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Abstract

We present a unified theorem for the convergence analysis of stochastic gradient algo-
rithms for minimizing a smooth and convex loss plus a convex regularizer. We do
this by extending the unified analysis of Gorbunov et al. (in: AISTATS, 2020) and
dropping the requirement that the loss function be strongly convex. Instead, we rely
only on convexity of the loss function. Our unified analysis applies to a host of exist-
ing algorithms such as proximal SGD, variance reduced methods, quantization and
some coordinate descent-type methods. For the variance reduced methods, we recover
the best known convergence rates as special cases. For proximal SGD, the quantiza-
tion and coordinate-type methods, we uncover new state-of-the-art convergence rates.
Our analysis also includes any form of sampling or minibatching. As such, we are
able to determine the minibatch size that optimizes the total complexity of variance
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reduced methods. We showcase this by obtaining a simple formula for the optimal
minibatch size of two variance reduced methods (L-SVRG and SAGA). This optimal
minibatch size not only improves the theoretical total complexity of the methods but
also improves their convergence in practice, as we show in several experiments.

Keywords Stochastic optimization - Convex optimization - Variance reduction -
Composite optimization

1 Introduction and Background

Consider the following composite convex optimization problem

min {F(x) = f(x) + R(x)}, )
xeRd

where f : RY — R is smooth and convex and R : RY — (—o0, 00] is a proper closed
and convex function with an easy-to-compute proximal term. This problem often arises
in training machine learning models, where f is aloss function and R is aregularization
term, e.g., £1-regularized logistic regression [33], LASSO regression [41] and elastic
net regression [47]. It also includes projected gradient descent, if R is an indicator on
a convex set.

A natural algorithm which is well-suited for solving (1) is proximal gradient descent,
which requires iteratively taking a proximal step in the direction of the steepest descent.
Unfortunately, this method requires computing the gradient V f ateach iteration, which
can be computationally expensive or even impossible in several settings. This has
sparked interest in developing cheaper, practical methods that need only a stochastic
unbiased estimate gy € R? of the gradient at each iteration. These methods can be
written as

x0 € R, xp1 = prox,, g (xk — vkgw) » 2

where (yx); is a sequence of step sizes. This estimate g can take on many different
forms depending on the problem of interest. Here we list a few.

1.1 Stochastic Approximation

Most machine learning problems can be cast as minimizing the generalization error
of some underlying model, where f,(x) is the loss over a sample z and

f)=E.p[f:(0)]. 3)

Since D is an unknown distribution, computing this expectation is impossible in gen-
eral. However, by sampling z ~ D, we can compute a stochastic gradient V f,(x).
Using Algorithm (2) with gx = V f;, (xx) and R = 0 gives the simplest stochastic
gradient descent method: stochastic gradient descent (SGD) [29, 35].
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1.2 Finite-Sum Minimization

Since the expectation (3) cannot be computed in general, one well-studied solution to
approximately solve this problem is to use a Monte Carlo estimator:

1 n
fm=;§ﬁm, 4

where 7 is the number of samples and f; (x) is the loss at x on the ith drawn sample.
When R is aregularization function, problem (1) with f defined in (4) is often referred
to as regularized empirical minimization (R-ERM) [39]. For the approximation (4) to
be accurate, we would like n to be as large as possible. This, in turn, makes computing
the gradient extremely costly. In this setting, for low-precision problems, SGD scales
very favorably compared to gradient descent, since an iteration of SGD requires O(d)
flops compared to O(nd) for gradient descent. Moreover, several techniques applied
to SGD such as importance sampling and minibatching [12, 21, 28, 46] have made
SGD the preferred choice for solving Problem (1) + (4). However, one major drawback
of SGD is that, using a fixed step size, SGD does not converge and oscillates in the
neighborhood of a minimizer. To remedy this problem, variance reduced methods
[3, 8, 19, 32, 36] were developed. These algorithms get the best of both worlds: the
global convergence properties of GD and the small iteration complexity of SGD. In
the smooth case, they all share the distinguishing property that the variance of their
stochastic gradients g; converges to 0. This feature allows them to converge to a
minimizer with a fixed step size at the cost of some extra storage or computations
compared to SGD.

1.3 Distributed Optimization

Another setting where the exact gradient V f is impossible to compute is in distributed
optimization. The objective function in distributed optimization can be formulated
exactly as (4), where each f; is a loss on the data stored on the ith node. Each node
computes the loss on its local data, then the losses are aggregated by the master node.
When the number of nodes n is high, the bottleneck of the optimization becomes
the cost of communicating the individual gradients. To remedy this issue, various
compression techniques were proposed [1, 2, 15, 22, 38, 43, 45], most of which can
be modeled as applying a random transformation Q : RY — R to each gradient
V fi(xx) or to a noisy estimate of the gradient gl].‘. Thus, many proximal quantized
stochastic gradient methods fit the form (2) with

ge=Y 0@h.
i=1

While quantized stochastic gradient methods have been widely used in machine learn-
ing applications, it was not until the DIANA algorithm [26, 27] that a distributed method
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was shown to converge to the neighborhood of a minimizer for strongly convex func-
tions. Moreover, in the case where each f; is itself a finite average of local functions,
variance reduced versions of DIANA, called VR-DIANA [18], were recently developed
and proved to converge sublinearly with a fixed step size for convex functions.

1.4 High-Dimensional Function Minimization

Lastly, regardless of the structure of f, if the dimension of the problem d is very high,
it is sometimes impossible to compute or to store the gradient at any iteration. Instead,
in some cases, one can efficiently compute some coordinates of the gradient, and
perform a gradient descent step on the selected coordinates only. These methods are
known as (randomized) coordinate descent (RCD) methods [30, 44]. These methods
also fit the form (2), for example, with

gk =V f(xp)ei.,

where (¢;); is the canonical basis of R? and iy € [d] is sampled randomly at each
iteration. Though RCD methods fit the form (2) their analysis is often very different
compared to other stochastic gradient methods. One exception to this observation is
SEGA [16], the first RCD method known to converge for strongly convex functions
with nonseparable regularizers.

While all the methods presented above have been discovered and analyzed inde-
pendently, most of them rely on the same assumptions and share a similar analysis. It
is this observation and the results derived for strongly convex functions by [11] that
motivate this work.

2 Contributions

We now summarize the key contributions of this paper.

2.1 Unified Analysis of Stochastic Gradient Algorithms

Under a unified assumption on the gradients g, it was shown by [11] that stochastic
gradient methods which fit the format (2) converge linearly to a neighborhood of
the minimizer for quasi-strongly convex functions when using a fixed step size. We
extend this line of work to the convex setting, and further generalize it by allowing for
decreasing step sizes. As a result, for all the methods which verify our assumptions,
we are able to prove either sublinear convergence to the neighborhood of a minimum
with a fixed step size or exact convergence with a decreasing step size.

2.2 Analysis of SGD Without the Bounded Gradients Assumption

Most of the existing analysis on SGD assume a uniform bound on the second moments
of the stochastic gradients or on their variance. Indeed, for the analysis of stochas-
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tic (sub)gradient descent, this is often necessary to apply the classical convergence
proofs. However, for large classes of convex functions, it has been shown that these
assumptions do not to hold [20, 31]. As a result, there has been a recent surge in trying
to avoid these assumptions on the stochastic gradients for several classes of smooth
functions: strongly convex [14, 25, 31], convex [14, 25, 40, 42], or even nonconvex
functions [20, 24, 25]. Surprisingly, a general analysis for SGD with proximal itera-
tions for convex functions without these bounded gradient assumptions is still lacking.
As a special case of our unified analysis, assuming only convexity and smoothness,
we provide a general analysis of proximal SGD in the convex setting. Moreover, using
the arbitrary sampling framework of [12], we are able to prove convergence rates for
SGD under minibatching, importance sampling, or virtually any form of sampling.

2.3 Extension of the Analysis of Existing Algorithms to the Convex Case

As another special case of our analysis, we also provide the first convergence rates
for the (variance reduced) stochastic coordinate descent method SEGA [16] and the
distributed (variance reduced) compressed SGD method DIANA [26] in the convex
setting. Our results can also be applied to all the recent methods developed in [11].

2.4 Optimal Minibatches for L-SVRG and SAGA in the Convex Setting

With a unifying convergence theory in hand, we can now ask sweeping questions
across families of algorithms. We demonstrate this by answering the question

What is the optimal minibatch size for variance reduced methods?

