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Abstract

This paper deals with an SOS-convex (sum of squares convex) polynomial optimiza-
tion problem with spectrahedral uncertain data in both the objective and constraints.
By using a robust-type characteristic cone constraint qualification, we first obtain nec-
essary and sufficient conditions for robust weakly efficient solutions of this uncertain
SOS-convex polynomial optimization problem in terms of sum of squares conditions
and linear matrix inequalities. Then, we propose a relaxation dual problem for this
uncertain SOS-convex polynomial optimization problem and explore weak and strong
duality properties between them. Moreover, we give a numerical example to show that
the relaxation dual problem can be reformulated as a semidefinite linear programming
problem.
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1 Introduction

Convex polynomial optimization is a class of convex optimization problems in which
their convex polynomial inequality constraints will constrain convex polynomial
objective functions over the whole region. It has become an active research area,
not only because of its surprising structural aspects, but also due to abundant appli-
cations in a wide range of disciplines, such as automatic control systems [11, 30],
engineering design [5, 19] and transportation [1, 30]. In recent years, a wide variety of
works have been devoted to the investigation of convex polynomial optimization and
its generalizations from different points of view; see, e.g., [1, 7, 11, 16, 30, 33-35]
and the references therein.

Recently, SOS-convex polynomial optimization [3, 22], as a numerically tractable
subclass of convex polynomial optimization problems, has been proposed and attracted
the interest of many researchers. One of the most important reasons to work with SOS-
convex polynomials is that it can be reformulated as a semidefinite linear programming
problem, which can be handled by efficient interior-point methods [22]. Furthermore,
the SOS-convex polynomials cover a rich class of convex polynomials, such as con-
vex separable polynomials and convex quadratic functions [2, 22]. In particular, some
complete characterizations of the gap between SOS-convex polynomials and con-
vex polynomials are obtained in [3]. Moreover, SOS-convex polynomial optimization
enjoys an exact SDP relaxation and zero duality gap between the primal problem and
its dual problem; see, e.g., [26, 29, 31]. Interested readers are referred to [12, 14, 26,
29, 31] for some recent works on SOS-convex polynomial optimization problems and
their applications.

On the other hand, due to prediction error or lack of information, the data are usu-
ally not known precisely for many practical optimization problem involving convex
polynomials, such as lot-sizing problems with uncertain demands [14], support vector
machine classifiers with uncertain knowledge sets [24] and mean—variance portfolio
selection problems with uncertain returns [21]. Therefore, the study of convex polyno-
mial optimization problems with inexact or uncertain data becomes a very interesting
topic. Recently, robust optimization [4, 6], as one of the effective ways for dealing
with uncertain optimization problems, has attracted an increasing attention of many
researchers from different disciplines; see, for example, [9, 10, 18, 20, 23, 27, 3941,
43-46]. However, in contrast to the deterministic case, there exist only few papers
devoting to the investigation of uncertain SOS-convex polynomial optimization prob-
lems with special structures of the objective and constraint functions. For example, sum
of squares polynomial representations that characterize robust solutions and exact SDP
relaxations for robust SOS-convex polynomial optimization problems with various
commonly used uncertain sets are investigated in [25]. By using sum of squares con-
ditions and linear matrix inequalities, optimality conditions and duality are obtained in
[13] for a class of uncertain multiobjective SOS-convex polynomial optimization. By
means of scalarization technique, a method to find robust efficient solutions is given
in [28] for an uncertain multiobjective optimization problem where the objective and
constraint functions are SOS-convex polynomials. Optimality conditions for robust
(weakly) Pareto efficient solutions of a convex quadratic multiobjective optimization
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problem are explored in [15] under a robust-type closed convex cone constraint qual-
ification.

We observe that there is no results characterizing uncertain vector SOS-convex poly-
nomial optimization problems where uncertain data are involved in both the objective
and constraints and belong to general spectrahedral uncertain sets [37, 42]. Note that
the spectrahedral uncertain set contains a wide range of commonly used uncertain sets
such as ellipsoids, polyhedra, and boxes, encountered frequently in robust optimiza-
tion problems [4, 5]. The study of such structured polynomial optimization problem is
usually complicated due to the challenges of dealing with uncertain data of the objec-
tive and constraints. Therefore, the research of a tractable equivalent optimization
problem using robust duality for such structured polynomial optimization problem is
of high importance, which contributed the main motivation of this paper.

As was mentioned above, motivated by the works [13, 14, 25], we provide some
new characterizations of vector SOS-convex polynomial optimization problems where
both the objective and constraint functions involve spectrahedral uncertain data in this
paper. More precisely, we first give the concept of robust weakly efficient solutions
to this uncertain SOS-convex polynomial optimization problem. Then, by using a
robust-type characteristic cone constraint qualification, we establish necessary and
sufficient optimality conditions for a robust weakly efficient solution of this uncertain
SOS-convex polynomial optimization problem based on the sum of squares conditions
and linear matrix inequalities. The obtained results are corresponding to the results in
[13]. We note that the sum of squares characterizations can be checked for spectrahe-
dral uncertain sets by solving a semidefinite programming problem. Furthermore, we
introduce a relaxation dual problem for this uncertain SOS-convex polynomial opti-
mization problem and investigate weak and strong duality properties between them.
The main advantage for studying this relaxation dual problem is that it can be reformu-
lated as a semidefinite linear programming problem, which can be done in polynomial
time.

The rest of this paper is organized as follows. In Sect. 2, we give some basic defini-
tions and preliminary results. In Sect. 3, we obtain necessary and sufficient conditions
for robust weakly efficient solutions to the uncertain SOS-convex polynomial opti-
mization problem based on sum of squares conditions and linear matrix inequalities.
In Sect. 4, we establish robust duality properties between this uncertain SOS-convex
polynomial optimization problem and its relaxation dual problem.

