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Abstract

The multi-leader—multi-follower game (MLMFG) involves two or more leaders and
followers and serves as a generalization of the Stackelberg game and the single-leader—
multi-follower game. Although MLMFG covers wide range of real-world applications,
its research is still sparse. Notably, fundamental solution methods for this class of
problems remain insufficiently established. A prevailing approach is to recast the
MLMEG as an equilibrium problem with equilibrium constraints (EPEC) and solve
it using a solver. Meanwhile, interpreting the solution to the EPEC in the context
of MLMFG may be complex due to shared decision variables among all leaders,
followers’ strategies that each leader can unilaterally change, but the variables are
essentially controlled by followers. To address this issue, we introduce a response
function of followers’ noncooperative game that is a function with leaders’ strategies
as a variable. Employing this approach allows the MLMEFG to be solved as a single-
level differentiable variational inequality using a smoothing scheme for the followers’
response function. We also demonstrate that the sequence of solutions to the smoothed
variational inequality converges to a stationary equilibrium of the MLMFG. Finally,
we illustrate the behavior of the smoothing method by numerical experiments.
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1 Introduction

The multi-leader—multi-follower game (MLMFG) is a bilevel structured noncoopera-
tive game featuring two or more leaders who determine their strategies first, followed
by two or more followers who make their choices in a strategic setting. This frame-
work can be viewed as an extension of bilevel optimization, the Stackelberg model,
and single-leader—follower games. The inherent complexity of this class arises from
the fact that each leader’s (upper-level) optimization problem is constrained by a set
of followers’ (lower-level) Nash equilibria, which is computationally challenging to
evaluate.

With the growing focus on noncooperative game theory, the MLMFG is also stud-
ied in economics and computer science. The MLMFG has often been used to analyze
deregulated markets, such as wholesale electricity markets, which consist of several
energy companies (leaders) and the independent system operator (follower) [11, 19,
24]. The class is formulated as a multi-leader—single-follower game (MLSFG). More
recently, researchers in computation and telecommunication formulated an edge com-
puting model with the MLMFG to achieve the best computation resource allocation
[5, 17, 28]. In edge computing, leaders serve as edge computers with medium-scale
computational resources, and followers play terminals such as smartphones, security
cameras, or robot arms in a factory. For more recent advances and applications of
the MLMFG, please refer to the surveys by Aussel and Svensson [2], and Hu and
Fukushima [16].

Theoretical studies on MLMFG have taken two main directions. The first approach
reformulates the followers’ problems into necessary conditions for optimality, known
as the Karush—Kuhn—Tucker (KKT) conditions and incorporates it into the constraint
of each leader’s optimization problem; that is, each leader’s problem solves a mathe-
matical program with equilibrium constraints (MPEC) [21]. The resultant problem is
referred to as an equilibrium problem with equilibrium constraints (EPEC) [23, 27] and
is solved with an MPEC solver, e.g., NLPEC [9]. This approach in terms of MLMFG
has also extensively studied over the years [12, 19, 27]. The EPEC approach yields the
so-called shared constraints and variables, which coincides the KKT conditions and all
followers’ strategies, respectively. However, the EPEC formulation introduces shared
variables that can complicate the interpretation within the MLMFG context because
the variables may be unilaterally changed by each leader as they desires, though the
variables are essentially followers’ strategies.

The second approach addresses this issue by considering the best response of the
followers’ noncooperative game given by leaders’ strategies and integrating them
into each leader’s optimization problem [10, 13, 15]; we call this technique the best
response approach. The problem does not explicitly make the followers’ strategies to
appear; that is, the resultant problem is a simple Nash equilibrium problem among
leaders. In general the resultant problem still has complicated objective functions,
non-smooth and non-convex in each leader’s optimization problem, but this approach
allows us to adopt a usual technique used for solving Nash equilibrium problems by
smoothing the followers’ response.

The smoothing method for response functions have particularly been a focus in
MPEC over the decades. To the best of our knowledge, Facchinei et al. [7] first
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considered the smoothing method for the response function in the MPEC, which
means that the response function is characterized by the lower-level equilibrium con-
straint parametrized by the upper-level variable. They showed the convergence to the
Clarke stationary point of the MPEC as the smoothing parameter converges to O.
Chen and Fukushima [4] then proposed the same method for the MPEC where the
lower-level equilibrium constraint is a P-matrix linear complementarity constraint,
and they showed the convergence to the Bouligand stationary point of the MPEC. Hu
and Fukushima [14] extended this approach to EPEC, confirming convergence to the
Bouligand stationary point, which satisfies the Bouligand stationarity for each MPEC.
To date, however, no studies have confirmed such convergence for MPEC and EPEC
with nonlinear complementarity constraints at the lower-level.

To the best our knowledge, the best response approach in the class of the MLMFG
has only been studied in the case of quadratic games where the followers’ response
is written in closed form by Hu and Fukushima [13, 15] and Herty et al. [10]. They
demonstrated the existence of the leader—follower Nash equilibrium, where no one has
incentive to change their strategy in both levels, for the quadratic game; each player
solves a convex quadratic programming problem. Hu and Fukushima [13] considered
the quadratic game when one follower solves equality constrained convex quadratic
programming. In [15], they then considered the same class of the MLMFG under
uncertainty and demonstrated the existence and uniqueness of robust Nash equilibrium.
Herty et al. [10] extended the class to which one follower solves linear inequality con-
strained convex quadratic programming, and they proposed the smoothing technique
of the follower’s response function.

However, there are many cases that cannot be formulated as a quadratic game in
real-world applications, and in such a case, the followers’ response may no longer be
obtained explicitly. For example, as often used in micro economics, the utility function
is often characterized by a logarithm or an exponential function. Not only in economics
but in optimal resource allocation in edge computing, Lyu et al. [22] used log-utility
function for follower’s optimization. Moreover, in the blockchain based cloud/edge
computing network, the utility function for followers is characterized by a fraction,
e.g., Xiong et al. [28].

Currently, the study on the existence of the equilibria in the MLMFG is very
limited with the best response approach because demonstrating the existence of leader—
follower Nash equilibrium essentially requires that the each leader’s problem is convex.
However, identifying the convexity of the problem often requires the response func-
tion to be explicitly written, which can be very difficult except in special cases as we
introduced above [10, 13, 15].

In this paper, we propose the best response approach for a more general class of
MLMFG with a smoothing method based on Facchinei et al. [7]. Using this technique
allows MLMFG to be solved by a single-level (differentiable) variational inequality
regarding the leaders’ Nash game. Meanwhile, in this class there may not exist the
(global) leader—follower Nash equilibrium, and also if it exists, finding the equilibrium
is NP-hard in general since the objective function of each leader is not convex. Hence,
we concentrate on a weaker concept of the equilibrium, stationary Nash equilibrium,
as the first-order condition for the local leader—follower Nash equilibrium. Then we
demonstrate that the solution of the (smoothed) approximated variational inequality
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converges to the stationary Nash equilibrium of MLMFG as the smoothing parameter
gets 0. We also report the results of numerical experiments conducted and illustrate
the behavior of the proposed method.

In summary, our contributions bridge the following gaps in existing studies:

1. Unlike [10, 13], which focus on cases with explicitly calculated follower(s)’
response, we extend their framework to cases where the explicit form of follower(s)’
response is not analytically obtainable;

2. In contrast to [13], which considers only equality constraints in the followers’
optimization problems, our paper considers cases involving nonlinear inequality
constraints;

3. This paper may be regarded as the first to demonstrate convergence to the Bouligand
stationary point in a response-based smoothing method for EPECs with nonlinear
complementarity constraints associated with MLMFG.

The remainder of this paper is organized as follows: Sect.2 outlines mathemati-
cal concepts and basic noncooperative game theory used in our approach. Section 3
describes the MLMFG and its solution concepts. Section 4 introduces a smoothing
method for the MLMFG and then analyzes its convergence to stationary Nash equi-
librium. Section 5 reports on numerical experiments that illustrate the effectiveness
of our proposed method with a toy example. Finally, Sect. 6 offers some concluding
remarks.

2 Preliminaries

This section provides some fundamental concepts about convex analysis and Nash
equilibrium problems. Throughout this paper we use the following notations: Let
F: IR" — IR™ be differentiable, VF (x) := [VFi(x), ..., VF,(x)]is the transposed
Jacobian matrix of F at x € IR"; we simply call V F (x) the Jacobian matrix of F(x).
For vectors a € IR" and b € IR",a L b denotesa ' b = 0.

Definition 2.1 ([6, Definition 2.6.1]) The (transposed) generalized Jacobian of
F: R" — IR™ at x, denoted as 0 F(x), is the convex hull of all n x m matrices
W obtained as the limit of a sequence of the form VF(x¥), where x¥* — x and
x*¥ € Dg. Here, Dp C IR" is the set of which F is differentiable.