Recently, precise estimates of the minibach sizes which minimize the total complexity
for SAGA [8] and SVRG [4, 19, 34] applied to strongly convex functions were derived
by [9] and [37]. We showcase the flexibility of our unifying framework by deriving
new optimal minibatch sizes for SAGA [8] and L-SVRG [17, 23] in the general convex
setting. Unlike prior work in the strongly convex setting [9, 37], our resulting optimal
minibatch sizes can be computed using only the smoothness constants. To verify the
validity of our claims, we show through extensive experiments that our theoretically
derived optimal minibatch sizes are competitive against a grid search.

3 Unified Analysis for Proximal Stochastic Gradient Methods
3.1 Notation

The Bregman divergence associated with f is the mapping

Dix.y) E f) = f) = (Vf().x—y), x.yeR
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and the proximal operator of y R is the function

def . 1
prox, g (x) = argmin,, cpa {)/R(x) + 3 lx — u||2} .

Let [n] def {1,...,n}. We denote the expectation of a random variable X by E [X]

and the conditional expectation of X given a random variable Y by E [X | Y].

[11] analyze stochastic gradient methods that fit the form (2) for smooth quasi-
strongly convex functions. In this work, we extend these results to the general convex
setting. We formalize our assumptions on f and R in the following.

Assumption 1 The function f is L—smooth and convex:

L
FO) = fO)+ (V@) y—x)+ S lly = x||*, forallx,y eR?,  (5)

fO) = f)+(Vf(x),y—x), forallx,yeR’ (6)
The function R is convex:
R(ax + (1 —a)y) > aR(x) + (1 —a)R(y), forallx,ye€ RY, o € [0, 1].

When f has the form (4), we assume that for all i € [n], f; is L;-smooth and

def
convex, and we denote Ly,x = max L;.
i€n]

The innovation introduced by [11] is the following unifying assumption on the
stochastic gradients g used in (2) which allows to simultaneously analyze classical
SGD, variance reduced methods, quantized stochastic gradient methods, and some
randomized coordinate descent methods.

Assumption 2 (Assumption 4.1 in[11]) Consider the iterates (xx); and gradients (gx )
in (2).

1. The gradient estimates are conditionally unbiased:

E (g | xk] = V f (xp). @)

2. There exist constants A, B, C, D1, D>, p > 0, and a sequence of random variables
akz > 0 such that for all possible minimizers x, of F:

E[llge = V@al? | 5] = 24D 0w x.) + Bof + Dy, ®)

E [a,3+1 | xk] <(1-p)o2+2CDs(xc.x) + Do (9)

Though we chose to present Eqs. (7), (8) and (9) as an assumption, we show
throughout the main paper and in the appendix that for all the algorithms we consider
(excluding DIANA), these equations all hold with known constants when Assumption 1
holds. An extensive yet nonexhaustive list of algorithms satisfying Assumption 2 and

@ Springer



Journal of Optimization Theory and Applications (2023) 199:499-540 505

the corresponding constants can be found in [11, Table 2]. We report in Section B of the
appendix these constants for five algorithms: SGD, two variance reduced methods L-
SVRG and SAGA, a distributed method DIANA and a coordinate descent-type method
SEGA.

We now state our main theorem.

def
Theorem 3.1 Suppose that Assumptions 1 and 2 hold. Let M = B/p and let (yx)i>0
be a decreasing, strictly positive sequence of step sizes chosen such that

1 1
O<y<mny——m—,—¢.
2(A+MC) L

The iterates given by (2) satisfy

—1
Ix0 = 2411 + 270 (80 + yoMod) +2 (D1 +2MD>) Y y?
E[F(%) — F(xy)] < =0

’

230 (1 =2y (A+ MC)) y;
(10)

- dof ~i—1 (120 (A+MC)yi def _
where %1 = 2 k=0 S T2y (A+MC))yy; and 8o = F(x0) = F(x)-

The proof of Theorem 3.1 is deferred to the appendix (Section C).

4 The Main Corollaries

In contrast to [11], our analysis allows both constant and decreasing step sizes. In this
section, we will present two corollaries corresponding to these two choices of step sizes
and discuss the resulting convergence rates depending on the constants obtained from
Assumption 2. Then, we specialize our theorem to SGD, which allows us to recover
the first analysis of proximal SGD without the bounded gradients or bounded gradient
variance assumptions in the general convex setting. We apply the same analysis to
DIANA and present convergence results for this algorithm in the convex setting.

First, we show that by using a constant step size the average of iterates of any
stochastic gradient method of the form (2) satisfying Assumptions 1 and 2 converges
sublinearly to the neighborhood of the minimum.

Corollary 4.1 Consider the setting of Theorem 3.1. Let M = B/p. Choose stepsizes
vk = vy > 0 for all k, where y < min {‘L(TIMC), ﬁ}, then substituting in the rate
in (10), we have,

2y (80 + yMag) + llxo — x:I?

E[F(x) — F(xd)] <
vt

+2y (D1 +MDy).

One can already see that to ensure convergence with a fixed step size, we need
to have D1 = D, = 0. The only known stochastic gradient methods which satisfy
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this property are variance reduced methods, as we show in Sect.5. When D; # 0 or
D> # 0, which is the case for SGD and DIANA (See Section B), the solution to ensure
anytime convergence is to use decreasing step sizes.

Corollary 4.2 Consider the setting of Theorem 3.1. Let M = B/p. Choose stepsizes

Ve = %—H for all k > 0, where y < min Im, ﬁ} Then substituting in the
rate in (10), we have

y (80 +yMad) + llxo — x. 1% + (% n MDZ) (log(t) + 1)
y (V1—1)

E[F() — F(xo)] <

log(7)
O( i )

4.1 SGD Without the Bounded Gradients Assumption

To better illustrate the significance of the convergence rates derived in Corollaries 4.1
and 4.2, consider the SGD method for the finite sum setting (4):

xo € RY, xppr = prox,, g (xk — %V fi () (11)

where iy is sampled uniformly at random from [n]. Note that we consider the finite
sum setting just for illustration, and our results continue to hold under the more general
Monte Carlo setting.

Lemma 4.1 Assume that [ has a finite sum structure (4) and that Assumption 1 holds.
The iterates defined by (11) verify Assumption 1 with

A=2Lmw, B=0, p=1, C=0, D; =202, D, =0, (12)
where 02 = % sup Z?:l IV fi (x*)llz, where X, is the set of minimizers of F, and
xx€X*

Lmax = max L;.
ieln]

Proof See Lemma A.1in [11]. O

This analysis can be easily extended to include minibatching, importance sampling,
and virtually all forms of sampling by using the constants given in (12), with the
exception of Ly, which should be replaced by the expected smoothness constant
[12]. Due to lack of space, we defer this general analysis of SGD to the appendix
(Sections A and B). Using Theorem 3.1 and Lemma 4.1, we arrive at the following
result.

Corollary 4.3 Let (yx)i be a sequence of decreasing step sizes such that 0 < yy <
1/4Lmax for all k € N. Let Assumption 1 hold. The iterates of (11) verify

Hm-hV+%®W@M-H&D+&#ZEMf

E[F(%) — F(x)] <
' Y Yihw
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Moreover, as we did in Corollaries 4.1 and 4.2, we can show sublinear convergence
to a neighborhood of the minimum if we use a fixed step size, or O(log(k)/vk)
convergence to the minimum using a step size yx = —%—. Moreover, if we know the

Vk+1

stopping time of the algorithm, we can derive a O(1/+/k) upper bound as done in [29].

Corollary 4.3 fills a gap in the theory of SGD. Indeed, to the best of our knowl-
edge, this is the first analysis of proximal SGD in the convex setting which does not
assume neither bounded gradients nor bounded variance (as done in, e.g., [10, 29]).
Instead, it relies only on convexity and smoothness. The closest results to ours here
are Theorem 1.6 in [14] and Theorem 5 in [40], both of which are in the same setting
as Lemma 4.1 but study more restrictive variants of proximal SGD. [14] studies SGD
with projection onto closed convex sets and [40] studies vanilla SGD, without proximal
or projection operators. Unfortunately, neither result extends easily to include using
proximal operators, and hence our results necessitate a different approach. When spe-
cialized to the setting where g = 0 (i.e., no prox) and L-smoothness (A = L, B = 0),
Corollary 4.1 gives us the following guarantee after 7' steps of SGD:

2 — x.|?
E[fGir) — f(o)] < V‘S””yxf 0% 4o p,.

