> a® + b + (2ta)? — dta(X) +a) = (2ta — a)* + b* — 4tax,
= ((2t — Da)?* +b* — 4rax, = d*(ty + (1 —1)z,x) — 4rax,
> d(ty+ (1 —1)z,x),

if x| <0. Similarly,

Pty +(1—1)z,0) = () — (2t = 1)a)? + (¥ — b)> + Y 57
=3

= (| —a)’+y—b)+ z’:x;z + ((2t = 2)a)? — (4t — 4)a(x| —a)

> a® 4+ b+ ((2t — 2)a)* — (4t — 4)a(x; —a)
= ((2t — 1)a)* + b* — (4t — 4)ax,
=d*(ty+ (1 —1)z,x) — (4t — d)ax; > d*(ty+ (1 —1)z,x),
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if ¥, > 0 (since # < 1), which completes the proof. U

We note that Theorem 6.2 implies that any branching point of the average distance minimizer X is
a regular tripod (i.e., a point where exactly three smooth branches meet at 277/3 angles) only if Xy is
sufficiently regular (i.e., sufficiently smooth up to branching points).

Now we study the regularity of branching points of the average distance minimizer Z,y. For this
purpose, for an m-dimensional subspace I1,, C R” and a compact set Q C R" we introduce the notation

p (M, x) :=inf{r: k' (x)NQ C B (x) x IT;; },
p (T, B (x)) := sup{p (I, y) : y € B(x)},

where IT: is the orthogonal complement in R” of the subspace IT,, and B, (x) C I1,, is the m-dimensional
closed ball of radius r and center x.

Lemma 6.4. Let a point x € X oy, where X oy is the average distance minimizer, be such that the
Euclidean dimension of the set k™' (x) does not exceed n— 2 (in particular, this condition is satisfied if x is a
branching point of X.op). Under the assumptions of Theorem 5.5, there exists a two-dimensional subspace
[1, C R", x € 1, such that for any € > 0 there is & > 0 such that p(Tly,B,(z)) < € if B,(z) C Bg(x).

Proof. Let S be an arbitrary (m — 2)-dimensional hyperplane containing &' (x) (if x is a branching point
of X opt, then such a hyperplane exists in view of Theorem 6.2). We set I := S+ (for n =2 we set IT, := R?).
It suffices to prove that the convergence x, — x as v — oo implies p(I15,x,) — 0, but, in the opposite case,
p(IT5,xy) = ro for some number ry > 0 and subsequence x, (we preserve the same notation). Consequently,
there is a sequence of points z, ¢ B’r’z /Z(xv) x I3, zy € Q such that the projection of each point z, to 2 opt
contains x,. Passing to a converging subsequence (in the same notation) 3, — z € £ as v — oo, we find that
the projection of z to Zop; contains x. However, z By} » (x) x 13, i.e., p(I1,x) = ro/2, while p(IT5,x) =0
by construction. We obtain a contradiction. The proof is complete. U

We need the following assertion about the Ahlfors regularity of the average distance minimizers. It was
proved in [6] in the two-dimensional case n = 2 and in [7] for an arbitrary dimension n > 2. This regularity
condition is rather weak. However, as was shown in [25], for one-dimensional closed connected sets (it is
the class in which we look for average distance minimizers) it provides some nice analytic properties. In
particular, this condition guarantees a kind of “quantitative rectifiability” which is somewhat stronger than
the classical rectifiability used in geometric measure theory.

Theorem 6.5. Suppose that Xy is a solution to Problem 1.2, a function A satisfies condition (oy),
(at2), and @ € LP(R"), where p=n/(n—1) forn >3 and p = 4/3 for n = 2. Then Zop is Ahlfors regular,
i.e., there are two constants ¢ > 0 and C > 0 such that for any positive number p < diam X,y and point
X € Xopt

cp < A (ZopNBp(x)) <Cp (6.7)

We also need the following estimates generalizing analogous estimates from [8] in the two-dimensional
casen=2and A(r) =1.