2 Preliminaries

In this section, we recall some notations and preliminary results from [30, 38] which
will be used later in this paper. Let R” be the n-dimensional Euclidean space equipped
with the usual Euclidean norm || - ||. We denote by R’ the nonnegative orthant of
R". We also denote by intR”, the topological interior of R, . Given a set A C R”,
intA (resp. clA, coA) denotes the interior (resp. closure, convex hull) of A, while
conecoA := RyconvA stands for the convex conical hull of A U {0}. The symbol
I,, € R™*" stands for the identity matrix. Let S” be the space of all symmetric matrices.
M e §" is said to be a positive semidefinite matrix, denoted by M > 0, if x " Mx > 0
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foranyx € R".Letg : R" — RU({+o00} be a given real-valued function, the effective
domain and the epigraph of ¢ are defined, respectively, by

domg := {x € R" | p(x) < +oo} and epip := {(x,r) e R" x R | p(x) < r}.
The conjugate function of ¢, denoted by ¢* : R" — R, is defined by
" (x™) = sup{(x™, x) — 9p(x) | x € domg}, x* € R".

The following important properties will be used in the sequel.

Lemma 2.1 [8, 17] Let @1, ¢ : R* — R U {+00} be proper convex functions such
that domg; N domg, # (.

(1) If o1 and @ are lower semicontinuous, then,
epi(p1 + ¢2)™ = cl(epip] + epigp3).
(ii) If one of o1 and @3 is continuous at some X € domg; N dome;, then,
epi(p1 + ¢2)* = epip] + epig;.

Now, we recall the following basic concepts associated with polynomials. The space
of all real polynomials on R" is denoted by R[x]. We denote by R[x]; the space of
all real polynomials on R"” with degree at most d. We also denote by deg f the degree
of a polynomial f. A real polynomial f is said to be a sum of squares polynomial, if
there exist real polynomials f;,i = 1,..., p, such that f = Zf: I fl.z. The set of all
sum of squares polynomials in x € R” with degree at most d is denoted by Eﬁ[x].

Definition 2.1 [2, 3, 22] A real polynomial f on R” is called SO S-convex iff the
polynomial

fE) = fO)=VF (x—y)
is a sum of squares polynomial in R[x; y] (with respect to variables x and y).

Remark 2.1 Obviously, an SOS-convex polynomial is a convex polynomial, but the
converse is not true, see [2, 3]. Moreover, convex quadratic functions and convex
separable polynomials are also SOS-convex polynomials [2]. Besides, an SOS-convex
polynomial can be neither quadratic nor separable. For example, xf + x12 +x1x2 + x22
is an SOS-convex polynomial which is neither quadratic nor separable, see [22].

The following property of SOS-convex polynomials plays an important role in
obtaining our results.

Lemma 2.2 [22, Lemma 8] Let f be an SOS-convex polynomial. Suppose that there
exists x € R" such that f(x) = 0 and Vf(x) = 0. Then, f is a sum of squares
polynomial.
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Now, suppose that A{, r=20,1,...,s, and Bl., I =0,1,...,k, are given sym-
metric matrices. The sets U, i =1,..., p,and V;, j =1, ..., m, are assumed to be
spectrahedra [37, 42] described by

and

k
V= {vj:=<v},...,v§)G]RkIB?+Zv§.B§-50}, 2)
=1

respectively.
In this paper, we consider the following uncertain vector SOS-convex polynomial
optimization problem

(UP) ;211&}1 {(fl(-xvul)v~--afp(-xaup)) |g](-xvv]) 507] = 1’am}a

where u;,i = 1,..., p,and vj, j = 1, ..., m, are uncertain parameters and they
belong to their respective spectrahedral uncertain sets ¢; € R*® and V; C RX. fi
Rt xU; - R,i=1,....,p,and g; : R" xV; - R, j =1,...,m, are given
functions. In what follows, we assume that, for each u; € U; and v; € V;, fi (-, u;)
and g; (-, v;) are SOS-convex polynomials, and for each x € R", fi(x, ) and g (x, -)
are affine functions, i.e.,

fiGrw) = £00 + S ul (), up = (ulu) cU; 3)
r=1
and
k
gj(x,vj) = g?(x) + Z vj-gﬂ»(x), vj = (vjl-, cey vf) eV;. @)

=1

Here f/ :R" - R,i = 1,...,p,r=0,1,...,s,andg§. R >R, j=1,...,m,
1=0,1,...,k, are given polynomials.

For (UP), it is usually associated with the so-called minimax-type robust counter-
part

(RP) min {(ma&( filx,up), ..., ma&; fp(x,up)> | gj(x,v;)

xeR” u €U upelpy

<0,Vvj eV, j=1,....m}.
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This paper is devoted to obtain some characterizations of the robust efficient solu-
tions of (UP). So, we first recall the following important concepts which will be used
later in this paper.

Definition 2.2 [4, 6] The robust feasible set of (UP) is defined by
Fi={xeR"|gjx,v;) <0,Yv; eV, j=1,...,m}.

Definition 2.3 [27] A point X € F is said to be a robust weakly efficient solution of
(UP) iff it is a weakly efficient solution of (RP), i.e., there is no point x € F such that

max fi(x,u;) < max fi(x,u;), i=1,...,p.
u; eU; u; eU;

Remark 2.2 Note that in this paper, we only deal with robust weakly efficient solutions
of (UP). For other kinds of robust efficient solutions for (UP), they can be handled in
a similar way.

3 Robust Optimality Conditions

This section is devoted to the development of necessary and sufficient optimality
conditions for robust weakly efficient solutions of (UP) based on the sum of squares
conditions and linear matrix inequalities. To do this, we first give the following Farkas-
type Lemma which plays a key role for the derivation of our results. For similar results,
please see [23, 39] for more details.

Lemma3.1 Lety € RandW; C Rk,j =1,...,m. Let ¢ : R" — R bea continuous
convex function and let h; : R" x W; — R, j =1,...,m, be continuous functions
such that for each w; € W, h;(-, w;) is a convex function. Then, the following two
Statements are equivalent:

) xeR"|hj(x,w;j) <0, YVw; eW;, j=1,....m} S {x eR" | p(x) > y}.