Observe that by the smoothness of f we have §y < %on — x4||?, therefore

o2
ELf(r) — f(x)] < (HYL)J;“O X4 0y p,.

Optimizing over y, we get that for y = min | 51, 130=l

2L’ 2D\T

} we have the convergence
rate

3L||xo — x>  3v2RJD
ELfGr) — f)] < ”’“’T sl 3v2 ﬁﬂ.

This matches the guarantees given in [14, 40] up to constants. Therefore, our analysis
is more general while sacrificing no degradation in the convergence rate.

4.2 Convergence of DIANA in the Convex Setting

DIANA was the first distributed quantized stochastic gradient method proven to con-
verge to the minimizer in the strongly convex case and to a critical point in the
nonconvex case [26]. See Section B.2 in the appendix for the definition of DIANA
and its parameters.

@ Springer



508 Journal of Optimization Theory and Applications (2023) 199:499-540

Lemma 4.2 Assume that [ has a finite sum structure and that Assumption 1 holds.
The iterates of DIANA (Algorithm 4) satisfy Assumption 2 with constants:

2w 2
A=<1+_>Lmax’B=_w,p=a,
n n

1 4+ w)o?
C = Lmax()[7 Dl = L’ D2 =OlO'2,
n

where w > 0 and o < l—l—;w are parameters of Algorithm 4 and o is such that

1 n
Vk € N, —E:E[’
n
i=1

Proof See Lemma A.12 in [11]. m]

gk — Vf(Xk)Hz} <02

As yet another corollary of Theorem 3.1, we can extend the results of [26] to the
convex case and show that DIANA converges sublinearly to the neighborhood of the
minimum using a fixed step size, or to the minimum exactly using a decreasing step
size.

Corollary 4.4 Assume that f has a finite sum structure (4) and that Assumption 1
holds. Let (yi)k>0 be a decreasing, strictly positive sequence of step sizes chosen such
that

1

0 < < .
S 0 ) L

By Theorem 3.1 and Lemma 4.2, we have that the iterates given by Algorithm 4 verify
E[F () — F(xs)]
2 o
Ito = 24l 4+ 290 (Fx0) = F(xa) + 22002 ) 4 2E 574 2

n
3
Zﬁzo Vi

=

5 Optimal Minibatch Sizes for Variance Reduced Methods

Variance reduced methods are of particular interest because they do not require a
decreasing step size in order to ensure convergence. This is because for variance
reduced methods we have D1 = D, = 0, and thus, these methods converge sublinearly
with a fixed step size.

Variance reduced methods were designed for solving (1) in the special case where
f has a finite sum structure. In this case, in order to further improve the convergence
properties of variance reduced methods, several techniques can be applied such as
adding momentum [3] or using importance sampling [13], but the most popular of
such techniques is by far minibatching. Minibatching has been used in conjunction
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with variance reduced methods since their inception [21], but it was not until [9, 37]
that a theoretical justification for the effectiveness of minibatching was proved for
SAGA [8] and SVRG [19] in the strongly convex setting. In this section, we show
how our theory allows us to determine the optimal minibatch sizes which minimize the
total complexity of any variance reduced method. This allows us to compute the first
estimates of these minibatch sizes in the nonstrongly convex setting. For simplicity, in
the remainder of this section, we will consider the special case where R = 0. Hence,
in this section

1 n
F() = f) == fix).
i=1

To derive a meaningful optimal minibatch size from our theory, we need to use the
tightest possible upper bounds on the total complexity. When R = 0, we can derive a
slightly tighter upper bound than the one we obtained in Theorem 3.1 as follows.

Proposition5.1 Let R = 0 and M = B/2p. Suppose that Assumption 2 holds with
D1 = Dy = 0. Let the step sizes yr = y forallk e N,withyy =y < 1/(4(A+MC))
forall k € N. Then,

llxo — x> + 2My20
vk '

ELf ) = fx] = (13)

We can translate this upper bound into a convenient complexity result as follows.

Corollary 5.1 Assume that there exists a constant G > 0 such that

o¢ < G |lxo — x.|%. (14)
_ 1
Lete > 0andy = AT IS It follows that
BC BG — x?
k> (4A+ 2+ Ixo = .| (15)
2p 2(2pA+ BC) €
= E[f(u) - fx)] =e. (16)
Proof The result follows from taking y = m and upper bounding og by
2%
Gllxo — x| in (13). o

In the same way we specialized the general convergence rate given in Theorem 3.1
to the cases of SGD and DIANA in Sect. 4, we can specialize the iteration complexity
result (15) to any method which verifies D; = D, = 0. Due to their popularity, we
chose to analyze minibatch variants of SAGA [8] and L-SVRG [17, 23], a single-loop
variant of the original SVRG algorithm [19]. The pseudocode for these algorithms is
presented in Algorithms 1 and 2. We define for any subset B C [n] the minibatch
average of f over B as fp(x) = %ZieB fi(x).
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Algorithm 1 5-SAGA

Parameters minibatch size b, step size y
Initialization xo € R? and J§ = V f; (xo) fori = 1,...,n.
fork=0,1,... do

Sampl? abatch B C [n] with |B| 1: b )

Gk =g i1 Iy +VIBOK) — 5 Xiep i

Xk+1 = Xk — V 8k

JiZ Ji %fi ¢ B

k+1 Vfi(xy) ifi € B

end for

Algorithm 2 »-L-SVRG

Parameters minibatch size b, step size y, p € (0, 1]
Initialization wy = xg € R
fork=0,1,... do

Sample a batch B C [n] with |[B| = b

8k =V fplx) = Vfpwp) + V f(wg)

Xk+1 =Xk — V8k

Xj W. prob. p

W1 = { wy W.prob. I — p

end for

As we will show next, the iterates of Algorithms 1 and 2 satisfy Assumption 2 with
constants which depend on the minibatch size b. These constants will depend on the
following expected smoothness and expected residual constants £(b) and ¢ (b) used
in the analysis of SAGA and SVRG in [9, 37]:

1n—»> nb—1 1ln—»
L) oL, and ¢ & ST (D)
bn—1 bn—1 bn—1

5.1 Optimal Minibatch Size for b-SAGA

Consider the b-SAGA method in Algorithm 1. Define

H@) E A6, ... fu(x)] e RY

and let VH (x) € RY*" denote the Jacobian of H. Let J; = [Jkl, ..., J;'] be the
current stochastic Jacobian.

Lemma 5.1 The iterates of Algorithm 1 satisfy Assumption 2 and Eq. (14) with

o= L YHGR,. (18)
nbn—1 r

where for all Z € R4*", ||Z||%r =tr (ZZT), and constants

A=2L0b), B=2, p:S, C:@, Dy =Dy,=0, G=¢(Mb)L. (19)
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Using Corollary 5.1, we can determine the iteration complexity of Algorithm 1.

Corollary 5.2 (Iteration complexity of b—SAGA) Consider the iterates of Algorithm 1.
Let the stepsize used be y = m. Given the constants obtained for Algorithm
1 in (19), by Corollary 5.1 we have that

n¢(b)L llxo — x.l12
kZ(“”““+§@”+zb@am+;@»> :

= E[FG —Fxo] <e.

We define the total complexity as the number of gradients computed per iteration
(b) times the iteration complexity required to reach an e-approximate solution. Thus,
multiplying by b the iteration complexity in Corollary 5.2 and plugging in (17), the
total complexity for Algorithm 1 is upper bounded by

ef (4B —Db)Lyax +2n(b — 1)L
mwwg((m om0~ O
+ n(n — b) Lmax L ) llxo — x*||2 <0
23m —b)Lmax +2n(b — 1)L) € '

Minimizing this upper bound in the minibatch size b gives us an estimate of the
optimal empirical minibatch size, which we verify in our experiments.

Proposition 5.2 Let b}, ,, = argmin K4, (b), where Kug4(b) is defined in (20).
be[n]

saga

— If Lpax < ZHTL then

I if b<2
biaga =y D11 If 2<b<n 21
n if b>n,

where

def N ((” — D)L/Linax — 24/2nL — 3Lmax(3Lmax — 2 L))
1 =
2L — 3Lmax)?

— Otherwise, if Lypax > ”‘TL then b* = n.

5.2 Optimal Minibatch Size for b-L-SVRG
Since the analysis for Algorithm 2 is similar to that of Algorithm 1, we defer its details
to the appendix and only present the total complexity and the optimal minibatch size.