Lemma 6.6. Suppose that Xy is an average distance minimizer and x € Loy, ¥ € X opy are such that
there is an arc X C X op with the starting point x and endpoint y that contains no branching points of X,
perhaps, except for the points x and y themselves. Then, under the assumptions of Theorem 5.5, for any arc
X o with the starting point x and endpoint y we have

HNZ) = A (20) <Cy(Z\ {x,y})r)rclg dist(x,Z¢) < Cy(Z\{x,y})dn (Z,Z0), (6.8)
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where dy (Z,X ) is the Hausdorff distance between the arcs X and ¢ and the constant C > 0 depends only
on the data of the problem. Furthermore, if £ C op N B(x), where r:= |x —y|, then

dH(Zv [xay]) < CI’I//(Z\ {x>y})a (6.9)

where [x,y| is a line segment.

Proof. Let 57! (Z) > ' (X ) (otherwise, the inequality (6.8) is trivial). We set Z; := (Z op \ Z) UZ .
Then

Fp(S1) = /A(dist(z,Z ))do()
2,

< / A(dist (2, Zop)) d(2) + / (A(dist (2,2 o)) — A(dist (z,%))) do (2)

R 12\ x))
< [ Aldist (2% o)) d(2) + AY(E\ .y} maxdist (x,E)
]Rn

= Fp(Zopt) + Ay (Z\ {x,y}) maxdist (x,Zo).
Using Lemma 5.7, we find a compact connected set X, D X | such that
AN (E2) K AN EN)+HN () — AN (Z0) < AN op)

and
Fp(22) < Fp(Z1) —C(A () - A (20))
with some C > 0 independent of X, y, and x. Thus,
Fp(E2) < FplEop) + AW(E\ {x,y}) maxdist (x,E ) — C(# (2) - 2 (20).
Hence the last inequality contradicts the optimality of Xoy only if the first inequality in (6.8) fails. The

second inequality in (6.8) obviously follows from the first one since max. ey dist (x,X o) < dy(Z,X¢).
To prove (6.9), we apply (6.8) to X := [x,y]. We have

A (E) ~ vy < Cd (2, [ y)y(E\ {x,0}). (6.10)
Note that
AN E)? = ddfy (2, [x,y]) + ]x =y (6.11)
Indeed, let z € X satisfy the condition dist (z, [x,y]) = dy (X, [x,y]). Then

HNZ) = =2 + |z =y,
but
lx—z[+[z—y| > min{[x— p[+ |p—y|: p € R", dist(p, [x,y]) = du(Z, [x,y])}
= (4d}y (2. o)+l —yP) 2.
The inequalities (6.11), (6.10) and the estimate |x — y| < () yield
Adjy (2, [x,y]) < (AN )+ [x =) (A (Z) =[x —y]) <21 (2)Cldn (2, e,y w(Z\ {x,0}).

Consequently,
dp (Z,[x,)]) < CHA ()Y (E\ {x.3}).
Taking into account that 57! () < S (Z op N B,(x)) < Cr in view of Theorem 6.5, we arrive at (6.9). [
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The following auxiliary assertion establishes conditions of a certain geometric regularity of the average
distance minimizer in a neighborhood of each point (namely, it asserts that in a sufficiently small neighbor-
hood of each point this set is a collection of “not too oscillating” curves).

Proposition 6.7. Under the assumptions of Theorem 5.5, for any point x € Zop there is a number roy > 0
such that for any arc 6 C Z o with the starting point x

#0NJB,(x) =1
forany r € (0,ro).