*
m
(i1) (0, —y) € epig* + clco U epi <Z A?hj(~, wj)> .
A?ZO,UJ_,‘EW} j=1 ’
Proof The proof is similar to the proof given for [23, Theorem 2.4]. O

The following constraint qualification is a necessary assumption for the investiga-
tion of robust weakly efficient solutions of (UP).

Definition 3.1 [23] We say that robust-type characteristic cone constraint qualification
(RCCCQ) holds, ift

*

m
U epi Z X?gj(~, v;j) | isaclosed convex cone.
Jj=1

0
)LjZO,ijVj
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Remark 3.1 (i) Itis worth noting that (RCCCQ) was first introduced in [23] to char-
acterize robust strong duality for uncertain convex programming problems. Some
complete characterizations of (RCCCQ) are also given in [23, Propositions 2.2,
2.3 and 3.2]. The (RCCCQ) has also been used in [26, 31, 41] and the relevant
references cited therein to study optimality conditions, duality results and SDP
relaxations for polynomial optimization problems.

(ii) Note that for each v; € V;, g; (-, v;) is an SOS-convex polynomial, and for each
x € R", g;(x,-) is an affine function. Thus, the following Slater-type condition,
used in [13],

[xeR"|gj(x,vj)) <O, Vvj €V;,j=1,....m} #0 Q)

is a sufficient condition for (RCCCQ). See [23, Proposition 3.2] for details.

Now, by using the (RCCCQ), we give the following necessary and sufficient opti-
mality conditions for robust weakly efficient solutions of (UP) based on the sum of
squares conditions and linear matrix inequalities.

Theorem 3.1 Assume that the (RCCCQ) holds. Then, x € F is a robust weakly efficient

P
solution of (UP) if and only if there exist a? € Ry with ) a? =lLo eRi=
i=1

1,...,p,r:l,...,s,and)\(}e]RJr,AljeR,j:l,...,m,l:1,...,k,suchthat

s m k p
> (a?fio + Za{fi’> +> (k(}g? + Z)»ljgi») =Y o)Fi(&) e Z]lx] (6)
i r=1 j=1 =1

i=1 = = i=1

and

K k
oA+ el A7 =0, A9B9+ DY ABL =0 i=1.....p. j=1.....m. (7)
r=1 =1

whered > max { max (deg £°), max (deg f), max (deg gQ), max (deg gl-)
l<i<p " 1=izp " <j<m 1) 1<j<m J

and F;(x) := max f;(i, uij)fori =1,...,p.
uieZ/{i

Proof (=) Suppose that x € F is a robust weakly efficient solution of (UP). Then,

there is no point x € F such that

FFx) < Fi(x),i=1,...,p,
where F;(x) := mag{; fitx,u;),i = 1,..., p. By [32, Proposition 8.2], there exist
uj Ui

p

0 s __ : 0 _

a; eRy,i=1,..., p, with _Elai =1, such that
=

V4 14
Y a)Fi(x) = Y alFi(X). ¥x € F.

i=1 i=1
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This means that
{xeR”|gj(x,vj)§O, Yvj eV, j=1,...,m}
p p
c {x FADICLIOE Za?Fi(i)}.
i=1 i=1

By Lemma 3.1, we have

P 4 * m
(o,—za?m;)>eepi(za?ﬂ) + clco U epi Zx‘}gj(.,v,-)
i=1 i=1 j=1

A?ZO,U_/ EV/'
(3)

Since f; (-, u;) is an SOS-convex polynomial and f;(x,-) is an affine function, it
follows from the equality (4) of [39] that

p * » .
epi (Z(X?Fi) = U epi (Za?fl(, “1)) . 9)
i=1

u; €U; i=l

Note that the (RCCCQ) holds. Then, from (8) and (9), we deduce that

p P *
(0,—Za?F,-()E)) e | epi (Za?ﬁ(-,ui))
i=1 ui €U; i=1

*

m
+ U oepi| D 29 vp
j=1

)L(}EO,UI'GVI'
p *
This means that there exist u; € U; with (§*, n) € epi (Z oe?f,-(o, ui)) ,v €V
. . i=1
with (w*, y) € epi (21 )»(]).gj(-, vj)> and A? > 0, such that
J=

p
(" n) + (0", y) = (o, —Za?F,(i)) :
i=1

Therefore, for any x € R",
p m
=Y el fiteu) =Y W9gi(x,v))
i=1 j=1

= Zaof,(x I/t)+ * )C Z)\« gj(x Uj)

i=1
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*

p * m

= (Z ol fi (-, ”i)) () + Zk(;g,/(w vj) | (@)
i—1 =

=n+vy

P
== o' F().
i=l1

For any x € R”, set

14 m p
o(x) =Y o il u) + Y Ag;(x,v)) = Y el Fi(%). (10)

i=1 j=1 i=1

m
Clearly, o (x) > 0. This, together with F; (X) > fi(x, u;), gives Y A?gj (x,v;) > 0.
Jj=1

m m

Note that Zl A(}gj(i, vj) < 0duetox € F. Thus, Zl A?gj()f, v;) = 0. Together
j= j=

with F;(x) > f;(x, u;), we have o (x) < 0. Consequently,

o(x) =0= inf o(x). (11
xeR?

Obviously, Vo (x) = 0.Since f;(-,u;),i =1,..., p,andg;(-,v;),j =1,...,m,are
SOS-convex polynomials, we have o is an SOS-convex polynomial. Hence, it follows
from Lemma 2.2 that o is a sum of squares polynomial. Note that the degree of o is
not larger than d. Then, o € Zﬁ[x]. Thus, from (3), (4) and (10), we have

_ ; = i=1

14 s m k p
>l (174 3t ) + 38 (84 L) - a0 € s
i=1 r=1 j=1 =1

Leto; := a?u; and Alj. = A(; vi.. It follows that (6) holds.
On the other hand, by af >0, txl.’ = a?uf and (1), we deduce that

1

s K
ot,QA?-l-ZafAf =a) (A?—i—Zquf) >0,i=1,...,p.
r=1 r=I1
Similarly, by 29 > 0, ', = 2%/, and (2), we have
k k
)+ 3o o (832 ) =0 =1
=1 =1

Thus, (7) holds.
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p
(<) Suppose that there exist a? € Ry with ) oz? =la eR,i=1,...,p,
i=1

r=1....s5,and 29 e Ry, 2 € R, j=1,...,m, 1 = 1,... k such that (6) and
(7) hold. '

Consider any i = 1,..., p,and j = 1, ..., m. By a similar argument as in [13,
Theorem 2.3], we can show that if otlo = 0, then, otl.’ =O0foralr =1,...,s. If
29 =0, then, 2, = Oforalll =1,... k.