Symbolically, one has

Xt —=>x

dF (x) = conv { %(im VF(xk)

kaDF},

where conv denotes the convex hull of a set.
For a real-valued function ¥ : IR" — IR, a directional derivative /' (x; d) of yr at
x € IR" in the direction d € IR" is defined to be

fx+1d) - f(x)

T

¥ (x;d) = lfif% ey
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when the limit exists. The Clarke generalized directional derivative ¥°(x; d) of the
function v at x in the direction d € IR" is defined as

¥°(x; d) := lim sup Yy +td) — 1/’(}’).
y—>x,7l0 T

The regularity of a real-valued function is defined as follows.

Definition 2.2 ([6, Definition 2.3.4]) A function ¥ : IR" — IR is regular at x € IR"
if, for every d € IR", the directional derivative ¥’ (x; d) exists and satisfies

V' (x;d) = ¥°(x; d).

Moreover, a vector-valued function ¥ : IR" — IR™ is regular if each element of the
function v;,i =1, ..., m, is regular.

The tangent cone 7x (x) of X C IR" at x is defined by

Ty (x) := {d e R

d= lim ap(x’ —x), lim xvzx,x”6X,a,,20,v=1,2,...},
V—=>00 V—>00

and the normal cone Ny (x) of X C IR" at x is defined as the set of points v if there
exist sequences {x¥} C X and {v¥} with

= x, ks v, WFe ’Tx(xk)o vk,

where 7x(x)° := {y € R" | (y,z) < 0 Vz € Tx(x)} denotes the polar cone of
Tx(x).

Definition 2.3 ([3, Definition 4.6.3]) The set X C IR" is regular at x € X if
Nx(x) = Tx (x)°.
Furthermore, X is (simply called) regular if X is regular at all x € X.

The following lemma is a sufficient condition for the regularity of a set.

Lemma 2.1 ([3, Proposition 4.6.3]) If X C IR" is convex, then X is regular, and the
normal cone, Nx (x) = Tx(x)° under regularity, of X at x € X is equivalent to

Nx(x)={de R"|{d,z—x) <0 Vze X}.
Next we consider an N-player Nash equilibrium problem (NEP). Player labeled
with v € {1,..., N} has x” € IR"™ as the strategy vector and X" C IR" as the

strategy set. Player v solves the following optimization problem:

min 8"(x",x7") stx"e X", 2)
xVelRM
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where x7V = (x!, ..., xV"1 xVt1, ..., x¥) € R"™ denotes a tuple of strategies
except player v’s one. Let n := ny 4+ --- 4+ ny and the function 6”: IR" — IR be
continuously differentiable.

Definition 2.4 (Nash equilibrium) A tuple of strategies x* = (x*!, ... x*N) ¢
X := X! x ... x XV is called a Nash equilibrium if for each v,

x*Y € arg min 0¥ (x",x*7").
xVeXV

In other words, a Nash equilibrium is a tuple of strategies in which no one can
reduce their cost unilaterally. However, a Nash equilibrium does not always exist in
general, and it is difficult to find even if it exists.

The NEP may be characterized by a variational inequality (VI). Let 6" be
differentiable, and define X := X! x --- x XV and

Vol x=h
F(x) = : . 3)
VXNQN(XN, x™M
Proposition 2.1 ([8, Proposition 1.4.2]) Assume that 6V (-, x~") is convex for any

x7V € IR"™™, and X" C IR™ is nonempty, closed, and convex. Then, a tuple of
strategies x* is a Nash equilibrium if and only if x* is a solution to the following VI:

(F(x*),x —x*) >0 Vx € X. (4)

Notice that even if each player’s optimization (2) is convex, the existence of Nash
equilibrium is not guaranteed. In other words, the solution to variational inequality
(4) may not exist in general. The following proposition ensures the existence of Nash
equilibrium in an N-player NEP.

Proposition 2.2 (Aubin [1]) Suppose that the assumptions of Proposition 2.1 hold.
Assume that XV C IR"™ is compact forallv € {1, ..., N}. Then, the Nash equilibrium
of the NEP in which player v solves (2) exists.

The uniqueness of Nash equilibrium is stated as below.

Proposition 2.3 Suppose that the assumptions of Proposition 2.2 hold. Assume that
the mapping F : R" — R" defined in (3) is strictly monotone on X C IR", i.e.,

(F(x) = F(x)),x —x"y >0 Vx,x" € X such that x # x’.

Then, the solution to VI (4) is unique, and it is a Nash equilibrium.

Proof [8, Theorem 2.3.3] ensures that the strictly monotone VI has at most one solu-
tion. By the existence result from Proposition 2.2, the Nash equilibrium uniquely
exists. O
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3 The Multi-Leader-Multi-Follower Games

Consider an MLMFG of N leaders and M followers. Let XV C IR" and6”: IR"™" —
IR be the strategy set and cost function of leader v € {1, ..., N}, respectively, where
m:=my+---+my. Let Y?(x) C IR™ and y®: IR"™™ — IR be the strategy set
and cost function of follower w € {1, ..., M}, respectively.

For a fixed all followers’ strategies y € IR™, determined in the future, leader v
solves the following optimization problem:

min 0'(x",x7",y) stx”eX". 5)
xVeRM

After all leaders simultaneously determine their strategies x € X := X' x --- x XV,
follower w solves the following optimization problem:

min y“(x,y*,y™*) st y? e Y¥WX). 6)

y@eR™M

We can also consider the case in which the constraint Y (x) of follower w’s problem
also depends on y~®, i.e., Y*(x, y~¢), referred to as a generalized Nash equilibrium
problem (GNEP). Finding an equilibrium of GNEP, however, is also technical even
in a single-level Nash game, which is not the scope of this paper. Let S(x) be a set of
Nash equilibria in followers’ Nash game. The equilibrium concept of the MLMFG is
considered as follows [16].

Definition 3.1 (Leader—follower Nash equilibrium) A tuple of leaders’ and followers’
strategies (x*, y*) =@*1, ..., x®N y&1 L yoM) e X x S(x*) is referred to
as a pessimistic leader—follower (LF) Nash equilibrium if the following conditions

simultaneously hold:

x®Y €eargmin  max 6'(x",x™7V,y) VYve{l,...,N}. @)
xVeXv yeS(V,x*7V)

A tuple of strategies (x*, y*) = (x*1, ..., x®N y*1 . yoM)y e X x S(x*) is
referred to as an optimistic leader—follower (LF) Nash equilibrium if the following
conditions simultaneously hold:

x®Y eargmin  min  6'(x",x™7V,y) VYve{l,...,N}. ®)
Aexy yeSGY.xtY)

If S(x) is a singleton for every x, i.e, there exists a unique followers” Nash equi-
librium for every given leaders’ strategies, both equilibrium concepts are equivalent;
hence we simply call the equilibrium point a leader—follower (LF) Nash equilibrium.

Unfortunately, the pessimistic LF Nash equilibrium may not exist even if 6" is
continuous and X" is compact since

p(x", x7") = max 6"(x",x7",y)
yeS(xV,x7V)
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is not necessarily lower semicontinuous with respect to x”, which implies that there
may not exist the minimizers of ¢(x", x~"). In this paper, we impose that S(x) is a
singleton for every x € X to avoid such a complicated situation; that is, y is uniquely
determined depending on x. Then, to emphasize that y is a function of x, we rewrite
S(x) as y(x) and call it a response function. The sufficient condition for the uniqueness
of followers’ Nash equilibrium will be given later.

Plugging y(x) into each leader’s problem (5) leads that the MLMFG comprised of
(5)—(6) can be reformulated to the following single-level Nash equilibrium problem

among leaders: Leader v € {1, ..., N} solves
mziI? OV, x7) =0"xV, x7V, y(x", x7Y) st x¥ e XV, 9)
xVelR™W

We call (9) a reduced problem of (5), and the single-level game in which leader
v solves (9) is defined as NEP(X, {@”}f)\’: 1)- By the definition of response function
y(x), the following statement immediately holds.

Proposition 3.1 Let x* € X be a Nash equilibrium of NEP(X, {@"}C/:]). Then,
(x*, y(x*)) is an LF Nash equilibrium of the MLMFG.

Proposition 3.1 indicates that under the uniqueness of followers’ Nash equilibrium
y(x), it is enough to only consider NEP(X, {@”}ﬁ;l) instead of the MLMFG (5)—(6).
By utilizing the reduction technique into a single-level NEP, the existence of LF Nash
equilibrium can be stated as below.