Proof. Denote by x! and x2 the first and last tangent points of the sphere dB,(x) by the arc 6. Then for
curvalinear segments of the arc [x,22] C 6 we have diam [x,x2] — 0 as r — 0. Indeed, in the opposite case,
diam [x,va] > ¢ for some ¢ >0 and r, — 0. Consequently, X, must contain a simple closed curve, which
contradicts Theorem 5.5(i). As a consequence, we find that y([x,22]) — w(x) as r — 0T. Consequently,
y(le2]\ fra2}) — Oas r— 0%,

If > 0 is sufficiently small, then [0,x2] contains no branching points and endpoints of Zopt» perhaps,
except for the point x itself. Using the estimate (6.8) in Lemma 6.6 with X := [x,22] and X, the result of a
rotation of [x,x!] after whcih the points x! and x2 coincide, we find

A (ef 3 < ]\ ) max dis(z.%0). (6.12)
7€[x a2

Since

max dist (z,X¢) < |2 —x}| <2 (x],x3)),

z€[xx}]
and

max_dist(z,Z0) < max_|z—x%| < diam[x!,x2] < 2 ([x}, %)),
2€[x7 7] 2€[x] 7]

from (6.12) it follows that
A 2) < O (! 2D w2\ {2,
The last inequality is valid for sufficiently small > 0 (such that Cy([x,]\ {x,x2}) < 1) only if
A ([x)2]) =0,
i.e., x! = x2 or, in other words, #0 N dB,(x) = 1. O
Lemma 6.8. Suppose that T is an average distance minimizer and x € Zop is neither a branching
point nor an endpoint. Let Q C R" be an arbitrary closed convex set containing supp ¢ and Zoy, and let

I1, C R" be an arbitrary two-dimensional plane. Assume that ¢ € L°(R"). Then, under the assumptions of
Theorem 5.5, there is a number ¥ > 0 such that for any r € (0,

V(B:(x)) < C(r+y(Bar(x)), (6.13)

where the constant C > 0 depends on the data of the problem and, in addition, on R := diam Q and p =
p (12, B, (x)); moreover, C — 0 as p — 0. In particular, there is a constant p' > 0 depending only on the
data of the problem and R such that p < p' and r < v imply C < 1/2 and

C 21\ o2 ¢
(e ) < e rve (5) 6.14)

Proof. The relation (6.13) is obtained by a direct generalization of Lemma 2.10 in [8] to the case of
an arbitrary dimension n > 2 with the help of (6.9). Namely, let ry > 0 be such that X, N B, (x) contains
neither branching points nor endpoints of Xp; moreover, #2 o NB,(x) =2 for any r < ro (such a number
ro exists because the set of branching points and endpoints of X,y is finite and by Proposition 6.7). Let
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r < ro/2. Since ord ,X opt = 2, there are arcs X; C X, i = 1,2, starting at x. Denote by x; and x; the point
where these arcs intersect dBy,(x). Since

dpy (2 op N Bor(x), [x,201] N [x,x2]) < maxdy (20 Bay (x), b, xi])

where [x,x;], i = 1,2, is the line segment with the starting point x and endpoint x;, from (6.9) we find
d = dp(Z opt N Bor(x), [x,x1] N [x,x2]) < Cry(Bar(x)) (6.15)
with some positive constant C. We denote by K the union of two cylinders with the axes of symmetry [x,x],
i = 1,2, and the radius of base d. Then
2 opt N B2 (x) C K.
We set K’ := co (KN B,(x)) and note that

K '(B.(x))NQCK:= {z eQnN (Eﬁ(x) x R"2) : dist (x,K’) < _111%1%|z—xi\},

which implies
v(B:(x)) < ¢(K). (6.16)
However,
K<TUT,UEUC;UC,,

where T;, i = 1,2, are the intersections of the set Q' := QN (EIZJ (x) x R"2) and the cylinders with axes
[x,x;], E is the intersection of the set & and the sector that is formed by the planes passing through x
perpendicularly to [x,x] and is bounded by the boundaries of cylinders forming 7, i = 1,2. Finally G,
i = 1,2, are the intersection of Q' with the sets bounded by the external (relative to x) boundaries of the
cylinders forming 7;, and surfaces of revolution about [x,x], such that the distance to any point x is equal
to the distance to the (n — 1)-dimensional circles § formed by the intersection of dB,(x) and the cylinders
with radius d and axes [x,x] (it is easy to see that these surfaces are the surface of corresponding cone of
rotation with the axes [x,x]). A direct computation shows that .#"(7;) < Cr and since the “aperture” of the
sets C1, Co, and E is estimated by d/r, we have