Now, let ii; := (i1}, ..., #}) € U;. Setit; = (ii}, ..., i}) with

i ifa) =0,
. r
u, =1 o r
i i : 0
if o #0,

0
o;

=1,...,s.

Obviously, u; € U;, and for any x € R",

af £2(x) + Za;f[(x) =af (fﬁ(x) + Z ﬁ;f,.’(x)>
r=1

r=1
= o) fi(x, @), i=1,...,p. (12)
Here, note that if ozl(.) = 0, then, ai’ =0foranyr =1,...,s.
Similarly, let 9, := (ajl., e ﬁ’;) €V).Setv; = (5]1., e a’;) with
~l . 0 __
v if Aj =0,
~ 1
o= AL I=1 k
j . 0 9 b
E if )\,] ;é 0,
j

Obviously, v; € V;, and for any x € R”,

k k
3¢90+ algh) =29 (g?(x) +y g (x))

=1 =1
=g, ), j=1.....m. (13)
By (6), (12) and (13), we obtain
P m )4
o) fitx i)+ Y Mg, ) = Y e Fi(X) = 0, Vx € R". (14)
i=l j=l1 i=1
Note that g;(x, v;) <0, Vx € F. It follows from (14) that
P p
Do) filx i) = Y o (%), Vx € F.
i=1 i=1
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Taking Fi(x) > f;(x, u;) into account, we have

p p
Y a)Fi(x) = Y alFi(X), Vx € F. (15)

i=1 i=1

p
Note that a? € Ry with Zl a? = 1. Then, (15) yields that there is no point x € F
i=

such that
FFx) < Fi(Xx),i=1,...,p.

Thus, x is a robust weakly efficient solution of (UP). This completes the proof. O

In the special case, when U;, i = 1, ..., p, are singletons, (UP) reduces to the
following polynomial optimization problem

WPy min {(/1(), s fp(0) 1gjxv) 0, j=1,...om}.

n

Here, f; : R" — R,i =1, ..., p, are SOS-convex polynomials, and g; : R" x V; —
R, j=1,...,m,are defined as (4).

The following corollary gives a characterization of robust weakly efficient solutions
of (UP)( based on (RCCCQ).

Corollary 3.1 Assume that the (RCCCQ) holds. Then, x € F is a robust weakly
P

efficient solution of (UP)q if and only if there exist a? € Ry with ) a? =11i=
i=1

1,...,p, andk(} e Ry, Alj eR, j=1,...,m 1l =1,...,k, suchthat

p m k p
> a3 (1) + i) - o € s
i=1 j=1 =1 i=1

and

k
MBY+ > ABL =0, j=1,....m,
=1

where d > max { max (deg f;), max (deg gq), max (deg gl,) .
1<i<p 1<j<m 1) T 1<j<m J

Remark 3.2 In [13, Theorem 2.3], under the Slater-type condition (5), optimality
conditions similar to the one in Corollary 3.1 have been investigated. Moreover, as
mentioned above, (RCCCQ) is weaker than the Slater-type condition (5). Thus, our
results cover the corresponding results in [13].
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Now, we give an example to explain the case where, for (UP), the (RCCCQ) holds
and optimality conditions obtained in Theorem 3.1 are satisfied, whereas the Slater-
type condition (5) fails.

Example 3.1 For problem (UP). Letm = n = 1 and p = s = k = 2. The uncertain
sets Uy € R2, Ur € R? and V| € R? are defined, respectively, by

+

1\2 2\2
u u
Ul:z{ul:z(u{,u%)eRzl(é) (i) 51},

1\2 212
i) erey L2l () 51}

S
Il
r——
<
[S)
I
/~

and

vi= o= (o of) e ®1 (u]) 4 (o8) <1}

Let the polynomials f1 : R xU; - R, b : Rx Uy - Rand g1 : R x Vi — Rbe
defined, respectively, by

fitc,u) = x* —ulx +ui, frlx,u2) = x* —2udx +ul, and

g1(x,vy) = 2+ v}x + v%x.

Obviously, f2(x) = x*, fl(x) = —x, f2x) =1, f2x) =x*, ) =1, Fx) =
—2x, g?(x) = x2, gll(x) = x and g%(x) = x. Moreover, by (1) and (2), we have

300 0 0 1 0 0 0
AY=(o 4 of.Al=[0 0 o], Aa2=|0 0 1],
0 0 1 1 0 0 0 1 0
8 0 0 0 0 1 00 0
A9=(o 10 o). Al=[0 0 o], A3=]0 0 1],
0 0 1 1 0 0 0 1 0
1 0 0 0 0 1 00 0
BY=|0o 1 of.Bl=[0 0 o],B}=[0 0 1
0 0 1 1 0 0 01 0

Clearly, the Slater-type condition fails for this problem. On the other hand, it is easy
to show that

m
U epi [ Do 458iC0p)
Jj=1

)»?20,1)]' GV]'

= U epi(#iCon) U0} x 10, +00)

A?>0,v1 eV

*
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* 1 242
(x* — vy —vy)

= U )‘(1) N eRxR|r> 1

A?>0,v1€V1

=R x [0, +00),

} U ({0} x [0, +00))

which is a closed and convex cone. Thus, (RCCCQ) holds. Moreover, it can be checked
that X := 0 is a robust weakly efficient solution of (UP). Now, we assert that the
conditions (6) and (7) hold at x. In fact, we only need to show that there exist a? e Ry

p
with Y o =1,/ e R,i =1,2,r = 1,2,and A} € Ry, A € R, 1 = 1,2, such
i=1

that
(a? + ag) x4 a9x% — (205% ol =2} - )»%) x 4 o)
+a? —20) — 220 € $2[x] (16)
and
2 2 2 2
il D (o), 2l BTG Gy () < ()
(17)

For instance, let (x(]) = ocg = % ozll =0, oelz =1, aé = \/E, oz% =0, )‘(1) := 1 and
A% = A% := 0. Then, (16) and (17) hold. Thus, Theorem 3.1 is applicable.