Proposition 3.2 Assume the following conditions:

e For any tuple of leaders’ strategies x € X, there exists a unique lower-level
response y(x);

e For any v, the leaders’ objectives 0¥ and the best response function y are
continuous,

e For any v, the strategy set XV is nonempty, convex and compact;

e For any v, the composition function ®V(x", x~") = 0V (x", x7V, y(x",x7")) is

convex with respect to x for any fixed x~".

Then, an LF Nash equilibrium of the MLMFG exists.
Proof The assertion is immediately shown by Proposition 2.2. O

Regrettably, verifying the convexity of ®" is intrinsically hard since the lower-level
response y(x) may not be written explicitly in general; in some special cases, however,
it is possible, e.g., see Hu and Fukushima [15], Sherali [26], and Herty et al. [10].

These facts lead that the existence of Nash equilibrium is not guaranteed, and if it
exists, finding it is NP-hard in general. Hence, we concentrate on a weaker concept of
Nash equilibrium as stated below. The following concept is derived from a Bouligand
stationarity for a mathematical program with equilibrium constraints (MPEC) [21,
Lemma 4.2.5] and an equilibrium problem with equilibrium constraints (EPEC) [14];
we extended the concept to NEP(X, {G)"}ﬁ':] ).
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Definition 3.2 (Bouligand stationary Nash equilibrium) A tuple of leaders’ strategies
x* € X is called a Bouligand (B-) stationary Nash equilibrium of NEP(X, {@”}f)\’:l)
if, forevery v € {1, ..., N}, x*¥ € IR™ satisfies
(@v)/(x*,v’x*,—u; d\)) — vaev(x*,l)’ x*,—\)’ y(x*,v’x*,—l)))—rdv
Y @Y T d) TV Y, Ty T 20 Ve T (),
(10)

where y., (x",x7";d") € IR™ is a partial directional derivative of y with respect to
x" along the direction dV € IR™ in the sense of (1).

We also define a weaker concept of stationary Nash equilibrium, which is derived
from a Clarke stationarity in nonsmooth analysis [3].

Definition 3.3 (Clarke stationary Nash equilibrium) A tuple of leaders’ strategies x* €
X iscalled a Clarke (C-) stationary Nash equilibrium of NEP(X, {®" }C]: ) if, forevery
vell,...,N},x*" € IR satisfies:

0€ 3O (x™, x™7Y) + Txv (x™")°.

4 Smoothing Methods and its Convergence to Stationary Nash
Equilibrium

Since the response function y(x) is nonsmooth, it is difficult to obtain the B-/C-
stationary Nash equilibrium of NEP(X, {@"}")V:l) numerically. To overcome this, we
propose a smoothing method and show that as the smoothing parameter decreases,
the sequence of stationary Nash equilibria to the smoothed NEP converges to the
B-/C-stationary Nash equilibrium of NEP(X, {@"}f}’: D-

4.1 Smoothing Method

Hereinafter, the strategy set Y“(x) C IR™ of follower w € {1, ..., M}, is defined
by

Yw(x) = {ya) € R™ | gw(x’ ya)) =< O}v

where g®(x, -): R™® — IR%.Letl :=1Iy + - - -+ 3. Note that we omit the equality
constraints in the model since it is not essential in the analysis.
In the following, we also assume the conditions stated below.

Assumption 4.1 Forall v € {1, ..., N}, the following conditions hold:

(L1) 6" is continuously differentiable;
(L2) The set X¥ C IR™ is nonempty and compact.

In addition, for all w € {1, ..., M}, the following conditions hold:
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(F1) y® and g® are sufficiently smooth, and y“(x, -, y~¢) is convex for arbitrary
given x and y~%;

(F2) Y“(x) is nonempty, convex and compact;

(F3) For any given x € X and any feasible solution y* € Y®(x), the lin-
ear independence constraint qualification (LICQ) for the inequality constraint

g% (x, y¥) < 0 holds.

Let

Voayla yl y™)
G(x,y) = : ;Y =Y ) x e x YM ().
VyMVM(x’ yM’ ny)

Under the convexity assumption on each follower’s optimization problem (6), the
condition for the Nash equilibrium in the followers’ Nash game is equivalently
reformulated as the following VI by Proposition 2.1:

(G, ¥,y =y =20 VyeY(x), (1)

where y* € Y (x) denotes the Nash equilibrium. In order to ensure the uniqueness of
the Nash equilibrium in the followers’ Nash game, i.e., the solution of VI (11), we
further assume the following assumptions in this paper.

Assumption 4.2 The Jacobian matrix of the mapping G (x, -): IR™ — IR™ is positive
definite for any fixed x.

Remark 4.1 Let us review the assumptions and problem settings used in the previous
literature on MLMFG. Hu and Fukushima [13] considered the multi-leader—single-
follower quadratic game in which one follower solves the strictly convex quadratic
optimization problem with linear equality constraints. In this setting, the optimality
condition for the follower is necessary and sufficient, and hence the unique response
can be analytically solved; in fact, the follower’s response is linear. Herty et al. [10]
also considered the same quadratic game where the follower solves the strictly convex
quadratic optimization with a positive diagonal matrix for the quadratic term but the
constrains only consists of the componentwise lower bound, i.e., y > [(x), where [ (x)
is a linear function of x. In the setting, the follower’s unique response is not smooth
but can be solved analytically. They applied the smoothing method for follower’s
optimality conditions, and they then obtained the smoothed unique response even
though the smoothing term is included.

On the other hand, our settings can be seen as a generalization of theirs since we do
not assume the detailed structure of y“(x, -, -) or Y (x). Note that the scope of both the
literature above is to identify the existence or uniqueness of the LF Nash equilibrium
of the MLMFG, but we do not consider the existence of LF Nash equilibrium, though
the uniqueness of the Nash equilibrium of the followers’ game is always ensured by
Proposition 4.1.
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Proposition 4.1 Suppose that (F1)—(F3) in Assumptions 4.1 and 4.2 hold. Then the
Nash equilibrium of followers’ Nash game is unique.

Proof By the convexity of y®(x, -, y~“) and compactness of Y*(x) for all w, there
exists a Nash equilibrium depending on x € X by Proposition 2.2. By the convex-
ity of Y“(x) for all w, finding a Nash equilibrium is equivalent to solving VI (11).
Assumption 4.2 implies that G (x, -) is strictly monotone for any fixed x. It then follows
from Proposition 2.3 that the solution to the strictly monotone variational inequality
is at most one. Therefore the Nash equilibrium of the followers’ Nash game uniquely
exists. O

Remark 4.2 If Y (x) is not compact, the uniqueness still holds if the mapping G (x, -)
is strongly monotone: There exists o > 0 such that

(G(x,y) —G(x,y),y—y)=aly—yII* Vy,y € Y(x).

Omitting the follower’s label w, we simplify the notations of the followers’
constraint functions as follows:

g(x,y) = [gi (e, M, = [g°(x, y)IM,.

Since g“(x, y®) is independent of y~® and for any y® such that g“(x, y*) < 0, y®
satisfies Assumption 4.1-(F3), the LICQ for the collection of inequality constraints
g(x,y) <0in VI (11) still holds. Then the KKT conditions for the VI are written as
follows:

G(x,y) + Vyg(x, y)r =0,
glx,y)+2z=0,
0<rlz>0, (12)

where z € IR' is a slack variable for the inequality constraint g(x, y) < 0, and
A € IR represents the Lagrange multiplier. If (12) is incorporated into the constraints
of each leader’s optimization problem (5), the resultant problem is referred to as an
EPEC. Previous works such as [12, 19] have proposed solution methods for the EPEC
associated with the MLMFG.

Now, using a Fischer—Burmeister function (FB-function) ¢ : R? - IR:

¢o(a,b) :=+va*>+b*— (a+b),

the complementarity condition 0 < a L b > 0 (a € IR, b € IR) is equivalent to
¢o(a, b) = 0. Then, using this property, the complementarity 0 < A L z > 0 is
rewritten as

do(A1, 21)
(DO()\.,Z) = = 0
do(Ar, 21)
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Let

G(-x7 y) + Vyg(x7 )’))\
Ho(x,y,z,A) = gx,y)+z
Do(A, 2)

Then, KKT conditions (12) coincide with Hy(x, y, z, A) = 0. Hereinafter, let w :=
(v, z,A) and Ho(x, w) := Ho(x, y,z,A).

Proposition 4.2 Given x € X, let w* := (y*, z*, A*) be the zero of the nonlinear
equation Hy(x, w) = 0. If (F1)—(F3) in Assumptions 4.1 and 4.2 hold, then, y* is a
Nash equilibrium of the followers’ Nash game, and it is uniquely determined depending
onx e X.