ZLMC)<ad/r, ZX"E)<Cd/r
for sufficiently small r, where the constant C > 0 satisfies the assumptions of the lemma. Thus,
ZMK) < C(r+2d)r).
Taking into account (6.15), we find

2" (K) < C(r+y(Ba(x)).
Since ¢ € L”(Q), we have
¢(K) < C(r+ y(Ba,(x)),
which implies (6.13) in view of (6.16).
Let us prove (6.14). If 0 < r < 7, then there is a natural number j € N such that #/2 < 2ir < r.
Successively applying (6.13) j times, we find

- ’ )
W(B) < Cr 3,(20) +Chy(Ba) < 5 A (B, (). 6.17)

Taking into account that & > log, ' /2r, C < 1/2, we obtain the inequality

1
2r\ o8¢
r/

c/

N
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which, together with (6.17), leads to (6.14). O
Now we can establish the regularity of branching points of the average distance minimizer .

Theorem 6.9. We assume that ¢ € L*(R"). Under the assumption of Theorem 5.5, the following
assertions hold:

(1) if x € X op is not a branching point, then the Euclidean dimension of the set kY(x) is at least n— 1,
(ii) for every branching point x € Xop there is a number 8 > 0 such that the set Lo N Bg(x) consists
of exactly three C1' arcs starting at x.

Proof. Since the set of branching points is finite (cf. Theorem 5.5(iii)), there is 1y > 0 such that X 5 N
B,,(x) does not contain branching points of the set Xy, perhaps, except for the point x itself. Moreover,
by Proposition 6.7, one can choose ry so small that #X o N B, (x) = k := ord (X o for all 7 € (0, 7). Then
if r > 0 is sufficiently small, then X o, N B, (x) is an arc provided that x € Z o is not a branching point and
is the union of three C! arcs provided that x € X, We assume that the Euclidean dimension of the set
k~1(x) does not exceed n — 2. We show that the corresponding arcs forming Zop N B, (x) are of class C!'!
(one if k < 2 or three if k = 3) for sufficiently small » > 0 i (thereby we prove assertion (ii)). Let Q C R’ be
an arbitrary closed convex set containing supp ¢ and X,,. By Lemma 6.4, there exists a two-dimensional
subspace Il C R", x € I,, and & € (0,r¢] such that p(T15,B,(z)) < p’ (the constant p’ is defined in
Lemma 6.8) if B,(z) C Bg(x). Thus if < # (the constant 7’ is defined in Lemma 6.8) and B,(z) C Bg(x),
then (6.14) holds. Consequently, /" -a.a in X opt N Bg(x) there exists the limit

. y(B(2)) c
AT SToac
In other words, y € L*(Bg(x)). Therefore, by Proposition 6.1, we have |H| € L”(Bs(x)). Consequently,
each of the arcs forming X N B, (x) (one if k < 2 or three if k = 3) is a C! curve by Lemma 6.10.

It remains to prove (i). This assertion is wrong only if X = 2 since for k = 1 (x is an endpoint) y({x}) >0
in view of Theorem 5.5. Hence the Euclidean dimension of the set k! (x) is equal to n. As we just proved,
T := % op N B, (x) for a sufficiently small » > 0 is and of class C'"!. Consequently, by Lemma 6.11, there
exists an (n — 1)-dimensional hyperplane IT,_; C R”, x € I1,_; and a number p > 0 such that all the point
of the relatively open (n — 1)-dimensional ball %”p_l C IT,—1(x) with center x and radius p have a single
projection on X at the point x. If (i) fails, there is a sequence of points {z,} € I1,_; such that z, — x as
v — oo and each point z,, has a projection on X, at the point y, ¢ X; moreover, it has a projection at the
point x. Then y, — x as v — co. Consequently, y, € X for sufficiently large v € N. We obtain a contradiction.
The proof is complete. U

< oo,

The following lemmas were used in the proof of Theorem 6.9.