The following example shows that the conclusion of Theorem 3.1 may go awry if
the (RCCCQ) fails.

Example 3.2 For problem (UP). Letm = 1 and p = s = k = n = 2. The uncertain
sets U] C R2, U, C R2 and V) C R? are defined, respectively, by

1)\2 2\2
U : = {ul = (u},u%) ER2| (u;) + (u;) < 1},

1\2 2\2
Uy . = {uz = (ué u%) e R? | (MZ) + (ui) < 1]
and

V) = {vl = (vll vf) € R? | (v%)z—}— (v%)z < 1}.

Let the polynomials f : R? x U; — R, fa: R2? x U, — R and g1 RZxV; - R
be defined, respectively, by

filx,uy) = x‘l‘—|—2x2 —ui, fr(x, u2) =xi‘ —xz—i—u% and
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g1(x,v1) = (W} 4+ Dxy 4+ vix.

Obviously, f2(x) = x{+2x, fl(x) = =1, f2(x) =0, £Y(x) = x{ —x2, £ (x) =0,
fzz(x) =1, g?(x) = X1, g}(x) = x1 and g%(x) = x. Moreover, by (1) and (2), we
have

2.0 0 0 0 1 0 0 0
AY=(o 3 o], Al=[0 0 o], a?=|0 0 1],
0 0 1 1 00 0 1 0
4 0 0 0 0 1 0 0 0
AY=(o 5 o], Al=[0o 0o o], 4a3=(0 0o 1],
0 0 1 1 00 0 1 0
1 00 0 0 1 00 0
BY=[0o 1 o|,B/=|0 0 0o],B}=|0 0 1
0 0 1 1 0 0 0 1 0
Clearly, x := (0, 0) is a robust weakly efficient solution of (UP) and
k
m
U epi | D 296 vp
)L?ZO,Ujevj Jj=1
*
= U eni(11600) U000 x [0, +00)
29>0,v1€V
= UM {of 0 e R xRIGE =D+ (@) < 1,r 2 0]
20>0
1

U ({0, 0)} x [0, +00)) ,

which is not closed. Indeed, take a sequence s, := (%, 1,0), Yn € N. Obviously,

*

11 <=
Snzn(ﬁ’r_z’())E U epi Z;Ajgj(-,vj) ,Vn e N.
]=

W=0.v;€V;

50
Z )ngj(‘,
~

Note thats,, — (0, 1,0)asn — oco.However, (0, 1, 0) ¢ U epi (
J

)L(])-EO,UJEV]'
%
vj)> . Thus, (RCCCQ) fails.

Now, we assert that the conclusion of Theorem 3.1 is not satisfied at x. Otherwise,

2
there exist &) € Ry with Y} o? = 1,0/ € R,i = 1,2,r = 1,2, and 2J € Ry,

i=1
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Al e R,1 = 1,2, such that (6) and (7) hold. Note that F| (X) = +/2 and F>(X) = /5.
For any x := (x1, x2) € R?, it follows from (6) that

(a(l)—i-otg)x?—i- ()»?—i—)»}))q +(2a?—cxg+)»%)x2—ot{ —l—a%—ﬁot?—ﬁag > 0.
Then,
(oz(l) —l—ozg) xt + (X? —i—)\})xl —al +af - \/Eot(l) - «/gotg >0,Vx; e R, (18)
and
(2a?—ag+k%>x2—a{ —i—a%—\/ia?—\/gagzO,sz e R. (19)

Furthermore, from (7), we have

< O O ) ) ()< )

2 3

Then, —oe} — ﬁa? < |a}| — ﬁa? < 0 and a% — \/gag < |a§| — «/ga(z) < 0.
Consequently,

—af +aj — «/zoe(l) — \/gag <0. (20)
From (19), we have
2a) — o + 21 =0, 2D
and
—al + 03 —V2a) — V309 > 0. (22)

Then, by (20) and (22), we have
—af + a5 — «/Ea(l) - x/gag =0.

Moreover, from (18), it holds that )‘(1) + A} = 0. This, together with (k})z + (A%)z <
(A2 and (21), yields that

2
(20[(1) - ag) <0.

Thus, we arrive at a contradiction due to a?, ag € R4 with a? + ag = 1. This means
that Theorem 3.1 is not applicable.
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Next, we consider the problem (UP) with the functions f; and g; being convex
quadratic functions defined by

fiteou) = xT Qpx + @) + i+ Y ui () x+B]), xR, 23)

r=1

and
k T
gj(,v) = x Mjx + O Tx +yj+ )0 ((90 X V/l> reEL ey
=1

here Q; > 0, &; ER",E{ e R, B GR,,BZ.’ eRr=1,...,s,and M; = 0,6; € R",
0L eR, yj Ry eRI=1,... k

In this case, we obtain the following optimality conditions for robust weakly effi-
cient solutions of (UP), which have been considered in [15, Theorem 3.1].