Proof Since w* = (y*, z*, A*) satisfies Hy(x, w*) = 0, the tuple also satisfies KKT
conditions (12) for VI (11). It follows from the convexity of Y (x) and [8, Proposition
1.3.4] that y* solves (11), which implies y* is a Nash equilibrium of the followers’
game by Proposition 2.1. The uniqueness is ensured from Proposition 4.1. O

Given leaders’ strategies x € X, we denote w(x) := (y(x), z(x), A(x)) asasolution
to Hp(x, w) = 0. Proposition 4.2 states that we can obtain a Nash equilibrium of
followers’ Nash game by solving Hy(x, w) = 0. Nevertheless, since Hy is nonsmooth
at which z; = A; = 0, degenerate point, y(x) is nonsmooth. Consequently, reduced
problem (9) is nonsmooth; it is numerically difficult to deal with. To overcome it, we
propose a smoothing approximation scheme for the equation.

Given a positive number ¢, the smoothing FB-function ¢, : IR? — IR is defined as

bs(a, b) := Va2 + b2 + 262 — (a + b).

It is easy to see that ¢, is continuously differentiable everywhere, and ¢.(a, b) —
¢o(a, b) (¢ — 0) by continuity.
Replacing ¢ with ¢, in Hp, the perturbed nonlinear system is given by

HS(-xa U)) = Hé‘(xv Y, 2 )") = 0

Now we delve into some properties of Hy and H,.

Proposition4.3 Let x € X be fixed. For any ¢ > 0, if (F1)~(F3) in Assump-
tions 4.1 and 4.2 hold, then the system H.(x,w) = 0 has a unique solution
We (x) 1= (Ve (%), 2e(x), Ae (X)), and (z¢(x), Le(x)) satisfies z;(x) > 0 and he(x) > 0
with [z ()i [re (X)]; = €2, where [z (x)]; and [re(x)]; denote the ith element of the
vectors 7o (x) and Ag(x), respectively.

Proof 1t suffices to show the claim when ¢ > 0 since we have proved the statement
in the case where ¢ = 0 in Proposition 4.2. The solvability and uniqueness of the
solution to H(x, w) = 0 is proved by Kanzow and Jiang [18, Lemma 3.11]. The
latter statement is easily verified. O
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We next show the nonsingularity of the (generalized) Jacobian matrix of H, for any
e>0.

Lemma 4.1 Let L € IR™™™ be a (not necessarily symmetric) positive definite matrix
and A € R™*! be arbitrary. Suppose that & € R and H € R'*" are diagonal
matrices with negative entries. Then, the matrix

L AO
M = 19} c R(m+21)><(m+21)

1z
AT OH
is nonsingular.

Proof 1t suffices to show that the system of equation Mv = 0 has only the trivial
solution v = 0. Let v = (vy, v2, v3), and then we have

Lv; + Avy =0, (13)
vy + Evy =0, (14)
ATvi 4+ Hvs = 0. (15)
It follows from (13) that v; = —L~!Av,. Since £ is a negative diagonal matrix,

v3 = —& vy in (14). Substituting them for (15) yields

(ATL'A+ HE Hu, =0.

Since AT L~!A is positive semidefinite for any A, and HZ ! is a diagonal matrix
whose diagonal entries are positive, the coefficient matrix AT L~'A + HZ ! is pos-
itive definite. This implies v = 0, and then v3 = v; = 0. We have completed the
proof. O

The following lemmas are slight modifications of Theorem 3.5 and Lemma 3.12 in
Kanzow and Jiang [18].

Lemma 4.2 Suppose that (F1)~(F3) in Assumptions 4.1 and 4.2 hold. Let x € X and
for e > 0, w* = (y*, z*, A*) be a solution to Hg(x, w) = 0. Then, the Jacobian
matrix Vy, H, is nonsingular.

Proof The Jacobian of H, with respect to w = (y, z, A) is given as follows:

L AO
o168&|,
AT OH
where
l
L:=V,G(x.y)+ Y Vi gi(x y)h. (16)

i=1
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A = Vyg(x’ y)s
. Zi . Zi
= diag — 1) = diag < — 1> ,
i=1,..1 (\/(zi)2 + ()2 + 262 ) i=1,..1 \Z T A

. Aj . Ai
H := diag — 1) = diag < - 1> . a7
i=1,..1 (\/(z,-)2 + (A)2 4+ 262 ) i=1,..,0 \Zi tAi

63
|

Here we use z; > 0, A; > 0, and z;A; = £2. It is obvious that & and H consist of
negative diagonal entries. Since VG (x, -) is positive definite and g(x, -) is convex, L
is positive definite. Hence, applying Lemma 4.1 yields the result. O

For a given x € IR", we define the index sets below:

Jor(x) =={i | zi(x) =0 < A;(x)},
Joo(x) :=1{i | zi(x) = 0= A;(x)},
Jrox) :={i | zi(x) > 0 =2;(x)},

where z; (x) and A; (x) denote the ith element of z(x) and A(x).

Lemma 4.3 Suppose that (F1)—(F3) in Assumptions 4.1 and 4.2 hold. For a given
x € X, let w* be a solution to Hy(x, w) = 0. Assume that the LICQ holds at w*.
Then, the generalized Jacobian matrix 8, Hy(x, w*) is nonsingular.

Proof The generalized Jacobian matrix of Hy(x, w*) with respect to w is given by

L AO
9y Ho(x, w*) = {M: O 15| |L=(6),A=7),
AT O H

5= disg (6 — 1), H= diag ( — 1>.},
=1 ) =1 [

i=1,..., i=1,...,

where
[0} ifi € Jos(x) (1} ifi € Jos(x)
& e 10,1]ifi € Joo(x) , ni €3 [0,1]ifi € Joo(x)
(1} ifi e Tro(x) (0} ifi e Tro(x)

such that £2 + n? < 1 foralli € Joo(x).

It suffices to show the nonsingularity of M for any M € 9, Ho(x, w*). We show
the the nonsingularity of M T for convenience. Let v = (v1, v2, v3), and M Tv=0is
given as follows:

L v + Avy =0, (18)
ATvi+v =0, (19)
Evy + Hvy =0. (20)
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Fori € Jo+(x), & = —1 and H; = 0. Then [v2]; = 0 from (20). For i € Jyo(x),
since either =; or H; is negative, [vz];[v3]; < 0 by (20). Fori € J;0(x), & = 0 and
H; = —1. Then [v3]; = 0 from (20). Summarizing these results yields (v2)Tv3 < 0.
Then premultiplying (19) with v3 leads to

W3) AT + (v3) T2 =0

— (v3)"A v >0.
Furthermore, premultiplying (18) with v; follows
() "LTv + (v) T Avz = 0.

Since LT is positive definite and (v;) T Avs > 0, v; = 0, which implies v2 = 0 by
(19). In (18), we have

l

A3 =0 < Y Vygile, 3= Y Vygi(x, y)v3 =0, @1)
i=1 i€Z,(x)

where T, (x) := {i | gi(x,y) =0, i = 1,...,1}, and the last equality holds from
[v3]; = 0fori € Jy1o(x). By the LICQ assumption and (21), v3 = 0. Hence, we have
v = 0, and this implies that M is nonsingular. This completes the proof. O

Summarizing the results of Lemmas 4.2 and 4.3 yields the following proposition.

Proposition 4.4 Suppose that (F1)—-(F3) in Assumptions 4.1 and 4.2 hold. For every
e > 0and x € X, the (generalized) Jacobian of Hy(x,-): R+ — RmH+ g
nonsingular.

In what follows, we also use the notation H (¢, x, w) := H.(x, w) to emphasize
that ¢ is one of the variables. In the same way, w(e, x) = w.(x) and w(e, x) =

(y(‘?v X), Z(‘g’ .X), )”(87 X)) = (y&‘(x)s Zé‘(x)7 )"8(-x))

Lemma 4.4 Suppose that (F1)—(F3) in Assumptions 4.1 and 4.2 hold. For every ¢ > 0,
H (e, x, w), as a function of the variables (g, x, w), is locally Lipschitz continuous
and regular.

Proof Since (F1) holds, and thus all the remaining components of H (g, x, w) except
the FB-function ¢, when ¢ = 0 are continuously differentiable from (F1), we only
need to show that the locally Lipschitz continuity and regularity of ¢q. It is obvious
that ¢ is convex by its definition. It follows from [6, Proposition 2.3.6-(b)] that ¢y is
regular, and also ¢y is locally Lipschitz continuous whenever A; and z; are bounded,
where the boundedness of A; and z; is satisfied from Assumptions (F2) and (F3). O

Proposition 4.5 Let (g, x, w) be such that H(e, x, w) = 0. If (F1)—-(F3) in Assump-
tions 4.1 and 4.2 hold, then there is a neighborhood U x 2 C IR'™ of (¢, x) and
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a locally Lipschitz continuous function w: U x 2 — IR™ such that for each
(e,x) e U x £,

H(e,x,w(e, x)) =0.