Lemma 6.10. Let X C R” be a Lipschitz arc with the starting point a and endpoint b. Assume that its
generalized curvature satisfies the condition H € I°(2\ {a,b}). Then T belongs to the class C"'.

Proof. We assume that X is an arc parametrized by length, i.e., : I := [0, (Z)] — R",
for a.a. r € I. Then

< [0 +e@ozy@)ar
1

(1) =1

_[Z0 s — :
= [ o @) dr = [ HE) o)1) ar

e=0 i i

for any ¢ € Ci(R";R"). Taking into account that [X'(r)| = 1 for a.a. r € I, we find
d

—3 eL=(I),

7 (1)

where the derivative is understood in the weak sense. In other words, X € C!. O
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Lemma 6.11. Let ¥ C R" be an arc of class C''. Then for any point x € X there is an (n — 1)-
dimensional hyperplane T1,_1(x) C R", x € 1, (x), and p > 0 such that %’3*1 C k= (x), where 95’3*1 C
I1,_1(x) is a relative open (n — 1)-dimensional ball in T,y with center x and radius p.

Proof. We assume that ¥ is parametrized by length, i.e., : I := [0, ()] ¥(¢)] =1 for all
t € I. The unit tangent vector 7(x) := X() to X and the normal (n — 1)-dimensional hyperplane IT,_;(x) C
R" are defined at any point x € X, x = X(¢).

We set

Nx)yv:=v—(v,7(x))7(x)
for any v € R”. Since X belongs to the class C''! and (7(x),N(x)-v) = 0 for any v € R"~!, for any £ > 0
there is r > 0 such that
[(Z(1),N(Z(s))v)| < elv],

(1) - Z(S) ()t —s)| <elt—s|
for any v € R" and for any s € I, |[s — | <
We define f: I x R" — R" by the formula

ftw) = Z(I)+N(Z(t))v.
It is obvious that f(z,-) € IT,—(2(¢)) for any # € I. Let x := X(¢t), y := X(s). Since
[f(tu) = fls,v)] =[x =y +N@)(u—v) = (N ( Jv=N(x)v)|
Z =y +N@) (=)= |(Ny)y = Nx))|
and |(N(y)v—N(x)v)| < L|y — x| - |v| for some the constants L > 0 by the regularity of X, we have
[f(t;u) = f(s,v)] = e =y + N(x) (@ —v)| = Ly —x]- |v]. (6.19)
However, by (6.18), we have
b=y + N ) =) = (e =y = v+ (e =y, N () (=)
> (= yP o = = [(Z(0) (¢ =), N (= )| = et =] - ju = v])!/?
= (x—y|* +|u—v|*—2¢elt —s| - [u—v|)"/2 (6.20)
We take into account that
[t = s| = |Z(6) = Z(s)] = [Z'() (t = 9)| — [Z(r) = Z(s)]
SIE() = Z(s) = Z'(0)(t —s5)| < eft — s,

(6.18)

which means ‘ ’
xX—y

r—sl <2

r=sl< l—¢

and, consequently,

2|t —s|-|u—v| <elt—sP+elu—vf < 0 _88)2 Jx—y[* - elu—v[*
Substituting the last inequality in (6.20) and setting € := 1/3, we find
=+ NG (= )| > [x— vl /4+2lu—v|/3 > [ —y]/4. (6.21)
Then (6.19) and (6.21) imply
() = f(s,9)] = [£() = (s)|(1/4— L)) (6.22)

if[r—s|<r
If the assertion is not true, then there is a sequence {z} € I1,_; such that 7z — x as k — oo and each
point z; has a projection on X at the point y, := X(#;) # x; moreover, at the point x. Then X(f) — x.
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Since X is assumed to be an arc, i.e., an injective curve, we have t; —  as k — oo, where x = X(¢). Since
%= ft sz —yr) = f(t,ze —x) and zx — yr — 0, zx —x — 0 as k — oo, for sufficiently large k € N from
(6.22) we find