Corollary 3.2 Consider the problem (UP) with the functions f; and g j given by (23) and
(24). Assume that the (RCCCQ) holds. Then, x € F is arobust weakly efficient solution
p
of (UP) if and only if there exist a? € Ry with ) Oll(-) =La eRi=1,...,p
i=1
r=1,....5,and2) € Ry, A €R j=1,....m I =1,... .k such that

P m P s m k
Yoo+ Y MM, 1 (z (a?;; +3 a;s;) +3 (M;ej +3 )\‘fei.))
i=1 j=1 i=1 r=1 j=I1 I=1

=0

p s m k T 4 s m -
1 ('z (a?s, +> a,’E{) + zl (»}9, +IZI xge;)) ’z (a?ﬂj + Zla,rﬂ;) + X
j= = i r=

i=1 r=1 =1 Jj=1

Aqy-+fx’. ! —iaQF-(?)
i I=1 ij i=1 e

and
K k
A+ AT =0, A9BY+ Y ABL =0, i=1... p, j=1.....m,
r=1 =1

where F;(x) := max fi(x,u;) fori =1,...,p.
u;el/{;

Proof By using a similar approach as that given to establish Theorem 3.1, it follows
that

P m p
Dol fitu)+ ) Aei(x,v)) =Y el Fi(x) = 0 (25)
i=1 j=1 i=1

and

K k

040 0 R0 | pl . .

oy A; + E af A7 = 0, A;Bj + E AijzO, i=1,...,p, j=1,...,m.
=1

r=1
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Then, by (25), we have, for any x € R",

p m V4 K
(et S ) oo [ 35 (e o)

=1

3

T
k p s
0 1 gl 0 r pr
+Z<Aj9j+2/\j9j> x+z<aiﬁj+2aiﬁi)
j=1 =1 i=1 r=1

= ~.

k p
+ (A(}yj + Z/\Z,V,’) - e Fi(x) = 0.
i=1

j=1 =1

This, together with the Simple Lemma in [5, p. 163], leads to the desired conclusion.
The proof is complete. O

Remark 3.3 With minor modifications of the proof given for Proposition 2.2 in [41],
we can show that

coneco{(O, 1) Uepigi (-, v)) | Vv € Vj, j = 1,...,m}

m
= U e[ %0
j=1

A?ZO,vjEVj

*

Then, in Corollary 3.2, the (RCCCQ) can be replaced by the closeness of
coneco{(0, 1)U epig7(~, vj) | Yv; € Vj, j =1,...,m}. Clearly, the result obtained
in Corollary 3.2 coincides with [15, Theorem 3.1].

At the end of this section, we show how the optimality conditions obtained in (6)
and (7) can be checked by a robust Karush—Kuhn-Tucker (KKT) condition. Note
that the robust KKT condition of (UP) holds at x € F iff there exist a? € Ry with
P

a? =1lLu el,i= 1,...,p,and)»(]). eRy,v; €V, j=1,...,m,such that
=1

1

14 m
Za?vlf,-(x,ﬁ,-) + ZA‘}v]gj(x, ;) =0, A9g;(¥.9;) =0, j=1,....m,
i=1 j=1

(26)

and
p P
o) fixii) =Y e Fi(X). 27)
i=1 i=1

Here V; f; and V; g; denote the derivative of f; and g; with respect to the first variable,
respectively.
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Now, we give the following proposition which describes the relation between opti-
mality conditions obtained in (6) and (7) and the robust KKT condition. It is worth
noticing that the proof of Proposition 3.1, which is similar to the proof of [13, Propo-
sition 2.10] and [41, Proposition 3.4], is included here for the sake of completeness.

Proposition 3.1 Let x € F. Then, the following statements are equivalent:
(1) The robust KKT condition holds at x € F.

p
(i1) Thereexistot? € Ry with Za? = l,oci’ eRi=1,...,pr=1,...,s,and
i=1

MWeRy, M eR j=1,....m=1,... k suchthat

s m k
> (a?VfP(f) +) oV of)) +y (A?Vg?(f) +Y il vgl (i)) =0,

i=1 r=1 j=1 =1

(28)

k
1gh @ + Y rgh@ =0, (29)
=1

i=1

N )4 Ky
> (a?f,-o(az) + Y o f (@) = max > af (f,.o(;a + Zu{f[(ﬁ)) . (30)
r=1 M r=I
k

s

040 0 R0 [ pl

WA+ > AT =0, 2980+ > 2LBL = 0. 31)
r=I1 =1

(ii1) The optimality conditions given by (6) and (7) hold.

Proof (i)=(ii) Assume that the robust KKT condition of (UP) holds at x € F. Then,

P
there exista? € Ry with Za? =1lu el,i=1,...,pand )L(} eRy,v; €V,
i=1

j =1,...,msuch that (26) and (27) hold. By u; = (ﬁl.l, .. u7) €Uy, we get
)
A) 4+ AT =0i=1,....p.
r=1
Letaf =a%,i= 1I,....,p,r=1,...,s5.Then, foranyi =1, ..., p,
S s
A A)+ ) ol A =) (A?+Zﬁ{A;> >0 (32)
r=1 r=1
and
N
o fi(®, i) = o) [OE) + Y af £ (). (33)
r=1
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Similarly, let )Jj = A?Eﬁ.,j =1,...,m, I =1,..., k. Then, forany j = 1,...,m,
we have
k k
0 RO Il pl _ 10 RO = pl
W9BY+ > 2l Bl =50 <Bj+Zv]B]>>O (34)
=1 =1
and
k
Wi, 5)) =2980(%) + > 1l eh(®). (35)
=1
Together with (26), (27), (32), (33), (34) and (35), it follows that (ii) holds.
P
(ii)=>(iii) Assume that there existe) € Ry with Y o) = Lol e R,i=1,..., p,

i=1

r=1, ...,s,andx(} eRJr,ﬂj eR,j=1,...,m,1=1,...,k, suchthat (28), (29),
(30) and (31) hold. Using similar arguments as those given for (12) and (13), it is easy
to show that there existu#; € U;,i =1,..., p,andv; € V;, j =1, ..., m, such that

for any x € R",

o (200 + > o] f(x) = of fi(x. i1;)

r=1

and
k
Mef) + ) 1eh () =19, (x, 9)).
=1
Let

P m p
p) = fiean + Y g i) — >l Fi(@). Vx e R

i=1 j=1 i=1
By (28), (36) and (37), we deduce that
Vo (x) =0.
Moreover, from (29) and (37), we get
Wi, 5)=0,j=1....m.
This, together with (30) and (36), gives

¢(x) =0.