Moreover; for any fixed ¢ € U\ {0}, we: 2 — IR™ T+ is continuously differentiable.

Proof Lemma 4.4, Proposition 4.4, the implicit function theorem [6, Corollary to
Theorem 7.1.1], and [7, Lemma 2] ensure that w is locally Lipschitz continuous on
£2. The latter claim is obtained from a well-known result in elementary calculus. O

Note that the local Lipschitz continuity of w(-, -) from Proposition 4.5 implies that
we(x) = wx™),ie.,

Ve(x) = y(x¥), ze(x) = z2(x™), Xe(x) = A(x™),

asx — x*and e | 0, and for any ¢ > 0. Now we show some properties of w(-, -) and
we (+).

By the compactness assumption of X C IR" and continuity assumption, the
following statement holds, which is derived from the elementary calculus.

Proposition 4.6 Under (F1)—(F3) in Assumption 4.1, if (L2) in Assumption 4.1 holds,
then the function w: R'*" — R™ ' is compact-valued over X, and for any fixed
e > 0, its partial (generalized) Jacobian matrix 0wy is also compact.

Lemma 4.5 For a positive sequence {ei} converging to 0, let ag, > 0 and b, > 0 for
all k and converging to 0. Suppose that

ék . Aey NS b,

= , = .
[a2 + b2, + 2} [a2 + b2, + 2e}

Then their limits, if they exist, are denoted by é ° and 71°, respectively, and satisfy
§°.7° € [0, 1 and (5°)* + (7°)* < L.

Proof Let ag, = ry cos 0 and bg, = ry sin 6, where ry — 0. Then we have

Ak cos 6 k sin 6y

T T2y it 2

Obviously, their limits £°, #° satisfy £°, #° € [0, 1]. Furthermore,

£kN\2 AkN2 1
€+ = g <

forallk = 1,2, .... Therefore, (£°)2 + (7°)% < 1. o
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Proposition 4.7 Under (F1)—(F3) in Assumptions 4.1 and 4.2, there is a positive
sequence {er} tending to O such that

{klim ngk(xk)} C dw(x®). (22)

Proof By the local Lipschitz continuity of w(-), the generalized Jacobian dw(x) is
given by

dw(x*) = conv{ lim Vw(x) | x € D} ,

x—x*
where D C IR" denotes the set of points at which w is differentiable; to be exact, that
of points at which y and A are differentiable because if y(-) is differentiable at x*, z(-)

is also differentiable at x* from the definition of z. Hence, it suffices to show, instead
of (22), that

{ lim Vu)gk(xk)} C conv{ lim Vw(x)
k—o00 x—>x*

xe D}. (23)

For ¢, > 0, Proposition 4.5 leads that the gradient of w,, at xk is given by

Vwg, (xk)

(77065, V20,65, Vg ()]
— Vi Hey (x5, y6, (X5, 26, (X5, A (x5))

Vy He, (X5, ye, (X5), 26, (X5), dg, (65))
Vo He, (x5, ye, (x5, 2, (x5), hg (x5))
Vi He (X, ye, (X5, 26, (65), Ay (x5))
—1

-1

=—[L,. A,,. O]| O I Eg , (24)
Ajk O H,

where

l
Loy 1= VyG (b, yo () + D e, )1 V7, 81 (6, 3, (6)),

i=1
Age = Vyg (. yo (")),
l
Ly, = VG, 3o, ) + ) e )i VE g1 (65, ye, (6)),

i=1

Aék = xg(xka yek(xk))’
[2e, (X0)];

i=1,..,1 \/[ng (xk)]l_Z + (g (xk)]l_Z + 28]%

-1
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. [2e, (XF)]; )
=d ~1),
e ([zsk )i + [y GO,
kyy.
. e, ()] .
=Lt \ ey GO + Dy GOT; + 267
[he, (X6)1;

= di —1]).
i <[zgk @)]i + e, GO, >

Here, the second equality in =, and H,, holds from Proposition 4.3 and since
e > 0. Let

£r = (25, (¥)]; o [ (F0)];
| l \/ [2e, (R + [he, ()17 + 267

\/ [2e, ()17 + [hg, (X7 + 28]%7

and the limits of £¥ and 7 be £° and 1°, respectively. Since (zg,, Ag,) iS compact-
valued on X from Proposition 4.6, there exists a limit for appropriately chosen {e;}
and using Lemma 4.5, we have

) —1 ifi € Jo+(x™), . 0 ifi € Jo+(x*),
EY =& —1ifi € Joo(x*), HY =07 —lifi € Joo(x*),
0 ifie Tk, 21 ifi e T,

where élf’, 17 € [0, 1] such that (éi")2 + (ﬁ;’)2 < 1. In addition, since G(-) and g(-) are
smooth,_and v, z, A, ;) is continuous, we can take the limits L,;, — L, Ay — A,
L, — L',and A, — A’.Letting Vw®(x*) := (Vy°(x*), Vz°(x*), VA°(x*)) be the
limit of (24), we have

Vyo(x*)T i_T 0O A ! l_/T
Ve (x) T = | veen)T | == AT T 0o At
vao(x*) T O E° H° 0
Now we show that
Vw®(x*) € conv { lim Vw(x)} . (25)
x—x*xeD

for {e;} appropriately chosen.
We first consider the case where x* € D. Let

T(x):= Hy(x,wx))=0 Vx e X,
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because w(x) is the solution to the system Hp(x, w) = O for a fixed x € X. For a
given xkeD, by differentiating both sides of T'(x) = 0, we have

"o AL
- Al 1T O AT
O &y Hy (0]

Ly == V,G @k, y(x")) +ZA VI gk, y (b)),

i=1

L} == V,G(F, y(xk))+2)» «HVE gk, y (),

l),
1),

i=1

zi (x%)

,,,,, </z, ()2 + 2 (xF)?
1 (x5)

Vy@hT
Vw()ck)T =| vzxhHT | =
Va(x®)T
where
Ap = V8", y(x)),
Ap = Vg (R, y(rh),
By = diag
i=
Hy = diag
i=1.. <\/z,(xk)2
Note that letting
zi (x%)
'S;:ik = !

Vai R 4 2 (5)?

+ i (xk)2

Li (x5

T Va1

where 5, n¥ € [0, 1] such that (/)2 + (1)* = 1 yields

-1

ifi € Jot(xb),

(B = | EF — Lifi € Joo(xh),

Now as k — o0, i.e., x

where

0

Vwix* ' =

—1
E

0

k

ifi € Jyo(xb),

(Ho)i =

0

ifi € Jot(xb),

nk —1ifi € Joo(x%),

-1

ifi € Jpo(xb).

— x™, by the continuity of the involved functions, we have

Vy@H)T
VZ(X*)T
Va7

L
=—| AT
o

ifi € Jor(x*),

i =1 & —1ifi € Joox®),

ifi € Jyo(x®),

0

—1

AT P
o0 A/T ,
H 0

ifi € Jot+(x%),
ni — 1ifi € Joo(x™),
ifi € Tro(x®),

(26)

27)
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for &, i; € [0, 1] such that (§;)> + (75;)> = 1. Now taking the convex hull of the set
that consists of (26) yields that

conv{ lim Vw(x); =
x—>x*

xeD
{Vw(x*) ’ (26) and (27) for &, 7; € [0, 1] s.t. E* + 72 < 1 forall i € joo(x*).}

From the observation above, we can choose éi and 7; so that (25) holds.
Next, we consider the case where x* ¢ D. For x* € D, by the continuity of Vwg,,
we have

lim Vw, (x*) — Vw () = 0.
el0

Hence for x; € D, there exists gy > 0 such that

IVwe, (") = Vo )| < flag — x*]),
since the value of the left-hand side of the above inequality is sufficiently close to 0
for ¢ sufficiently small. This implies that ||V wg, Ky = Vwx®)|| — 0as xp — x*

and g — 0.
Since {Vwg, (xk)} has a limit, we have

klim Vuw (k) = klim [Vwg, (x¥) — {Vwg, (x¥) — Vw(x¥)})
= lim Vg, x5y — Jim (Vg "y = vw(x))
= Vw°(x*) — 0= Vw(x*).

Hence it follows that

Vwl(x*) = lim Vw&") € conv{ lim Vw(x)
k— 00 x—x*

xeD
We have thus completed the proof. O

Corollary 4.1 Under the same assumption as Proposition 4.7, for a positive sequence
{ex} that satisfies (22), the following inclusion also holds:

{klim Vysk(xk)} C ay(x™).

Proof By Proposition 4.7, we have

lim Vuwy, (%) = vw° (x*),
k—00
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and [6, Proposition 2.6.2] leads to
dw(x™) C ay(x™) x 9z(x*) x IA(x™).
It then follows that

Vw®(x™) = [Vy°(x™), Vz°(x*), VA (x™)] € dy(x™) x 9z(x*) x dr(x™).