0 =[f(t, 2 —x) = f(t k2 —yi)| = [2(t) = 2(1 1) [(1/4 = L|z — yxl)-
Consequently, x = X(z) = X(z ), which contradicts the assumption. O

§ 7. Regularity of the Average Distance Minimizer in the Case n =2

As was shown in [22], the assumptions of Theorem 5.5 are satisfied forn =2, A(¢t) =¢, and ¢ € L (R")
if p > 4/3. Namely, the following assertion was proved in [22].

Lemma 7.1. Suppose that Z o C R? is a solution to Problem 1.2 withn =2, A(t) =t, and ¢ € I/ (R?),
where p > 4 /3. Then there exists a point x € Loy such that y({x}) > 0.

From Lemma 7.1, Theorem 5.5, Proposition 6.7, and Theorem 6.9 we obtain the following assertion.
Corollary 7.2. Suppose that Loy C R? is a solution to Problem 1.2 with n =2, A(t) =t, and ¢ €
LP(R?), where p > 4/3. Then the following assertions hold:
(1) the number of noncut points (consequently, endpoints) of Loy is finite,
(i1) the number of branching points of Zop is finite,

(iii) every branching point x € Loy is a triple point, i.e., at this point, oy has order three; moreover,
the generalized curvature of Loy is a vector-valued Radon measure and H({x}) = 0,

(iv) for any point x € oy there is ro > 0 such that for any arc 0 C Xy starting ar x
#0NJB,(x) =1 foranyre (0,r,
(v) if @ € L=(R?), then for every branching point x € o there is 8 > 0 such that the set T op N Bg(x)
consists of exactly three CY'-arcs starting at x,

(vi) if ¢ € L*(R?) and x € T op is not a branching point, then the Euclidean dimension of the set k™' (x)
is at least 1.

We note that assertion (v) of Corollary 7.2 is contained in [8], whereas assertion (iv) is also contained
in the same paper, but in a weaker form (only in the case ¢ € [°(R?)).

§ 8. Reduction of the General Problem
to the Minimization of the Average Distance Functional

In this section, using the technique developed in [26], we reduce the general problem 1.1 about the
optimization of the transportation network to Problem 1.2 of minimizing the average distance functional.
Introduce the notation

X = {(x,y) e R" x R" : dist (x,X) + dist (y,X) > d(x,y)}
and note that dx(x,y) = d(x,y) on Z. We set
of = mE(OLR),  9F = mE(TL(R" xR")\ Z)(R"\ D),

where T is the optimal transport plan for the problem MK (@™, ¢~ ,X). It is obvious that Z C (R"\ X) x
(R"\ X), Consequently, ¢; are concentrated outside X. Since the measures ¢ are also concentrated outside
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2 by construction, we have
+ (mn _ ot +
(P ‘—(R \Z) _(pr +(ps :
Let
Q= + o

We note that ¢* and ¢, depend on X. If we need to indicate this dependence, we write (péi and ¢y
respectively.

Lemma 8.1. Suppose that there exist Borel measures ¢;- and ¢ on R"\ X such that ¢, (R") = ¢, (R")
and

P LR"N\Z) =0, + 0,
Then

MK(p".0" %) <MK, ,9,)+ [ AWist(2)df, (0)+ [Aldist(2.2)d5; (o).
R” R”

If oF = oF, 0F = ¢, and the function A is superadditive (i.e., A(u) +A(v) < A(u+v) for all {u,v} CR"),
then the above inequality becomes equality.