(36)

(37)
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On the other hand, ¢ is an SOS-convex polynomial. Therefore, from Lemma 2.2, we
have ¢ € Edz[x]. This means that

p s m k )4
> (a?f,-" + Za,-’f,-’) +y (A(J)-g(; + Zx%) - Y a)Fi(x) € Zjlxl.
i=1 r=1 j=1 =1 i=1
So, (iii) holds.

(iii)=>(i) Assume that thereexistit; e U;,i = 1,..., p,andv; € V;,j =1,...,m,
such that (6) and (7) hold. By (6), we have

P m P
()= o filx. i)+ Y 29g;(x. ) — Y el F;(¥) = 0, Vx e R". (38)
i=1 j=1 i=1
Then, for x € F,
p m p
Dol i E) + ) Mg (x5 = Yo Fi(). (39)
i=1 j=1 i=1

Note that A?gj(i, v;) < 0dueto x € F. Hence,
P m p P
Yool fiGin + Y Mg 1) <) el fi® i) <Y ol Fi(®).  (40)
i=1 j=1 i=1 i=1

Combining (39) and (40), we obtain

p p m
Dol fix i) =) el Fi(x)and Y a%¢;(¥,7,) = 0.
i=1

i=1 j=1

Clearly, ¢ (x) = 0. Consequently, from (38), we have ¢ (x) > ¢(x), Vx € R". Thus,
V¢ (x) = 0, which means that

p m
Vi i)+ Y 29Vig(x. 5;) =0.
i=1 j=1
Thus, the robust KKT condition holds at x. The proof is complete. O
Remark 3.4 Proposition 3.1 encompasses [15, Proposition 3.4], where the objective
and constraint functions are convex quadratic functions. Proposition 3.1 also improves

[13, Proposition 2.10], where there were no uncertain data in the objective functions
fi,i=1,...,p, of (UP).
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4 SDP Relaxation Dual Problem

In this section, we first introduce the sum of squares relaxation dual problem for (UP)
from the perspective of sum of squares conditions and linear matrix inequalities and
then discuss weak and strong duality properties between them. Moreover, we give a
numerical example to illustrate that the relaxation problem can be formulated as a
semidefinite linear programming problem.

Let w := (01,...,0p) € RP, a := (a?,...,ag,all,...,oz},,a%,...,alz,,...,
af,...a8) € RE X RPS, and & = (A, ... ADL AL, AL AT A
)Jf e )J,;) € R’ﬁ x R™ . Now, we propose the sum of squares relaxation dual
problem of (UP) as follows:

max (w1, ..., wp)
weR? ,aeRY xRS,
AER” xRk
Pl o0 s Mo(000 Sl
sty <aifl- + > a{f{) + > <Ajgj + ijgj)
i=1 r=1 j=1 =1
P
RD
RD) ~ > ofor € S[x],

i=1

s k
a?AY + Z] af A7 = 0, 29BY +121 AL Bl =0,
o =

P
i=1,...,p, j:l,...,m,Za?:l.

i=1

Here the feasible set of (RD) is denoted by Fp.

Remark 4.1 In the special case when there is no uncertainty in the objective functions,
(UP) becomes (UP)g, and (RD) collapses to

max (w1,...,wp)
(01,0;,2.9,0L)
JJ
d M(00.0 L a1 4 2
. i; @ fi +,§1 (Ajgj +1§ Ajgj) B i§1 i € 2glxl,

k
0 RO [ pl
298! +l§1Aij =0,

P

@ €Ry, Yaj=1,20€Ry, A, €R, » €R,
i=1

i=1,...,p,j=1,....m I =1,... k.

Note that related results on the characterization of sum of squares relaxation problem
for different kinds of polynomial optimization problems can be found in [12—14, 25]
and the references therein.

Now, similar to the concept of robust weakly efficient solutions of (UP) in Defini-
tion 2.3, we give the definition of weakly efficient solutions of (RD).
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Definition 4.1 A point (&, @, 1) € Fp is said to be a weakly efficient solution of (RD)
iff there is no point (w, o, A) € Fp such that

(@1,...,0p) — (@1, ...,@p) €intRE.
The following theorem gives a weak duality relation between (UP) and (RD).
Theorem 4.1 For any x € F and (w, «, \) € Fp. We have
(F1(x), ..., Fp(x)) — (@1, ..., 0p) ¢ —intRY,

where F;(x) := max fj(x,u;),i=1,...,p.
u; €U;

p
Proof Since (w,a, 1) € Fp, we have o € R, o) € Ry with Yo = 1, of € R,
i=1

i=l....pr=1..,52eRa eRj=1,...ml=1, .. kand
K m k )4

> (6t 4 et 1) + 32 (4 ) - Sater < it
i=1 r=1 j=1 =1 i=1

This means that there exists o € Eﬁ[x] such that

i=1 =

s m k p
> (6604 Tt ) + 32 (14 1) - Do o )
: r=1 j=1 =1 i=1

Using a similar argument as that given for the proof of Theorem 3.1, we can show
that there exist it; e U;,i =1,..., p,andv; € V}, j = 1,..., m, such that for any
x € R,

o (200 + > o] f(x) = of fi(x. i1;)
r=1

and
k
298900 + Y2 eh ) = 19g;(x, 1))
I=1
Hence, (41) can be equivalently written as

p m p
Za?fi(x, i) =o(x) — Zk?gj(x, vj) + Za?a)i, Vx e R". (42)

i=1 j=1 i=1
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Note that for any x € F, we have g;(x,v;) <0, j =1, ..., m. This, together with
(42) and o (x) > 0, gives

p P
Yoo fit @) =y oo, Vx € F, (43)
i=1 i=1
Note that F;(x) > fi(x,u;),i = 1,..., p. Thus, it follows from (43), a? e R4 and
P
> o =1 that
i=1

(F1(x), ..., Fp(x)) — (w1, ...,0p) ¢ —intRi.