]
By the observation from Corollary 4.1, it may be reasonable to assume that
{ lim Vyvyg, (xk"’,xk’_”)} C Ay (x™Y, x™7Y). (28)
k— 00

Remark 4.3 Obviously, the relation (28) holds when N = 1, i.e., the single-leader—
multi-follower game.

Herty et al. [10] proposed a smoothing method for a special case of multi-leader—
single-follower game in which the follower’s response y (x) can explicitly be obtained,
while we consider the case where the response cannot be written explicitly in general.
Nevertheless, the gradient of the response function can be computed as indicated
in (24). In fact, computing the inverse of the block matrix in (24), Vy, (xk) is given
as follows:

Ek &k

— —1
+ AL, 0][ -5 “} [OT]L;;.
ATLZ'A, H,, AL

&k &k

-1
I o) o
ky _ _ g7 -1 ’ 5
Vygk(_x ) = — Lsk (I + Lgk [Afk 0] I:AT L_lAgk Hsi:| |:A;|;< i|) Lgk

By Proposition 4.5, reduced problem (9) may be approximated by a differentiable
optimization problem:

min O, x7") =0V (", x7Y, ye(x”, x7Y)). (29)

xveXV

Now let NEP(X, {@;}N ) be the game in which leader v € {1, ..., N} solves (29).

v=1

If NEP(X, {®)} }\1)V=1) has a Nash equilibrium, i.e., there exists x* such that

*,—V)
)

x*Y € arg min ©)(x", x
xveXV

then the following assertion holds.

Theorem 4.3 Let a sequence {xk}keN be such that each x* is a Nash equilibrium
of NEP(X, {@;’k}f}vzl). If {xk}keN converges to x*, then x* is a Nash equilibrium of
NEP(X, {@”}‘I)V:l). Moreover, (x*, y(x*)) is an LF Nash equilibrium of the MLMFG.
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Proof The former assertion can be shown using [14, Theorem 4.5], and the latter one
holds from Proposition 3.1. O

However, analogous to the claim for NEP(X, {®" }f)V: 1) before, since (29) is also not
convex in general, the Nash equilibrium of NEP(X, {®} }y: 1) may not exist. Hence,

we introduce the following stationary equilibrium concept for the nonconvex NEP.

Definition 4.1 (Stationary Nash equilibrium) A tuple of strategies x* € X is referred
to as a stationary Nash equilibrium of NEP(X, {G)s"}y:l) if x*" satisfies the following
condition forall v € {1, ..., N}:

(O (™7, x*7d") = (Ve O (x™V,x*7"),d") =0 Vd" € Txv(x™"), (30)
which is equivalent to

vaev(x*,v’ x*,—v7 yg(x*,v’ x*,—U))TdV+
dvTvayg(x*,v’ x*,fv)vyev(x*,v’ x*,fv’ ys(x*,v’ x*,fv)) >0 vd' e TXV(X*’V).

Definition 4.1 implies that for all v, x*" € X" is a stationary point of reduced problem
(29) for fixed x* ™. Note that since @ is differentiable, Eq. (30) is equivalent to

0€ VO (x™", x™7") + Txv (x™")°,

which means that the B-/C-stationary Nash equilibrium, introduced in Definitions 3.2
and 3.3, are equivalent under the differentiability of ®}.

In practice, we obtain a stationary Nash equilibrium of NEP(X, {®/}]_,) sequen-
tially as & > 0 decreases to find an approximate B-/C-stationary Nash equilibrium for
NEP(X, {@V}N_).

If XV is convex for all v, the equilibrium can be computed by solving the following
variational inequality problem: Find x* € X such that

N
v

(Ff(x*),x —x*) =0 Vx € X, (31)
where

Vaelx! x™h
Ff(x) = :
VnON N, x=N)

The following proposition guarantees that the solution to VI (31) is the stationary Nash
equilibrium for NEP(X, {©}_)).

Proposition 4.8 Suppose that X¥ C IR™ is convex for all v. Let x* € X be a solution
to (31). Then, x* € X is a stationary Nash equilibrium for NEP(X, {@;}C’:l).
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Proof Let (xV,x™7") = (x**l, L S 2 ,x*N), where x” € XV is
arbitrary, Eq. (31) is reduced to

(Ve OY(x™V, x* "), x" —x®") >0 Vx" e X". (32)
By Lemma 2.1, Eq. (32) is equivalent to

0e VO 'x™Y, x* ;) + Nyv(x™")
= 0e VO '™, x" 7V e) + T (x™")°,

which coincides with (30). The claim holds for all v, and thus x* € X is a stationary
Nash equilibrium for NEP(X, {®} }C’:l ). O

Proposition 4.9 Suppose that Assumptions 4.1 and 4.2 hold, and X¥ C IR™ is
convex for all v. For each ¢ > 0, there exists a stationary Nash equilibrium to
NEP(X, {O}_)).

Proof 1t suffices to show that there exists a solution to variational inequality (31) by
the convexity of X. Since Ff is continuous, the solution set of (31) is nonempty and
compact by [8, Corollary 2.2.5]. O

4.2 Convergence to Stationary Nash Equilibrium

In this subsection we show that the sequence of the stationary Nash equilib-
rium of NEP(X, {@:k}f,\/:]) converges to the B-/C-stationary Nash equilibrium of

NEP(X, {@v}f)v:ﬂ for appropriately chosen {&y}.

Theorem 4.4 Suppose that Assumptions 4.1, 4.2, and (28) hold forallv € {1, ..., N}.
Assume that X" is regular for all v. Let {x*} be a sequence of stationary Nash
equilibria of NEP(X, {©,, {,V=1): i.e., x*V satisfies (30) for all v. Then every accu-
mulation point x* of the sequence {x*} is a C-stationary Nash equilibrium of
NEP(X, {©"}V_,). Moreover, assume that the reduced cost function ©" (x*, x~") :=

v=1
0V (xV, x7V, y(x¥, x7Y)) is regular with respect to x" at x* for all v. Then, x* is a
B-stationary Nash equilibrium of NEP(X, {@V}{)V=l)'

Proof Since x** is a stationary Nash equilibrium of NEP(X, {@;k}f)v: 1), for leader v
x*v € XV, under the regularity of XV, satisfies

0€ Voo (", x5 + Ny (xF7)
e 0e Vo kY, kv, Ves [C i L Y

Voo ye, (57, By w07 Ry kY RV xR ) 4 N (R ).

By the compactness of X, we can assume that x* is an accumulation point of {x*}
without loss of generality. The continuity of Vv6", V,0", and y(:) along with
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Proposition 4.5 implies that

11)“;0 vaev(xk,v’ xk,—u7 ey (xk,v’ xk,—v)) — que”(x*"’, x*,—u’ y(x*,v7 x*,—v))’

klingo Vyeu(xk,v’ xk,—v’ yak(xk,v’ xk,—l))) — Vyev(x*,v’ x*,—v’ y(x*,v’ x*,—v)).

From the assumption of (28), there exists a matrix V*V € IR"**™ such that

yEY = Jim Voo ye, (X5V, x5 7)€ gy (et x* 7). (33)
— 00

Since x¥ — x*, =V @) (k7 xb7Y) € Nxv(xk?), and Ve O (xF7, xk =) —
Ve @V (x*™Y, x*7Y) from the observation above, by [25, Proposition 6.6], we have
VOV x*Y, x*7Y) € Nxv(x*"), which implies that
O c vaOV(x*,U’ x*,—\)’ y(x*,l)’x*,—l)))
+ VIV T y (e, xtTY) N (7). (34)

Since 0" is strictly differentiable with respect to y, the Jacobian chain rule [6, Theorem
2.6.6] can be applied and then yields

axv@U(x*,v’ x*,—\)) val}QV(x*,U’ x*,—l)’ y(x*,v, x*,—V))
+ axvy(x*,v, x*,—l))vye\)(x*,l)’ x*,—l)’ y(x*,v, x*,—l))).
Then (34) implies 0 € 3, O (x*”, x* ) + Ny»(x*"). The claim simultaneously
holds for all v; thus, x* is a C-stationary Nash equilibrium of NEP(X, { @)"}{)Vzl ).
Now we show the convergence to B-stationary Nash equilibrium by assuming the

regularity of ®". Since X" is regular for all v, X is also regular. By [3, Proposition
4.6.3], (34) is equivalent to

quev(x*,v’ x*,—l)’ y(x*,v’ x*,—v))TdU_l_
dUTv*,nyGV(x*,U, x*,*U, y(x*,v’ x*,*\))) Z O Vdv = TXV(X*’V).
The regularity assumption of ®" and [6, Proposition 2.1.2 (b)] leads that
(@) (™Y, 2% 7" d") = max{¢"TdY | ¢ € 9@ (Y 1P ) =

vaev(x*,v’ x*,—\)7 y(x*,v’ x*,—l)))Tdv

+dVTV*’VVy9U(.x*’U,X*)7v, y(x*,l),x*,7V)) 2 O vd\) I= TXV (x*‘l}).