Indeed, as shown in Section E.3, an upper bound on the total complexity to find an
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e-approximate solution for Algorithm 2 is given by

def 12 ((n = b) Linax +n(b — )L) _ nLY |lxo — x|
Ksvro(b) = (1 4+2b ) ===
surg (D) = (1 + )( b(n — 1) + 6) c
Proposition 5.3 Let b;‘vrg = argmin Kyy,¢(b), where Kgyro(b) is defined in (44).

beln]
Then,

b -6 n(Lmax — L)
svrg 72 (nL — Lyax) +n(n — 1L°

6 Experiments

Here we test our new formula for optimal minibatch size of SAGA given by (21)
against the best minibatch size found over a grid search. We used logistic regression
with no regularization (. = 0) to emphasize that our results hold for nonstrongly
convex functions with data sets taken from the LIBSVM collection [7]. For each data
set, we ran minibatch SAGA with the stepsize given in Corollary 5.2 and until a
solution with

Fx) = F(x") < 1074 (F (x0) — F(x*)

was reached.

In Fig. 1 we plot the total complexity (number of iterations times the minibatch size)
to reach this tolerance for each minibatch size on the grid. We can see in Fig. 1 that for
gjenn and phishing the optimal minibatch size by, = by, (21) is remarkably close
to the best minibatch size over the grid b*

" .
empirical” Even when b is not close to
b

theory
;‘mpirical, such as on the YearPredictionMSD problem, the resulting total complexity

is still very close to the total complexity of b:mpirical.

Outline of the Appendix

The appendix is organized as follows:

— Section A: we present the arbitrary sampling framework for stochastic gradient
methods introduced by [13], which will be used for the analysis of SGD and
L-SVRG.

— Section B: we present specializations of Theorem 3.1 to the algorithms we discuss:
SGD, DIANA, L-SVRG, SAGA and SEGA.

— Section C: we present the proof of our main Theorem 3.1.

— Section D: we present the proof of Corollary 4.2.

— Section E, we present the proof of Proposition 5.1, and the detailed analysis of the
optimal minibatch results for 5-SAGA and b-L-SVRG, in addition to an analysis
for the optimal miniblock size for b-SEGA.

— Section F: we present some technical lemmas which we use in our analysis.

@ Springer



Journal of Optimization Theory and Applications (2023) 199:499-540 513

1066 7.1
10
2 z
X 6.4 =
a1 3 1070 i
Q =y
£ 1062 € 10891
8 S 1
— 1060 2 oesll
8 10 H
o
£ 108 e 10671
- z
8 o6 S !
£ 10 T 1066 :
Q a
€ 1054 E Loes| 1
9] @ 10 |
r
s > © Ul SV v > 9 © © N Ax
ARG PR ORI
mini-batch size mini-batch size
(a) b (b) b
210750 z
< X 10718935
3 3w ;
0 E Lol 1
s S 10 1
o o |
T 10700 I
= 2 10789 | |
= = l
® 10675 © 1
o 10 (]
e 2 107y
aQ o 1
£ 1000 E graems :
NY % BdNL N > R o D o o ~
~ & QP & & &
N
mini-batch size mini-batch size
(C) phishing (d) YearPredictionMSD

Fig. 1 Comparing the theoretical optimal batchsize (21) with the best over a grid

Appendix A: Arbitrary Sampling

In this section, we recall the arbitrary sampling framework [12] which allows us
to analyze our algorithms for minibatching, importance sampling and virtually all
possible forms of sampling.

Appendix A.1: Stochastic reformulation

To see importance sampling and minibatch variants of stochastic gradient methods
all through the same lens, we introduce a sampling vector which we will use to re-
write (1).

Definition A.1 We say that a random element-wise positive vector v € R’} drawn from
some distribution D is a sampling vector if its expectation is the vector of all ones:

Eplvi]l =1, foralli € [n]. (22)

For a given distribution D, we introduce a stochastic reformulation of (1) as follows

n

D vifi) |+ R (23)

i=1

1
min {Ep | fi(x) def ~
xeR4 n
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By definition of the sampling vector, f,(x) and V f,(x) are unbiased estimators of
f(x) and V f(x), respectively, and hence problem (23) is indeed equivalent (i.e., a
reformulation) of the original problem (1). In the case of the gradient, for instance, we
get

l n
Ep (VA1 2 = 3 Bp Vi) B v,
i=1

Reformulation (23) can be solved using proximal stochastic gradient descent via

X1 = Prox,, g (e — ¥V fo (x)) 5 (24)

where vy ~ Dissampledi.i.d. at eachiteration and y > 0is astepsize. By substituting
specific choices of D, we obtain specific variants of SGD for solving (1). We further
show that (24) is a special case of (2) with a sequence of vectors gx = V f;, (xx) and
use the unified analysis in Theorem 3.1 to obtain convergence rates for (24).

Appendix A.2: Expected Smoothness and Gradient Noise
In order to analyze (24), we will make use of the following result, which characterizes

the smoothness of the subsampled functions f;,.

Lemma A.1 (Expected Smoothness) If for all i € [n], f; is convex and L;—smooth,
then there exists a constant L > 0 such that

Ep [IV£u0) = Vo) I2] = 2£ Dy (¥, %), 25)

for all x € RY and where x,, is any minimizer of (1).
The proof of this result follows closely that of Lemma 1 in [9].

Proof Since for all i € [n], f; is L;-smooth and convex, we have that each realization
fv (defined in (23)) is L,-smooth and convex. Thus, from Lemma F.1, we have that
forall x € RY,

IV fo () = foe)l? < 2Ly (fu(x) = folx) = (V fi(xa), x — x4))
2 n
= D Lo (fix) = filxa) = (Vi) x — x4)) -

i=1
Taking expectation over the samplings,
2 n
Ep [IV£() = foe)IP] < =3 TEp [0 Lol (fi(0) = fi () = (V fixa), x = x2))
i=1
<2  max Ep [Lyv;] (f () = ) = (V. (), ¥ — x4))

=2 max Ep [vaj] Dy (x, x4).
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O
Next, we define the gradient noise.
Definition A.2 (Gradient Noise) The gradient noise 02 = o%(f, D) is defined by
def
o> EEp IV fy(x) = VS (2] (26)

Appendix A.3: Minibatching Elements Without Replacement

Since analyzing minibatching for variance reduced methods is one of the main focuses
of our work, we present minibatching without replacement as an example of the use
of arbitrary sampling.

First, we define samplings.

Definition A.3 (Sampling) A sampling S C [r] is any random set-valued map which
is uniquely defined by the probabilities Y gcn) PB = 1 where pp &ef P(S =
B), VB C [n]. A sampling S is called proper if for every i € [n], we have that

piEPieS)= Y pc>0.
C:iieC

We can build a sampling vector using a sampling as follows.

Lemma A.2 (Sampling vector, Lemma 3.3 in [12]) Let S be a proper sampling. Let

pi =4 PG € S) and P = diag (p1, - .., pn)- Let v = v(S) be a random vector defined
by

ws) =P 'Y Yp 27)
ieS
It follows that v is a sampling vector.

Proof The ith coordinate of v(S) is v;(S) = 1(i € §)/p; and thus

Eu(S)] = ]E”L(;e N _ P“; Do ]

Next, we define b-nice sampling, also known as minibatching without replacement.

Definition A.4 (b-nice sampling) S is a b-nice sampling if it is a sampling such that

P(S = B) = VB C [n], with |B| = b.

1
G
b

To construct such a sampling vector based on the b—nice sampling, note that p; = >
forall i € [n] and thus we have that v(S) = ’E’ > s € according to Lemma A.2. The

=
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resulting subsampled function is then f,(x) = ﬁ Y ies fi(x), which is simply the
minibatch average over S.

A remarkable result for b-nice sampling is that when all the functions f;, i € [n] are
L;-smooth and convex, then the expected smoothness constant (25) nicely interpolates

between L, the smoothness constant of f, and Lyax = m?)i L;.
leln

LemmaA.3 (£ for b—nice sampling, Proposition 3.8 in [12]) Let v be a sampling

vector based on the b-nice sampling defined in A.4. If for alli € [n], f; is convex and
L;-smooth, then (25) holds with

In—»> nb—1
b)y=-——L ———L
Lo =y e byl

where L is the smoothness constant of f and Lyax = m?)i L;.
leln

Appendix B: Notable Corollaries of Theorem 3.1

In this section, we present corollaries of Theorem 3.1 for five algorithms:

— SGD with arbitrary sampling (Algorithm 3).