The proof is complete. O

The next theorem describes strong duality properties for weakly efficient solutions
between (UP) and (RD).
Theorem 4.2 Assume that the (RCCCQ) holds. If x € F is a robust weakly efficient
P
solution of (UP), then, there exist w; € R, 61? € Ry with ) 611(-) =1L a R
i=1
i=1....pr=1..sadieR, i eR j=1..ml=1..k

such that (&, &, \) is a weakly efficient solution of (RD), where @; := mz?{( fi(x, u;),
u; e

i=1,...,p.

Proof Let x € F be arobust weakly efficient solution of (UP). By Theorem 3.1, there

p -
exist&?e&withz]&?: La eRi=1,...,pr=1..sand 2} € Ry,
1=

MoeR, j=1,...,m1=1,... k suchthat
p s m P
Z(é?ﬁ0+2&;ﬁr)+2( +ZA’ ) > ali; € Tlx]
i=1 r=1 j=1 = i

and
OAO—l—Za AT =0, AOBO+ZAZBI >0, i=1,....p, j=1,....m,

r=1 =1

where w; := max f;(x, u;). Clearly,
uiEUi

(@, &, ») € Fp.
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We claim that (&, @, 1) € Fp is a weakly efficient solution of (RD). On the contrary,
there exists (@, @, A) € Fp such that

(@1,...,0p) — (@1, ...,@p) €intRE.

This, together with @; = max f;(x,u;),i =1, ..., p, implies that
u; et

(F1(X), ..., Fp(X)) — (@1, ..., @p) € —intRY,

which contradicts Theorem 4.1. The proof is complete. O

Note that the sum of squares conditions can be equivalently expressed as linear
matrix inequalities. Then, we give a numerical example to show that (RD) can be
formulated as a semidefinite linear programming problem.

Example 4.1 For problem (UP),letm = n = 1 and p = s = k = 2. The uncertain
sets ) C R2, U, C R2 and V1 C R? are defined, respectively, by

2 3

1)\2 2\2
U, : = {ul = (u},u%) €R2| (ul) + (ul) < 1},

+

1\2 2\2
ué, u%) e R? | (ui) (ug) < 1]

S
Il
rm——
<
(i8]
I
Yoy

and
Vii={or =0l o) e R [ 0)? + 0D? < 1]

Let the polynomials f1 : R xU; = R, f,: RxU; - Rand g; : R x V; — Rbe
defined, respectively, by

A u) =x*+ulx +ui, frlx,up) =x* = 2u3x +3u), and

g1(x,v) = vllx +v12x —1.

Obviously, f)(x) = x*, fl(x) = x, f2(x) = 1, f(x) = x*, f(x) =3, fF(x) =
—2x, g?(x) =—1, gll(x) = x and g%(x) = x. Moreover, by (1) and (2), we have
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1 0 0 0 0 1 0 0 0
BY=(o 1 of,Bl=]0 0 o],B}=|0 0 1
00 1 1 0 0 010

The sum of squares relaxation dual problem of (UP) becomes

max (w1, 2)
weR? aeR? xR,

reR4 xR2

5 2
sty ( 970+ Za’f’) ( 0gY + Z)ng1> =Y ow; € 63[x],
i=1

i=1

aVAY + z ol AT =0, i=1,2, AB) + 2 M B >0,
r=1 =1

it

0_
@) =1.

Let

i=1 r=1

2 2 2
= Z (O‘zofio + Z“{fir) + ( g + 21181) - Z“?wi~
i=1
Clearly,
o(x) = (al +a2)x + ( — 205 + Aj +)»2>x+ot1 +3a) — afw; — adws.

Byo € Zg[x] and [36, Lemma 3.33], there exists a symmetric (3 x 3) matrix C such
that

=X WXand W > 0, (44)
where X := (1, x, xz). Let
Wi Wy W
W= W, W, Ws
Wz W5 Wg

By (44), we have W = otf + 30{% — a?wl — aga)g, 2Wy = Olll — 2a% + )L% + A2,
2W3 + Wy =0, Ws = 0and We = o + af. Let W3 := n € R. Then, Wy = —2p.
Thus, the relaxation dual problem becomes the following semidefinite programming
problem
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max (w1, w2)
weR?, peR,aeR? xRY,
reR; xR2
oz12 +l3a% — oz?a)l ozga)z > a2 —|— + nw
o >

AR —1—a2+ + —2u 0 =0,
0 0
% 0 aj + oy

2 0 ol 49 0 ol 200 Al

1 J 2 3 1 1

0 3 af|>=0,1 0 5a) of|>=0.{0 20 af| =0,
1 2 0 1 70 1 42 40
ap oy o o 0y AAT A

2
> af =

i=1

Therefore, (RD) can be verified by solving a semidefinite linear programming problem.

5 Conclusions

In this paper, a class of SOS-convex polynomial optimization problems under uncer-
tain data in both the objective and constraints is considered. By using a new robust-type
characteristic cone constraint qualification, we obtain optimality conditions for robust
weakly efficient solutions to this uncertain SOS-convex optimization problem based on
the sum of squares conditions and linear matrix inequalities. We also introduce a relax-
ation dual problem for this uncertain SOS-convex optimization problem and establish
its robust duality properties. Furthermore, we give a numerical example to illustrate
that the relaxation problem can be formulated as a semidefinite programming problem.

Although some new results of robust weakly efficient solutions have been estab-
lished for SOS-convex polynomial optimization problems with uncertain data, there
are remaining questions to be addressed in the future. For instance, similar to [16, 41],
whether we can investigate second-order cone programming dual relaxations for more
general classes of convex polynomial optimization problem. Two-stage SOS-convex
polynomial optimization is an interesting model for polynomial optimization prob-
lems. It is also of importance to consider how the proposed approach can be extended
to handle affinely adjustable robust two-stage SOS-convex polynomial optimization
problems.
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