The above assertion holds for every v, which implies that x* is a B-stationary Nash
equilibrium point of NEP(X, {®"}_)). o

Remark 4.4 Hori and Fukushima [12] showed the convergence to B-stationary Nash
equilibrium with a squared penalty method for an EPEC associated with MLMFG,
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which means that the case when the penalty parameter py — o0. As is well known,
the squared penalty method is easily failed to be ill-conditioned. Then they proposed a
refinement procedure after obtaining an ‘approximated’ B-stationary Nash equilibrium
with the penalty method. However, the accumulation point obtained with the refine-
ment may not guarantee the B-stationarity but only the weak stationarity because both
problems are intrinsically different from each other. Meanwhile, our method enables
us to obtain the B-stationary Nash equilibrium accurately.

If XV C IR™ is given by
XV =xVeR" |u'(x") <0, vW(&x") =0}, (35)

where uV: IR™ — IRP" and v": IR"™ — IR9 are continuously differentiable, the
convergence result of Theorem 4.4 can be shown without regularity assumption of X"
under an appropriate constraint qualification.

Definition 4.2 For each v € {1,..., N}, we say that the Mangasarian—Fromovitz
constraint qualification (MFCQ) holds at x” € X" if Vv;(i"), j=1,...,qv, are
linearly independent, and there exists d” € IR"" such that (Vu} (x"),d") < 0 for all
i eZ(x"):={i|uj(x")=0}and (Vv}?()f"),d) =0forallj=1,...,q,.

Corollary 4.2 Suppose that Assumptions 4.1 and 4.2 hold, and assume that (28) holds
forallv e {1,..., N}. Suppose also that the MFCQ holds for all v at every accumu-
lation point x* of the sequence {x*}. Then x* is a C-stationary Nash equilibrium for
NEP(X, {(H)”}f)vzl). Moreover, if ®V is regular with respect to x* at x* for all v, then
x* is a B-stationary Nash equilibrium for NEP(X, {@”}f)\]=1 ).

Proof Under the MFCQ assumption, there exists Lagrange multipliers { =" € R J’:”
and ¢=F" € IR satisfying the following optimality condition of (29):

Ver O (K60 287 + Vul (e =EY 4 vt ) e=hr =0, (36)

0<¢=" 1L —u’@") =0, (37)

v (xkvy = 0. (38)

By the continuity of V,»6", V,0", and y along with Proposition 4.5, there exists a

limit (x*, ¢=*, £=*) of KKT conditions (36) because the sequence {(x¥, ¢=*, ¢=%)}
of KKT tuple is bounded by the MFCQ. Then we obtain

vagv(x*’v, x*,—u’ y(x*,v’ x*,—\;)) + V*,vvaU(x*,v’ x*,—v7 y(x*,u’ x*,—V))

+VMU(.X*’V)§S’*‘V + VUV(X*’U)Q':’*’V — 0, (39)
0= ¢=%" L —u’(x™") =0, (40)
v () =0, (4D

where V*V is defined in (33). It follows from the Jacobian chain rule that (39) implies
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0 = quel)(x*‘v’ x*,f\)’ y(x*,l), ‘x*,fl}))
+ axuy(x*,v, x*,fv)vyel)(x*,v’ x*,*\)’ y(x*,l)7 x*,f\)))
+Vuv(x*,V)§§,*,u +VUV(X*,V)§:,*,V. (42)

Under the MFCQ, KKT conditions (42), (40), and (41) coincide with 0 €
0 @Y (x*V, x*7V) + Txv(x™")°, and thus x* is a C-stationary Nash equilibrium
of NEP(X, {&"}_)).

The latter claim can also be shown by the same manner as Theorem 4.4. O

Remark 4.5 1t is easy to see that B- and C-stationarity are equivalent when z and A
satisfy the strict complementarity; thatis, z; + A; > Oforalli =1, ..., [.

5 Numerical Experiments

In this section, we report results of numerical experiments conducted to illustrate the
behavior of the proposed method with a toy example. First, we introduce a two-leader—
two-follower game, i.e., N =2 and M = 2.

We refer to the extended model of Hori and Fukushima [12] with the nonnegative
constraint x” > 0 on each leader’s optimization problem. Leader v € {1, 2} solves the
following problem:

1
min () HY 4 )Gy ™+ Y () Dy + (g T

v 2
xVelR w=1.2

sit. Ayx” <b’, xV >0, 43)

where H, € R"*",6 G,_, € R"*", D,, € IR"*" A, € RP"™, and
bY € IRPv. Since the number of leaders is two, i.e., N = 2, the label —v for adversarial
leaders is the other one; for example, for v = 1, —v = 2, and then x™" = x2 and
Gy—y=G1a. Forv=2x7"= xt, Gy,—» = G2,1, and vice versa, i.e., for v = 2,
xV=x'and G, _, = Gy1.

Follower w € {1, 2} solves the following problem:

. 1 _
min =) Muy? + () Qo -0y ™ — D (&) Dy uy?
ek 2 V=12

st @)y + > @) x" +a, =0, y =0 (44)
v=1,2

where M,,, » = 1,2, are symmetric positive definite. Similarly, the label —w for
adversarial followers is the other one; for example, forw = 1, y™¢ = y2, Ov—w=
01,2, and vice versa. Although it is a quadratic game, it cannot be solved by the
approaches given in the previous works [13] and [10] because the response y(x)
cannot be obtained explicitly due to the non-diagonal matrices M,, and the coefficient
vector ¢® of y“ as also indicated in Remark 4.1.
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The KKT conditions of (44), ® = 1, 2, are given as follows:
0 < [yl} n [ M, QI,Z] [)’1} _ D;l DgTrl x! _
N y2 021 M y2 Dl,z Dz,z x?
Al hH™ o y! @H’t @[« ai
0= |:)»2] + [ 0o @[] TlaHT@T[l2] T e]®
To ensure the uniqueness of the Nash equilibrium y, we assume that
My Qi
021 M,

is positive definite. Let y. (x) be a partial solution to the perturbed KKT conditions of
(44) with the smoothing method. Here, we define

o
o
| I
| p— |

Al b!
A:=|: A2:|,b:=|:b2:|,X:={x€ﬂ?”|Ax§b,x20},

and

o

V,202(x!, x?)
where
Vx”@:(xuv x_v) =H,x" + Gv,fvx_u‘l'

Z (Du,wy?(x”, x4+ V)«f”))g)(xv7 x—v)Dwav)‘

w=1,2

Then the stationary Nash equilibrium of NEP(X, {® }{;V=1) must satisfy the following
VI: Find x; € X such that

(FY(x¥),x —xf) >0 VxeX, (45)
and its KKT conditions are written as the nonlinear complementarity problem:

0<F'x)+ATuLx>0, (46)
0<b—Ax Lpu>0. (47)

Let v := (x, u) € IR"P and

e T go(v1. Ff (v)
Fe(v) == [ E(ZjC)—+Ax 'ui| , Ui () = :

P0Wntp. Fiyp(0))
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Then NCP (46)—(47) is reformulated as the nonsmooth equation ¥ ¢ (v) = 0. We solve
NCP (46)—(47) by semismooth Newton’s method proposed for NCP by Luca et al.
[20], and we use 1/2||¥?¢(v) ||% as a merit function in the line search algorithm. The
stopping criterion is given by

| min{v, £ ()}lloo < (n + p) x 1075,

where the min operator means the componentwise minimum value. The numerical
instances are shown below:

np=ny=2 py=pr=2, m=my =2,

[ 34 4-5 2-1
o= _ 2]’H2=[—5—3]Gl’2=[2 }’GZ’IZ_GIT’Z’
(127 21 12 21
D],]=-21-’D2s1=[11}7D]’2=[11]’D2’2=[12}7

p_[-61 2 [-6 _[21 Cfr2] 0 [3] .2 [3

[31] 21 11
M1: _13_7M2:[13}7Q1,2:[12}’Q2,1:_QI27

[—1] -1 1 1
1 2 1 2
c __ 1_,6‘ _|: 1i|,d _|:li|,d _|:]i|,al_4,a2_4.

We solve NCP (46)—(47) sequentially as ¢, decreases, where g = 0.9 k =
0, ..., 74. We run the algorithm with the initial point x0 = (3,3,3,3). Here, y, z, A
is unique then without initial points, they are uniquely determined depending on x°.
Figure l1a—d depict the stationary Nash equilibrium for g, k = 0, ..., 74, and the
sequence {x¥} converges to x*. We set other initial points, but the convergent point
and the curve are similar to those figures.