DIANA (Algorithm 4).

L-SVRG with arbitrary sampling (Algorithm 5), and minibatch L-SVRG as a special
case (Algorithm 2).

Minibatch SAGA (Algorithm 1).

— Miniblock SEGA (Algorithm 6).

This means that for each method, we will present the constants which satisfy Assump-
tion 2 and specialize Theorem 3.1 using these constants.

Appendix B.1: SGD with Arbitrary Sampling

Algorithm 3 SGD-AS

Parameters step sizes (yy )y, a sampling vector v ~ D
Initialization x( € R’
fork=1,2,... do
Sample vy ~ D
8k = vak ()
X1 = Proxy, g (Xk — Vk8k)
end for

Lemma B.1 The iterates of Algorithm 3 satisfy Assumption 2 with

2 _
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and constants:
A=2L,B=0,p=1, C=0, D, =20% D, =0,

where L is defined in (25) and o2 in (26).
Proof See Lemma A.2 in [11]. O

Using the constants given in the above lemma, we have the following immediate
corollary of Theorem 3.1.

Corollary B.1 Assume that f has a finite sum structure (4) and that Assumption 1
holds. Let (yi)ik=0 be a decreasing, strictly positive sequence of step sizes chosen such
that

1 1
0 in{—, —¢.
<y0<m1n{4£ L}

Then, from Theorem 3.1 and Lemma B.1, we have that the iterates given by Algorithm
3 verify

llx0 — xx 1 + 20 (F(x0) — F(xx)) + 402 34 0 2
2V (L —4yL) v

E[F(x:) — F(x)] =

I

= def —~i—1 (=4 L)y
where x; = Zk:() mm(
i—

Appendix B.2: DIANA

A complete description of the DIANA algorithm can be found in [26].
To analyze the DIANA algorithm (Algorithm 4), we introduce quantization opera-
tors.

Definition B.1 (w-quantization operator, Definition 4 in[26]) Let w > 0. A random
operator Q : RY — R with the properties:

ElQW]=x. E[I0WI*] = +wlx|? 28)

for all x € RY is called a w-quantization operator.

Several examples of quantization operators can be found in [26].
For convenience, we repeat the statement of Lemma 4.2 below.

Lemma B.2 Assume that f has a finite sum structure and that Assumption 1 holds.
The iterates of DIANA (Algorithm 4) satisfy Assumption 2 with constants:

2w 2w (1 + w)o? 5
A=(1+—|Lpax, B=—, p=a, C=Lpnxa, D= ——, Dy =a0",
n n n
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Algorithm 4 DIANA

Parameters w-quantization operator Q, Learning rates @ > O and y > 0, initial vectors xo, h?, o h9, S
n
d 0_1 0
R% and h” = 5 Zl h;
i=
Initialization x, 19, ... n) e R
n
0_ 1 0
Seth” = 2:1 h;
i=
fork=1,2,... do
Broadcast xj, to all workers.
fork=1,2,... do

Sample glk such that By |:g1k:| =V fi(xp)
k _ ,k k
Aj =g —h
Sample Af ~ Q(Af)
WD = hk 4 ank
T
end for
n
Ak 1 k
Ak =1 5 Ak
i=1
n .
gk=%zlgl’.<=hk+Ak
i=
X1 = Proxy, g (Xk — Vk&k)
n
1 k+1 A
pktl = 1 .Zlhi*' =hk + oAk
i=

end for

where w > 0 and @ < HLw are parameters of Algorithm 4 and o2 is such that

ok~ Vf(xk)Hz} <o?.

1 n
vkeN, -3 E ’
© ni:] [

Proof See Lemma A.12in [11]. O

Now using the constants given in the above lemma in Theorem 3.1 gives the fol-
lowing corollary.

Corollary B.2 Assume that f has a finite sum structure (4) and that Assumption 1
holds. Let (yi)i>0 be a decreasing, strictly positive sequence of step sizes chosen such
that

1

O<ypy<—F——.
2(1 4 ) La
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Then, from Theorem 3.1 and Lemma B.2, we have that the iterates given by Algorithm
4 verify
E[F(x) — F(xs)]
2 —
o — x> + 270 (Fx0) = Fx,) + 2003 4 2L 570t 2

n
2 A —yimyi

=<

’

def _ def _ _ def
where 1 o 2(1 + 4T“’)Lmax, X i ;c:}) %xk and & & F(x0) — F(xy).
i=0 i i

Appendix B.3: L-SVRG with Arbitrary Sampling

Algorithm 5 L-SVRG-AS

Parameters step size y, sampling vector v ~ D
Initialization wg = xg € R
fork=1,2,... do
Sample vy ~ D
8k = V fuo (x) = V f (w) + V f (wy)
Xk41 = Proxy g (X — ¥ &)
) xx with probability p
Wk+1 =\ wy with probability 1 — p
end for

Lemma B.3 If Assumption 1 holds then the iterates of Algorithm 5 satisfy

Ee [lIlgk = V£ @lI?] = 4D (v, x) + 20
Be[od] = (= pof +2pLD s (xe, x2),
where
0F = Ep [ |V fu () = V £, () = (V fwe) = V)|
and L is defined in (25).

Proof By Lemma A.l we have that (25) holds with £ > 0. Furthermore

Bk [lgel?] = Ex [ IV fu ) = V foy ) + V£ (wi) = V £ 0|
< 2B [ |V fu ) = V o, (0[]

2B [ |V fuwo) = ¥ fu, () = (Vf o) = V)],
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where we used in the inequality that for all a, b € R?, ||a + b||> < 2|la||*> + 2||b||>.
Thus,

21 29 2
Ee [lgnl?] = 4£D; (i, ) + 207
Moreover,

Ec[ow] = (1= p)of + pBi [V fur (k0) = V fur () = (Vf () = V£ )]

25 2
< (I =p)og +2pLD s (xXk, xx)

where we also used in the last inequality that E [[|X — E [X]||2] =E [||X||2] —
IE [XTI1* < E[IX]?]. O

We have the following immediate consequence of the previous lemma.

Lemma B.4 [f Assumption 1 holds then the iterates of Algorithm 5 satisfy Assumption
2 with

of = Ep [IV £ux) = V fulwe) + V. f wo)|?]
and constants
A=2L,B=2, p=p, C=pL, Dy =D, =0,

where L is defined in (25).

Using the constant derived in Lemma B.4 in Theorem 3.1 gives the following corollary.

Corollary B.3 Assume that f has a finite sum structure (4) and that Assumption 1
holds. Let yx = y for all k € N, where

1 1
0 iny—, —1.
<y<m1n{8L L}

Then, from Theorem 3.1 and Lemma B.4, we have that the iterates given by Algorithm
5 verify

o = x> +2y (F(xo) = F(x) + Zo?)
2y (1 —8y L)t

E[F(:) — F(x)] =

3

where X, = Z,i_:%) X and where L is defined in (25).

t
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Appendix B.3.1: b-L-SVRG

As we demonstrated in Section A.3, we can specialize the results derived for arbitrary
sampling to minibatching without replacement by using a b—nice sampling defined
in Definition A.4 and the corresponding sampling vector (27).

Indeed, using Algorithm 5 with b-nice sampling is equivalent to using Algorithm
2. Thus, we have the following lemma.

Corollary B.4 From Lemma B.4, we have that the iterates of Algorithm 2 satisfy
Assumption 2 with constants:

A=2L0b), B=2, p=p, C=pLb), Dy =Dy =0,

where L(b) is defined in (17).

A convergence result for Algorithm 2 can be easily concluded from Corollary B.3,
with £(b) in place of L.

Appendix B.4: b-SAGA

Lemma 5.1 in the main text is a consequence of the following lemma.

Lemma B.5 Consider the iterates of Algorithm 1. We have:

Ee [llgl] = 4£) (£ = f(x)) +207 29)
b b
e [of] = (1= 7)o + 222 (0 = £, (30)
where:
2 I n—-> def In—b

Lmax ’

— Wk = VH@IG, and () = 5 -—

with || Z |13, = te(ZT Z) for any Z € RI*",

Proof The inequality (29) corresponds to Lemma 3.10 and (30) to Lemma 3.9 in [13].
O

The previous Lemma gives us the constants for Assumption 2 for Algorithm 1.

Lemma B.6 The iterates of Algorithm 1 satisfy Assumption 2 with

ln_
2
O-k —_

nbn—

b 2
1 Ve — VH (x:) 7y
and constants

b be (b
A:2£(b),3:2,p=-,czﬂ Dy =Dy =0.
n n
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Using the constant derived in Lemma B.6 in Theorem 3.1 gives the following
corollary.