Proof. Let I' be some optimal transport plan for the problem MK (¢, ¢~ ,%). Denote by T, the optimal
transport plan for the problem MK (9,5, ¢, ). Let K: R" —o X denote the multivalued projection on X defined
by the formula

K(x):={y€Z:d(x,y) =dist(x,X)},

and let k: R” — X be an arbitrary Borel measurable selector of this multivalued mapping. Finally, we set

THe) = (fx: k() €e}), T (e):=a  ({y: (k(y),y) € ¢})

for all Borel sets e C R" x R". It is obvious that the measures I+ are optimal transport plans for the
problem MK (@5, ), where y¥ := /T, Since I is optimal and the measure I', + '™ + T satisfies the
condition (2.1), we have

MK(p' o D)= [ Alds(x)dT(ny) [ Alds(ey)d(, +TF +T) ()

Rl‘lle‘l Rl‘lan
= [ Alds)d e+ [ Al e+ [ Al dE )
R xR™ R xR" R xR"™
However,
| Alstndl @y < [ Ady)dE () = K@, 5;)
R2xR”? RrxR”®
and

| Alds(e))d () = [ Aise(2.2)d6 @),
R xR” R

which completes the proof of the first assertion.
To prove the second assertion, we note that

MK(p*. ¢~ %) = B(T) + (I,
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where

1) = [ Alds(x)dT ().
K

L= [ Alds(ey)drie).
(R"xR")\Z
Since ds = d on %, we have
B(T) =MK(9,,0,).
Because of the superadditivity of A we have

B> [ A@K@)ATw )+ [ A@GKE) AT ()
RAxR" RrxR”

= [ Ak d(e + 5@ + [AdGKG) Al +§)0)
R? R~

= [ Al D) dg (0 + [ Aldist(nD)dg; (),
R™M\X RM\Z

where ['ze :=T'L(R" x R"\ %) and y* are Borel measures concentrated in X. (]

The following simple assertion connects the minimization problem MK (¢, ¢, -) with the correspond-
ing minimization problem for the average distance functional.

Proposition 8.2. Suppose that the set 2o minimizes MK(@ ™", ¢~ ,-) over all admissible sets. If A is
superadditive, then Xy is a minimizer of the average distance functional

Fp(S) = / A(dist (x,%)) do(x),
Rn
where @ 1= @55, over all admissible sets X. Moreover, if @ # @~ and A is strictly increasing, then @ # 0.

Remark 8.3. It is easy to see that a monotone nondecreasing superadditive function A: R" — R is
strictly increasing if and only if it is not a constant (in other words, there is / > 0 such that A(7) # A(0)).

Proof. If X,y is not a minimum point of Fy, i.e., there exists an admissible set X' such that F{,(X') <
Fy(2 opt), then we obtain a contradiction with the optimality of Zp, for the functional MK (¢ ™, ¢~ ,-) by
the following chain of relations:

MK(‘P+a§D_720pt) :MK(¢j7¢;)+F¢(20pt) > MK(‘P;:@:)‘f‘qu(Z/) >MK(p", 97 .%),

where the last inequality holds in view of Lemma 8.1.
We show that ¢ # 0 if ¢+ # ¢@~. For this purpose, we note that ¢ = 0 implies ¢ = ¢*, which means

MK(@" 0, Zop) =MK(@",07)

by Lemma 8.1. Hence the empty set is optimal for Problem 1.1 (note that it is possible only if ¢*(R") =
¢~ (R")), which contradicts Lemma 8.4. O

Lemma 8.4. If o+ # ¢~ and A is strictly increasing, then there is ¥ C Q such that 7 () < | and
MK (X) < MK(@). In particular, if X op is a solution to Problem 1.1, then it is nonempty and is different
from a point.
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Proof. Let 1,y be an optimal transport measure. To prove the required assertion, we assume the con-
trary. Suppose that the optimal set X, is nonempty. Since @ # ¢, we have 1o, # 0. Consequently,
there exists a number L > 0 such that the set