Remark 5.1 The semismooth Newton’s method uses V F, f (x) with the Hessian matrix
v? v (x) of the response function y, (x), which requires the Hessian of H,(x, y, z, A)
with respect to (y, z, A) and so on. However, the formula of V2y,(x) is much compli-
cated to obtain, and thus we use a numerical differentiation. Hence, the accuracy of
the numerical results when ¢ is very small may not be guaranteed.

We now conclude this section. We verified the behavior of the proposed method with
a toy example, and all the solutions x* and Ver (x*) converge to the B-stationary Nash
equilibrium as gy — 0. Meanwhile, we require the Jacobian matrix of Ff (x) to solve
variational inequality (45) with gradient-based method which includes the Hessian
matrix of the response function y(x). Hence the computation of the Hessian matrix
and its inverse is, of course, expensive when the dimension of followers’ problems is
high. We leave this issue as a topic for future research.
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Fig. 1 Sequence of the stationary Nash equilibrium

6 Conclusion

This paper has presented a smoothing method of the followers’ best response in the
MLMEFG in the case where the followers’ optimization problems are more general
than the previous studies [10, 13]. Then we have shown the convergence result for
a Clarke and Bouligand stationary Nash equilibrium on MLMFG as the smooth-
ing parameter tends to zero. Finally, a numerical experiment has been conducted to
check the behavior of the proposed method; specifically, observing the behavior of the
sequence of stationary Nash equilibria as the smoothing parameter approaches zero.
Note that the numerical experiment in Sect.5 does not indicate the numerical effi-
ciency of the algorithm; therefore, an analysis of the complexity and the convergence
as the problem size increases will be required. In fact, this method requires third-order
derivatives of the followers’ objectives and constraint functions eventually to obtain an
approximate Nash equilibrium. Nevertheless, the convergence result, particularly for
the B-stationary points, justifies our proposed method. In the future, a more efficient
algorithm than the semismooth Newton method should be considered, which would
allow experiments with higher-dimensional problems.
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Furthermore, we remark that in this paper we did not mention a local surrogate of the

LF Nash equilibrium for MLMFG. To the best of the authors’ knowledge, there is no
such literature on MLMFG that deals with alocal LF Nash equilibrium. Unfortunately,
verifying local optimality in nonconvex optimization is still NP-hard, and thus as well
as finding an LF Nash equilibrium in MLMFG, finding the LF local Nash equilibrium
may be difficult in practice but theoretically important such as second-order analysis.

Acknowledgements We thank the two anonymous reviewers for carefully reading our manuscript and pro-
viding insightful comments. The authors would like to express their appreciation to Prof. Masao Fukushima
for his valuable comments. This work was supported by the Grant-in-Aid for Scientific Research (C)
(19K11840) from Japan Society for the Promotion of Science.

References

—_

10.

11.

12.

13.

14.

15.

16.

17.

19.

. Aubin, J.P.: Mathematical Method of Game and Economic Theory. North-Holland, Amsterdam (1979)
. Aussel, D., Svensson, A.: Ashort state of the art on multi-leader—follower games. In: Dempe, S.,

Zemkoho, A. (eds.) Bilevel Optimization—Advances and Next Challenges, pp. 53—76. Springer, Berlin
(2020)

. Bertsekas, D.P.: Convex Analysis and Optimization. Athena Scientific, Nashua (2003)
. Chen, X., Fukushima, M.: A smoothing method for a mathematical program with P-matrix linear

complementarity constraints. Comput. Optim. Appl. 27, 223-256 (2004)

. Chen, Y., Li, Z., Yang, B., Nai, K., Li, K.: A Stackelberg game approach to multiple resources allocation

and pricing in mobile edge computing. Future Gener. Comput. Syst. 108, 273-287 (2020)

. Clarke, F.H.: Optimization and Nonsmooth Analysis. Wiley, New York (1983)
. Facchinei, F., Jiang, H., Qi, L.: A smoothing method for mathematical programs with equilibrium

constraints. Math. Program. 85, 107-134 (1999)

. Facchinei, F,, Pang, J.-S.: Finite-Dimensional Variational Inequalities and Complementarity Problems.

Springer, New York (2003)

. Ferris, M.C., Dirkse, P., Meeraus, A.: Mathematical programs with equilibrium constraints: automatic

reformulation and solution via constrained optimization. In: Kehoe, T.J., Srinivasan, T.N., Whalley, J.
(eds.) Frontiers in Applied General Equilibrium Modeling, pp. 67-93. Cambridge University Press,
Cambridge (2005)

Herty, M., Steffensen, S., Thiinen, A.: Solving quadratic multi-leader-follower games by smoothing
the follower’s best response. Optim. Method Softw. 37, 772-799 (2022)

Hobbs, B., Metzler, C., Pang, J.: Strategic gaming analysis for electric power networks: an MPEC
approach. IEEE Trans. Power Syst. 15, 638-645 (2000)

Hori, A., Fukushima, M.: Gauss-Seidel method for multi-leader-follower games. J. Optim. Theory
Appl. 180, 651-670 (2019)

Hu, M., Fukushima, M.: Variational inequality formulation for multi-leader-follower games. J. Optim.
Theory Appl. 151, 455-473 (2012)

Hu, M., Fukushima, M.: Smoothing approach to Nash equilibrium formulations for a class of equi-
librium problems with shared complementarity constraints. Comput. Optim. Appl. 52, 415437
(2012)

Hu, M., Fukushima, M.: Existence, uniqueness, and computation of robust Nash equilibria in a class
of multi-leader-follower games. SIAM J. Optim. 23, 894-916 (2013)

Hu, M., Fukushima, M.: Multi-leader-follower games: models, methods and applications. J. Oper. Res.
Soc. Jpn. 58, 1-23 (2015)

Jiang, S., Li, X., Wu, J.: Multi-leader multi-follower Stackelberg game in mobile blockchain mining.
IEEE Trans. Mob. 21, 2058-2071 (2020)

. Kanzow, C., Jiang, H.: A continuation method for (strongly) monotone variational inequalities. Math.

Program. 81, 103-125 (1998)
Leyffer, S., Munson, T.: Solving multi-leader-common-follower games. Optim. Methods Softw. 25,
601-623 (2010)

@ Springer



Journal of Optimization Theory and Applications

20. Luca, T.D., Facchinei, F., Kanzow, C.: A semismooth equation approach to the solution of nonlinear
complementarity problems. Math. Program. 75, 407439 (1996)

21. Luo, Z.-Q., Pang, J.-S., Ralph, D.: Mathematical Programs with Equilibrium Constraints. Cambridge
University Press, Cambridge (1996)

22. Lyu, T., Xu, H., Han, Z.: Multi-leader multi-follower Stackelberg game based resource allocation in
multi-access edge computing. In: ICC 2022—IEEE International Conference on Communications,
Seoul, Republic of Korea, pp. 43064311 (2022)

23. Outrata, J., Ko¢vara, M., Zowe, J.: Nonsmooth Approach to Optimization Problems with Equilibrium
Constraints. Springer, New York (1998)

24. Pang, J.-S., Fukushima, M.: Quasi-variational inequalities, generalized Nash equilibria, and multi-
leader-follower games. Comput. Manag. Sci. 2, 21-56 (2006). Erratum. ibid. 6, 373-375 (2005)

25. Rockafellar, R.T., Wets, R.J.: Variational Analysis. Springer, New York (1998)

26. Sherali, H.D.: A multiple leader Stackelberg model and analysis. Oper. Res. 32, 390-404 (1984)

27. Su, C.-L.: Equilibrium Problems with Equilibrium Constraints: Stationarities, Algorithms, and
Applications. Stanford University, Stanford (2005)

28. Xiong, Z., Kang, J., Niyato, D., Wang, P., Poor, H.V.: Cloud/edge computing service management in
blockchaing networks: multi-leader multi-follower game-based ADMM for pricing. IEEE Trans. Serv.
Comput. 13, 356-367 (2019)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

Springer Nature or its licensor (e.g. a society or other partner) holds exclusive rights to this article under
a publishing agreement with the author(s) or other rightsholder(s); author self-archiving of the accepted
manuscript version of this article is solely governed by the terms of such publishing agreement and applicable
law.

@ Springer



	A Method for Multi-Leader–Multi-Follower Games by Smoothing the Followers' Response Function
	Abstract
	1 Introduction
	2 Preliminaries
	3 The Multi-Leader–Multi-Follower Games
	4 Smoothing Methods and its Convergence to Stationary Nash Equilibrium
	4.1 Smoothing Method
	4.2 Convergence to Stationary Nash Equilibrium

	5 Numerical Experiments
	6 Conclusion
	Acknowledgements
	References