Corollary B.5 Assume that f has a finite sum structure (4) and that Assumption 1
holds. Choose for allk € N yp =y, where

1

0=V <3G+t

Then, from Theorem 3.1 and Lemma B.6, we have that the iterates given by Algorithm

1 verify

oo = x> + 2y (Fx0) = Fx) + 2o
2y (1= 2y QLB + 2B 1

E[F () — F(x)] <

_ de =1
where X; =f% > Xk
k=0

Appendix B.5: b-SEGA

Lemma B.7 Consider the iterates of Algorithm 6. We have:

4dL d
B [10?] = 2550 x +2(5 -1) o

b 2bL
Ek |:0'k2+1] <1— 3) Oy +7Df ()Ck,x*)

where:
of = lhe — V£ (x>

% forany B C [n]s.t. |B| = b.
b

Then, for any Vectoraz[al,...,an]eRd,wehave:
2 T ). G
=[-- all”.
b

Proof Let S be a random miniblock s.t. P(S = B) =

b d
E [||15a||2] - E||a||2 and E [H (I =+ Is)a

Indeed,

—_

E [l Isall*] |:Zai|= Z P(S_B)Za @ Z da-z]lg(i)
b) Bcldl,|

ieS BC[d],|B|=b ieB Bl|=b i=1
d—1 d
G b
a; 1) = a
Z > B() >_ai = 7 lal’,
i=1  BC[d],|B|=b b i=l
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where we used that |B € [d] : |B| =bAi € Bl = ({]). And

2

d d\? d* —2bd
H(l —loa| =) (1 - ;) @i+ af = ——— 3 ai +lal?
ieS i¢S ieS
d* — 2bd
= b—2||lsa||2 + llal®.

Thus,

d
E [”(1 ~Is)a

2 2
d*> —2bd b . (d 2
:|:<Tc_l+l> lall :<Z_l> llall”.

B g = V£ eI’

We have

d d
= Ex ["ZIBk(Vf(xk) = Vfx) + (1 - —13k> (hk =V f(x4))

|

d
IV f (k) — V£l +2 (5 - 1) Ik — V f (x)lI1%.

|

24>
< 2w [V F 0~V |]

d
+2 Ex |:H (1 - ZIBA) (ke =V f(x4))

3l 2d
b

where we used in the first inequality that foralla, b € R, |la + b||I> < 2llall>+2|1b]|%.

Thus, using the fact that f is L-smooth, we have
B[] = %Dy v 42 (% - 1) ot
Moreover,
Be[odn] = B[ lher - Vi@ol?]
= B [H I (hic = V(6 + T, (V () = V£ () Hz}
@ (1 - S) I =V £ el + gnwm) —Vf@)?
2 (I (e = V£ ), I, (T f (50 = V £ (30)

b b
= (1 ~ 3) e — V f Ol + SV feo - Vl?
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+2<IBkIB,g(hk —Vf(x)), Vfxi) — Vf(x*)>

——

b 5 2bL
< 1_5 lhey — V f(xoll +7Df (Xks X4

where we used in the last inequality the L —smoothness of f. O

Lemma B.8 From Lemma B.7, we have that the iterates of Algorithm 6 satisfy Assump-
tion 2 and Eq. (14) with

of = Ik — Vf(xoll?

and constants:

a2l g () sl et b0, =0
B VR A E i It it

Using the constant derived in Lemma B.8 in Theorem 3.1 gives the following corollary.

Corollary B.6 Assume that f satisfies Assumption 1. Choose for allk € N, y, = y,
where
1

O< < —F5.
v 434 - 1L

Then, from Theorem 3.1 and Lemma B.8, we have that the iterates given by Algorithm
6 verify

Ixo — x> + 2y (F(x0) — F(x) + 2 (4 — 1) yo?)

E[F(x) — F(xo)] <
[F(&) = Fx)] < 2 —dy (LT}

’

def

where x; = } Zf{;}) Xk

Appendix C: Proofs for Sect. 3
Appendix C.1: Proof of Theorem 3.1

Before proving Theorem 3.1, we present several useful lemmas.

Lemma C.1 (Bounding the gradient variance) Assuming that the gy are unbiased and
that Assumption 2 holds, we have

E[llgx = V£ @l2] < 24D (. %) + B + Dy. (32)
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Proof Starting from the left-hand side of (32), we have

E{llge =V @0I?| = B [llge = V /() = (Vf (x0) = Vf ) ]
=E[llgx = V() —E g — VS IP]
< E[llge = VS (I2] < 24D (s %) + Bof + Dy,

where we used that E [| X — E [X]]?] = E[IXII*] - IE [X1I? < E [1X 1] for any
random variable X. 0

Lemma C.2 (Lemma 8 in [5]) Suppose that Assumption 1 holds and let y € (O, %]

then forall x, y € R? and p = prox, . (y) we have,

— 2y (F(p) = F(x2)) > Ip — zlI> +2(p = x4, x — yVF(x) = ¥) — s — x[%.

(33)

Proof We leave the proof to Section F.3. O
Lemma C.3 For any x € R¢ and minimizer x,, of F, we have,

Dy(x, %) < F(x) — F(x,). (34)

Proof Because x, is a minimizer of F, we have that —V f(x,) € dR(x,). By the
definition of subgradients, we have

R(xs) + (=V f(x:), x — x4) < R(x).
Rearranging gives
—(Vf(xe), x = x5) < R(x) — R(xs).
Adding f(x) — f(x.) to both sides we have,
S = ) = (VF(), x —x) < f(0) + R(x) — (f(x) + R(xs)) = F(x) — F(xy).

Now note that the on the left-hand side we have the Bregman divergence Dy (x, x4).
O

Definition C.1 Given a stepsize y > 0, the prox-grad mapping is defined as:
def
T,(x) = Prox, g x—yVfKx)).
For the ease of exposition, we restate Theorem 3.1.
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d
Theorem C.1 Suppose that Assumptions 2 and 1 hold. Let M = B/p and let (yx)i>0
be a decreasing, strictly positive sequence of step sizes chosen such that

1

0 -
=M =54+ Mo

The iterates given by (2) converge according to

Vo + 2y060 + 2 (D1 + 2M D») Z;c;{) Vk2
23020 (1= 2y (A+ MO) y;

E[F(x) — F(x)] =

_  def _ 1— def
where x; = Z;{:o %xk and Vo = ||x()—x>k||2 + 2)/02 MUO2 and

50 & F(x0) — F(xy).

Proof Let x, be a minimizer of F. Using (33) from Lemma C.2 with y = x — vk gk,
x = x, and y = g gives

—29k (F (k1) — F(x0)) > [ — xall® — [lxx — x?
+ 29k (Xkr1 — X 8k — V(X))

Multiplying both sides by —1 results in

29k (F (xp41) — F(x)) < llxx — x4ll? = lxvgess — x4l

(35)
+ 29k (X1 — Xs, VF(XK) — 8k) -

Now focusing on the last term in the above and consider the straightforward decom-
position

(X1 — X V(1) = 1) = (xa1 — Ty (1), Vf (1) — k)

(36)
+ (T (k) — X, V f (k) — 8k) -
By Cauchy Schwartz we have that
(Xrr1 = Ty x0), V() — gk) < [k = T ) | gk — VF )] (37)
Now using the nonexpansivity of the proximal operator
k41 = Ty ) | = ||pr0X,,kR (Xk = Yk8k) — Prox,, g (xi — vV f (xk)) I
< Ik — k&) — Ok = iV )l = v Mgk — V(o -
Using this in (37), we have
(v = T o), V F o) — gk) < v gk = VAo (38)
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Using (38) in (36) and taking expectation conditioned on xj, and using [E [-] oo

E [- | x¢] for shorthand, we have

Ee [(tt1 = %o g6 = V)] = v B [llgk = V£ @0l

+ <Tyk (k) — x4, B [V f () — gk]> (39)

-0
=y - g [Ilgk - Vf(xk)llz] .

Let 7y def X — x4. Taking expectation conditioned on xj in (35) and using (39), we
have

29 Bk [F (et = F )] = Wl = Ex [t 12] + 202 [lge = Vr @l
Using (8) from Assumption 2, we have

29 [F () = Fx)
< Il = B [ I 17| + 202 (24D (. 00) + Bof + D).