© := {6 € supp Nopt: €' (8) > L}

satisfies the condition nopt( ) > 0. However, ©(2) consists of segments and supp Nopt C O(2) in view
of Proposition 3.1. Therefore, /' (0) < diam Q for any 6 € supp Nopt- Hence supp Moy is compact in ©.
Thus, ® can be covered by finitely many balls of arbitrarily small radius and centers at®. In particular,

denoting
I L
€: mln{8 8}

we find that there exists a ball Be ([x¢,y0]) C ©, where [x¢,yo] C Q is a segment of length Ly := |[xo —yo| > L
such that nopt(Bs([x07y0])) > 0.
Let 6 := min{/,Lo}, so that 6 —4& > 0. Consider the segment X := [x,y] centered in [xp,yo] and having
length 6, i.e.,
Lo—96 Lo—6
2L (yo—xo),  Yi=yo+ oLy

X:=x0+ (x0 = Yo)-

For every 6 € B¢([x¢,y0]) N © (which is a segment) we introduce a new path f() as the broken line
[0(0),X] o [x,¥] o [y,0(1)]. For any 6 € ©\ (Be([x0,y0]) N©) we set f(0) := 6. It is obvious that the
mapping f: © — O is a Borel one. For 6 € B,([x¢,y0]) N O, using the triangle inequality, we find
Lo—96 Lo—6
2 2

160(0) —x| < +e, ly—6(1)| < +e, Lo<(0)+2e.

Hence

A (f(8)\2)) <A(16(0) — X[+ [y — (1)) <A<2<L0_5 +g>>
=A(Lg+2e—8) <A(H'(0)+4e — 8) <A (0) =A(A"'(0\ )

for any 6 € Be([xo,y0]) N O.
Let 1 := fygNop. Then

/AJL” (6\%))dn = /A (6)\ X)) dNopt

= / FONE)dnot [ A0\ D) dny
Be([xo.y0])N 0\ (B¢ ([x0.y0])1O)

< / O\t [ A 0\2)dNep
Be([x0.y0])NO ©\(Be([x0.y0))NO)

= MK (D).

Taking into account that 7" (X) < [ by construction, we conclude that MK (X) < MK (@), which contradicts
the optimality of the empty set. U

We summarize the most interesting qualitative properties of solutions to Problem 1.1 in the follow-
ing theorem which immediately follows from Proposition 8.2 and some results on partial regularity of the
average distance minimizers.
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Theorem 8.5. Suppose that ¢+ # ¢~ and dim ¢* > 1 (for example, ¢* < £"). Let Zopt CR" is
a solution to Problem 1.1, where A is superadditive and satisfies conditions (04) and (o). Then X oy
possesses the following properties.
(1) X opt does not contain simple closed curves (homeomorphic images of SY). In particular for n =2
the set R*\ X opt IS connected.
If, in addition, ¢* € LP(R"), where p = 4/3 forn =2 and p = n/(n— 1) in the general case, then
(i1) X ope is Ahlfors regular.
Ifn=2,A(t) =t, and ¢* € LP(R"), where p > 4/3, then the following additional properties hold:
(iii) ord , X ope < 3 for all x € X op; moreover, the set of endpoints and branching points (thus, the
branching points are triple points) is finite.
(iv) The generalized mean curvature H of Lo is a Radon measure and satisfies the condition H({x}) =
0 for every branching point x € Xoy. This property can be regarded as a “weak form” of the
assertion that every endpoint is a “regular tripod”, i.e., a triple point, where exactly three smooth
branches meet at 120° angles.

(v) For any point x € X oy there is a number ro > 0 such that for any arc 0 C oy starting at x we
have
#0NJB,(x) =1
forany r € (0,rg].
(vi) If oF € L™(IR?), then for every branching point x € Zop there is 8 > 0 such that the set T op ( Bg(x)
consists of exactly three CY'-arcs starting at x.

(vii) If * € L”(R?) and x € X opt s not a branching point, then the Euclidean dimension of the set
k=Y(x) is at least 1.
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