Let Vi & 1112 + 2 MyZo} where M = %, then

20 Ex [F (i) — F(x)] < Vie = B [ Vit | + 492 AD p (xe, x0) + 292 Dy

(40)
+ 72 @B = 2M) o +2My2 B o, ].

Since yk+1 < Yk, we have that

291 B [F(teg1) = F(x)] < Vie = Eg [Vt | + 4v2AD s (x, x0) + 2y Dy
+ 72 @B —2M) of +2M¥ZE ol |

Using (9) from Assumption 2, we have

212 (B — M) P + 2My Ry [a,fﬂ] <292 (B— M+ M(1 — p)) o +AMy2CDf(xy. x.)
+2My2 Dy
= 2y¢ (B — pM) o +4MyZCD s (x, %) + 2My¢ D
— ——

=0
<4AMy2CDy(xk, x:) + 2My2 Ds. (41)
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Using (41) in (40) gives

2711 Bk [F(oke1) = F(e)] < Vi = B [Vier1 ] + 207 QA +2MC) Dy (g, x)
+2y2 (D1 + MDy).
42)

Let n def 2A 4+ 2MC. Using (34) in (42) we have,

2k 1 Bx [F (xkg1) — F(xs)]
< Vi — Ex [Viw1] +2v20 (F(xk) — F(x2)) + 2y (D1 + MD»).

Using the abbreviation 8y = F(xi) — F(x,) gives
2V 1 Ei [Srr1] < Vi — Bi [V ] +2v208k + 298 (D1 + MD»).
Taking expectation,
2741E [8k1] < E Vil — E [Vir1] + 277nE [8¢] + 297 (D1 + M D),

summing over k =0, ..., ¢ — 1 and using telescopic cancellation gives

t—1 t—1

t
2Y nESI < Vo—EVil+2n) wES]+2(Di+MDy) Y ¥
k=1 k=0 k=0

Adding 2y,d9 to both sides of the above inequality and rearranging,

t—1 t—1

23 n(l = qyoE (8] < Vo — E[Vi] + 20080 + 2(D1 + MD2) Y 1}
k=0 k=0

where we also used that V; > 0 and §, > 0. By the choice of yy we have 1 — yon > 0,
and since (y;); is a decreasing sequence, we have 1 —y;n > 0 for all i. Hence, dividing
both sides by 2 ') (1 — ;1) yi, we have

Vo + 2708 -2
TN L Dy +2MDy) — Zico%e
23 oL —vimyi Yimi A=y

t—1
Y B [&] <
k=0
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where wy, & ST for all k € {0, ...t — 1). Note that Y4y wi = I and
wi > 0 for all Ilcfe {0, ..., — 1}. Hence, since F is convex, we can use Jensen’s

inequality to conclude

t—1
E [F()Ek) - F(x*):l =E |:F (kg wkxk) - F(x*)i|

—1 t—1 _2
Vo + 2y06 Dy +2MD —
<Y wE ] < thl+ Y080 (D1 2 2) D ko Vi .
k=0 230 (L—yim i Yico L —vimyi
Writing out the definition of §¢ yields the theorem’s statement. O

Appendix D: Proofs for Sect. 4

Appendix D.2: Proof of Corollary 4.2

Proof Note that, using the integral bound, we have:
1—1

Y v <y*dogt) + 1)
k=0

tz_inZZV<\/;—1)-
k=0

Moreover, note that since y; < m, we have 1 — 2y (A + MC) > % for all
k € N. Thus

1 1
< 9
2T =y~ 2y (Vi—1)

where 7 & 2(A + MC). Corollary 4.2 follows from using these bounds in Equation
(10). O

Appendix E: Roofs for Sect. 5
Appendix E.1: Proof of Proposition 5.1

Proof We start by expanding the square:

k1 — 2xall® = Nk — %112 = 29 (g 2k — x4) + ¥ 2 llgell?
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Thus, taking expectation conditioned on xi, and using Ej [-] Ly [- | x¢] for short-
hand, we have

Ee [l = xl?] = o = xal = 20 (V£ G xe — %) + v 2Ex el

O)+(D+®&)
< =l =27 (1 =2y A) (f () — f(x2)) + Boy.

Thus, using (9),

Bt [l = xall?] + 207 7B [0, |
< lxk — xll> = 2y (1 =2y (A 4+ MC)) (f (xi) — f(x:)) +2M y?a}.

Thus, rearranging and taking the expectation, we have:

2y(1 =27 (A + MCDE[f () = [ (6] = E [ It = %P | = E [lvcss = 2. )]
+2My? (E [of] - E[ofy1])-
Summing over k =0, ..., ¢ — 1 and using telescopic cancellation gives

t—1

2y(1 =27 (A +MC) Y ELf(x6) = Fx)] < o = 222 = E [ e = x.
k=0
+2my? (E [of ]| - E[oR1])-
Ignoring the negative terms in the upper bound, and using Jensen’s inequality, we have

_ llxo = x.ll® + 2My 208
ELfG) = fx)] = 2y(1—2y(A+MC)t

Moreover, notice that if y < 4(A+1—MC), then 2(1 — 2y (A + MC)) > 1, which gives
(13). O

Appendix E.2: Optimal Minibatch Size for b-SAGA (Algorithm 1)

In this section, we present the proofs for Sect.5.1.
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Appendix E.2.1: Proof of Lemma 5.1

Proof For constant A, B, p, C, D1, D,, see Lemma B.5. Moreover,

1 n-> ln—b
g = nbn_lIIVH(XO)—VH(X*)H%:%n_l;Ilvﬁ(XO)—Vfi(x*)llz
In—b1 ¢ )
= Bn_1;§||Vﬁ(xo>—Vﬁ(x*)||
52y 1n—b
=< ————Lmax (f (x0) — f(x4))
bn—1
G+

8)
< ¢ Llxo — xl*.

Thus, (14) holds with G = ¢(b). O
Appendix E.2.2: Proof of Proposition 5.2

2
Proof First, since M does not depend on b, the variations of K (b) are the same
as those of

4(3(M —b)Lmax +2n(b —1)L) n(n — b)Lmax L

0b) = b(n—1) 2b (3(7’! — b)Lmax +2n(b — I)L) .

Let’s determine the sign of Q,(b). We have:

Wb + Wob + W3

eo= 4(n —1) ((an — 3L b+ (“Tm — L) n)z’

where

Wi =4 (2nL — 3Lmay)" .
W2 = 81 (3Lmax — 2L) (2nL — 3Lmax)?,

Ws = n (—108L,3nax +T72(n+2) L2 L — <n2 +94n + 49) L?Lonax + 32nL3) .
And we have:
W3 — 4W Wa = 16n*(n — 1)L Lipay 2nL — 3Lmay)* .

Case 1 Lyax > ”’TL We have 2nL — 3Lyx < 0. Hence, W22 —4W W, < 0.
Moreover, since W; < 0, we have

2nL ,
LmaX>T — K(b)<0
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Thus,

2nL

Lmax>T = b*=n

Case 2 Liax < 2”TL Then, W22 —4W; W, > 0and K’ (b) = 0 has at least one solution.
We are now going to examine whether or not K (b) is convex. We have:

0’ %) = 2n%(n — 1) Limax L? 2nL — 3Lmax)
(2nL —3Lmax) b + BLmax —2L)n)* ~

Thus, K (b) is convex. K /(b) = 0 has two solutions:

b — n((n—1)L/Liax — 2+/2nL — 3l;max(3Lmax — 2L))’
2(2nL — 3Lmax)?2

by = —n ((n = 1)L/Linax + 23/2nL — 35max(3Lmax - 2L))'
22nL — 3Lmay)2

But since b, < 0, we have that:
Il 1 ifb; <2

LmaxfT:>b*= Lb1J1f2§b1<n
n ifby>n

Appendix E.3: Optimal Minibatch Size for b-L-SVRG (Algorithm 2)

In this section, we present a detailed analysis of the optimal minibatch size derived in
Sect.5.2.

Lemma E.1 We have that the iterates of Algorithm 2 satisfy Assumption 2 and Eq. (14)
with

2
o} =E [H IV fa i) = V f550) = (Vf wi) = V£ @) } ,
and constants

A=2L(b), B=2, p=p, C=pLb), Di=Dr=0, G=L(MD)L, (43)

where L(b) is defined in (17).

Proof For constant A, B, p, C, D1, D, see Lemma B.4 and Corollary B.4.
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Moreover,

E[[[V fun(c0) = V fun i) = (Vo) = VE@D|*] = B[V fig0) = V£ [F]
25)
< 2LMD)Dy (x0, x+)

)
< L(b)Lllxo — x«l*.

where we used in the first inequality that E[IlX —IE[X]||2] = IE[||X||2] —
IE [X1I* < E [IIX]|?]. Thus, (14) holds with G = L(b)L. O

In the next corollary, we will give the iteration complexity for Algorithm 2 in the
case where p = 1/n, which is the usual choice for p in practice. A justification for
this choice can be found in [23, 37].

Corollary E.1 (Iteration complexity of L-SVRG) Consider the iterates of Algorithm 2.
Let p=1/nandy = mlm. Given the constants obtained for Algorithm 2 in (43),
we have, using Corollary 5.1, that if

I3 2
k> <12£(b) + %) M7
€

then, B [f (%) — f(x)] < €.

The usual definition for the total complexity is the expected number of gradi-
ents computed per iteration, times the iteration complexity, required to reach an
e-approximate solution in expectation. However, since L-SVRG computes the full
gradient every n iterations in expectation, we can say that L-SVRG computes roughly
2b + 1 gradients every iteration, so that after n iteration, it will have computed n +2bn
gradient. Thus, the total complexity for SVRG is:

)

Kby 1 42p) (121:(19) + %) M (44)
B 12((n = b)Liax +n(b — DL)  nLY |lxo — x|
_ (1+2b)< T +?> 0= %0 45)

Appendix E.3.1: Proof of Proposition 5.3

—x, % . . ..
Proof Since the factor M which appears in (44) does not depend on the minibatch
size, minimizing the total complexity in the minibatch size corresponds to minimizing
the following quantity:

0(b) = (1 +2b) <12£(b) + %) .
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We have

12(n — DL(D) + 24(n — DHBL(D) + w + %

_ 12n(Lmax — L) n (24(nL L)+ nn — 1)L) b+,

(n—=1Q(b)

b 3
where £ is a constant independent of b. Differentiating, we have:

120(Lyax — L ~ L
(n—1)Q'(b) = —% +24(1L — Linax) + %

Since Lmax > L and nL > Lk (see for example Lemma A.6 in [37]), C(D) is a
convex function of b. Thus, Q(b) is minimized when Q’(b) = 0. Hence:

b =6 n (Lmax — L)
72 (nL — Lmax) +n(n — 1)L~
Since Lmax can take any value in the interval [L, nL], we have b* € [0, 6]. O

Appendix E.4: Optimal Miniblock Size for b-SEGA (Algorithm 6)

In this section, we define for any j € [d] the matrix /; € R4*4d guch that

() def | 1if p=qg=j
17P4 71 0 otherwise ’

and we consequently define for any subset B C [d],

pEY 1

JjEB

Algorithm 6 »-SEGA

Parameters step size y, block size b € [d]
Initialization x) € R?, h0 = 0
fork=1,2,... do

Sample a miniblock By C [d] s.t. |Bi| =d

W=k 41 (V) = hyo)

gk =g, (V) =)+ hy

Xk41 = Prox, g (X — ¥ &)
end for
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Corollary E.2 From Lemma B.8, we have that the iterates of Algorithm 6 satisfy
Assumption 2 and Eq. (14) with

of = llhi — V f (x|

and constants:

2dL d b bL
A="2B=2(==1),p==,C=—,Di=D,=0, G=0. (46)
b b d d

Proof For the constants A, B, p, C, Dy, D, see Lemma B.8. Moreover, in Algorithm
6, ho = 0. Thus, 62 = [|hol|*> = 0. Thus, (14) holds with G = 0. O
In the next corollary, we will give the iteration complexity for Algorithm 6.

Corollary E.3 (Iteration complexity of b-SEGA) Consider the iterates of Algorithm 6.
Let y = m. Given the constants obtained for Algorithm 6 in (46), we have,
using Corollary 5.1, that if

. _ 2
(= 4Bd = b)L llxo — x|
- b €

)

then, E[F(x) — F(xy)] < €.

Here, we define the total complexity as the number of coordinates of the gradient
that we sample at each iteration times the iteration complexity. Since at each iteration,
we sample b coordinates of the gradient, the total complexity for Algorithm 6 to reach
an e-approximate solution is

def llx0 — x4]|?

K(b) = 43d—-b)L A7)

Thus, we immediately have the following proposition.
Proposition E.1 Ler b* = argmin K (b), where K (b) is defined in (47). Then,

beld]

b* =d.

The consequence of this proposition is that when using Algorithm 6, one should always
use as big a miniblock as possible if the cost of a single iteration is proportional to the
miniblock size.
Appendix F: Auxiliary Lemmas

Appendix F.1: Smoothness and Convexity Lemma

We now develop an immediate consequence of each f; being convex and smooth based
on the follow lemma.
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LemmaF.1 Let g : R > R be a convex function
g(x) —g(x) <(Vg@).z—x), Vx,zeR’ (48)

and Lg-smooth

_ _aaLey, 2 d
g(2) —glx) = (Vgx),z—x) + > lz—xl3, Vx,zeR" (49)
It follows that
IVg(x) = Vg@)II* < Le(g(x) — g(z) — (Vg(2),x —2)), ¥x e R (50)

Proof Fixi € {l,...,n} and let
1 *
Z=x— L—(Vg(x) —Vg(x™)).
g

To prove (50), it follows that

gx®) —glx) = g™ —g)+gk)—gk)
48)+49 L
@8)149) (Ve(x®), x* —2) + (Vg(x), z — x) + Tg Iz —x3.

(S

Substituting this in z into (51) gives

1
g™ —g(x) = <Vg(X*),X* —x+ L—(Vg(x) - Vg(X*))>
g

1 N 1 w12
_L_g (Vg(x), Vg(x) — Vg(x™)) + m IVex) — Ve

= (Vg(x*), x* = x)
L |80 = Ve + —— |Ve) — Ve
L, g(x) — Vg(x™) 2+E g(x) = Vg3

* * 1 N
= (Ve x" —x) = 70— [ Ve () = Ve o
8

Lemma F.2 Suppose that for all i € [n], f; is convex and L;-smooth, and let Lyax =
maX;e[n] L,‘. Then

1 n
SOOIV = VI S 2 (/) = f(x2)). (52)

i=1
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Proof From (50), we have for all i € [n],

IV £ () = Vel < 2L; (fi(0) = fi(xw) =V fi(x), x — x4))

Thus,

1 n
- Z IV () = V i) l? < 2Lmax (f (x) = f(r) = (Vf (5, x — X))
i=1

= 2Lmax (f(x) — f(x4)) .

Appendix F.2: Proximal Lemma

LemmaF.3 Let R : R? i R be a convex lower semi-continuous function. For z, y €
R? and y > 0. With p = prox,, ., (y) we have that for

1
g(p)—g@ =< = (p=y,p—2). (53)

Proof This is classic result, see, for example, the “Second Prox Theorem” in Section
6.5in [6]. O

Appendix F.3: Proof of Lemma C.2

This proof follows the proof of Lemma 8 in [5], and we reproduce it for completeness.
Indeed, using the convexity of f

Fx) = fx) = =(Vfx), xe — x)
in combination with (53) where z = x, gives
P +8() = Fx2) < = (p=y.p =) = (VD). =x).
Now using smoothness

1
f(p)— fx) <(Vfx),p—x)+ o Ip —xI?,

@ Springer



538 Journal of Optimization Theory and Applications (2023) 199:499-540

gives

1
F(p) — F(xy) < =y (Pp—y,p—x) = (Vf(x), 2 —x) +(Vf(x), p — x)

+ L=l
—|lp—x
2y P

1

1
—— (P =y, P —x) H (V@) p—xs) + — lIp — x|I?
Y 2y

1 1
——(p—yVf@) =y, p—x)+—llp—x|?
Y 2y
1 1
=——(p—x+x—yVf ) =y, p—x)+=—lIp—x|?
Y 2y

1 1 1
=——(p—x,p—x) — —(x —yVFX) =y, p—x)+ — lIp—x|*.
4 4 2y
(54)

Using that
2 _ 2 2
—2{p—x,p—x) +lp—xlI"=—llp —xl” + llz = x|I7,

in combination with (54) gives

1 1 1
F(p)— F(x) < —=—lp = xull* = = (x =y VF(x) =y, p — %) + = [l — x]|%.
2y % 2y

Now it remains to multiply both sides by —2y to arrive at (33).
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